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Abstract

This paper intro ducesa new classof image model which we call dynamic trees or

DTs. A dynamic tree model speci�es a prior over structures of trees, each of which

is a forest of one or more tree-structured belief networks (TSBN). In the literature

standard tree-structured belief network models have been found to produce \blo cky"

segmentations when naturally occurring boundaries within an image did not coincide

with those of the subtrees in the rigid �xed structure of the network. Dynamic trees

have a 
exible architecture which allows the structure to vary to create con�gurations

wherethe subtreeand imageboundariesalign, and experimentation with the model has

shown signi�can t improvements.

For large models the number of tree con�gurations quickly becomesintractable to

enumerate over, presenting a problem for exact inference. Techniques such as Gibbs

sampling over trees and search using simulated annealing have been considered,but a

variational approximation basedupon mean �eld was found to work faster while still

producing a good approximation to the true model probabilit y distribution. We look

brie
y at this mean�eld approximation beforederiving an EM-style update basedupon

mean �eld inferencefor learning the parametersof the dynamic tree model.
0To whom correspondenceshould be addressed.
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After development of algorithms for learning the dynamic tree model is applied to a

databaseof imagesof outdoor sceneswhere all of its parametersare learned. DTs are

seento o�er signi�can t improvement in performanceover the �xed-arc hitecture TSBN

and in a coding comparison the DT achieves 0:294 bits per pixel (bpp) compression

comparedto 0:378 bpp for losslessJPEG on imagesof 7 colours.

Keywords: Bayesian image modelling, belief networks, dynamic tree, variational

inference,mean �eld, expectation-maximisation.

1 In tro duction

Probabilistic modelling of imagesprovidesa usefuland well groundedframework to conduct

inference from images. There has been much interest in this area over recent years, and

this has given rise to the development of a rich and varied suite of models and techniques,

which are reviewed in Section 2.

We describe an image model called the dynamic tree which is developed from earlier

work on Tree-Structured Belief Networks (TSBNs). Tree-structured belief networks provide

a natural way of modelling images within a probabilistic framework. By this method a

balanced tree-structured belief network is constructed with a single root node and the

imageis presented at the leaves. Inferencecan then be conductedby an e�cien t linear-time

algorithm [27]. Fixed-structure TSBNs have beenusedby a number of authors asmodelsof

images;seee.g. the work of Bouman and Shapiro [5] (where the node variablesare discrete)

and Willsky and coauthors [25, 21, 14] (where the nodes contain real-valued Gaussian

variables). TSBNs have an attractiv e multi-scale structure, but su�er from problems due

to the �xed tree structure, which can lead to very blocky segmentations.

Consider for instance the four level binary tree of Figure 1(a). The image applied in the

exampleis a 1-d imageof a black bar on a white background, and initially all the other nodes

in the tree are uninstantiated. The structure and sizeof the TSBN directly determinesthe
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(a) (b) (c)

Figure 1: (a) \Balanced" tree with image applied (b) resulting segmentation and (c) an example
dynamic tree.

imagesit can deal with. The binary tree shown handles 1-d images,but more commonly

quad-treesare usedto model 2-d images.

For the segmentation all the nodesin the network are updated to their most probable state

given the model parametersand the image. Sincethe network is probabilistic in nature we

can alsoascertainmeasuresof certainty about the state of each node and sohave a measure

of performance. Our exampleproducesthe tree of Figure 1(b).

The hierarchical structure of TSBNs naturally leadsto coarser-scalerepresentations of the

image at successive levels. As well as providing a natural mechanism for all regions in the

imageto have somein
uence over each other and thus exert global consistency, there is also

potential for using the segmentations given at higher levels in image coding applications.

However, someproblems arise when the natural boundaries in the image do not coincide

with those of sub-trees in the TSBN. This e�ect is illustrated by Figure 1(b), where the

black bar spanstwo sub-treeswith roots at the third level. The resulting segmented images

exhibit an undesirableblockiness as a consequence.The aim of our work is to attempt to

�nd modelswhich producegood representations of natural images,overcomingthe problems

of blockinessfound in �xed-structure TSBNs. One such strategy is to break away from the

tree structure, and use belief networks with crossconnections; seee.g. [5, 10]. However,

this means losing the linear-time belief-propagation algorithms that can be used in trees

[27] and using approximate inferencealgorithms.
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TSBNs have many attractiv e properties and we believe that models basedupon them, but

which have a dynamically adjustable tree structure to enable their boundaries to better

re
ect those of the image, provide a very promising starting point. We have such models

nameddynamic trees (DTs) and onesuch tree producedfor the toy imagedata is shown in

the Figure 1(c).

Dynamic trees (DTs) are a generalisation of the �xed-architecture tree structured belief

networks. Belief networks can be used in image analysis by grouping its nodes into visible

units X v , to which the data is applied, and having hidden units X h , connectedby some

suitable con�guration, to conduct a consistent inference. DTs set a prior P(Z) over tree

structures Z which allows each node to choose its parent so as to �nd one which gives a

higher posterior probabilit y P(Z; X h jX v) for a given image X v . This e�ectiv ely produces

forests of TSBNs.

Allowing this 
exibilit y to chosetheir structure is not without cost. For usefuldynamic trees

the number of con�gurations Z is very large and typically we cannot tractably enumerate

over all of them. However, while it is true that exact inferencein DTs is NP-hard, we do

retain a clean semantics basedon the fact that we expect that each pixel should belong to

one object.

This paper will explore the dynamic tree model from conceptionto a real world application

of the model. After a survey of related work in Section 2, the dynamic tree model is intro-

ducedin Section3. The number of con�gurations of the DT model is large and enumeration

over all of them is usually intractable, and therefore we need to rely on other techniques.

Sampling and search approachestend to be computationally intensive and slow to converge.

An alternative is to approximate the true posterior probabilit y distribution with a simpler

tractable one,and variational methods are proving very popular for this task. In Section3.2

we derive the mean �eld approximation for the dynamic tree which is the simplest of the

variational approximations. Learning algorithms for the DT are developed in Section 3.3.
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Section 4 then trains the dynamic tree on a databaseof outdoor scenes.DTs are seento

o�er signi�cant improvement in performanceover �xed-architecture TSBNs. A discussion

in Section 5 concludesthis work by summarising the key results obtained and outlining

somepromising avenues for future research.

2 Related Work

There is of coursea vast literature on the subject of image analysis. Here we concentrate

particularly on probabilistic formulations of the imageanalysisproblem. A fuller discussion

of theseissuescan be found in Chapter 2 of [1].

Within the probabilistic modelling framework, the most popular models are MRF and

TSBN models. In the statistical image modelling communit y thesetwo typesof model are

known asnon-causaland causalMRF modelsrespectively. They areundirected and directed

graphical models [23]. Early work on probabilistic image modelling focussedon non-causal

MRFs, seee.g. [17, 7]. These models typically have a \
at", non-hierarchical structure.

