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Outline

» Arrows add non-functional side-effects to functional languages

» Reversible languages take semantics in inverse categories

Arrows categories
Inverse arrows | inverse categories

dagger arrows | dagger categories

» Many examples of inverse arrows
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Reversible and invertible programming
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Functional languages not stateful by definition, easing reversibility
(e.g. Theseus, RFun)
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Monads

return: X — M X
=) MX—>(X->MY)-MY

such that:

returnz >= f = fx
m>=return = m

(m>=f)>=g = m>=Ax.fr>=yg)
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Monads

return : X — M X
=) MX—>(X->MY)-MY
think:
» M X is (effectful) computation of type X

P returnx is constant computation

» composition >>= should behave
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Arrows

ar: (X =Y)—>AXY
() AXY—5AY Z—5AXZ
ﬁrStX,yyz:AXY—)A(X(X)Z) (Y@Z)

such that:
(a>>0b) >>c
arr(g o f)
arrid >>a =
firstx y,r a >> arr py
firstx v,z a >> arr(idy ® f)
(firstx vy zov a) > array,zv
first(arr f)
first(a >>> b)

S}

a>> (b>>c)

arr f > arrg

= a>> arrid

arr px >=> a

arr(idxy ® f) >> firstxy,za
arr oy, zy > first(first a)
arr(f ®1id)

(firsta) > (first b)
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Arrows

arr: (X =-Y) =2 AXY
(>):AXY 5 AY Z—-AXZ
firstxyz: AXY >A(X®2)(Y®2)
think:
> A X Y is type of effectful computations from X to Y
» arr makes pure computation effectful

P> composition >>> behaves properly
> first lets effectful computations interact with environment
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Dagger and inverse arrows

mv:AXY —-AY X

such that:
inv(inva) = a
inva >>invb = inv(b>> a)
arr(f1) = inv(arr f)
inv(firsta) = first(inva)
(a>>inva)>>a = a

(a>>inva) >> (b>>invb) = (b>>invb) > (a > inva)
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Dagger and inverse arrows

mv:AXY —-AY X

think:
» inv turns effectful computations around

» cooperates with pure computations and environments

» inva ‘undoes’ a
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Example: reversible state

type State S X Y =X — (§ - (X ®9))
type RState S X VY =X®S5+< Y ®S§

instance Arrow (RState S) where
arr f (z,$) =(f z,s)
(a>>b)(z,s) = bla(z,s))
first a ((z,2),s) = let (2/,5') = a(z,s) in ((¢/, 2), s)

instance InverseArrow (RStateS) where
i a (y,s) = al(y,s)
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Example: reversible state

type State S X Y =X — (§ - (X ®9))
type RState S X VY =X®S5+< Y ®S§

instance Arrow (RState S) where
arr f (z,$) =(f z,s)
(a>>b)(z,s) = bla(z,s))
first a ((z,2),s) = let (2/,5') = a(z,s) in ((¢/, 2), s)

instance InverseArrow (RStateS) where
i a (y,s) = al(y,s)

get : RState S X (X ® S5)
get (z,s) = ((z,5),s)
update : (S S)— RState S X X

update f (z,s) = (z,f s)
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Example: rewriter

class Group G where

gunit : G
gmul : G = (G < Q)
ginv : G G

type Reuwriter G X Y =X G- YRG
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Example: rewriter

class Group G where

gunit : G
gmul : G = (G < Q)
ginv : G G

type Reuwriter G X Y =X G- YRG

rewrite : G = RewriterG X X
rewrite a (z,b) = (z, gmul a b)
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Example: vector transformations
type Vector X Y = [X] + [Y]

instance Arrow (Vector) where

arr f xs = map f xs
(a>>1b) zs= b (a zs)
first a ps = let (zs,2s) = zip! ps in zip (a s, 2s)

instance InverseArrow (Vector) where
mu a ys = al yS

map : (a+b) = ([a] < [b])
map f ] = ]

map [ (zzxs) = (f z):=(map [ zs)

