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ABSTRACT. The enriched effect calculus (EEC) is an extension of Moggi’s computational
metalanguage with a selection of primitives from linear logic. This paper explores the
enriched effect calculus as a target language for continuation-passing-style (CPS) transla-
tions in which the typing of the translations enforces the linear usage of continuations. We
first observe that established call-by-value and call-by name linear-use CPS translations
of simply-typed lambda-calculus into intuitionistic linear logic (ILL) land in the fragment
of ILL given by EEC. These two translations are uniformly generalised by a single generic
translation of the enriched effect calculus into itself. As our main theorem, we prove
that the generic self-translation of EEC is involutive up to isomorphism. As corollaries,
we obtain full completeness results, both for the generic translation, and for the original
call-by-value and call-by-name translations.

1. INTRODUCTION

Under a continuation-passing-style (CPS) interpretation, a call-by-value program from
X to Y is interpreted as a “continuation transformer”, that is, as a map (Y — R) —
(X — R), where R represents the possible “results” of a computation. Such maps are in
one-to-one correspondence with Kleisi maps for the continuations monad ((—) - R) — R,
introduced by Moggi in [Mog89, Mog91]. In [BORT02|], Berdine et al. observe that, in
many programming situations, continuation transformers satisfy an additional property:
their argument, the continuation ¥ — R, is used just once, that is, it is used linearly.
Thus a call-by-value program can be more informatively modelled as a linear function
(Y - R) — (X — R), corresponding to a Kleisli map for the linearly-used continuations
monad ((—) — R) — R.
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One goal of the present paper is to address the question: what is the natural type-
theoretic context for modelling linearly-used continuations? With the presence of both
intuitionistic (—) and linear (—o) arrows, intuitionistic linear logic (ILL) |Gir87] seems a
natural answer. Indeed, ILL has been used as the basis of a systematic study of linearly-
used continuations by Hasegawa. In [Has02], he presents a continuation passing style (CPS)
translation of Moggi’s call-by-value computational A-calculus into ILL, using the linearly-
used continuations monad, and establishes a full completeness result for this. A follow-up
paper [Has04] considers call-by-name.

In this paper, we use a more general type theory, the enriched effect calculus (EEC) [EMS09,
EMSI11b], as a target language for linear-use CPS translations. On the one hand, EEC can
be seen as a fragment of ILL and, as such, its models strictly generalise models of ILL. On
the other hand, it is a conservative extension of the standard calculi for modelling computa-
tional effects (Moggi’s computational metalanguage [Mog91], and Levy’s call-by-push-value
(CBPV) [Lev04]) with a selection of constructs from linear logic. In fact, any adjunction
model of CBPV [Lev05] (and hence any model of Moggi’s computational metalanguage)
expands to a model of EEC [EMS09, [EMS11a]. This provides an abundant supply of com-
putationally interesting models of EEC that are not models of ILL.

The paper begins with a brief presentation of the enriched effect calculus, in Section
The standard call-by-value and call-by-name translations of typed A-calculus into effect cal-
culi (cf. Moggi [Mog91], Filinski [Fil96], Levy [Lev04]) are then reviewed in Section [3] using
EEC as the target language. This is followed, in Section [4] by giving corresponding linear-
use CPS translations within EEC. The starting point is the observation that Hasegawa’s
call-by-value [Has02] and call-by-name [Has04] linear-use CPS translations of simply-typed
A-calculus both fall inside the fragment of ILL corresponding to EEC. One contribution of
the paper is to show that, using EEC, we can recover these translations in a particularly
interesting way. This is achieved by identifying, in Section [5] a single generic linear-use
CPS-translation of the entire enriched effect calculus into itself. In Section [6] it is shown
how Hasegawa’s call-by-value and call-by-name translations are derived from this by com-
posing the generic translation with the standard call-by-value and call-by-name encodings
of typed A-calculus into effect calculi, reviewed in Section

The generic linear-use CPS-translation of EEC into itself is the principal contribution
of the paper. It possesses a remarkable property, unexpected in the context of CPS transla-
tions: it is involutive up to isomorphism. That is, the translation of a translated term equals
the original term modulo type isomorphism. This property is stated as Theorem [5.4] which
is the main theorem of the paper. As consequences, we obtain full-completeness results,
both for the generic self-translation itself (Theorem , and also for the call-by-value and
call-by-name linear-use CPS translations into EEC, mirroring Hasegawa’s results for the
translations into ILL.

In the conference presentation of these results [EMS10], the main syntactic theorem was
given a semantic proof using category-theoretic models of EEC. In contrast, in the present
paper, we provide purely syntactic proofs of all results. It is hoped that this decision will
enlarge the potential readership of the paper. Nevertheless, in Section [7], we briefly outline
the semantic context within which the syntactic results can be understood. Even at an
informal level, the semantic picture provides an illuminating perspective on the definition
and properties of the generic self-translation of EEC. A full treatment of the semantic
side, which requires considerable technical machinery, will be presented in a companion
paper [EMS11al, devoted entirely to the category-theoretic model theory of EEC.
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A few words on the style of the paper. Since the presentation is syntactic, there are many
proofs by induction. Some of these have numerous cases. (The proof of Theorem for
example, has 41 cases.) In order to keep the paper concise and readable, in such proofs, we
present only a few illustrative cases, including the most interesting. However, we take care
to establish all the side results (for example, the substitution property of Proposition
needed to make completing the main proofs routine in principle (if lengthy in practice).

