
The Joys of BisimulationColin StirlingDepartment of Computer Science,University of Edinburgh,Edinburgh EH9 3JZ, UK,email: cps@dcs.ed.ac.uk1 IntroductionBisimulation is a rich concept which appears in various areas of theoretical com-puter science. Its origins lie in concurrency theory, for instance see Milner [20],and in modal logic, see for example van Benthem [3].In this paper we review results about bisimulation, from both the pointof view of automata and from a logical point of view. We also consider howbisimulation has a role in �nite model theory, and we o�er a new unde�nabilityresult.2 BasicsLabelled transition systems are commonly encountered in operational semanticsof programs and systems. They are just labelled graphs. A transition systemis a pair T = (S; f a�! : a 2 Ag) where S is a non-empty set (of states), A isa non-empty set (of labels) and for each a 2 L; a�! is a binary relation on S.We write s a�! s0 instead of (s; s0) 2 a�!. Sometimes there is extra structure ina transition system, a set of atomic colours Q, such that each colour q � S (thesubset of states with colour q).Bisimulations were introduced by Park [23] as a small re�nement of the be-havioural equivalence de�ned by Hennessy and Milner in [14] between basic CCSprocesses (whose behaviour is a transition system).De�nition 1 A binary relation R between states of a transition system is abisimulation just in case whenever (s; t) 2 R and a 2 A,1. if s a�! s0 then t a�! t0 for some t0 such that (s0; t0) 2 R and2. if t a�! t0 then s a�! s0 for some s0 such that (s0; t0) 2 R.In the case of an enriched transition system with colours there is an extra clausein the de�nition of a bisimulation that it preserves colours: if (s; t) 2 R then0: for all colours q; s 2 q i� t 2 q



Simple examples of bisimulations are the identity relation and the empty rela-tion. Two states of a transition system s and t are bisimulation equivalent (orbisimilar), written s � t, if there is a bisimulation relation R with (s; t) 2 R.One can also present bisimulation equivalence as a game G(s0; t0), see forexample [30, 28], which is played by two participants, players I and II. A play ofG(s0; t0) is a �nite or in�nite length sequence of the form (s0; t0) : : : (si; ti) : : :.Player I attempts to show that the initial states are di�erent whereas playerII wishes to establish that they are equivalent. Suppose an initial part of aplay is (s0; t0) : : : (sj ; tj). The next pair (sj+1; tj+1) is determined by one of thefollowing two moves:{ Player I chooses a transition sj a�! sj+1 and then player II chooses a trans-ition with the same label tj a�! tj+1,{ Player I chooses a transition tj a�! tj+1 and then player II chooses a trans-ition with the same label sj a�! sj+1.The play continues with further moves. Player I always chooses �rst, and thenplayer II, with full knowledge of player I's selection, must choose a correspondingtransition of the other state.A play of a game continues until one of the players wins. In a position (s; t)if one of these states has an a transition and the other doesnt then s and tare clearly distinguishable (and in the case of an enriched transition systems ifone of these states has a colour which the other doesnt have then again theyare distinguishable). Consequently any position (sn; tn) where sn and tn aredistinguishable counts as a win for player I, and are called I-wins. A play is wonby player I if the play reaches a I-win position. Any play that fails to reach sucha position counts as a win for player II. Consequently player II wins if the playis in�nite, or if the play reaches the position (sn; tn) and neither state has anavailable transition.Di�erent plays of a game can have di�erent winners. Nevertheless for eachgame one of the players is able to win any play irrespective of what moves heropponent makes. To make this precise, the notion of strategy is essential. Astrategy for a player is a family of rules which tell the player how to move.However it turns out that we only need to consider history-free strategies whoserules do not depend on what happened previously in the play. For player I arule is therefore of the form \at position (s; t) choose transition x" where x iss a�! s0 or t a�! t0 for some a. A rule for player II is \at position (s; t) whenplayer I has chosen x choose y" where x is either s a�! s0 or t a�! t0 and y isa corresponding transition of the other state. A player uses the strategy � in aplay if all her moves obey the rules in �. The strategy � is a winning strategy ifthe player wins every play in which she uses �.Proposition 1 For any game G(s; t) either player I or player II has a history-free winning strategy.Proposition 2 Player II has a winning strategy for G(s; t) i� s � t.



