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2 Julian Brad�eld and Colin Stirling1 INTRODUCTIONModal mu-
al
ulus is a logi
 used extensively in 
ertain areas of 
omputer s
ien
e, butalso of 
onsiderable intrinsi
 mathemati
al and logi
al interest. Its de�ning feature is theaddition of indu
tive de�nitions to modal logi
; thereby it a
hieves a great in
rease inexpressive power, and an equally great in
rease in diÆ
ulty of understanding. It in
ludesmany of the logi
s used in systems veri�
ation, and is quite straightforward to evaluate.It also provides one of the strongest examples of the 
onne
tions between modal andtemporal logi
s, automata theory and the theory of games.In this 
hapter, we survey a range of the questions and results about the modal mu-
al
ulus and related logi
s. For the most part, we remain at survey level, giving onlyoutlines of proofs; but in pla
es, determined partly by our own interests and partly byour sense of whi
h problems have been { or had been { the longest-standing thorns inthe side of the mu-
al
ulus 
ommunity, we go into more detail.We start with an a

ount of the histori
al 
ontext leading to the introdu
tion of themodal mu-
al
ulus. Then we de�ne the logi
 formally, des
ribe some approa
hes togaining an intuitive understanding of formulae, and establish the main theorem aboutthe semanti
s. Following that, we dis
uss how the modal mu-
al
ulus has the tree modelproperty and relates to some other temporal logi
s, to automata and to games. Next,an a

ount of de
idability is given { this is one of the thorns, at least for those who�nd automata pri
kly. We then 
onsider brie
y 
ompleteness, bisimulation invarian
eand then the 
on
ept of �xpoint alternation, whi
h plays a part in several interestingquestions about the logi
. Finally, we look at some generalizations of the logi
.Before pro
eeding to the 
ontent of the 
hapter, we take this opportunity to thankYde Venema and Johan van Benthem for extensive and helpful 
omments on drafts ofthis 
hapter.Notation: L� means the modal mu-
al
ulus, 
onsidered as a logi
al language (not as atheory). In general, the notation follows as mu
h as possible the standards for this book,but be
ause L� is mostly studied in a setting with rather di�erent traditions, and be
ausewe also need to notate several other 
on
epts, we have made some 
ompromises. Few ofthese should 
ause any diÆ
ulty, but let us note the following. Sin
e ! is often usedto represent the transition relation in models (alias the a

essibility relation from modallogi
), we use ) rather than ! for boolean impli
ation. Stru
tures, frames and modelsfor L� are usually viewed as transition systems, and so are usually 
alled T with statespa
e S. States within systems (i.e. worlds in the language of modal logi
) are typi
allys; t, whereas p; q; r are states in an automaton. Hen
e we write atomi
 propositions with
apital P;Q; : : : rather than p; q; : : :, and similarly variables ranging over sets of statesare written X;Y . 2 CONTEXTUAL BACKGROUNDThe modal mu-
al
ulus 
omes not from the philosophi
al tradition of modal logi
, butfrom the appli
ation of modal and temporal logi
s to program veri�
ation. In this se
tion,we outline the histori
al 
ontext for L�.



Modal Mu-Cal
uli 32.1 Modal logi
s in program veri�
ationThe appli
ation of modal and temporal logi
s to programs is part of a line of programveri�
ation going ba
k to the 1960s and program s
hemes and Floyd{Hoare logi
. Origi-nally the emphasis was on proof : Floyd{Hoare logi
 allows one to make assertions aboutprograms, and there is a proof system to verify these assertions. This line of work has,of 
ourse, 
ontinued and 
ourished, and today there are highly sophisti
ated theories forproving properties of programs, with equally sophisti
ated ma
hine support for these the-ories. However, the use of proof systems has some disadvantages, and one hankers aftera more purely algorithmi
 approa
h to simple problems. One te
hnique was pioneeredby Manna and Pnueli [48℄, who turned program properties into questions of satis�abilityor validity in �rst order logi
, whi
h 
an then be atta
ked by means that are not justproof-theoreti
; this idea was later applied by them to linear temporal logi
s.During the 1970s, the theory of program 
orre
tness was extended by investigatingmore powerful logi
s, and studying them in a manner more similar to the traditions ofmathemati
al logi
. A family of logi
s whi
h re
eived mu
h attention was that of dynami
logi
s, whi
h 
an be seen as extending the ideas of Hoare logi
 [57℄. Dynami
 logi
sare modal logi
s, where the di�erent modalities 
orrespond to the exe
ution of di�erentprograms|the formula h�i� is read as `it is possible for � to exe
ute and result in a statesatisfying �'. The programs may be of any type of interest; the variety of dynami
 logi
most often referred to is a propositional language in whi
h the programs are built fromatomi
 programs by regular expression 
onstru
tors; hen
eforth, Propositional Dynami
Logi
, PDL, refers to this logi
. PDL is interpreted with respe
t to a model on a Kripkestru
ture, formalizing the notion of the global state in whi
h programs exe
ute and whi
hthey 
hange|ea
h point in the stru
ture 
orresponds to a possible state, and programsdetermine a relation between states giving the 
hanges e�e
ted by the programs.On
e one has the idea of a modal logi
 de�ned on a Kripke stru
ture, it be
omesquite natural to think of the �nite 
ase and write programs whi
h just 
he
k whethera formula is satis�ed. This idea was developed in the early 80s by Clarke, Emerson,Sistla and others. They worked with a logi
 that has mu
h simpler modalities thanPDL|in fa
t, it has just a single `next state' modality|but whi
h has built-in temporal
onne
tives su
h as `until'. This logi
 is CTL, and it and its extensions remain some ofthe most popular logi
s for expressing properties of systems.Meanwhile, the theory of pro
ess 
al
uli was being developed in the late 70s, mostnotably by Milner [50℄. An essential 
omponent was the use of labelled Kripke stru
tures(`labelled transition systems') as a raw model of 
on
urrent behaviour. An importantdi�eren
e between the use of Kripke stru
tures here and their use in program 
orre
tnesswas that the states are the behaviour expressions themselves, whi
h model 
on
urrentsystems, and the labels on the a