2. THE ENRICHED EFFECT CALCULUS

The enriched effect calculus (EEC) [EMS09, EMS11Db] is an extension of Moggi’s com-
putational metalanguage [Mog91] with constructors from linear type theory. Similar to
Filinski’s effect PCF [Fil96] and Levy’s CBPV [Lev04], it has two notions of types: wvalue

types and computation types. We use «, 3,... to range over a set of value type constants,
and a, 3, ... torange over a disjoint set of computation type constants. We then use A, B, ...
to range over value types, and A, B, ... to range over computation types, which are specified
by the grammar below.
A:=a|l1|AxB|A—-B|A|A—-B
Ai=a|1|A&B|A=B|I[A|lA®B|0]|A®B .

As in [EMS09, [EMS11b], our notation has been heavily influenced by linear logic.
Indeed, EEC can be roughly understood as a fragment of intuitionistic linear logic. However,
there are some discrepancies, both in content and in syntax. An important difference is
that, in EEC, computation types are the sole source of linearity. Thus linear function space
A —o B is defined between computation types only. However, the type A — B itself is a
value type not a computation type. As discused in op. cit., this choice seems essential for
EEC to be compatible with arbitrary (possibly non-commutative) computational effects. A
consequence is that the linear function space cannot be iterated (neither (A — B) — C nor
A — (B — Q) is allowed).

Concerning notation, we remark that the type !A ® B is obtained by the application of
a single primitive binary type constructor !(—)® (—) to a value type A and computation
type B. The hybrid notation for this constructor is chosen to emphasise the connection
with linear logic. In the present paper, we distinguish notationally between products of
computation types 1 and A& B, and products of value types 1 and A x B. Similarly, we
distinguish notationally between computation-type function types A = B (note that the
the domain is a value type) and value-type function types A — B. These choices, while
adding redundancy to the streamlined syntax of [EMS09, [EMSI11b], have the advantage
of simplifying certain properties of the syntactic translations we shall give in Section [4] A
further redundancy, introduced to simplify the presentation in Section[5] is that we introduce
a primitive computation type |, which plays a role analogous to the tensor-product unit in
linear logicﬂ This is redundant because | can be defined as !1. As in linear logic, in addition
to the linear isomorphism | 22 11, the type | enjoys the further isomorphisms A 2 A ® |, and
A =] — A in EEC (the latter isomorphism is not linear, since | —o A is not a computation
type). Finally, in EEC, the exponential type !A plays the role of Moggi’s monadic type
TA and Levy’s type FA. The linear exponential notation is motivated by the many formal
analogies between the properties of !(—) in EEC and in ILL. For example, EEC has the

1Our choice of notation for units differs from that of linear logic. In linear logic, the tensor unit, which
we call |, is written 1, and the unit of the linear product &, which we call 1, is written T.
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type isomorphisms A = B =2 IA —o B = A — B (although only the first is a computation
type). As in [EMS09, EMS11b], we choose to make Levy’s U type constructor (see [Lev04])
invisible by including computation types as value types.

The enriched effect calculus has two typing judgements:

i) T'|—Ft¢:B (i) T'|z:AFt:B,

where I' is a context of value-type assignments to variables. On the right of I is a stoup,
which may either be empty, as in the case of judgement (i), or may consist of a unique type
assignment z: A, in which case the type on the right of the turnstyle is also required to be
a computation type, as in (ii). The typing rules are given in Figure [I} In them, A ranges
over an arbitrary (possibly empty) stoup, and the rules are only applicable in the case of
typing judgements that conform to (i) or (ii) above.

Proposition 2.1 (Weakening). If I' | A + t: A and variable x is not contained in I'; A
then T,x:B |A F t: A.

Proposition 2.2 (Substitution).
(1) IfT,x:A|AF t:BandT |- F u: A and then T' | A F t[u/x]: B.
(2) If T |z:AF t: B and ' |A F u: A then then T |A + t{u/z]: B.

A simple consequence of the propositions above is that EEC satisfies the “shift” property:
if U |z:AF t:BthenI',z: A |— F t: B. See [EMS11b] for further discussion of syntactic
properties of EEC.

Rules for equalities between typed terms are presented in Figure They are to be
considered in addition to the expected (typed) congruence and a-equivalence rules. The
equations of Figure [2| have been formulated in such a way that the smallest a-equivalence-
respecting congruence containing these equalities is automatically closed under the substi-
tution operations of Proposition

The relationship between the enriched effect calculus and other calculi is discussed in
detail in [EMST11b]. We summarise the main points relevant to the present paper.