Zip - ([al, ) > [(e, )]
N

zip(xws, yys) = (x, y):(zip(zs, ys))
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Example: serialization

serialize : X <> Serialized X
type Serializer X Y = X < Serialized Y

instance Arrow (Serializer) where
arr [ x = serialize (f )
(a > b) z = b (serialize’(a 1))
first a (z,2) = serialize(serializet (a x), 2)

instance InverseArrow (Serializer) where
inv a y = serialize(a'(serialize y))
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Example: error handling

type Error EX Y=X®F+ YDFE

instance WeakArrow (Error E) where
arr f (InL ) = InL (f x)
arr f (InR e) = InR e
(a>>0b)z =0b(ax)

instance Inverse WeakArrow (Error E) where
mu a Yy = al Y
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Example: error handling

type Error EX Y=X®F+ YDFE

instance WeakArrow (Error E) where
arr f (InL ) = InL (f x)
arr f (InR e) = InR e
(a>>0b)z =0b(ax)

instance Inverse WeakArrow (Error E) where
mu a Yy = al Y
raise : X< E)»(E< E®E)—> ErrorEXY

raise f p x = InR (10T (arr f x)))
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Example: superoperators

Quantum physical maps f: X — Y don’t just take states to states.
Must respect entanglement with environment:

so fRId: X® F— Y ® FE takes states to states.

Leads to CPM construction, not a monad, but dagger arrow:

A X Y = { completely positive maps X*® X - Y* @Y}
arr f=f®f

a>>b=boa
ﬁrStxyjz a=a®idgxgz

inv a=al
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Examples: many more

vVvyyvyy

Pure functions: program inverter
Dagger Frobenius monads, restriction monads
Control flow: ArrowChoice

Computation in context:

type Reader C X VY =X®(C+ Y®C

Information effects [James & Sabry]: irreversible computation
in pure reversible setting with inverse arrow for implicit
communication with heap and garbage dump

» Reversible IO: must be built into programming language

» Reversible recursion: type separating non/terminating functions
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Reversible categories

» In dagger category, X i) Y has partner X ﬂ Y with fit = f
» In inverse category, moreover:
> foflof=f
> flofoglog=glogofiof
» If monoidal, also want (f ® ¢g)t = fT @ ¢t
Examples:
» Any groupoid
» Sets and relations
» Sets and partial injections (universal)

» Hilbert spaces

14 /17



Arrows, categorically

» Monoid: object M with maps M ® M — M < I satisfying laws
» Monad on C is monoid in endofunctor category [C, C]

» Profunctors C° x C — Set are monoidal under
Y
(FRG)(X,2) = / F(X,Y)xG(Y,Z)

Theorem (2006): Arrow = strong monoid in [CP x C, Set]
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Dagger arrows, categorically

> Involutive monoidal category has functor (—): C — C
with f = f and coherent natural X @ Y ~Y @ X

» Involutive monoid is monoid with monoid map i: M — M
satisfying i o ¢ = id

Lemma: if C is dagger, then [C°P x C, Set] is involutive
F(f.g)=F(g".f1)  axy=oavx

Theorem: Dagger arrow = involutive monoid in [C°P x C, Set]

Inverse arrow makes three additional diagrams commute
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Conclusion

definition of inverse arrow

supports many examples

>

>

P> has clean categorical structure

» informs sound reversible programming language design
>

(un)do-notation
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Involutive monoidal categories

X®Y®Z) (XeY)®Z RV
id®xJ X ®id XY 7YX
XRZQY YoX®Z id X

OZJ X XQY — XV
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Inverse arrow laws

L: [C° x C, Set] — [C° x C, Set]
LM(X,Y)=M(X,X)
LM(f.g)=flo(=)of

For M involutive monoid:

LYM(X,Y)={a'ocaec M(X,X)|ae M(X,Z) for some Z}
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Inverse arrow law 1

'(]f ogo bfob=0blobo gT o g for pure g

Lt (hom) x LM — LM
(¢'og,a) = g'ogoa

L*tM x L (hom) LM x L*(hom)
ol |
L*(hom) x LtM —— L*(hom) x LM LM
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Inverse arrow law 2

afoaoblob=0bloboaloa

L™ x LTM — LM
(aToa,bTob)n—)aToaobTob

LM x L*M —Z— LM x LTM

|
\LM
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Inverse arrow law 3

aoa'oa =a

Dy — M x M x M
DM(va) = {(avaTva) | a & M(X7Y)}
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