They de�ne a stationary process(thereby overcoming the problems of blockiness), but in

general the inferenceproblem in a MRF is NP-hard.

The alternative causal MRF formulation usesa directed graph, and the most commonly

usedform of thesemodels is a TSBN, as described in Section 1. In contrast to 
at MRFs,

TSBNs provide a hierarchical multiscale model for an image and have e�cien t linear-time

inference algorithms. However, as noted above, the �xed tree structure gives rise to a

non-stationary image model and leadsto problems of blockiness.

We alsonote that wavelet modelsare examplesof hierarchical multiscale models for images.

For example Crouse et al [9] have used a multiscale TSBN to model wavelet coe�cien ts,

and DeBonet and Viola [11] have used an interesting tree-structured network for image

synthesis using non-Gaussiandensities.
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Our thesis is that the problem with TSBNs is not the tree structure per se, but the fact that

it is �xed in advance. This suggeststhat the model should provide a distribution over tree

structures, reminiscent of parsetreesobtained with context-free grammars (CFGs), seee.g.

[6]. Someprevious work has looked at CFG models for image analysis, for example [8, 18].

Dynamic tree models are as examplesof dynamic image analysis architectures, in contrast

to �xed or static architectures. The distinction between the two is that dynamic models

don't merely instantiate hidden variables in a �xed structure conditionally on the supplied

data, but they seekalso to �nd relationships betweensubstructures of thesevariables and

are able to modify theserelationships on the 
y .

von der Malsburg [30, 31] has discussedthe Dynamic Link Architecture, whereby the net-

work architecture changesdynamically in responseto the input. This parallels the inference

processin DT architectures, whereposterior tree structures are e�ectiv ely selectedin accor-

dancewith how well they �t the image structure. We also note that Montanvert et al [26]

have discussedirregular tree-structured networks, where the tree-structure is image depen-

dent. Also, Geman and Geman [17] introduced line processesas an extension of the basic

MRF approach. These line processes(which also form an MRF) occupy the boundaries

betweenpixels. The line processesare dynamically combined as edgeelements to describe

the boundariesbetweenregions in the image.

As well ashaving a dynamic architecture over a �xed number of units it canalsobedesirable

to allow the number of units to vary. Hinton et al (1998) [19] adopt such a strategy with

their \hierarchical communit y of experts", whereby the participation or non-participation

of a unit in the model is determined by a gating variable. This model hasa generaldirected

acyclic graph (DAG) construction. In later work, Hinton et al [20] developed the \credibil-

it y network" architecture, where a single parent constraint (similar to the construction of

dynamic trees) is used. The work on credibilit y networks is quite closely related to ours,

although they do not usehidden state variablesX h and instead focusmore on the presence
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or absenceof nodes.

Although not an imagemodel, the work of Geigerand Heckerman (1996) [16] on multinets is

also relevant. As with the dynamic tree model, Geiger and Heckerman construct a number

of belief networks conditional on a structure variable Z. In their work multinets were used

as a way of speedingup inference,as conditional on Z each network will typically be much

simpler than the equivalent network obtained by integrating out Z.

3 Theory

For the theory we start in Section 3.1 by introducing the dynamic tree model. Then in

Section 3.2 we consider inference in the dynamic tree. Williams and Adams (1999) [33]

dealswith sampling approaches;herethe focus is on approximate inference. The mean�eld

algorithm for the dynamic tree { the simplest of the variational approximations { will be

discussedand this will then be usedas the inferenceenginefor the DT learning algorithms

DT subsequently developed in Section 3.3.

3.1 The Dynamic Tree Mo del

There are two essential components that make up a dynamic tree network (i) the tree

architecture and (ii) the nodesand conditional probabilit y tables (CPTs) in the given tree.

We consider the architecture question �rst.

Consider a number of nodesarranged into layers, as in Figure 2(a). We wish to construct

a tree structure so that any child node in a particular layer will be connectedto a parent

in the layer above. We also allow there to be a null parent for each layer, so that any child

connectedto it will becomea new root. (Technically we are constructing a forest rather

than a tree.) An example of a structure generatedusing this method is shown in Figure

2(c).
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(a) (b)

(c) (d)

Figure 2: (a) \Nak ed" nodes,(b) the \balanced" tree architecture, (c) a samplefrom the prior over
Z, (d) data generatedfrom the tree in (c).

There are a number of ways of specifying a prior over trees. If we denoteby z i the indicator

vector which shows to which parent node i belongs,then the tree structure is speci�ed by

a matrix Z whosecolumns are the individual zi vectors (one for each node). The scheme

that we have investigated so far is to set P(Z) =
Q

i P(zi ).

We specify P(zi ) as follows: Each child node is consideredto have a \natural" parent|its

parent in the balanced structure shown in Figure 2(b). Each node in the parent layer is

assignedan \a�nit y" for each child node, and the \natural" parent has the highest a�nit y.

Denote the a�nit y of that node i has for connecting to node k in the parent layer by aik .

Then we set

P(zi = ej )
def= � ij =

eaij

P
j 0 eaij 0

(1)

where ej is the unit vector with a 1 in position j . Note that the \n ull" parent (regarded

as node 0) is included in the sum, and has a�nit y ai 0 associated with it, which determines

the relative probabilit y of \orphans".

Having speci�ed the prior over architectures, we now need to translate this into a TSBN.

The units in the tree are taken to be C-classmultinomial random variables. Each layer
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of the structure has associated with it a prior probabilit y vector Pl and CPT � l . Given

a particular Z matrix which speci�es a forest structure, the probabilit y of a particular

instantiation of all of the random variables is simply the product of the probabilities of all

of the trees, where the appropriate root probabilities and CPTs are picked up from the Pl s

and � l s. A samplegeneratedfrom the tree structure in Figure 2(c) is shown in Figure 2(d).

Our intuition as to why DTs may be useful image models is basedon the idea that most

pixels in an imageare derived from a singleobject. We think of an object asbeingdescribed

by a root of a tree, with the scaleof the object being determined by the level in the tree at

which the root occurs. In this interpretation the CPTs will have most of their probabilit y

masson the diagonal.

Givensomedata at the bottom layer of units, wecanform a posterior over the tree structures

and node instantiations of the layers above. This is rather like obtaining a set of parsesfor

a number of sentencesusing a context-free grammar1.

In the DT model as described above di�eren t examplesare explained by di�eren t trees.

This is an important di�erence with the usual priors over belief networks as used, e.g. in

Bayesianaveragingover model structures. Also, in the usual caseof model averaging, there

is normally no restriction to TSBN structures, or to tying the parameters (Pl s and � l s)

betweendi�eren t structures.