The fragment of EEC obtained by removing the type constructors A — B, A — B,
'A®B, 0 and A & B is called the effect calculus (EC) in [EMSllb]H The effect calculus
is equivalent to Levy’s CBPV (with complex stacks, finitary syntax version) modulo the
difference that CBPV has one further type constructor: value-type sums. Since, on the one
hand, value-type sums can be easily added to the effect calculus [EMS09], and, on the other,
just as easily removed from CBPV, we consider this difference as minor. Thus it seems fair
to view the effect calculus (where value-type sums can be included if desired) as, essentially,
a reformulation of CBPV using a syntax and presentation influenced by linear logic. In
particular, the style of typing rule we have given owes a debt to Barber and Plotkin’s Dual
Intuitionistic Linear Logic [Bar97]. The influence of linear logic is, of course, even more
apparent in the case of the enriched effect calculus. In [EMS09, [EMSI1a], it is shown that
EEC is a conservative extension of EC, thus the presence of the additional linear primitives
does not alter the properties of the core type constructors from EC.

2This differs mildly from the “effect calculus” of [EMS11b] through not having value-type function spaces.
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Dz:A|l—F xz: A F'|—F %1

'—+F¢A I'|-Fu:B -+t AxB '—+Ft:AxB
T|—F (tu): AxB [|—F fst(t): A T'|— F snd(t): B
Iz:Al—Ft:B F—kFs:A=B T'|-Ft:A
F'l—FXe:At: A—>B I'l—F s(t): B

I'|z:AF z: A FAF %x:1

F'AFt:A TIAFu:B 'AFt:A&B F'AFt:A&B

LA F (t,u): A&B LA F fst(t): A T|AF snd(t): B

T, 2:A|AF t: B T|AFs:A=B T|-Ft:A
LA F s(t): B

F'AFA:At:A=B )

FAF¢tl T|—Fu A
Pl=F Tl DA F let Thetinu: A

L|—FtA FAFtIA Tz:A|l— Fu: B
'|—F 1t 1A I'AF let!lzbetinu: B

FAFs:'1A®B T',z:A|ly:BF t: C

-F¢tA T'/AFu:B
I'AF let!lz®@ybesint: C

I'AFtou: 'A®B
T|AFt:0 TIAFt:A T|AF¢t:B
I'AFinl(t): A®B T |AF inr(t): A@B

CIAFE2():A
F''Akrs:A®B T|z:AFt:C T|y:BF u:C

['|A  casesof (inl(z). ¢; inr(y). u): C

I'|z:AFt:B I'|l—Fs:A—oB T|AF A

F'|l—F Xz:At: A—B F'|AF s[t]: B

Figure 1: Typing rules for the enriched effect calculus
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M- Ft=x:1 if|—Ft:1

I'|— F fst((t,u)) =t: A ifl'|—Ft:Aand T |— F u: B
I'|— F snd((t,u)) =u: B ifl'|—Ft:Aand T |— F u: B

T |- b (fst(t),snd(t)) = t: A x B T~ Ft:AxB

I'—F Az:At)(u) =tlu/z]: B ifCz:A|l—F¢t:Band T |— F u: A
I'—F Xx:A (t(x)) =t: A= B ifI'|—Ft:A—=Bandz ¢T
DIAF t=x:1 T A F ¢ 1

I'|AF fst((t,u)) =t: A ifI'|AFt:Aand T |AF u: B
['|A F snd((t,u) =u: B ifT|AFt:Aand T |AF u:B
['|A & (fst(t),snd(t)) =t: A&B ifI'|AFt:A&B

LA F (Az:At)(u) =tu/z]: B ifz:A|AF¢:BandT'|— F u: A
LA F Av:A (t(z) =t: A=B if'AFt:A=Bandx¢I'A
I|—F let The Tint=t: A T = -t A

I'|AFlet Thetinu[T/z] =ult/x]: A ifD|AFt:land D |z:] F u: A
I'|—F let!lzbeltinu=uft/x]: B ifl'|—Ft:Aand T, 2:A|— F u: B
I'|AF letlzbetinulle/y] =ult/y]: B ifI'|AF¢t:!Aand T |y:!/AF u: B

I'|AF letlz®@ybelt®sinu = ult,s/z,y]: C  ifT'|—F t: A T'|AF s:B,and
Fz:Aly:BFu: C
I'|AF letlz®@ybetinu[lr®y/z] =ult/z]: C ifT|AF t:!1A®BandI'[2:/A®B F u: C

I'|AF 2(t) =ult/x]: A ifI'|AFt¢t:0and T |z:0 F u: A

['| A& caseinl(t) of (inl(x). u; inr(y). u) if U |z:AF u:Cand T |y:BF u': C
=uft/z]: C and ' |[AF ¢ A

I'|A & caseinr(t) of (inl(x). u; inr(y). u) if 0 |z:AF u:Cand T |y:BF u': C
=u'lt)y]: C and ' |AF¢:B

I'|Atcasetof (inl(x). u[inl(x)/z]; inr(y). u[inr(y)/z])
=uft/z]: C ifI'AFt:AdBandT' |z:A®dBF u: C

LA F (Xz:A t)[u] = tu/z]:
|- F Xz:A (tz]) =t: A—o

if'|z:AFt:Band ' |A F u: A
ifl'|—Ft:A—oBandzx ¢l

oo oo

Figure 2: Equality rules for the enriched effect calculus
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©,z:0 Fx:0o O|—F=x*:1