essibility relation (the transitions) are simple a
tions(and not programs). The 
riterion for behavioural equivalen
e of pro
ess expressionswas de�ned in terms of observational equivalen
e (and later in terms of bisimulation re-lations). Hennessy and Milner introdu
ed a primitive modal logi
 in whi
h the modalitiesrefer to a
tions: hai� `it is possible to do an a a
tion and then have � be true', and itsdual [a℄� `� holds after every a a
tion'. Together with the usual boolean 
onne
tives,this gives Hennessy{Milner logi
 [31℄, HML, whi
h was introdu
ed as an alternative ex-position of observational equivalen
e. However, as a logi
 HML is obviously inadequateto express many properties, as it has no means of saying `always in the future' or othertemporal 
onne
tives|ex
ept by allowing in�nitary 
onjun
tion. Using an in�nitary
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 is undesirable both for the obvious reason that in�nite formulae are not amenableto automati
 pro
essing, and be
ause in�nitary logi
 gives mu
h more expressive powerthan is needed to express temporal properties.In 1983, Dexter Kozen published a study of a logi
 that 
ombined simple modalities, asin HML, with �xpoint operators to provide a form of re
ursion. This logi
, the modal mu-
al
ulus, has be
ome probably the most studied of all temporal logi
s of programs. It hasa simple syntax, an easily given semanti
s, and yet the �xpoint operators provide immensepower. Most other temporal logi
s, su
h as the CTL family, 
an be seen as fragments ofL�. Moreover, this logi
 lends itself to transparent model-
he
king algorithms.Another `root' to understanding modal logi
s is the work in the 60s on automata overin�nite words and trees by B�u
hi [13℄ and Rabin [60℄. The motivation was de
ision ques-tions of monadi
 se
ond-order logi
s. B�u
hi introdu
ed automata as a normal form forsu
h formulae. This work founded new 
onne
tions to logi
 and automata theory. Later itwas realised that modal logi
s are merely sublogi
s of appropriate monadi
 se
ond-orderlogi
, and that the automata normal forms provide a very powerful framework withinwhi
h to study properties of modal logi
. Moreover, automata theoreti
 algorithms oftenprovide very eÆ
ient ways to solve problems (su
h as model-
he
king) in modal logi
{ see Chapter 17 of this Handbook. A further development was the use of games byGurevi
h and Harrington [30℄ as an alternative to automata.There is also an older game-theoreti
 tradition due to Ehrenfeu
ht and Fra��ss�e, for un-derstanding the expressive power of logi
s. These te
hniques are also appli
able withinpro
ess 
al
uli. For instan
e bisimulation equivalen
e 
an be naturally rendered as su
ha game, and expressivity of modal logi
s 
an be understood using game-theoreti
 te
h-niques.2.2 Pre
ursors to modal mu-
al
ulusHML, Hennessy{Milner Logi
 [31℄, is a primitive modal logi
 of a
tion. The syntax ofHML has, in addition to the boolean operators, a modality hai�, where a is a pro
essa
tion. A stru
ture for the logi
 is just a labelled transition system. Atomi
 formulas ofthe logi
 are the 
onstants> and?. The meaning of hai� is `it is possible to do an a-a
tionto a state where � holds'. The formal semanti
s is given in the obvious way by indu
tivelyde�ning when a state of a transition system, or a state of a pro
ess, has a property; forexample, s j= hai� i� 9t:s a�! t ^ t j= �. We may also add some notion of variableor atomi
 proposition to the logi
, in whi
h 
ase we provide a valuation whi
h maps avariable to the set of states at whi
h it holds. The expressive power of HML in this formis quite weak: obviously a given HML formula 
an only make statements about a given�nite number of steps into the future. HML was introdu
ed not so mu
h as a languageto express properties, but rather as an aid to understanding pro
ess equivalen
e: two(image-�nite) pro
esses are equivalent i� they satisfy exa
tly the same HML formulae.To obtain the expressivity desired in pra
ti
e, we need stronger logi
s.The logi
 PDL, Propositional Dynami
 Logi
 [57, 25℄, as mentioned above, is both adevelopment of Floyd{Hoare style logi
s, and a development of modal logi
s. Re
ently,it has been used as a basis for des
ription logi
s and logi
s of information. PDL is anextension of HML in the 
ir
umstan
e that the a
tion set has some stru
ture. Thereis room for variation in the meaning of a
tion, but in the standard logi
, a program is
onsidered to have a number of atomi
 a
tions, whi
h in pro
ess algebrai
 terms are just
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uli 5pro
ess a
tions, and � is allowed to be a regular expression over the atomi
 a
tions: a,�;�, �[�, or �*. We may 
onsider atomi
 a
tions to be uninterpreted atoms; but in thedevelopment from Floyd{Hoare logi