Transition systems are models for basic process calculi, such as CCS andCSP. Models for richer calculi capturing value passing, mobility, causality, time,probability and locations have been developed. The basic notion of bisimulationhas been generalised, often in a variety of di�erent ways, to cover these extrafeatures. Bisimulation also has a nice categorical representation via co-algebrasdue to Aczel, see for example [25], which allows a very general de�nition. Itis an interesting question whether all the di�erent brands of bisimulation areinstances of this categorical account. In this paper we shall continue to examineonly the very concrete notion of bisimulation on transition systems.3 Bisimulation closure and invarianceIt is common to identify a root of a transition system (as some special start state).Above we de�ned a bisimulation on states of the same transition graph. Equallywe could have de�ned it between states of di�erent transition systems. Whentransition systems are rooted we can then say that two systems are bisimilar iftheir roots are.A family � of rooted transition graphs is said to be closed under bisimulationequivalence when the following holds:if T 2 � and T � T 0 then T 0 2 �Given a rooted transition system there is a \smallest" transition system whichis bisimilar to it: this is its canonical transition graph which is the result of �rstremoving any states which are not reachable from the root, and then identifyingbisimilar states (using quotienting).An alternative perspective on bisimulation closure is from the viewpoint ofproperties of transition systems. Properties whose transition systems are bisim-ulation closed are said to be bisimulation invariant. Over rooted transitiongraphs, property � is bisimulation invariant provided that:if T j= � and T � T 0 then T 0 j= �(By T j= � we mean that � is true of the transition graph T .) On the whole,\counting" properties are not bisimulation invariant, for example \has 32 states"or \has an even number of states". In contrast temporal properties are bisimula-tion invariant, for instance \will eventually do an a-transition" or \is never ableto do a b-transition". Other properties such as \has an Hamiltonian circuit" or\is 3-colourable" are also not bisimulation invariant. Later we shall be interestedin parameterised properties, that is properties of arbitrary arity. We say thatan n-ary property �(x1; : : : ; xn) on transition systems is bisimulation invariantprovided that:if T j= �[s1; : : : ; sn] and t1; : : : ; tn are states of T 0 andti � si for all i : 1 � i � n then T 0 j= �[t1; : : : ; tn]



(By T j= �[s1; : : : ; sn] we mean that � is true of the states s1; : : : ; sn of T ).An example of a property which is not bisimulation invariant is \x1 : : : xn is acycle", and an example of a bisimulation invariant property is \x1 is languageequivalent to x2".The notions of bismulation closure and invariance have appeared independ-ently in a variety of contexts, see for instance [2, 3, 4, 7, 22].4 Caucal's hierarchyBisimulation equivalence is a very �ne equivalence between states. An interest-ing line of enquiry is to re-consider classical results in automata theory, replacinglanguage equivalence with bismulation equivalence. These results concern de�n-ability, closure properties and decidability/undecidability.Grammars can be viewed as generators of transition systems. Let � be a�nite family of nonterminals and assume that A is a �nite set (of terminals). Abasic transition has the form � a�! � where �, � 2 � � and a 2 A. A state isthen any member of � �, and the transition relations on states are de�ned as theleast relations closed under basic transitions and the following pre�x rule:PRE if � a�! � then �� a�! ��Given a state � we can de�ne its rooted transition system whose states are justthe ones reachable from �.In the table below is a