OFM:0 ©OFN:T OFM:oxT OFM:0oxT
©F(M,N):oxT O Ffst(M): o © Fsnd(M): 7

O, x:0-M:T OFM:0—>7 ©OFN:o
OFXt:ooM:0o— 7 ©OFMN:T

Figure 3: Typing rules simply-typed A-calculus

It is also natural to compare EEC with ILL. In the present paper, we do this informally
and crudelyﬁ We include EEC in ILL by ignoring the distinction between value and com-
putation types, and mapping all type constructors to their evident (mainly synonymous)
linear counterparts. For example, both — and = get mapped to the intuitionistic function
space of ILL; both x and & get mapped to the linear “with” &; both 1 and 1 get mapped
to the unit of the intuitionistic “with”, which is usually denoted T; and | gets mapped to
the unit of the linear tensor, which is usually denoted 1. This translation from EEC to ILL
is “sound” in the sense that terms that are equal in EEC get mapped to equal terms in
ILL. (This is a consequence of the simple observation that the typing rules and equations of
EEC are all have direct counterparts in the presentation of ILL of [Bar97].) However, the
translation is not “complete”: terms of the same type whose translations are equal in ILL
need not be equal in EEC. It is also not “full”, there exist terms in ILL whose type lies in
the EEC fragment of ILL, but which are not equal to the translation of any EEC term.

3. CALL-BY-VALUE AND CALL-BY-NAME TRANSLATIONS INTO EEC

There is a standard call-by-value translation of typed A-calculus into Moggi’s compu-
tational metalanguage [Mog91], Filinski’s effect PCF [Fil96], and Levy’s CBPV [Lev04].
Similarly, there is a standard call-by-name translation into the latter two, which exploits
the existence of computation typesﬁ We recall these translations using the syntax of the
enriched effect calculus.

As a source calculus, we use the simply-typed A-calculus with types o, 7,... given by:

cu=al|l|loxt|o—T1,

where o ranges over a collection of type constants. We use © to range over finite contexts
T1:01,...,Tn:0,, and M, N to range over terms of the simply-typed A-calculus, using the
syntax given by the typing rules in Figure

The call-by-value interpretation translates a type o to a value type ¢V. The call-by-
name interpretation translates it to a computation type o™. Both translations are defined
in Figure For the translations of type constants, we assume that each type constant «
of the typed A-calculus, is included as a value-type constant in EEC, and has an associated
computation-type constant a.. Note that the definition of (¢ — 7)¥ could equally well have

3A less crude comparison retains the distinction between computation and value type, and compares
with Benton’s mixed linear/non-linear logic [Ben95|, in which a similar distinction is maintained. Such a
comparison produces identical results: the translation is sound, but neither complete nor full.

Moggi [Mog91] and Benton and Wadler [BW96] refer to a different “lazy” translation as call-by-name.
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o' =« o' =q
V=1 1"=1
(oxT)V=0"xT1" (o x )t =0c"&"
(c—=T1)" =0" = (1Y) (c—=>1)'=0"=

Figure 4: Cbv and cbn translations of simply-typed A-calculus

been given as ¢¥ = !7Y, which, considered as a value type, is isomporphic to the gven
translation. Our reason for instead choosing oV — !(7V) is that this simplifies the statement
of Theorem [6.7] below.

On terms, the cbv translation maps a judgement z;:01,...,2,:0, = M: 7 to

X1:07, .. &pioy |—F MYV
It is inductively defined by:

= lz

8
|

= Ix
(M N)V = let !z be MV inlet ly be NV in (z, y)
(fst(M))" = let !z be MY in !fst(z)
(snd(M))" = let!zbe MY in !snd(z)
(Ax:0. M)Y = l(Ax:0v. M)
(MN)" = let!fbe MV inlet!x be NV in f(z) .
The cbn translation maps a judgement z;:01,...,2p:0, F M: 7 to
x1:07, .. Xpioy |— B MM
and simply uses the constructs associated with the computation-type constructors 1, & and
= to mimic the corresponding constructs for 1, x and — in the simply-typed A-calculus.
Since this is essentially trivial, we omit the details.

The call-by-value and call-by-name translations into EEC induce equational theories
on simply-typed A-terms. In the case of call-by-value, the resulting equational theory is
that of Moggi’s computational A-calculus, A¢, [Mog89]. In the case of call-by-name, it is
the usual fn-equality theory. The propositions below state this formally, and also asserts
that the translations into EEC are full in the sense that every EEC term of translated type

is equal to the translation of a simply-typed term. In the statements, and henceforth, we
write © = M =), N: 7 for equality in Moggi’s A, and © = M =g, N: 7 for 3n-equality.

Proposition 3.1 (Soundness and full completeness of ()V)
(1) If©® - M =\, N: 7 then ©¥ |— = MYV =NV: 7"
(2) IfO FM,N: 7 and OV |— = MV=N": |7V then@ F M=), N:T.
(8) If©Y|— t t: 7V then there exists a term © = M : T such that ©¥|— = MY =t: |7

Here, statement [I] asserts soundness, statement [2 completeness, and statement [3] fullness.