s, one would see the atomi
 a
tions as, for example,assignment statements in a while program.PDL enri
hes the labels in the modalities of HML. An alternative extension of HMLis to in
lude further modalities. The bran
hing time logi
 CTL, Computation Tree Logi
[14℄, 
an be des
ribed in this way as an extension of HML, with some extra `temporal'operators whi
h permit expression of liveness and safety properties. For the semanti
swe need to 
onsider `runs' of a system. A run from an initial state or pro
ess s0 is asequen
e s0 a1�! s1 a2�! : : : whi
h may have �nite or in�nite length; if it has �nite lengththen its �nal pro
ess is a `sink' pro
ess whi
h has no transitions. A run s0 a1�! s1 a2�! : : :has the property � U  , `� until  ', if there is an i � 0 su
h that si j=  and for allj : 0 � j < i, sj j= �. s0 a1�! s1 a2�! : : : si ai+1�! : : :j= j= : : : j=� �  The formula F� = (> U �) means `� eventually holds' and G� = :(> U :�): `�always holds'. For ea
h `temporal' operator su
h as U there are two modal variants, astrong variant ranging over all runs of a pro
ess and a weak variant ranging over somerun of a pro
ess. We prefa
e a strong version with 8 and a weak version with 9. IfHML is extended with the two kinds of until operator the resulting logi
 is a slight butinessential variant of CTL (CTL does not in its standard form mention a
tion labels inmodalities). The formal semanti
s is given by indu
tively de�ning when a state (pro
ess)has a property. For instan
e s j= 8[�U  ℄ i� every run of s has the property �U  .CTL has variants and enri
hments su
h as CTL* [24℄ and ECTL* [70℄. These allowfree mixing of path operators and quanti�ers: for example, the CTL* formula 8[PU9FQ℄is also a CTL formula, but 8[P UFQ℄ is not, be
ause the F is not immediately governedby a quanti�er. Hen
e extensions also 
over the traditional temporal logi
s des
ribed inChapter 11 of this Handbook|that is, literally logi
s of time|as advo
ated by Mannaand Pnueli and others. In this view, time is a linear sequen
e of instants, 
orrespondingto the states of just one exe
ution path through the program. One 
an de�ne a logi
on paths whi
h has operators 
� `in the next instant (on this path) � is true', and�U  `� holds until  holds (on this path)'; and then a system satis�es a formula if allexe
ution paths satisfy the formula|in CTL* terms, the spe
i�
ation is a path formulawith a single outermost universal quanti�er. One 
an also extend PDL with temporaloperators, as in pro
ess logi
.There are extensions of all these logi
s to 
over issues su
h as time and probability.The introdu
tion of su
h real-valued quantities poses a number of problems, and su
hlogi
s are still under a
tive development.2.3 The small model propertyA general result about many modal logi
s is that they have the small model property;that is if a formula is satis�able, then it is satis�able by a model of some bounded size.Provided that model-
he
king is de
idable, whi
h is the 
ase for almost all temporal
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s, this immediately gives de
idability of satis�ability for the logi
, as one need simply
he
k every transition system up to the size bound.The te
hnique used to establish the small model property for PDL (and thereforeHML) is a 
lassi
al te
hnique in modal logi
, that of �ltration. Let s be a state, satisfyingproperty �, in a possibly in�nite transition system T. Let � be the set of all subformulasof � and their negations: in the 
ase of PDL one also 
ounts h�i and h�i as subformulasof h� [ �i , h�i as a subformula of h�;�i and h�;�*i , and h�i as subformulas ofh�*i . The size of � is proportional to j�j (the length of �). One then �lters T through� by de�ning an equivalen
e relation on the states of T, s � t i� 8 2 �:s j=  , t j=  .We de�ne the �ltered model to have states T=� and with atomi
 a
tion relations givenby [s℄ a�! [t℄ i� 9s0 2 [s℄; t0 2 [t℄:s0 a�! t0. The number of equivalen
e 
lasses is at most2j�j and so is O(2j�j). The rest of the proof shows that the �ltered model is indeed amodel, in that [s℄ j=  i� s j=  for  2 �. For PDL the only 
ase requiring 
omment isthe 
ase h�*i , whi
h pro
eeds by an indu
tion on the length of the witnessing sequen
eof �'s. Consequently if � is a satis�able PDL formula, then it has a model with sizeO(2j�j), and in fa
t 2j�j suÆ
es|see [25℄ for full details.In order to obtain an upper bound for satis�ability from the small model property, wealso need to know the 
omplexity of model-
he
king, that is, determining whether s j= �.It is straightforward to de�ne an indu
tive pro
edure for this, whi
h is polynomial inthe size of the formula and of the system. For example, to determine the truth ofh�*i�, one 
omputes the *-
losure of the � relation, and then 
he
ks for an �*-su