3.2 Inference in DTs - The Mean Field Appro ximation

We now considerthe problem of inferencein DTs i.e. obtaining the posterior P(Z; X h jX v)

where Z denotesthe tree-structure, X v the visible units (the image clamped on the lowest

level) and X h the hidden units. In fact, we shall concentrate on obtaining the posterior

1CFGs have a O(n3) algorithm to infer the MAP parse; however, this algorithm dependscrucially on the
one-dimensionalordering of the inputs. We believe that the possibility of crossedlinks in the DT architecture
means that this kind of algorithm is not applicable to the DT case. Also, the DT model can be applied to
2-d images, where the O(n3) algorithm is not applicable.
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marginal P(ZjX v), as we can obtain samplesfrom P(X h jX v ; Z) using standard techniques

for TSBNs.

There are a very large number of possiblestructures; in fact for a set of nodescreated from

a balancedtree with branching factor b and depth D (with the top level indexedby 1) there

are
Q D

d=2 (b(d� 2) + 1)b( d� 1)
possible forest structures. Our objective will be to obtain the

maximum a posteriori (MAP) state from the posterior P(ZjX v) / P(Z)P(X v jZ). For any

Z it is possible to compute P(X v jZ) (using Pearl messagepassing) and P(Z). However,

sincethe number of con�gurations of Z is typically very large it will usually be intractable

to enumerate over them all and other approachesneedto be adopted2.

Sampling by Markov Chain Monte Carlo (MCMC) techniques, or search using Simulated

Annealing arepossibilities which have beenconsideredin [33], but the drawback is that they

are slow. An alternative to sampling from the posterior P(Z; X h jX v) is to useapproximate

inference. One possibility is to use a mean-�eld-t ype approximation to the posterior of

the form QZ (Z)QX h (X h) (Zoubin Ghahramani, personalcommunication, 1998) and this is

what we shall considerbelow. This material was �rst published in [2].

The dynamic tree can be consideredas an ordered set U of nodes i = 1; 2; : : : ; U, each of

which taking on one of C possiblestates. If Z is usedto denote the set of possibledirected

tree structures over thesenodesthen zij = 1 indicates that the node i is connectedto parent

j . By ordering the nodessuch that upper level nodeshave lower indices than those in the

layer(s) below then it meansthat zij � 0 for j � i . Finally de�ning X = f xk
i g to be the set

of all of the states of the nodes, then analogouslywith the z indicator variables, x k
i = 1 if

node i is in state k, and is zero otherwise.

Given the above notation we can de�ne the prior of Section 3.1 as P(Z) =
Q

ij � zij
ij . The

conditional probabilit y tables de�ne the state transition probabilities when traversinga link

2An interesting possibility is to use a structural EM (SEM) algorithm [15] to search for a structure Z
having high posterior probabilit y. Note that in contrast to Friedman's original work on SEM, in our casewe
would have to use this on each image X v individually .
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betweena node j and its child i , where � kl
ij is the probabilit y of moving from state l to state

k during such a transition.

With thesede�nitions the joint prior distribution can be written as follows

P(Z; X j��� ; ��� ) =
UY

i =1

UY

j =0

� zij
ij

CY

k;l=1

[� kl
ij ]x

k
i x l

j zij (2)

where the indicator variables z; x pick out the correct probabilities, ��� denotes the set of

CPTs in the model and ��� denotesthe prior connection probabilities.

The nodesof the dynamic tree constitute two distinct sets. The �rst contains evidential or

visible units X v which are instantiated with the image data. The secondare the hidden

units X h whosevalue has to be inferred. Conditioning on the training data (visible units)

the posterior distribution of the dynamic tree takes the form

P(Z; X h jX v) =
P(Z; X )
P(X v)

: (3)

In the mean �eld variational approach this posterior distribution is approximated by a

factorising distribution of the form Q(ZjX v)Q(X h jX v) where Q(ZjX v) approximates over

the Z distribution and Q(X h jX v) the hidden units X h . (A full derivation is given in [1] for

the interested reader.) Here the basic approach is described. For notational simplicit y the

conditioning on the imagedata X v in the variational approximation is dropped, so that we

write Q(Z)Q(X h) instead of Q(ZjX v)Q(X h jX v).

The Kullback-Leibler (KL) divergenceprovides a convenient measureof the divergencebe-

tweentwo probabilit y distributions. Choosinggood forms for the Q distribution is achieved

by minimising the KL divergencebetween the approximating Q(Z)Q(X h) and the true
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posterior distribution. The KL divergenceis given by

K L(QjjP) =
X

Z ;X h

Q(Z)Q(X h) log
�

Q(Z)Q(X h)
P(Z; X h jX v)

�

= logP(X v) �
X

Z ;X h

Q(Z)Q(X h) [logP(Z; X ) � logQ(Z) � logQ(X h)] : (4)

By assuminga factorising form for the Qs mean�eld inferencemakesthe structure variables

Z be independent of the node states X which allows us to treat them separately. In the

true posterior distribution they are of coursenot independent - so an exact �t is unlikely -

however this makesthe computation tractable. We start by optimising with respect to the

Q(Z) distribution.

Calculating Q(Z): To optimise the KL divergencefor the Zs, Q(X h) is �xed and a

minimisation with respect to Q(Z), subject to the constraint
P

j Q(zij ) = 1; 8i is performed.

The results of the analysis producesthe following expressionfor Q(Z)

Q(Z) =
Y

ij

exp(zij � ij )
P

s exp(� is )
; (5)

where

� ij = log� ij +
X

kl

hxk
i x l

j i Q(X ) log � kl
ij : (6)

So with Q(X h) �xed we can explicitly calculate the optimal Q(Z), and interestingly this

results in a fully factorised form for Q(Z).

Calculating Q(X): To complete the optimisation we now need to minimise the KL di-

vergencefor Q(X h) keeping Q(Z) �xed. Substituting for P(Z; X ) from Equation (2) into

the expressionfor the KL divergence(Equation (4)) gives
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K L(QjjP) = logP(X v) +
X

Z

Q(Z) logQ(Z) +
X

X h

Q(X h) logQ(X h)

�
X

Z ;X h

Q(Z)Q(X h) log

2

4
uY

i =1

uY

j =0

� zij
ij

Y

kl

[� kl
ij ]x

k
i x l

j zij

3

5

=
X

ij

� ij

"

log � ij +
X

kl

hxk
i x l

j i Q(X h ) log � kl
ij

#

+
X

X h

Q(X h) logQ(X h) + f (Z)(7)

where � ij = hzij i Q(Z ) , and f (Z) contains only Q(Z) terms which are constant in the min-

imisation with respect to Q(X h).

Evaluating the hxk
i x l

j i Q(X h ) term is intractable and presents a problem. To proceedany

further it is necessaryto make the assumption of a factorised form for Q(X h):

Q(X h) =
Y

i 2 h

Q(X i ) =
Y

k;i 2 h

(mk
i )xk

i : (8)

In the above expressionmk
i is the probabilit y under Q(X h) that node i is in state k. It is the

mean that node i will be in state k independent of the other hidden nodesin the network.