Caucal hierarchy of transition graph descriptionsaccording to how the family of basic transitions is speci�ed. In each case weassume a �nite family of rules. Type 3 captures �nite-state graphs, Type 2 cap-tures context-free grammars in Greibach normal form, and Type 1 12 , in fact,captures pushdown automata. For Type 0 and below this means that in eachcase there are �nitely many basic transitions. In the other cases R1 and R2 areregular expressions over the alphabet � . The idea is that each rule R1 a�! �stands for the possibly in�nite family of basic transitions f� a�! � : � 2 R1gand R1 a�! R2 stands for the family f� a�! � : � 2 R1 and � 2 R2g. Forinstance a Type�1 rule of the form X�Y a�! Y includes for each n � 0 thebasic transition XnY a�! Y .Basic TransitionsType�2 R1 a�! R2Type�1 R1 a�! �Type 0 � a�! �Type 1 12 � a�! � where j�j = 2 and j�j > 0Type 2 X a�! �Type 3 X a�! Y or X a�! �This hierarchy is implicit in Caucal's work on understanding context-freegraphs, and understanding when the monadic second-order theory of graphs is



decidable [5, 4, 6]. With respect to language equivalence, the hierarchy collapsesto just two levels, the regular and the context free. The families between, andincluding, Type 2 and Type�2 are equivalent.The standard transformation from pushdown automata to context free gram-mars (Type 1 12 to Type 2) does not preserve bisimulation equivalence. In fact,with respect to bisimilarity pushdown automata is a richer family than contextfree grammars. For instance, normed1 Type 2 transition systems are closed un-der canonical transition systems. Caucal and Monfort [7] show that this is nottrue for Type 1 12 transition systems: see [4] for further results about canonicaltransition graphs. Caucal showed in [5] that Type 0 transition systems coincide(up to isomorphism) with Type 1 12 . There is a strict hierarchy between Type 0and Type�2. Therefore, with respect to bisimulation equivalence there are �velevels in the hierarchy.Baeten, Bergstra and Klop proved that bisimulation equivalence is decidableon normed Type 2 transition systems [1]. The decidability result was generalizedin [9] to encompass all Type 2 graphs. Groote and H�uttel proved that otherstandard equivalences (traces, failures, simulation, 2=3-bisimulation etc..,) onType 2 graphs are all undecidable [13]. The most recent result is by S�enizergues[27], who shows that bisimulation equivalence is decidable on Type�1 transitionsystems (which generalises his proof of decidability of language equivalence forDPDA [26]). This leaves as an open question whether it is also decidable forType�2 systems.One can build an alternative hierarchy when a sequence � 2 � � is viewed asa multiset. In which case the rule PRE above is to be understood as if � a�! �then �[� a�! �[� where [ is multiset union. Christensen, Hirshfeld and Mollershowed that bisimulation equivalence is decidable on Type 2 graphs [8]. H�uttelproved that other equivalences are undecidable [16]. Type 0 graphs are Petrinets. Jan�car showed undecidability of bisimilarity on Petri nets [17]. Underthis commutative interpretation, Type 0 and Type 1 12 transition systems are notequivalent. Hirshfeld (utilizing Jan�car's technique) showed undecidability ofbisimulation for Type 1 12 systems, for more details see the survey [21].5 LogicsBisimulations were independently introduced in the context of modal logic byvan Benthem [2]. A variety of logics can be de�ned over transition graphs.Let M be the following family of modal formulas where a ranges over A:� ::= tt j :� j �1 _ �2 j hai�The inductive stipulation below de�nes when a state s has a modal property �,written s j=T �, however we drop the index T .1 A state t is terminal if it has no transitions. A state s is normed if for all s0 suchthat s w�! s0 for some w 2 A�, then there is a terminal t such that s0 u�! t for someu 2 A�.