essorsatisfying �. These results give an NTIME(
n) (where 
 is a 
onstant and n the formulasize) upper bound for the satis�ability problem. By a redu
tion to alternating Turingma
hines, [25℄ also gave a lower bound of DTIME(
n= lgn). A 
loser to optimal te
hniquefor satis�ability due to Pratt uses tableaux [58℄.Although CTL, CTL* and L� all have the �nite model property, the �ltration te
h-nique does not apply. If one �lters T through a �nite set � 
ontaining 8FQ unintendedloops may be added. For instan
e if T is si a�! si+1 for 1 � i < n and Q is only trueat state sn then si j= 8FQ for ea
h i. But when n is large enough the �ltered modelwill have at least one transition [sj ℄ a�! [si℄ when i � j < n, with the 
onsequen
e that[si℄ 6j= 8FQ. The initial approa
h to showing the �nite model property utilized semanti
tableaux where one expli
itly builds a model for a satis�able formula whi
h has smallsize. But su
h a te
hnique is very parti
ular, and more sophisti
ated methods based onautomata are used for optimal results, as we shall mention later.3 SYNTAX AND SEMANTICS OF MODAL MU-CALCULUSThe de�ning feature of mu-
al
uli is the use of �xpoint operators. The use of �xpoint op-erators in program logi
s goes ba
k at least to De Bakker, Park and S
ott [56℄. However,their use in modal logi
s of programs dates from work of Pratt, Emerson and Clarke andKozen. Pratt's version [59℄ used a �xpoint operator like the minimization operator ofre
ursion theory; although this is only super�
ially di�erent, it seems to have dissuadedpeople from using the logi
 in that form. Emerson and Clarke added �xed points toa temporal logi
 to 
apture fairness and other 
orre
tness properties [21℄. Kozen's [35℄paper introdu
ed L� as we use it today, and established a number of basi
 results.Fixpoint logi
s are traditionally 
onsidered hard to understand. Furthermore, their
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uli 7semanti
s requires a familiarity with material that, although not diÆ
ult, is often omittedfrom undergraduate mathemati
s or logi
 programmes. Whether for pra
ti
al purposes,or to guide oneself through the formal proofs, it is therefore worthwhile to spend a littletime on dis
ussing an intuitive understanding of L� before going on to the de�nitions.3.1 Fixpoints as re
ursionSuppose that S is the state spa
e of some system. For example S 
ould be the setof all pro
esses rea
hable by arbitrary length sequen
es of transitions from some initialpro
ess. One way to provide semanti
s of a state-based modal logi
 is to map formulae� to sets of states, that is to elements of }S. For any formula � this mapping is givenby k�k1. The idea is that this mapping tells us at whi
h states ea
h formula holds. If weallow our logi
 to 
ontain variables with interpretations ranging over }S, then we 
anview the semanti
s of a formula with a free variable, �(Z), as a fun
tion f :}S ! }S.If f(S) � f(S0) whenever S � S0 � S then f is monotoni
. If f(S) = S then S isa �xed point of f (as repeated appli
ation of f leaves S un
hanged). If we take theusual latti
e stru
ture on }S, given by set in
lusion, and if f is a monotoni
 fun
tion,then by the Knaster{Tarski theorem we know that f has �xed points, and indeed hasa unique maximal and a unique minimal �xed point. The maximal �xed-point is theunion of post-�xed points, SfS � S j S � f(S)g, and the minimal �xed-point is theinterse
tion of pre-�xed points, TfS � S j f(S) � Sg. So we 
ould extend our basi
logi
 with a minimal �xpoint operator �, so that �Z:�(Z) is a formula whose semanti
sis the least �xed point of f ; and similarly a maximal �xpoint operator �, so that �Z:�(Z)is a formula whose semanti
s is the greatest �xed point of f (when the semanti
s of �(Z)is monotoni
).A good reason to do this is that it provides a semanti
s for re
ursion, and adding re-
ursion to the usual modal logi
s provides a neat way of expressing all the usual operatorsof temporal logi
s. For example, 
onsider the CTL formula 8G�, `always �'. Anotherway of expressing this is to say that it is a property X su
h that if X is true, then � istrue, and wherever we go next, X remains true; so X satis�es the modal impli
ationalequation X ) � ^ [�℄X:where [�℄X means that X is true at every immediate su