This results in the fully factorised distribution for Q(Z; X h) which is the characteristic

hallmark of the mean �eld approximation and is what makes it the simplest of all the

variational techniques.

This assumption allows us to make the following substitution

hxk
i x l

j i Q(X ) = mk
i ml

j : (9)

Care must be taken to ensure that
P

k mk
i = 1; 8i and this is achieved simply by the

addition of a Lagrangemultiplier term
P

� � �

� P
� m�

� � 1
�

. A straightforward application
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of calculus gives the following expressionfor the means

mr
s =

exp(
 r
s )

P
r 0 exp(
 r 0

s )
; (10)

where


 r
s =

X

j <i

X

l

� sj ml
j log � r l

sj +
X

i

X

k

� is mk
i log � kr

is : (11)

Equations (10) and (11) form a set of coupled mean �eld equations which can be solved

by an iterativ e update [28]. This update is performed asynchronously on each of the nodes

and repeated cyclically until convergenceis reached.

The whole pro cedure: Equations (5) and (10) provide the necessaryresults to perform

an optimisation on the KL divergence.The complete procedureis as follows.

1. Initialise all � ij and mk
i . The mk

i 's are initialised to 1=C plus a small amount of

zero-meanGaussiannoise to break symmetry. The � ij 's are initialised randomly so

that
P

j � ij = 1 over those parents that have non-zeroprobabilit y of connection.

2. Cyclically update Equations (10) to �nd the local optimum for the means3 mk
i .

3. The Q(Z)s can then be calculated directly from Equation (5).

4. Repeat steps2{3 until converged.

Note that each step of the processis guaranteed not to increasethe KL divergence(4), and

as the KL divergenceis bounded from below by 0, convergenceis assured.

Mean �eld inference is therefore an attractiv e approach as it replacesthe intractable de-

pendenciesbetween X and Z in the true posterior with simpler computations which can

be solved iterativ ely. This allows us to fully enumerate over tree structures Z, but at the

3Note that hxk
i x l

j i Q ( X ) needsonly to be computed for j < i as zij � 0 for j � i .
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cost of now only having an approximation to the true posterior distribution. In the next

Sectionwe will develop learning algorithms for the dynamic tree basedupon this mean�eld

approximation.

3.3 Learning in Dynamic Trees

3.3.1 An EM up date for learning the CPTs

Given a training set of p = 1: : : P patterns, the log likelihood of the data under the dynamic

tree model is given by

X

p

logP(X p
v) =

PX

p=1

log
X

Z p ;X p
h

P(X p
v ; X p

h jZp; ��� )P(Zpj��� ): (12)

Note that the Zs are summed over T tree con�gurations, and for each there will be a

di�eren t X h . Notation for this is omitted for clarity.

To assigneach parent-child combination its own unique CPT would lead to massive over-

parameterisation for the limited training data usually available, so it was deemedsensible

to share the CPTs among nodeson the samelevel (scale). � I is usedto denote the shared

CPT for the set of nodesX I .

Standard calculus and the use of Lagrange multipliers to ensure that the CPTs are valid

probabilities, producesthe following EM update for the CPT element � kl
I j representing the

transition probabilit y P(xk
i jx l

j )

�̂ kl
I j =

P
p;Z p

P
x i 2 X I

P(xk(p)
i ; x l (p)

j jX p
v ; Zp; ��� )P(ZpjX p

v ; ��� )
P

p;Z p

P
x i 2 X I

P
k0 P(xk0(p)

i ; x l (p)
j jX p

v ; Zp; ��� )P(ZpjX p
v ; ��� )

; (13)
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where

P(xk
i ; x l

j jX
p
v ; Zp; ��� ) =

1
P

l0 � (x l0

j )� (x l0

j )
� (xk

i j��� )� kl
I j � (x l

j j��� )
Y

y2 s(x i )

� y(x l
j j��� ): (14)

The � s and � s are the Pearl messagesusedto passinformation to a node about the states

of its children and parents respectively [27], and s(x i ) is the set of siblings of node i . This

derivation is an extension of that given in [12] for �xed architecture TSBNs; full details of

which given in [1].

3.3.2 Mean Field EM in Dynamic Trees

In the mean �eld DT the true posterior distribution P(X h ; ZjX v ; ��� ; ��� ) is approximated by

a factorising distribution, Q(X h ; ZjX v) = Q(X h)Q(Z). This can be used to �nd a lower

bound on the log-likelihood of the data

X

p

logP(X p
v) �

X

p;X p
h ;Z p

Q(X p
h ; ZpjX p

v) log
P(X p

v ; X p
h ; Zpj��� ; ��� )

Q(X p
h ; ZpjX p

v)
def
= L (Q; ��� ; ��� ): (15)

We call L (Q; ��� ; ��� ) the variational log likelihood. The lower bound can be shown to be

tightest when the KL-div ergencebetweenthe approximating distribution and the true pos-

terior is minimised, and suggestsan iterativ e EM-style algorithm for variational methods,

as proposedin [22]. In the E-step the bound (variational log-likelihood) is maximised wrt

Q holding ��� and ��� �xed (by minimising the KL-div ergence).Then in the M-step Q is �xed

and the bound is maximised wrt to the model parameters. The CPTs ��� and the connection

probabilities ��� constitute two very distinct parameter types and as such require di�eren t

treatment.

Learning the CPTs: The derivation usesa similar methodology to that of exact EM (see

Equation (13) above). Performing this optimisation on the DT gives rise to the following
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update rule for the CPTs

�̂ kl
I j =

P
p;Z ( p)

P
x i 2 X I

Q(X k(p)
i )Q(X l (p)

j )Q(Z (p) )z(p)
ij

P
k0

P
p;Z ( p)

P
x i 2 X I

Q(X k0(p)
i )Q(X l (p)

j )Q(Z (p) )z(p)
ij

: (16)

Learning the A�nities: The a�nities set a prior over tree structures. As for the CPTs

a�nities alsocan be sharedbetweennodesto reduceparameterisation. aij is the individual

a�nity of node i for parent j , as de�ned in Section 3.1. Let ��� denote such sets of shared

a�nities. To obtain an update we maximisethe bound on the log likelihood (Equation (15))

with respect to ��� .

Di�eren tiating Equation (15) with respect to a shareda�nit y parameter � gives

@L(Q; ��� ; ��� )
@�

=
X

p

X

i;j :ai;j 2 �

[� ij � � ij ] : (17)

(See[1] for the completederivation.) Becauseof the softmax relationship betweena�nities

and � 's as given in equation (1), we cannot obtain an EM-style update for ��� . However, L

can be optimised wrt ��� using standard gradient optimisation techniques such as conjugate

gradients.

