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Abstract

In this note we consider a n x n kernel matrix K,, and the submatrix K,,,, (for
m < n) obtained by selecting m rows/columns of K,,. We show that the Nystrom
approximation (Williams and Seeger, 2001) of the top m eigenvectors of K, is equivalent
to that obtained from a variational argument based on Rayleigh’s principle.

Consider a symmetric positive semidefinite kernel k(x,y) as used, for example, in support
vector machines and Gaussian processes. Given a set of data points D,, = {X1,X2,...,X;,}, we
set up the matrix eigenproblem

Ko™ =A™ 21 m 0

where K,,,,, is a mxm matrix with entries k(x;, x;), and ugm) is the 1th eigenvector of this matrix

with eigenvalue A'™. We assume the eigenvalues are ordered so that A{™ > AU ... > A\(™
Now consider the case where we have a n x n kernel matrix, based on a dataset D,, =
{x1,X2,...,X,}, where the first m datapoints are the same as in D,,, and the remaining v = n—
m are new, previously unseen datapoints. This matrix will have n eigenvectors and eigenvalues.
We can extend the m eigenvalues/vectors of K, up to the full n dimensions using the Nystrom

approximation described in Williams and Seeger (2001) to give for i = 1,...,m
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Note that the entries of ﬁ§") for the points in D,,, are just rescaled versions of ugm).

We now consider a very different way to derive the same approximation. Let V,, be a m x ¢
matrix. It is well known (Rayleigh’s principle) that the solution of

maxy;,, tr(V,! K,umV;n) such that VIV, = I, (4)

is that V,,, is composed of the top ¢ eigenvectors of K,,,,, i.e. those corresponding to the ¢
largest eigenvalues. The top g eigenvectors are also the solution of

miny,, tr(VIK V) such that V.I'V,, = I; (5)

m=-mm



notice here that max has been turned into min, and K, into K} .
This variational formulation gives rise to an alternative way to extend an eigenvector to a
new datapoint. Consider the n x n matrix K,, and its inverse K !. These are partitioned as

o Kmm Kmu -1 dif f(mm Rmu

Similarly, we partition the n x ¢ matrix V,, as

k=), "

where V, is u x q. We now fix V,, to be the top q eigenvectors of K,,, and minimize J =
tr(VI K 1V,) with respect to V,. (We do not impose further constraints, but note that V,, is
already orthogonal.) We obtain

J = tt(VEK i Vin) + t1(V.E K Vi) + t0(V.E Koy Vi) + tr(VEK V). (8)
Minimizing this quadratic form by differentiating this wrt V,, gives

Using the partitioned matrix inverse equations (see, e.g. Press et al. (1992, p. 77)) and partic-
ularly K, = — KWKy KL we obtain
Vi=KunK, 2V, or V,=K,mK,.V,. (10)
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This is, of course, just the same solution that we obtained via the Nystrom method in equation
3, up to scaling factors.

The variational method used above was inspired by the work of Ham et al. (2005) and Yang
et al. (2006) on eigenmethods in nonlinear dimensionality reduction!. However, note that these
authors were concerned with extending the bottom eigenvectors, i.e. those corresponding to the
smallest eigenvalues. This leads to to a different minimzation problem (based on K,, rather
than K!) and thus to a different solution.
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