s j= tts j= :� i� s 6j= �s j= � _ 	 i� s j= � or s j= 	s j= hai� i� 9t: s a�! t and t j= �This modal logic is known as Hennessy-Milner logic [14]. In the context of anenriched transition system one adds propositions q for each colour q 2 Q to thelogic, with semantic clause: s j= q i� s 2 q.Bisimilar states have the same modal properties. Let s �M t just in case sand t have the same modal properties.Proposition 1 If s � t then s �M t.The converse of Proposition 1 holds for a restricted set of transition systems. Astate s is immediately image-�nite if for each a 2 A the set ft : s a�! tg is �nite.And s is image-�nite if every member of ft : 9w 2 A�: s w�! tg is immediatelyimage-�nite.Proposition 2 If s and t are image-�nite and s �M t then s � t.These two results are known as the modal characterisation of bisimulation equi-valence, due to Hennessy and Milner [14]. (There is also an unrestricted charac-terisation result for in�nitary modal logic. And there are less restrictive notionsthan image-�niteness for when characterisation holds, see [12, 15].)The modal logic M is not very expressive. For instance it cannot de�ne safetyor liveness properties on transition systems which have been found to be veryuseful when analysing the behaviour of concurrent systems. Modal mu-calculus,�M, introduced by Kozen [19], has the rquired extra expressive power. The newconstructs over and above those of M are:� ::= Z j : : : j �Z: �where Z ranges over a family of propositional variables, and in the case of �Z: �there is a restiction that all free occurrences of Z in � are within the scope ofan even number of negations (to guarantee monotonicity).The semantics of M is extended to encompass the least �xed point operator�Z. Because of free variables valuations, V , are used which assign to eachvariable Z a subset of states in S. Let V [S=Z] be the valuation V 0 which agreeswith V everywhere except Z when V 0(Z) = S. The inductive de�nition ofsatisfaction stipulates when a process E has the property � relative to V , writtenE j=V �, and the semantic clauses for the modal fragment are as before (exceptfor the presence of V).s j=V Z i� s 2 V(Z)s j=V �Z: � i� 8S � S: if s 62 S then 9t 2 S: t 62 S and t j=V[S=Z] �The stipulation for the �xed point follows directly from the Tarski-Knaster the-orem, as a least �xed point is the intersection of all pre�xed points. (Again wewould add atomic formulas q if we are interested in extended transition systems.)



The bisimulation characterisation result above, Propositions 1 and 2, remaintrue for closed formulas of �M.Second-order propositional modal logic, 2M, is de�ned as an extension of Mas follows: � ::= Z j : : : j 2� j 8Z:�The modality 2 is the re
exive and transitive closure of Sf[a] : a 2 Ag, and isincluded so that 2M includes �M. As with modal mu-calculus we de�ne whens j=V �. The new clauses are:s j=V 2� i� 8t:8w 2 A�: if s w�! t then t j=V �s j=V 8Z:� i� 8S � S: s j=V[S=Z] �The operator 8Z is a set quanti�er, ranging over subsets of S. There is astraightforward translation of �M into 2M. Let Tr be this translation. Theimportant case is the �xed point: Tr(�Z: �) = 8Z:(2(Tr(�)! Z)! Z).Formulas of M and closed formulas of �M are bisimulation invariant (fromProposition 1 and its generalisation to �M). This is not true in the case of 2M, forit is too rich for characterising bisimulation: for instance, a variety of \counting"properties are de�nable, such as \has at least two di�erent successors under ana transition" . This means that two bisimilar states need not have the same 2Mproperties.Besides modal logics we can also consider other logics over transition systems.First-order logic, FOL, over transition systems contains binary relations Ea foreach a 2 A (and monadic predicates q(x) for each colour q if extended transitionsystems are under consideration). Formulas have the form:� ::= xEay j x = y j :� j �1 ^ �2 j 8x:�A formula �(x1; : : : ; xn) with at most free variables x1; : : : ; xn will be true orfalse of transition system T and states s1; : : : ; sn in the usual way.Richer logics include �rst-order logic with �xed points, �FOL, where thereis the extra formulas:� ::= Z(x1; : : : ; xk) j : : : j �Z(x1; : : : ; xk): � (y1; : : : ; yk)In the case of �Z(: : :): � (: : :), there is the same restriction as in �M that all freeoccurrences of Z in � lie within the scope of an even number of negations.An alternative extension of �rst-order logic is monadic second-order logic,2OL, with the extra formulas:� ::= Z(x1) j : : : j 8Z:�Van Benthem's use of bisimulation was to identify which formulas of FOLare equivalent to modal formulas (to M formulas), see the survey [3]. A formula�(x) is equivalent to a modal formula �0 provided that for any T and for anystate s, T j= �[s] i� s j=T �0.