The Complete Learning Algorithm therefore consistsof �xing the model parameters

��� and ��� , and running mean �eld until the Qs reach convergence. Then we �x the Qs and

calculate the update for the CPT using Equation (16). A gradient basedoptimiser can then

be usedon Equation (17) to traverseone or more steps along the a�nit y gradient. The ���

and ��� parametersare then updated, and the processrepeated.
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3.4 Handling Missing Data

A reality of dealing with the real world is that frequently we are given exampleswhich are

incomplete, broaching the issueof how do we deal with missing data? If we simply set the

missing pixel to a random value we may well end up learning noise, and even a uniform

instantiation with all states equi-probablecould still be saying something which is untrue.

Assuming that the data is missing at random (see[24]) the correct solution is to marginal-

ize out the uninstantiated variables. For exact inference using Pearl messagepassing in

belief networks this is achieved automatically by the algorithm when the � value of the

uninstantiated node is set to (1; 1; : : : ; 1). With the mean �eld approximation a little care

is required as it is unclear as to whether an uninstantiated leaf node may exert any unin-

tended in
uence on the resultant equilibrium distribution. The solution we have usedis to

temporarily modify the connection probabilit y table so that missing data leaf nodes have

a probabilit y of disconnection of 1:0. They then do not contribute anything towards the

mean�eld equilibrium distribution. The implications for the learning rule update equations

is that such nodesshould be ignored for the given example.

An alternative to marginalising out unlabelled pixels would be to model them as a class

in their own right. This is entirely possiblewithin the framework of the current algorithm

and can be justi�ed within a principled approach. However, as unlabelled pixels are only

an artifact of the labelling schemeand are not a property of the distribution that underlies

the imageswhich we are trying to model we prefer the solution given above.

4 Exp erimen ts

To illustrate the operation of the dynamic tree model we consider �rstly inference,and in

Section 4.1 brie
y examine mean �eld DT inference on arti�cially generated1-d images.

Section 4.2 then employs the learning algorithms developed earlier to learn the dynamic
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tree model parameters for a databaseof imagesof outdoor scenes.

4.1 Inference in the Dynamic Tree

In this Sectionwe illustrate the dynamic tree in operation. We considera 6 layer binary tree

which models 32 pixel 1-d images. Binary variables were used for each node. The image

data was generatedby sampling from a dynamic tree having the samenode con�guration.

The CPTs had values of 0:99 on the diagonal. The a�nities were set with anat = 0,

anul l = � 0:625 and the a�nit y for the N th nearest neighbours of the natural parent was

� 1:25N .

In [33] simulated annealing was used to �nd maximum a posteriori (MAP) DT con�gu-

rations. Figure 3(a){(c) shows the MAP con�gurations found for 3 examples,and we see

that the dynamic tree very nicely constructs sub-trees for each of the di�eren t regions in

the images,and the height of thesesub-treesre
ects the sizeof the region it models. Thus

dynamic trees capture regions in an image as distinct \ob jects" and the size of the tree

re
ects the number of pixels an \ob ject" spanswhich is a very desirableproperty.

Mean �eld inference (unlik e sampling) yields a full distribution for the posterior. How-

ever, by selecting the highest link probabilit y Q(z i ) for each node i we can construct the

highest probabilit y structure. We call this the highest probabilit y mean �eld (HPMF) con-

�guration, and the corresponding HPMF trees found for the sameimage data as used in

the annealing runs are shown in Figure 3(d){(f ). We seethat mean �eld inference also

captures the \ob jects" in the images,though they tend to be squashedinto smaller trees.

This is primarily due to the independenceassumption that mean �eld makesbetweeneach

node which weakens the in
uence of the instantiated image data over nodes further away.

However, despite this mean �eld still producesvery favourable interpretations and a con-

siderably faster speed,which makesit very attractiv e for usein learning algorithms for the

dynamic tree's parameters. This is addressedin the next Section.
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(a) (b) (c)

(d) (e) (f )

Figure 3: (a)-(c) The MAP trees found by annealing for 3 di�eren t images,and (d)-(f ) the corre-
sponding HPMF structures.

4.2 Learning on Real Images

4.2.1 The Image Data

We use a set of colour imagesof out-door scenesfrom the Sowerby Image database4 for

our experiments. These feature both rural and urban examplesand contain many of the

typical objects you would expect to �nd { such as the roads, cars and buildings of urban

environments to the country lanes and �elds of the rural. The original sceneswere pho-

tographed using small-grain 35mm transparency �lm under carefully controlled conditions

at a number of locations in and around Bristol, UK. The analoguetransparencieswerethen

digitised using a calibrated scannerto produce high quality 24-bit colour representations.

In addition to the raw imagesthe databasealso contains corresponding labelled examples

createdby over-segmenting the imagesand then hand labelling each region produced. This

4This database can be made available to other researchers. Please contact Dr Andy Wright or Dr
Gareth Rees,Advanced Information ProcessingDepartment, Advanced Technology Centre - Sowerby, BAE
SYSTEMS Ltd, PO Box 5 Filton, Bristol, BS34 7QW, UK, email: gareth-s.rees@baesystems.com for
details.
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gave rise to 92 labels, organised hierarchically. A �xed TSBN model has already been

applied to this database [13] in which the 92 class labels were merged down to 7 super

classes.Since the �xed TSBN can be viewed as a special caseof the dynamic tree where

the architecture is not allowed to change this provides an excellent model for comparison

and consequently we choseto adopt the sameclasslabels.

The labels distinguish all of the key regions of interest in the image, representing \sky",

\v egetation", \road markings", \road surface", \building", \street furniture" and \mobile

object." Such is the nature of gathering real data that circumstancesinevitably arisewhere

there is missingdata, soa further dummy \unlab elled" classis addedto accommodate this.

Unlike the others the unlabelled classis not learned since it is an artifact of the labelling

strategy adopted and is dealt with asdescribed in Section3.4. Figure 4(a) shows oneurban

and one rural scenefrom the database.
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Figure 4: (a) An urban and a rural scenefrom the Sowerby databaseand (b) their corresponding
labelled images. To the right is a key de�ning the labels used.

The dynamic tree as formulated operateswith discrete classeshenceit is necessaryto use

the labelled imagesinsteadof the real valueddata. However there area wealth of established
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techniques which can be used to produce a mapping from real valued pixels to a discrete

number of classes.For examplein [12] a multi-la yer perceptron (MLP) is trained to do this.

The reversemapping from labels to real valued pixels is equally straightforward, e.g. using

Gaussianmixture models as used in [5].

4.2.2 Exp erimen tal Pro cedure

The Sowerby database contains 104 images which were randomly divided by Feng et al

[12] into a training set of 61 imagesand the rest allocated as a test set. For comparative

purposeswe usethe sametraining and test setsto learn the dynamic tree model parameters.

The full-size imagesare 768� 512pixels, which Fenget al [13] reducedby sub-dividing them

into regionsand adopting a majorit y voting strategy to choosethe winning classlabel. In

caseswhere there was a tie a label was chosenprobabilistically from the competing classes

basedon the prior probabilities of the given labelsbeing seenin the images. The classlabel

prior probabilities for the training and test setsare given in Table 1.