essor (see subse
tion 3.3). Asolution to this equation is pre
isely a post-�xed point of the formula � ^ [�℄X . Butwhi
h solution of the possibly many is appropriate? The only 
anoni
al post-�xed pointis the largest, and this also makes sense, sin
e if a state satis�es some solution, then itsurely satis�es 8G�. Hen
e the meaning of the formula is the largest post-�xed point,whi
h by standard theory is exa
tly the largest �xed point, �X:� ^ [�℄Z.On the other hand, 
onsider the CTL property 9F�, `there exists a path on whi
h �eventually holds'. We 
ould write this re
ursively as `Y holds if either � holds now, orthere's some su

essor on whi
h Y is true':Y ( � _ h�iY:Here we have a pre-�xed point of � _ h�iY ; the only 
anoni
al su
h is the least, and ifa state satis�es 9F�, then it surely satis�es any solution Y 0 of the equation. Hen
e wewant the least pre-�xed point, whi
h is also the least �xed point, �Y:� _ h�iY .1The mapping 
an be either given dire
tly (indu
tively) or indire
tly as the set fs 2 S : s j= �g.



8 Julian Brad�eld and Colin StirlingFinally, we observe that sin
e we want the �xed points, we may repla
e the impli
ationsby equalities in the modal equations above, and get the same answers. It is thereforeusual to 
ast modal �xpoint logi
s in terms of equations, rather than of impli
ations.3.2 Approximating �xpoints and � as `�nitely'The other key idea is that of approximants and unfolding. The standard theory tells usthat if f is a monotoni
 fun
tion on a latti
e, we 
an 
onstru
t the least �xed point of fby applying f repeatedly on the bottom element ? of the latti
e to form an in
reasing
hain, whose limit is the �xed point. The length of the iteration is in general trans�nite,but is bounded at worst by the 
ardinal after 
ardinality of the latti
e, and in the spe
ial
ase of a powerset latti
e }S, by the 
ardinal after the 
ardinality of S. So if f ismonotoni
 on }S, we have the in
reasing 
hain ; � f(;) � f2(;) � : : : � f�(;) : : : andthe least �xed point is the limit of this 
hain�f = [�<� f�(;)and similarly as there is the anti-
hain, S � f(S) � f2(S) � : : : � f�(S) : : :,�f = \�<� f�(S)|or in terms of a in�nitary logi
, �Z:�(Z) = W�<� ��(?)|where � is at worst jSj+ 1for �nite S, or �1 for 
ountable S (and �Z:�(Z) = V�<� ��(>)). So for a minimal�xpoint �Z:�(Z), if a state s satis�es the �xpoint, it satis�es some approximant, sayfor 
onvenien
e the � + 1 th so that s j= ��+1(?). Now if we unfold this formula on
e,we get s j= �(��(?)). That is, the fa
t that s satis�es the �xpoint depends, via �, onthe fa
t that other states satisfy the �xpoint at smaller approximants than s does. Soif one follows a 
hain of dependen
ies, the 
hain terminates. This is the stri
t meaningbehind the slogan \� means `�nite looping' ", whi
h, with a little re�nement, is suÆ
ientto understand L�.On the other hand, for a maximal �xpoint �Z:�(Z), there is no su
h de
reasing 
hain:s j= �Z:�(Z) i� s j= �(�Z:�(Z)), and we may loop for ever, as in the pro
ess P def= a:P ,whi
h repeatedly does an a a
tion, and so satis�es �Z:haiZ. (However, if a state failsa maximal �xpoint, then there is a des
ending 
hain of failures.) Instead, we have theprin
iple of �xpoint indu
tion: if by assuming that a set S j= Z, we 
an show thatS j= �(Z), then we have shown that S j= �Z:� (
ompare the re
ursive formulation of8G� in the previous se
tion).So in summary, one may understand �xpoints by the slogan `� means looping, and� means �nite looping'. This slogan provides an alternative means of explaining why aminimal �xpoint is required in the translation of 9F�. This formula means that thereis a path on whi
h � eventually holds: that is, on the 
hosen path, � holds within �nitetime. Hen
e the `equation' Y = �_ h�iY must only be applied a �nite number of times,and so by the slogan we should use a minimal �xpoint.In the 
ase of formulae with alternating �xpoints (whi
h we shall examine a little later),the slogan remains valid, but requires a little more 
are in appli
ation. It is essential toalmost all proofs about L�: the notion of `well-founded premodel' with whi
h Streett
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uli 9and Emerson [64℄ proved the �nite model property, is an example of the slogan; so arethe tableau model-
he
king approa
hes of Stirling and Walker [62℄, and Brad�eld andStirling [12℄.3.3 Syntax of L�Let Var be an (in�nite) set of variable names, typi
ally indi
ated by Z; Y; : : :; let Prop bea set of atomi
 propositions, typi
ally indi
ated by P;Q; : : :; and let L be a set of labels,typi
ally indi
ated by a; b; : : :. The set of L� formulae (with respe
t to Var;Prop;L) isde�ned in parsimonious form as follows:� P is a formula.� Z is a formula.� If �1 and �2 are formulae, so is �1 ^ �2.� If � is a formula, so is [a℄�.� If � is a formula, so is :�.� If � is a formula, then �Z:� is a formula, provided that every free o