Proposition 3 A FOL formula �(x) over transition systems is bisimulationinvariant i� � is equivalent to an M formula.This result was generalised by Janin and Walukiewicz [18] to 2OL and �M, asfollows:Proposition 4 A 2OL formula �(x) over transition systems is bisimulationinvariant i� it is equivalent to a closed �M formula.One corollary of this result is that the bisimulation invariant (closed) formulasof 2M coincides with closed formulas of �M.An interesting question is if there is also a characterisation of the bisimulationinvariant formulas of �FOL. (See [22] for preliminary results but over �nitemodels.)6 Finite model theoryFinite model theory is concerned with relationships between complexity classesand logics over �nite structures. It is interesting to consider bisimulation invari-ance in the context of �nite model theory.Rosen showed that Proposition 3 of the previous section remains true withthe restriction to �nite transition systems [24]. It is an open question whetherProposition 4 also remains true under this restriction.Part of the interest in relationships between �M and 2M or 2OL with re-spect to �nite transition systems is that within 2M and 2OL one can de�neNP-complete problems: examples include 3-colourability on �nite connected un-directed graphs. Consider such a graph. If there is an edge between two statess and t let s a�! t and t a�! s. So in this case A = fag, and 3-colourability isgiven by:9X: 9Y: 9Z: (� ^2((X ! [a]:X) ^ (Y ! [a]:Y ) ^ (Z ! [a]:Z)))where �, which says that every vertex has a unique colour, is2((X ^ :Y ^ :Z) _ (Y ^ :Z ^ :X) _ (Z ^ :X ^ :Y ))In contrast, �M formulas over �nite transition systems can only express PTIMEproperties.An interesting open question is whether there is a logic which captures exactlythe PTIME properties of transition systems. Otto has shown that there is a logicfor the PTIME properties that are bisimulation invariant [22]. The right settingis �FOL over canonical transition systems (where = is �, and a linear orderingon states is thereby de�nable).We now consider emaciated �nite transition systems whose setA is a singleton.That is now T = (S;�!) where S is �nite. We can de�ne language equival-ence on emaciated transition systems. Let s n�! t, when n � 0, if there is asequence of transitions of length n from s to t (and by convention s 0�! s). A



state is terminal if it has no transitions. The language of state s is the set L(s)= fi � 0 : s i�! t and t is terminalg. Consequently, s and s0 are languageequivalent if L(s) = L(s0). The property \x is language equivalent to y" as wasnoted earlier is bisimulation invariant. Notice that this is an example of a dyadicinvariant property.Proposition 1 Language equivalence on (canonical) �nite transition graphs isco-NP complete.Hence language equivalence over �nite transition systems is de�nable in�FOL i� PTIME = NP. Dawar o�ers a di�erent route to this observation [10].A classical result (due to Immermann, Gurevich and Shelah) in a slightlynormalised form is:Proposition 2 A �FOL formula 	(y1; : : : ; yn) over �nite transition systems isequivalent to a formula of the form 9u: (�Z(x1; : : : ; xm): � (y1; : : : ; yn; eu)) where� is �rst-order and contains at most x1; : : : ; xm free.The argument places in the application (: : :) from n + 1 to m are all �lled bythe same element u. This allows for the arity of the de�ning �xed point m tobe larger than the arity of the �FOL formula n.Consequently, if one can prove that \y is language equivalent to z", 	(y; z), isnot de�nable by a �FOL formula in normal form, 9u: (�Z(x1; : : : ; xm): � (y; z; eu)),then this would show that PTIME is di�erent from NP. As a �rst step, we haveproved the following using tableaux:Theorem 1 Language equivalence 	(y; z) is not de�nable in �FOL by a normalformula of the form 9u: (�Z(x1; x2; x3): � (y; z; u)).Acknowledgement: I would like to thank Julian Brad�eld and Anuj Dawarfor help in understanding �nite model theory.References1. Baeten, J., Bergstra, J., and Klop, J. (1993). Decidability of bisimulation equi-valence for processes generating context-free languages. Journal of Association ofComputing Machinery, 40, 653-682.2. van Benthem, J. (1984). Correspondence theory. In Handbook of PhilosophicalLogic, Vol. II, ed. Gabbay, D. and Guenthner, F., 167-248, Reidel.3. van Benthem, J. (1996). Exploring Logical Dynamics. CSLI Publications.4. Burkart, O., Caucal, D., and Ste�en, B. (1996). Bisimulation collapse and theprocess taxonomy. Lecture Notes in Computer Science, 1119, 247-262.5. Caucal, D. (1992). On the regular structure of pre�x rewriting. Theoretical Com-puter Science, 106, 61-86.6. Caucal, D. (1996). On in�nite transition graphs having a decidable monadic the-ory. Lecture Notes in Computer Science, 1099, 194-205.7. Caucal, D., and Monfort, R. (1990). On the transition graphs of automata andgrammars. Lecture Notes in Computer Science, 484, 311-337.8. Christensen, S., Hirshfeld, Y., and Moller, F. (1993). Bisimulation is decidablefor basic parallel processes. Lecture Notes in Computer Science, 715, 143-157.