Class P(Lab el)
Training Set Test Set

Unlabelled 0.0036 0.0418
Atmospheric phenomena 0.1443 0.1140
Vegetation 0.3703 0.3899
Road surfacemarkings 0.0012 0.0008
Road surface 0.4210 0.3804
Building 0.0473 0.0569
Street furniture 0.0056 0.0112
Mobile object 0.0067 0.0050

Table 1: Image pixel classpriors for the training and test sets.

We adopt the sameprocedureand downsampleto an imagesizeof 96� 64 pixels. An urban

and rural examplesat this resolution are shown in Figure 4(b) and it can be clearly seen

that most of the detail is still present.

For the experiments we usea 7-level model. The node arrangement is quad-tree for all bar
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the secondlevel where there are 6 instead of 4 nodes. The latter is to accommodate the

3 : 2 aspect ratio of the training images and produces the desired image size of 96 � 64

pixels.

Setting the initial model parameters is an open question and probably a paper in itself.

This issuehas been explored in previous work [4, 13] and in keeping with the philosophy

that a child node would favour being in the samestate as its parent we initialise the CPTs

to be strongly diagonal with probabilit y 0:9 and the rest of the probabilit y massis shared

equally among the 6 other states. The prior for root nodesbeing in a particular state was

set to be uniform. All models were initialised with the above CPTs and state prior.

The a�nities are given relative to the natural parent a�nit y. The natural parent of a node

is the parent it would have if it were part of a balanced tree. This a�nit y is set to 0

for referencepurposes. Important other connectionsa node may wish to make are to the

nearestneighbour(s) of its natural parent, or to disconnectand becomea root. Equation (1)

is used to map the a�nit y values into probabilities. In [1] investigation showed a useful

working range for the dynamic tree was for a�nit y values of 0 and � 3 for the nearest

neighbour and null connectionsrespectively. Other connectionsare given a probabilit y of

zero. The interpretation for this is that nearest neighbour connectionsare equi-probable

with the natural parent and disconnectionsare possiblebut with a far lower probabilit y.

Specifying each of the model parameters individually is unwise considering the limited

amount of training data usually available. Here we choseto share the CPTs on a level-by-

level basisand learn the a�nities ann and anul l assingleparametersover the whole dynamic

tree.

In the experiments on the DT the mean �eld EM learning algorithm described in Sec-

tion 3.3.2 was used. Firstly mean �eld inferencewas run over all of the training examples

to producean approximation of the joint distribution for the E-step of the algorithm. This

involved updating the means cyclically for a number of iterations until equilibrium was
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reached, then updating the structure Q(Z) in single step and repeating until convergence.

In practice the 5 complete iterations were su�cien t but the algorithm was allowed to ter-

minate early if the variational log-likelihood altered by lessthan 0:05 betweencycles.

The M-step of the algorithm is a single step update for the CPTs, but for the a�nities

a gradient method is necessary. Conjugate gradients was used with the optimiser being

allowed to take up to 3 steps. Three steps were necessaryin order to take advantage of

the conjugate gradients|p erforming only one would simply be gradient descent. After

calculating new estimates for the CPTs and a�nities all of the model parameters were

updated and the processrepeated.

A comparisonwas made betweenthree typesof model, the �xed quad-tree (�xed architec-

ture), a dynamic tree where only the CPTs were learned (CPT-only DT) and the dynamic

tree model where all parameterswere learned (full DT). All used the mean �eld EM algo-

rithm as summarised in Section 3.3.2 (described fully in [1]), and additionally exact EM

learning wasperformedon a �xed architecture quad-treemodel using the exact EM learning

update given in Section3.3.1. (For a further comparisonof mean�eld EM against the exact

method in �xed trees see[4].)

4.3 Exp erimen tal results

The learning curves on the training set of 61 patterns are given in Figure 5, showing the

variational log-likelihoods obtained by the three DT models learned using the mean �eld

EM approach, and the log-likelihood of the �xed architecture quad-tree model learned by

exact EM.

Considering �rstly mean �eld EM learning, it can be seen from the Figure that while

the �xed architecture mean �eld EM model shows good improvement in variational log-

likelihood during training it can only go so far. Learning only the CPTs of a dynamic
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Figure 5: Learning curveson the 61 imagetraining set for the �xed tree, CPT-only learneddynamic
tree, fully learned dynamic tree models, and exact EM learning on the �xed tree.

tree model whosea�nities were set from observed optimal parametersin toy data (see[4])

appears to o�er an advantage over the �xed architecture model with increasedvariational

log-likelihood over the training set. The full DT model does better still, indicating that

having variable architecture o�ers an advantage over the �xed architecture model. Although

it is not surprising that the CPT-only DT and full DT models obtain higher variational

log likelihoods (becausethey have more free parameters), the results show that the search

procedure for learning these parameters is working su�cien tly well that these gains are

realized.

Exact EM on the �xed architecture model can be seento obtain a higher log-likelihood than

variational log-likelihood bound given by both the �xed and CPT-only mean �eld learning

models. This is not surprising as the exact approach using the true probabilit y distribution

is able give the actual log-likelihood whereasmean �eld gives only a lower bound on the

likelihood of the data P(X v), and the comparisonsmade in [4] suggestthat it may not be

that tight. To con�rm this on the real data the mean �eld variational log-likelihood was
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calculated during training at each iteration of the model learned under exact EM. This is

shown as the crossedline in the plot of Figure 5 and we seeclearly that the variational log

likelihood doesindeed lie signi�cantly below the exact log likelihood. However, we observe

that the variational log likelihood obtained by mean �eld learning on the full dynamic tree

beats the exact log likelihood for EM training of the �xed architecture model, so clearly

even though we can't perform exact learning on the dynamic tree model { which we would

like to do { it still out-performs the �xed architecture model learned by exact approaches.

Though apparently fairly stable, it can be seenfrom the plot that the averagevariational

log-likelihood for both variants of the DT appears to decline after 3{4 training iterations.

A known weaknessof the mean �eld learning algorithm [4] is that it tends to settle at un-

stable equilibria whereeven a slight perturbation of the parameterscan cause\sp ontaneous

symmetry breaking." In an experiment on toy data [1] it was observed that in subsequent

iterations the model tries to correct this by hardening the CPTs resulting in a drop in

performance,and this is probably what is happening here.

The DT and �xed-architecture TSBN are generative, probabilistic models of label images.

We can evaluate the quality of the learned models by calculating the (variational) log-

likelihood on the test set of 43 images. This can then be usedto obtain the averagecoding

cost in bits/pixel (bpp), where the coding cost of an image X p
v is given by

Coding cost = �
log2 P(X p

v)
# labelled pixels in image

: (18)

An important point to remember is that with variational methods we are calculating a lower

bound on the likelihood (an upper bound on coding cost), and the likelihood can only be

at least as good or better.