Proposition 3.2 (Soundness and full completeness of (-)").
(1) If© = M =g, N: 7 then O" | = = M" = N": ",
(2) If© - M,N: 7 and ©" |— - M* = N": 7" then © - M =g, N: 7.
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(8) If O™ | — F t: 1 then there exists a term © & M : 7 such that O |— & M™ =t: ™.

Outline proof of Propositions and[3.3 The call-by-value and call-by-name translations
of typed A-calculus into Levy’s CBPV are known to be fully complete [Lev04, Appendix A].
These translations thus transfer to the effect calculus (EC) of [EMS11b|, which is essentially
equivalent to CBPV. The resulting translations into EC are essentially identical to those

given above, modulo the inclusion of EC in the enriched effect calculus. This inclusion is
shown to be fully complete in [EMS09, EMS11a). O

The repeat appearance of the word “essentially” in the outline proof above calls for clari-
fication. As already discussed in Section [2] the equivalence between CBPV and the effect
calculus requires choosing the correct version of CBPV (with complex stacks and finitary
syntax), and ignoring the fact that CBPV has value-type sums but EC does not. Any-
way, such issues are a distraction here, since the translations do not involve sum types,
and Levy’s proofs of full completeness transfer directly to EC. Second, the call-by-value
translation we have given into EEC is not literally identical to the translation into EC.
The difference is that, in the case of EC (as defined in [EMSIID], see Section [2)), one has
to define (0 — 7)¥ = 0¥ = 7V, because value-type function space is not available. This
difference is, however, trivial since the two function spaces are isomorphic as value types.

Via the inclusion of EEC as a fragment of ILL, the translations defined above can also
be viewed as translations into ILL. In the case of call-by-value, the resulting translation into
ILL is exactly Benton and Wadler’s call-by-value translation from [BW96]. As emphasised in
op. cit., this translation is not complete relative to =), because it enforces the commutativity
of effects. For example, the two terms below,

f:1=1,9:1—=1F (Azx:1. Ay:1.%)(f*)(g%) (3.1)
f:1l=1,9:1—=1F Azx:1L Ay:1.x)(g*)(f*): 1, (3.2)

which are not equated by =, _, are equated by the translation. It is also known that the
call-by-value translation into ILL is not full [Has02].

01
01

4. LINEARLY-USED CONTINUATIONS IN EEC

In [Plo75], Plotkin gave continuation passing style (CPS) translations of call-by-value
and call-by-name A-calculi into the A-calculus. As emerged from the work of Moggi [Mog89),
Mog91], the typed version of Plotkin’s call-by-value translation is sound relative to the
equational theory, =), of the computational A-calculus. Although Plotkin’s original call-
by-name translation validates only the -law, a variation due to Reus and Streicher [RS98]
is sound for =g,,. A feature shared by all these translations is that the usage of continuations
within them is linear. This aspect has been formalized by Hasegawa. In [Has02], he studies
a call-by-value translation from typed A-calculus into intuitionistic linear type theory (ILL)
in which the types of the translation enforce the linear usage of continuations. In essence,
this translation is Plotkin’s original call-by-value translation, but carried out within a linear
typing discipline. In [Has04], Hasegawa gives a corresponding linear version of the (Reus-
Streicher) call-by-name CPS translation. Although Hasegawa’s translations are into ILL,
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a'R = o AR — a
1R — 1 PR — 0

(o xT)'R = "R x 'R (o xT)"™® = g™ pr™R

(0 - 7)R = 'R — ((7"R = R) — R) (0 > 1) =1(c"™ o R)®@7T"” .

Figure 5: Cbv and cbn linear-use CPS translations of typed A-calculus.

one sees straightforwardly that they land inside the EEC fragment of ILLH We now recall
these translations, defining them directly as translations into EEC.

The call-by-value interpretation translates a type o to a value type ¢*R, and the call-by-
name interpretation translates o to a computation type o"R, as defined in Figure 5] As is
standard for CPS translations, they are defined relative to the choice of a “result” type, R.
Using EEC as the target language, it is essential that R be a computation type, otherwise
the translations would not produce legal types. Unless specified otherwise, we let R be an
arbitrary but fixed computation type. However, we shall often need to specify otherwise.
As will be seen, many results below will work in two special cases only: when R is either a
computation-type constant or the type .