9. Christensen, S., H�uttel, H., and Stirling, C. (1995). Bisimulation equivalence isdecidable for all context-free processes. Information and Computation, 121, 143-148.10. Dawar, A. (1997). A restricted second-order logic for �nite structures, To appearin Information and Computation.11. Emerson, E., and Jutla, C. (1988). The complexity of tree automata and logicsof programs. Extended version from FOCS `88.12. Goldblatt, R. (1995). Saturation and the Hennessy-Milner property. In ModalLogic and Process Algebra, ed. Ponse, A., De Rijke, M. and Venema, Y. CSLIPublications, 107-130.13. Groote, J., and H�uttel, H. (1994). Undecidable equivalences for basic processalgebra. Information and Computation, 115, 354-371.14. Hennessy, M. and Milner, R. (1985). Algebraic laws for nondeterminism and con-currency. Journal of Association of Computer Machinery, 32, 137-162.15. Hollenberg, M. (1995). Hennessy-Milner classes and process calculi. In ModalLogic and Process Algebra, ed. Ponse, A., De Rijke, M. and Venema, Y. CSLIPublications, 187-216.16. H�uttel, H. (1994). Undecidable equivalences for basic parallel processes. LectureNotes in Computer Science, 789.17. Jan�car, P. (1994). Decidability questions for bisimilarity of Petri nets and somerelated problems. Lecture Notes in Computer Science, 775, 581-594.18. Janin, D. and Walukiewicz, I (1996). On the expressive completeness of the pro-positional mu-calculus with respect to the monadic second order logic. LectureNotes in Computer Science, 1119, 263-277.19. Kozen, D. (1983). Results on the propositional mu-calculus. Theoretical ComputerScience, 27, 333-354.20. Milner, R. (1989). Communication and Concurrency. Prentice Hall.21. Moller, F. (1996). In�nite results. Lecture Notes in Computer Science, 1119, 195-216.22. Otto, M. (1997). Bisimulation-invariant ptime and higher-dimensional �-calculus.Preliminary report RWTH Aachen.23. Park, D. (1981). Concurrency and automata on in�nite sequences. Lecture Notesin Computer Science, 154, 561-572.24. Rosen, E. (1995). Modal logic over �nite structures. Tech Report, University ofAmsterdam.25. Rutten, J. (1995). A calculus of transition systems (towards universal coalgebra).In Modal Logic and Process Algebra, ed. Ponse, A., De Rijke, M. and Venema, Y.CSLI Publications, 187-216.26. S�enizergues, G. (1997). The equivalence problem for deterministic pushdown auto-mata is decidable. Lecture Notes in Computer Science, 1256, 671-681.27. S�enizergues, G. (1998). � (A) � � (B)? Draft paper.28. Stirling, C. (1996). Modal and temporal logics for processes. Lecture Notes inComputer Science, 1043, 149-237.29. Stirling, C. (1996). Games and modal mu-calculus. Lecture Notes in ComputerScience, 1055, 298-312.30. Thomas, W. (1993). On the Ehrenfeucht-Fra��ss�e game in theoretical computerscience. Lecture Notes in Computer Science, 668.