Table 2 gives these coding costs for the various models and is compared with the lossless

JPEG-LS codec5 which is available from http://www.hpl.hp.com/loc o/ . The secondcol-

5 In the caseof JPEG-LS the coding cost was obtained by compressingthe imagesand measuring the size
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Mo del After Bound on Co ding Cost
Training (bpp)
Cycle Full Lessthan 33% missing

Mean �eld Fixed architecture 15 0.8588 0.3918
DT - CPT only 2 0.4089 0.3228
Full dynamic tree 2 0.3805 0.2942

Exact EM Fixed architecture 10 0.3421 0.3253
JPEG-LS { 0.3810 0.3782

Table 2: Performanceon the test set of 43 images.
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Figure 6: Percentage of unlabelled pixels in each of the 43 test set images(a) per image and, (b)
as histogram.

umn of the table gives the number of training epochs used to train each of the models

beforeapplying them on the test data. In an attempt to minimise over-training this usually

occurred at the point where the training error �rst peaked (see Figure 5). We seefrom

the third column that on the full test set JPEG-LS outperforms all except the full DT and

exact EM models.

However, an examination of the percentage of unlabelled pixels in each of the images of

the test set (Figure 6) shows 3 images to have greater than 33% unlabelled pixels which

is extremely unusual. Ordinarily we might expect some unlabelled pixels and so need a

robustnessto them, but imagesdegraded to that extent could reasonably be rejected as

of the compressed�les.
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bad data. Removing these3 imagesgivesaveragecoding costsas listed in the �nal column

of the table. As can be seennow even the �xed tree is comparableto JPEG-LS and the full

dynamic tree o�ers signi�cant improvements over them both { the DT model was found to

have a higher variational log-likelihood than the �xed architecture model in 42=43 of the

test images.

Exact EM learning of the �xed architecture quad-tree tree alsoperforms well. Over the full

set of test imagesit achievesa lower coding cost than even the full dynamic tree. Note that

for the �xed architecture quad-tree tree it is possibleto integrate out the unlabelled pixels

exactly. In contrast, the mean�eld approximation is expectedto bequite poor whenthere is

little data soit is likely to perform badly on imageswith many missingpixels, and indeedwe

seethis to be the case.(The variational log-likelihoods of the 3 imageswith more than 33%

missingpixels are signi�cantly lower than thoseof the other 40 images.) One reasonfor this

poor performanceis that with fewer constraints there is a greater chanceof multimo dalit y

in the distribution P(X h ; ZjX v), and this multimo dalit y is typically poorly represented in

the mean �eld distribution that is settled to. A similar e�ect was observed in [32] where

the free energy of the an \unclamp ed" Boltzmann machine was not well approximated by

mean �eld methods. So it is not surprising that the �xed architecture model learned by

exact EM achieves a slightly lower coding cost than the dynamic tree over the full test set

of 43 imageswhere there are many unlabelled pixels { especially as it has the advantage of

using the true probabilit y distribution for the model. However, after removing the 3 images

with more than 33% missing pixels the dynamic tree model achieves a signi�cantly lower

coding cost (0:294 bpp) than the exact-EM trained quad-tree model (0:325 bpp). On this

set of 40 test images,losslessJPEG obtains 0:378 bpp compression.
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5 Discussion

In this paper we have consideredinference and learning in the dynamic tree model and

applied it to learning a databaseof outdoor scenes.

We have seenthat the dynamic tree model overcomesthe blocky segmentation problems

of TSBNs and that its dynamic architecture enablesthe creation of structures that well

explain the image data under consideration. It was observed that the mean �eld inference

algorithm was able to �nd good posterior solutions, rivalling the MAP structures found by

simulated annealing (seesection 4.1). We were also able to apply and train the dynamic

tree model on real data, and demonstrate its superiorit y over the �xed-architecture TSBN

model.

There are opportunities to further develop DTs in a number of directions:

1. Using real-valued nodes. The nodes in the DT architecture described above are dis-

crete multinomial variables. However, the model can be developed so that real-valued

variables are also used. For example, thesereal-valued variables could contain infor-

mation about the instantiation parameters of objects. Somework has been done in

this direction in [29] in which the nodeshave position as well as discrete state. Alter-

natively real-valued node variables could replacediscrete onescompletely to create a

real-valued version of the dynamic tree Gaussiandistributions would be a obvious

choice due to their tractable properties.

2. Developing a sparse prior over trees. In the prior over trees described above, we

retained the number of nodes in each layer as used in a balanced tree. It would be

desirableto have morenodesin each layer, with many beingswitched o� if not needed.

The simple prior usedabove whereevery node choosesits parent independently would

not work in this case,as there would be a low probabilit y of creating tree structures.

Someinitial exploration of this idea was carried out in [3], but more remains to be
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done.

3. Using more complex variational approximations. The mean �eld method usedabove

for X h is the simplest variational approximation that can be used as it is fully fac-

torised. It would be interesting to specify an alternative distribution Q(X h) which

allows correlations between the X h 's. One possibility, that of using a dynamic tree

model for this distribution, is investigated in [29].

4. Other datasets. The methods described here are clearly not limited to the road-scene

data that was used. For example, in remote sensingtasks there is often a need to

produce pixelwise labels (e.g. of di�eren t land usage)from noisy observations. Here

a spatial prior as provided by the dynamic tree would be very useful when combined

with local pixelwise predictions of the labels.

Ac kno wledgemen ts

This work started from a conversation betweenCW and Zoubin Ghahramani at the Isaac Newton

Institute in October 1997. We thank Zoubin Ghahramani, Geo� Hinton and Peter Dayan for help-

ful conversations, and the Isaac Newton Institute for Mathematical Sciences(Cambridge, UK) for

hospitalit y during the \Neural Networks and Machine Learning" programme. We also thank Amos

Storkey for his input on the mean �eld theory for dynamic trees, and the anonymous refereeswhose

comments helped to improve the paper. NJA wassupported by an EPSRC research studentship, and

the work of CW was supported by EPSRC grant GR/L78181, Probabilistic Models for Sequences.

References

[1] N. J. Adams. Dynamic Trees: A Hierarchical Probabilistic Approach to Image Modelling. PhD

thesis, Institute for Adaptiv e and Neural Computation, Arti�cial Intelligence,Division of Infor-

matics, University of Edinburgh, 5 Forrest Hill, Edinburgh, EH1 2QL, UK, 2001. Forthcoming.

[2] N. J. Adams, A. J. Storkey, Z. Ghahramani, and C. K. I. Williams. MFDTs: Mean Field

30



Dynamic Trees. In A. Sanfeliu, J. J. Villan ueva, A. Vanrell, R. Alqu�ezar, T. Huang, and

J. Serra, editors, Proceedings of 15th International Conference Pattern Recognition, volume 3,

Image speech and Signal Processing, pages151{154. IEEE Computer Society, September 2000.