We remark that the combination of function-space constructs that appears in the call-
by-value translation of ¢ — 7, in Figure[f] is forced by the desire to ensure that continuations
are linearly used. The linear usage itself is implemented by selecting —o for the right-hand
arrow. This, in turn, requires the computation-type arrow =- to be used in the type 78 = R,
which types continations. The left-hand arrow is then forced to be — since its codomain
(T'®R = R) —o R is a value type. (It is possible to reduce the number of different function-
space constructs that appear in the definition of (o — 7)"R to two. For example, one could
define (0 — 7)'® to be (7'8 = R) — (¢'®R = R), which is isomorphic to the definition
of Figure Another possibility is to reformulate EEC using a single type constructor
to implement both value-type and computation-type function spaces, as in the conference
version of this paper [EMSI10]. However, both these alternatives have the disadvantage,
compared with the route we have taken, of complicating the results of Sections [5| and @)

For a typing context © = x1:071,...,T,: 0y, define

O'R = xlzaiﬂ,...,xnza;? .
Then the cbv translation on terms [Has02] maps a judgement © = M: 7 to
O |-  M'®: ("8 = R) <R,
5Actually7 in [Has04], Hasegawa gives a call-by-name translation for a variant of Parigot’s Au-

calculus [Par92] extending typed A-calculus. The full translation goes outside of EEC. Here, we consider
just the translation restricted to typed A-calculus, which does land in EEC.
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It is defined inductively by (using the typings of Figure [3)):
z'® = Xk:0o'® = R. k(z)
= XNk:1=R. k(x)

\;U

= Xk: (06" x 7'R) = R. M"R[Ax:0"R. N'R[Ay: 7'R. kg(x,ym]

(M >

(fst( )R = Xk:oV® = R M'R[Az:0"® x 7R, k(fst(z))]
)
)

v

|

|7

(snd(M))"® = Xk:7'R = R. M"’[Az:0"® x 7', k(snd(z))]
(Ar:o. M)® = Xk:(0"™® = ("R = R) = R) = R. k(Ar:0"® MR, )
(MN)'®R = Xk:7R = R. MRAf:0'R = (7'R = R) — R. N"R[Az:0"R. f(z)[k]]]
Similarly, define
@nB—OB:wlzaTB—OB, , T n*—oB.
The cbn translation [Has04] maps a typing judgement © F M: 7, as above, to
O™ oR|—F M"R: 7" R .

Its inductive definition is given by:

R

T =X

SR = X% 0. 2(k)

(M,N)'®R = X%k:0"®R @ 7'R. casekof (inl(x). M™® [z]; inr(y). N"® [y])
(fst( )R = Xk: o™, MR [inl(k)]
)

)

o
|

o
|

o
|

(snd(M))"& = X%: 7", MO8 [inr(k)]
(Ax:o. M)™ = Xk:l(o™ — R)®@ 7™, let lx®@h be k in M R [h]
(MN)"R = Xk:7"R, M"R[I(N™) ® k]

The results below list the properties we shall establish of the two translations. Proofs
will be given in Section [6]

Proposition 4.1 (Soundness of (-)'®). If © = M =, N: 7 then O'R | — F MR =
N'R: (T'R = R) — R.

Proposition 4.2 (Soundness of (-)"®). If © = M =g, N: 1 then O™ — R |- F M"R =
NU"R: 7R — R.

Theorem 4.3 (Full completeness of (-)'R). Suppose R is either: (i) a computation-type
constant, or (ii) the type |. Then:
(1) If® W M,N: 7 and O'R | — - MYR=N"R: (TVR=R) —o R then ® - M=) N: 7.
(2) If ©'R | — F t: (TR = R) —o R then there exists a term © + M: T such that
O8 |~ F M'E =t: ('8 = R) —o R.

Theorem 4.4 (Full completeness of (-)"R). Suppose R is either: (i) a computation-type
constant different from «, for every simply-typed \-calculus type constant a; or (ii) the type
1. Then:
(1) If© = M,N: 7 and O©"®R R |- F M"® = N"R: 7"R — R then © F t =g, u: T.
(2) If ©"8 — R | — F t: 7" — R then there exists a term © = M: 7 such that
O™ —oR|—F M" =¢: "R —R.
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Theorems [£.3] and are analogous to full completeness results obtained by Hasegawa
for the linear-use CPS translations into ILL. In [Has02] he proves full-completeness for
the call-by-value linear-use CPS translation of Moggi’s computational A-calculus [Mog89]
into ILL. A similar result holds for the call-by-name translation of [Has04] restricted to
the simply-typed A-calculus (private communication). In both cases, Hasegawa considers
translations in which R is taken to be a computation-type constant.

We remark that, in the case that R is a computation-type constant, Theorems and
follow as a consequence of Hasegawa’s full completeness results for the translations into
ILL. This is because, even though the inclusion of EEC in ILL is neither complete (faithful)
nor full, it is sound (preserves equalities) [EMS11b|. Hence, for any fully complete transla-
tion into ILL that factors through this inclusion, such as the linear-use CPS translations,
the factoring translation into EEC is also fully complete. A little thought shows that a
similar style of argument cannot be used to derive Hasegawa’s results as a consequence
Theorems and [4.4] Thus, full completeness with respect to ILL seems a strictly stronger
property than full completeness with respect to EEC. Nevertheless, even though Theo-
rems and [4-4] in the case that R is a computation-type constant, follow from Hasegawa’s
results (and not vice-versa), our method of proof is different, and of interest in its own right
— see below.