urren
e ofZ in � o

urs positively, i.e. within the s
ope of an even number of negations.(The notions of free and bound variables are as usual, where � is the only bindingoperator.)If a formula is written as �(Z), it is to be understood that the subsequent writing of�( ) means � with  substituted for all free o

urren
es of Z. There is no suggestionthat Z is the only free variable of �.The positivity requirement on the �xpoint operator is a synta
ti
 means of ensuringthat �(Z) denotes a fun
tional monotoni
 in Z, and so has unique minimal and maximal�xpoint. It is usually more 
onvenient to introdu
e derived operators de�ned by deMorgan duality, and work in positive form:� �1 _ �2 means :(:�1 ^ :�2).� hai� means :[a℄:�.� �Z:�(Z) means :�Z::�(:Z).Note the triple use of negation in �, whi
h is required to maintain the positivity. Aformula is said to be in positive form if it is written with the derived operators so that: only o

urs applied to atomi
 propositions. It is in positive normal form if in additionall bound variables are distin
t (and di�erent from free variables). Any formula 
an beput into positive normal form by use of de Morgan laws and �-
onversion. So we shalloften assume positive normal form, and when doing stru
tural indu
tion on formulae willoften take the derived operators as primitives.For the 
on
rete syntax, we shall assume that modal operators have higher pre
eden
ethan boolean, and that �xpoint operators have lowest pre
eden
e, so that the s
ope of a�xpoint extends as far to the right as possible.There are a few extensions to the syntax whi
h are 
onvenient in presenting examples,and in pra
ti
e. The most useful is to allow modalities to refer not just to single a
tions,but to sets of a
tions. The most useful set is `all a
tions ex
ept a'. So:



10 Julian Brad�eld and Colin Stirling� s j= [K℄� i� 8a 2 K:s j= [a℄�, and [a; b; : : :℄� is short for [fa; b; : : :g℄�.� [�K℄� means [L �K℄�, and set bra
es may be omitted.Thus [�℄� means just [L℄�. 23.4 Semanti
s of L�An L� stru
ture T (over Prop;L) is a labelled transition system, namely a set S of statesand a transition relation ! � S� L �S (as usual we write s a�! t), together with aninterpretation VProp: Prop! }S for the atomi
 propositions.Given a stru
ture T and an interpretation V: Var! }S of the variables, the set k�kTVof states satisfying a formula � is de�ned as follows:kPkTV = VProp(P )kZkTV = V(Z)k:�kTV = S� k�kTVk�1 ^ �2kTV = k�1kTV \ k�2kTVk[a℄�kTV = f s j 8t:s a�! t) t 2 k�kTV gk�Z:�kTV = [�S � S j S � k�kTV[Z:=S℄	where V[Z := S℄ is the valuation whi
h maps Z to S and otherwise agrees with V. If weare working in positive normal form, we may add de�nitions for the derived operatorsby duality: k�1 _ �2kTV = k�1kTV [ k�2kTVkhai�kTV = f s j 9t:s a�! t ^ t 2 k�kTV gk�Z:�kTV = \�S � S j S � k�kTV[Z:=S℄	We drop T and V whenever possible; and write s j= � for s 2 k�k.We have dis
ussed informally the importan
e of approximants; let us now de�ne them.If �Z:�(Z) is a formula, then for an ordinal �, let �Z�:� and �Z<�:� be formulae, withsemanti
s given, with simultaneous indu
tion on �, by:k�Z<�:�kTV = [�<� k�Z�:�kTVk�Z�:�kTV = k�kTV[Z:=k�Z<�:�kTV℄The approximants of a maximal �xpoint are de�ned dually:k�Z<�:�kTV = \�<� k�Z�:�kTVk�Z�:�kTV = k�kTV[Z:=k�Z<�:�kTV℄2Beware that many authors use `[ ℄�' to mean `[L℄�', rather than the (va
uous) `[;℄�' that it meansin our notation.
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uli 11Note that �Z<0:� , ? and �Z<0:� , >. By abuse of notation, we write Z� or ��to mean ��Z�: �; of 
ourse this only makes sense when one knows whi
h �xpoint andvariable is meant.We should remark here that most literature on L� uses a slightly di�erent de�nition,putting �Z0:� = ?, �Z�+1:� = �(�Z�:�), and �Z�:� = S�<� �Z�:� for limit �|whi
hin e�e
t is writing � for our <�. That notation is taken from set theory; its advantage isthat a limit approximant is the limit of approximants. Our notation is taken from morere
ent set theoreti
 pra
ti
e; its advantages are that it sometimes redu
es the number oftrivial 
ase distin
tions in indu
tive proofs. However, the di�eren
e is not signi�
ant.Sometimes, we are interested in rooted stru
tures (T; s0;VProp) for L� formulae thathave a designated initial state s0: � is true of su
h a stru
ture if s0 j= �. We 
an,therefore, examine the set of all rooted stru
tures where � is true whi
h allows 
omparisonbetween L� and other notations for 
lassifying stru
tures.3.5 ExamplesWe have seen, both informally and in the formal semanti
s, the meaning of the �xpointoperators, and we have seen some simple examples of L� translating CTL. We now
onsider some examples of L� formulae in their own right, whi
h express properties onemight meet in pra
ti
e.There is a well-known `
lassi�
ation' [42℄ of basi
 properties into safety and liveness.In terms of L�, it is not unreasonable to say that � is liveness and � is safety. Consider�rst simple � formulae. For example: �Z:P ^ [a℄Zis a relativized `always' formula: `P is true along every a-path'. Slightly more 
omplexis the relativized `while' formula �Z:Q _ (P ^ [a℄Z)`on every a-path, P holds while Q fails'. Both formulae 
an be understood dire
tly via the�xpoint 
onstru
tion, or via the idea of `� as looping': for example the se
ond formula istrue if either Q holds, or if P holds and wherever we go next (via a), the formula is true,and : : :, and be
ause the �xpoint is maximal, we 
an repeat forever. So in parti
ular, ifP is always true, and Q never holds, the formula is true.� formulae, in 
ontrast, require something to happen, and thus are liveness properties.For example �Z:P _ [a℄Zis `on all in�nite length a-paths, P eventually holds'; and�Z:Q _ (P ^ haiZ)is `on some a-path, P holds until Q holds (and Q does eventually hold)'. Again, these
an be understood by `� as �nite looping': in the se
ond 
ase, we are no longer allowedto repeat the unfolding forever, so we must eventually `bottom out' in the Q disjun
t.This level of 
omplexity suÆ
es to translate CTL, sin
e we have �Z:Q _ (P ^ h�iZ)as a translation of 9[P UQ℄, and �Z:Q_ (P ^ [�℄Z ^ h�i>) as a translation of 8[P UQ℄
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onjun
t h�i> ensures that Q is a
tually rea
hed, sin
e [�℄Z is true at deadlo
kstates); and obviously we 
an nest formulae inside one another, su
h as�Z:(�Y:P _ h�iY ) ^ [�℄Z`it is always possible that P will hold', or 8G(9FP ). Equally obviously, we 
an writeformulae with no CTL translation, su
h as�Z:[a℄?_ haihaiZwhi
h asserts the existen
e of a maximal a-path of even length; a formula whi
h is,in
identally, expressible in PDL. This is, however, a fairly simple extension; mu
h moreinteresting is the power one gets from mixing �xpoints that depend on one another.Consider the formula �Y:�Z:(P ^ [a℄Y ) _ (:P ^ [a℄Z):This formula usually gives pause for thought, but it has a simple meaning, whi
h 
an beseen by using the slogans. �Y: : : : is true if �Z: : : : is true if (P ^ [a℄Y ) _ (:P ^ [a℄Z),whi
h is true if either P holds and at the next (a)-states we loop ba
k to �Y: : : :, or Pfails, and at the next states we loop ba
k to �Z: : : :. By the slogan `� means �nitely', we
an only loop through �Y: : : : �nitely many times on any path, and hen
e P is true only�nitely often on any path.We shall see in a later se
tion that this so-
alled alternation of �xpoint operators doesindeed give ever more expressive power as the number of alternations in
reases. It alsoappears to in
rease the 
omplexity of model-
he
king: all known algorithms are expo-nential in the alternation, but whether this is ne
essarily the 
ase is the main remainingopen problem about L�.3.6 Fixpoint regeneration and the `fundamental semanti
 theorem'In the informal des
ription of the meaning of �xpoints, we used the idea of the dependen
yof s at � on t at  . We now make this pre
ise. Assume a stru
ture T, and a formula�. Suppose that we annotate the states with sets of subformulae, su
h that the sets arelo
ally 
onsistent: that is, s is annotated with a 
onjun
tion i� it is annotated with both
onjun
ts; s is annotated with a disjun
tion i� it is annotated with at least one disjun
t;if s is annotated with [a℄ (resp. hai ), then ea
h (resp. at least one) a-su

essor isannotated with  ; if s is annotated with a �xpoint or �xpoint variable, it is annotatedwith the body of the �xpoint. We 
all su
h an annotated stru
ture a quasi-model.A 
hoi
e fun
tion f is a fun
tion whi
h for every disjun
tive subformula  1 _  2and every state annotated with  1 _  2 
hooses one disjun
t f(s;  1 _  2); and forevery subformula hai and every state s annotated with hai 
hooses one a-su

essort = f(s; hai ) annotated with  .A pre-model is a quasi-model equipped with a 
hoi
e fun
tion.Given a pre-model with 
hoi
e fun
tion f , the dependen
ies of a state s that satis�es asubformula  are de�ned thus: s� 1 ^ 2 � s� i for i = 1; 2; s�[a℄ � t� for every tsu
h that s a�! t; s� 1_ 2 � s�f(s;  1_ 2); s�hai � f(s; hai )� ; s���Z: � s� ;s�Z � s� where Z is bound by ��Z: . A trail is a maximal 
hain of dependen
ies.If every trail has the property that the highest (i.e. with the outermost binding �x-point) variable o