[3] N. J. Adams and C. K. I. Williams. SDTs: SparseDynamic Trees. In Proceedings of 9th

International Conference on Arti�cial Neural Networks, pages527{532. IEE, September 1999.

[4] N. J. Adams, C. K. I. Williams, and A. J. Storkey. Comparing Mean Field and Exact EM in

TreeStructured Belief Networks. In Fourth International ICSC Symposium on Soft Computing

and Intel ligent Systemsfor Industry. ICSC-NAISO Adademic Press,June 2001.

[5] C. A. Bouman and M. Shapiro. A Multliscale Random Field Model for Bayesian Image Seg-

mentation. IEEE Transactions on Image Processing, 3(2):162{177, March 1994.

[6] E. Charniak. Statistical LanguageLearning. MIT Press,Cambridge, Massachusetts, 1993.

[7] R. Chellappa and S. Chatterie. Classi�cation of Textures using Guassian Markov Random

Fields. In IEEE Trans. Accoust., Speech and Signal Processing, volume 33, pages959{963,

1985.

[8] P. A. Chou. Recgonition of Equations Using a Two-DimensionalStochastic Context-FreeGram-

mar. Visual Communications and Image ProcessingIV , 1199:852{863,1989.

[9] M. Crouse, R. Nowak, and R. Baraniuk. Wavelet-basedstatistical signal proccessingusing

hidden Markov models. IEEE Transactions on Signal Processing, 46:886{902,1998.

[10] P. Dayan, G. E. Hinton, R. M. Neal, and R. S. Zemel. The Helmholtz Machine. Neural

Computation, 7(5), 1995.

[11] J. S. De Bonet and P. A. Viola. A Non-Parametric Multi-Scale Statistical Model for Natural

Images.In M. I. Jordan, M. J. Kearns, and S. A. Solla, editors, Advancesin Neural Information

ProcessingSystems10. MIT Press,Cambridge, MA, 1998.

[12] X. Feng and C. K. I. Williams. Training Bayesian Networks for Image Segmentation. In

Proceedings of SPIE, volume 3457,July 1998.

31



[13] X. Feng, C. K. I. Williams, and S. N. Felderhof. Combining Belief Networks and Neural

Networks for SceneSegmentation. IEEE Transactionson Pattern Analysis and Machine Intel-

ligence, March 2001. Accepted for publication.

[14] P. W. Fieguth, A. S. Willsky , and W. C. Karl. Multiresolution Stochastic Imaging of Satellite

OceanographicAltimetric data. IEEE International Conference on Image Processing, 2:1{5,

1994.

[15] N. Friedman. The bayesianstructural em algorithm. In Proceedings of the Fourteenth Annual

Conference on Uncertainty in Arti�cial Intel ligence (UAI{98) , pages129{138, San Francisco,

CA, 1998.Morgan Kaufmann Publishers.

[16] D. Geiger and D. Heckerman. KnowledgeRepresentation and Inferencein Similarit y Networks

and BayesianMultinets. Arti�cial Intel ligence, 82:45{74, 1996.

[17] S. Geman and D. Geman. Stochastic Relaxation, Gibbs Distributions, and the Bayesian

Restoration of Images. In IEEE Transactions on Pattern Analysis and Machine Intel ligence,

volume 6, no. 6, pages721{741, November 1984.

[18] S. Geman and K. Manbeck. Experiments in Syntactic Recognition. Technical Report CICS-

P-411, Division of Applied Mathematics, Brown University, Providence,RI 02912USA, March

1994.

[19] G. E. Hinton, B. Sallans,and Z. Ghahramani. A Hierarchical Communit y of Experts. In C. M.

Bishop, editor, Neural Networks and Machine Learning. Springer-Verlag New York inc., 1998.

[20] G.E. Hinton, Z Ghahramani, and Y. W Teh. Learning to Parse Images. In S. A. Solla, T. K.

Leen, and K. R. M•uller, editors, Advances in Neural Information ProcessingSystems12, pages

463{469. MIT Press,2000.

[21] W. W. Irving, P. W. Fieguth, and A. S. Willsky . An Overlapping Tree Approach to Multiscale

Stochastic Modeling and Estimation. IEEE Transactions on Image Processing, 6(11):1517{

1529,November 1997.

[22] M. I. Jordan, Z. Ghahramani, T. S. Jaakkola, and L. K. Saul. An Intro duction to Variational

32



Methods For Graphical Models. In M. I. Jordan, editor, Learning in Graphical Models, pages

105{161. Klu wer Academic Publishers, 1998.

[23] S. L. Lauritzen. Graphical Models. Oxford University Press,1996.

[24] R. J. A. Little and D. B. Rubin. Statistical Analysis with Missing Data. John Wiley, New York,

USA, 1987.

[25] M. R. Luettgen and A. S. Willsky . Likelihood Calculation for a Classof Multiscale Stochastic

Models, with Application to Texture Discrimination. IEEE Transactionson Image Processing,

4(2):194{207, February 1995.

[26] A. Montanvert, P. Meer, and A. Rosenfeld. Hierarchical Image Analysis Using Irregular Tes-

sellations. IEEE Trans. Pattern Analysis and Machine Intel ligence, 13(4):307{316,April 1991.

[27] J. Pearl. Probabilistic Reasoning in Intel ligent Systems. Morgan Kaufman Publishers Inc., San

Francisco,USA, 2nd edition, 1988.

[28] L. K. Saul and M. I. Jordan. Exploiting Tractable Substructures in Intractable Networks. In

D. S. Touretzky, M. C. Mozer, and M. E. Hasselmo,editors, Advances in Neural Information

ProcessingSystems8. MIT Press,1996.

[29] A. J. Storkey and C. K. I. Williams. Dynamic Positional Treesfor Structural Image Analysis.

In Proceedings of the Eighth International Workshop on Arti�cial Intel ligence and Statistics.

Morgan Kaufmann, 2001.

[30] C. von der Malsburg. The correlation theory of brain function. Internal Report 81-2, Max-

Planck-Institut f•ur Biophysikalische Chemie, 1981. Reprinted in Models of Neural Networks,

eds.K. Schulten and H.-J. van Hemmen, 2nd. ed, Springer, 1994.

[31] C. von der Malsburg. Dynamic link architecture. In M. A. Arbib, editor, Handbook of Brain

Theory and Neural Networks, pages329{331. MIT Press,1995.

[32] C. K. I. Williams. Using Deterministic Boltzmann machines for discriminating temporally

distorted strings, 1990. MSc thesis, Dept. of Computer Science,University of Toronto.

33



[33] C. K. I. Williams and N. J. Adams. DTs: Dynamic Trees. In M. J. Kearns, S. A. Solla, and

D. A. Cohn, editors, Advances in Neural Information ProcessingSystems11, pages634{640.

MIT Press,1999.

34