Furthermore, Theorems and [4.4) extend Hasegawa’s result in a different direction.
They apply also when the type | is used for R. In the case of the call-by-value translation,
this property distinguishes between the translations into EEC and ILL. Indeed, the call-
by-value linear-use CPS translation into ILL is not complete if | is used for R. A simple
counterexample is given by the two A-calclus terms and , which translate to terms:

=D g:(1—=1)"® F ((Az:1. Ay:1o%)(f*)(g%))"R: I(1R)
=D g:(1—= 1) F ((Az: 1. Ay:1.%)(g%)(f*))"R: I[(1R) .
Noting that (1 - 1)"® =1 — ((1 = |) — I), which is isomorphic, in EEC and (hence)

in ILL, to I; and !(1YR) = 1, which is also isomorphic to |, on can calculuate that the two
translated terms are transported along these isomorphisms to:

f:lbg:l|—Flet The finlet TheginT: 1
f:lbg:l|—FletTheginlet The finT:] .

These terms are equal in ILL but not in EEC. (This is reminiscent of the fact that the
cbv translation (-)¥ of Section |3| when taken into ILL, enforces the commutativity of ef-
fects [BW96]; but not identical, because (-)'® is not, in general, isomorphic to (-)".)

Our proof of Theorems and goes via factoring the (-)'® and (-)"R through a
single generic linear-use CPS translation of the entire enriched effect calculus into itself.
This translation, which is the main contribution of the paper, is presented in the next
section.

5. GENERIC LINEAR-USE CPS SELF-TRANSLATION OF EEC

The generic linear-use CPS translation, from EEC to itself, maps a value type A to a
value type A¥® and a computation type A to a computation type A% as defined in Figure @
Note that the translation of a computation type A as a computation type, A%, is defined
prior to its translation as a value type, AYR_ Note also that, in the case that the result type
R is a computation-type constant, it is given special treatment. Otherwise it is translated



LINEAR-USE CPS TRANSLATIONS IN EEC

a = =
=1
(A x B)'® = AR x BR
(A =B = AR
AR = A%® R
(A —B)"® = B® —0 A%

o {a if a #
n | ifa=
1% =0
(A&B)CB _ 703 @ECR
(A= B)® = I(AVR) @ B‘R
& =R
(AR = AR = R
(IA®@B)® = AR = BXR
0" =1
(A®B)™ = A% &B™

Figure 6: Linear-use CPS translation of EEC types.

ﬁ u)®
fst(t)
snd(t)
(Az:A. 1)
(s(t))
(let T betinu)"®R
(let !z bet in u)
(t@u)Cr
(let lzr®@y be sint)
(1)
(inl(?))
(inr(t))
)
)

t
)
)
)
(case sof (inl(x). t; inr(y). u)

)-
(s[t]

= tCB[

k.

= zg(kz)
case k, of (inl(ky). tR [k, /k.]; inr(k,). uR

CR [inl(k

CR [inr(k

2)/k:]
2) /K]

= letlz®@hbek, in R [h/k.]

s N(ER) @k, / k]
Y8 (k] / k2]
R [(Az: AR, Y
u’E [k [k ngB)/ k-]
SR [ AR, 1% [k, /R ]) )
t» [x/ k]

“ k) [ k]

— (e [fst(k.) / k]

t8 [sud(k.) / k]
SRR [k, / ke
{Cr [;V

8 [ke]/ k2]

uce [k=/kyl) / K]

Figure 7: Linear-use CPS translation of computation terms.

[ky/k2])

13
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KR —

{t,u)'® = (1R, ')
(fst(t))R = fst(t'R)
(snd(t))"® = snd(t'R)

Az:A )R = Az: A R

(tu)"® = "8 (u'®)

R = X%k:0. 2-(k)

(t,u)*® = Xk:A%® @ B®. casekof (inl(ky). t'® [ko); inx(ky). u'® [k,))
fst ()R = XNk: AR, VR [inl(k)]
snd(t

Az:A )R = Xk:IAVR@BCR. let lu@h be k in t'R [h]
)R = Xk:B%R. VR [1(£R) @k

T = Xk:R. k

R — Xk: AR, R [4VR [K]]

()’ = Xk: AR = Rk (£R)

)
)
snd ()R = Xk:B%®. YR [inr(k)]
)
)

(let lz be t inu)"® = Xk:BO%. Y [\a: AV, V2 [k]

(tou)® = Xk: AR = B Y& [k (¢¥R)]
(let lz@y be s in t)"’® = Nk:CR. s’ Az: AR, 1R [/, ]]
(2(t) A
(inl(t)® = Xk: AR & BE. 1% [fst (k)]
(inr(t))"® = X%k: AR & BR. t'& [snd (k)]
(case s of (inl(z). ; inr(y). ) J, uR [k /ky])]

VB — X%:CR. §VR (1R [k /k,
V& = Xk:B®. R [k/k,]

)

)

)

)

)

PR = Xk: AR, VR [4]
)

)

)

) B

PR = Xk:BR. VR [sVR [k]]

Figure 8: Linear-use CPS translation of value terms.

in the same way as any other type. This means that, when R is either a computation-type
constant or |, we obtain the complementary equations BCB = | and 1CB = R, exhibiting
the computation types R and | as a dual pair. Other examples of dual pairs are: 1 and
0; A&B and A®B; A= B and |A®B; and a (for @ # R) with itself. Thus the only
computation types without a dual (in this simple sense) are those of the form !A. The reason
that such dual pairs arise in the translation is that the translation acts contravariantly
on computation types, in a sense which will be made clear below, but which is already
implicit in the identity (A —o B)VB = B% — A% For this reason, each computation
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type is translated to a computation type that possesses the dual universal property to its
own. The contravariance of the computation-type translation also underlies the identity
AVR = AR 5 R, which “negates” the computation-type translation of a computation type
in order to bring it into the covariant world of value-type translations. We remark that in the
conference version of this paper [EMSI0], this identity held only up to isomorphism, leading
to syntactic complications. The implementation of the equality as a syntactic identity, in
Figure [6] is possible in the present paper, because we distinguish between value-type and
computation-type products and between value- and computation-type function spaces.
To define the translation of terms, we translate a typing judgement I' |— - ¢: A as:

TR |~ F YR AR

where I'VR is the context obtained by applying (—)"® to every type in I'. A typing judgement
I'|z:A b t: B is translated to:

DR |k, :B®R - R ACR

The change of direction here is the contravariance we referred to above. The translations
are given in Figures [§] and [7] respectively. In these figures, each line corresponds to one
of the typing rules in Figure [I} and the type and term names are taken from these rules.
Observe that each typing rule that mentions A has two cases: one, in Figure [ for empty
stoup in Figure [7, and one for non-empty stoup. Also note that, in Figure[7], we always use
z:D for the content of a non-empty stoup called A in Figure [Il We remark that, because
we have the identity (A — B)Y& = B —o ACR, the translations are simpler than those given
in the conference version of the paper [EMS10], which involved specified isomorphisms in
lieu of the identity.

The remainder of the section is devoted to establishing properties of the self-translation.
As a first observation, we note that if I' | — F ¢: A, where z is not contained in I, then the
terms, appearing in each of the translated judgements (cf. Proposition

D [— R AR TR B |- b R AR
are identical (as the notation suggests). Similarly, if I' | z: A F ¢: B, where again x is not
in I", then the two terms
DR [k, :B®R %R AR DR 2 COR ||, BR | ¢CR: ACR
are identical. These observations are easily seen to hold by a straightforward induction on
the structure of ¢.
The interaction between the self-translation and substitution is more subtle. Each of

the two cases of Proposition splits into two subcases, one for empty A, and one for
non-empty A, resulting in the four cases considered in the proposition below.

Proposition 5.1 (Substitution).
(1) IfT,x:A|— F t: BandT |— F u: A thenTY® | — + (t{u/z])R = tV& [u& / 2]: Bk,
(2) If T,x:A|z:DFt:Band ' |— F u: A then

DR |k, :B®R F (tfu/z])R = tR [uMR / 2]: DR .
(8) If U |z:AF t:Band T |— F u: A then
TR |~ F (t{u/x])"R = X%k:B®R. "R [tR [k / k,]]: BR — R .
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(4) IfT |x:AF t:BandT |2:D F u: A then
DR |k, :B® b (t[u/x])R = uR[(tR [k, /k.]) / k.]: DR .

Proof. By induction on ¢.

Statements (1| and I 2| are proved simultaneously. For example, if ¢ is Xz: B;. t/, where
B is B; —o B,, then statement (1| applies, and we must show that ((Xz:B;. #')[u/z])"k =
(Xz:By. t")Y& [uYk /2]. The induction hypothesis, given by statement [2, is (#[u/z])R =
("R [u VR/ x]. And indeed:

(2B, #)[ufa]) " = (¥2:B,. ¢u/a])s
= Xk, :BSE. (t[u/z])%
= XNk,: Egﬁ. (t")R [uYR / 2] by induction hypothesis
= (Nz:B;. t/)VB [uvﬁ/x] .

We illustrate the proof of statement [3|in the case that t is caset’ of (inl(y). t1; inr(z). t2),
where I' |[2:AF t: C,®Cy,and T |y:Cy F ¢1: B, and T' |2:C, F to: B. Then:

(tfu/a])® = (caset'[u/a] of (inl(y). ti; inr(=). t2))"E
— Xk:B. (¢[ufa])VR (55 K/ ky), t52 [k /R.])]
— Xk:B. wR[(¢)0 (155 [k /Ry, £58 [k /R2) / Ral] by induction hypothesis
= Xk:B. u"® [(caset’ of (inl(y). t1; inr(z). t2))® [k/ky]]
= X%k:BR. uMR IR [k /k,]] .
We omit the proof of statement |4} which is straightforward. L]

We now have the machinery necessary to establish the first of the main properties of
the self-translation, its equational soundness.

Theorem 5.2 (Soundness).

(1) IfT |— -t =u: A then T'R | — |- VR = o'k AVR
(2) IfT' |z:A - t =u: B then T"k yk :BR - Cr = ,Cr: ACR,
Proof. Define I' | — - t ~ u: A to hold if I'"® | — F th = uY®: AR and similarly

I |2z:AF t~ u:Btohold if & | k,:B® % = yCr: ACR, Tr1V1ally, ~ is a type-
respecting equivalence relation. By the compositional definition of (-)*® and (-)® it is an
a-equivalence respecting