urring in�nitely often is a �-variable, the pre-model is well-founded.
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uli 13(Equivalently: in any trail, a �-variable 
an only o

ur �nitely often unless a highervariable is en
ountered.)The fundamental theorem on the semanti
s of L� 
an now be stated:THEOREM 12.1. A well-founded pre-model is a model: in a well-founded pre-model, ifs is annotated with  , then indeed s j=  .The theorem in this form is due to Streett and Emerson in [64℄, from whi
h the term`well-founded pre-model' is taken. Stirling and Walker [63℄ presented a tableau systemfor model-
he
king on �nite stru
tures, and the soundness theorem for that system isessentially a �nite version of the fundamental theorem using a more relaxed notion of
hoi
e; the later in�nite-state version of [12, 7℄ is the fundamental theorem, again witha slight relaxation on 
hoi
e.A 
onverse is also true:THEOREM 12.2. If in some stru
ture s j= �, then there is a lo
ally 
onsistent annotationof the stru
ture and a 
hoi
e fun
tion whi
h make the stru
ture a well-founded pre-model.The fundamental theorem, in its various guises, is the pre
ise statement of the slogan`� means �nite looping'. To explain why it is true, and to de�ne the term `lo
ally
onsistent', we need to make a �ner analysis of approximants.Assume a stru
ture T, valuation V, and formula � in positive normal form. LetY1; : : : ; Yn be the �-variables of �, in an order 
ompatible with formula in
lusion: thatis, if �Yj : j is a subformula of �Yi: i, then i � j. If Yi is some inner �xpoint, thenits denotation depends on the meaning of the �xpoints en
losing it: for example, inthe formula �Y1:hai�Y2:(P _ Y1) _ hbiY2, to 
al
ulate the inner �xpoint �Y2 we needto know the denotation of Y1. We may ask: what is the least approximant of Y1 that
ould be plugged in to make the formula true? Having �xed that, we 
an then ask whatapproximant of Y2 is required. This idea is the notion of signature. A signature is asequen
e � = �1; : : : ; �n of ordinals, su
h that the i least �xpoint will be interpreted byits �ith approximant (
al
ulated relative to the outer approximants).The de�nition and use of signatures inevitably involves some slightly irritating book-keeping, and they appear in several forms in the literature. In [64℄, the Fis
her{Ladner
losure of � was used, rather than the set of subformulae. The 
losure is de�ned bystarting with � and 
losing under the operations of taking the immediate 
omponentsof formulae with boolean or modal top-level 
onne
tives, together with the rule that if��Z: (Z) 2 
l(�), then  (��Z: ) 2 
l(�). The signatures were de�ned by synta
ti
allyunfolding �xpoints, rather than by semanti
 approximants. In [63℄ and following work, anotion of 
onstant was used, whi
h allows some of the book-keeping to be moved into thelogi
. Although all the notions and proofs using them are inter
onvertible, the `
onstant'variant is perhaps easier to follow, and has the advantage that it adapts easily to themodal equation system presentation of L�, whi
h we shall see below. Indeed, it arisesmore naturally from that system.Add to the language a 
ountable set of 
onstants U; V; : : :. Constants will be de�nedto stand for maximal �xpoints or approximants of minimal �xpoints. Spe
i�
ally, givena formula �, let Y1; : : : ; Yn be the �-variables as above, let Z1; : : : ; Zm be the �-variables,let � = �1; : : : ; �n be a signature, and let U1; : : : ; Un; V1; : : : ; Vm be 
onstants, whi
h willbe asso
iated with the 
orresponding variables. They are given semanti
s thus: if Yi isbound by �Yi: i, then kUik� is k�Y �ii : 0ik� , where  0i is obtained from  i by substitutingthe 
orresponding 
onstants for the free �xpoint variables of �Yi: i. If Zi is bound by
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s is k�Zi: 0ik�. Given an arbitrary subformula  of �, we say a states satis�es  with signature �, written s j=�  , if s 2 k 0k� , where  0 is  with its free�xpoint variables substituted by the 
orresponding 
onstants.Order signatures lexi
ographi
ally. Now, given a pre-model for �, extend the annota-tions so that ea
h subformula at s is a

ompanied by a signature { write s� [�℄. Su
han extended annotation is said to be lo
ally 
onsistent if the signature is un
hangedor de
reases by passing through boolean, modal, or �-variable dependen
ies, and whenpassing through s�Yi it stri
tly de
reases in the ith 
omponent and is un
hanged in the1; : : : ; i� 1'th 
omponents.It 
an now be shown, by a slightly deli
ate but not too diÆ
ult indu
tion on  and�, that if s� [�℄, then s j=�  . The proof pro
eeds by 
ontradi
tion: suppose thats� [�℄ and s 6j=�  . If  is  1 _  2 ( 1 ^  2) then for some i 2 f1; 2g, s� 1[�℄ ands 6j=�  i. If  is [a℄ 0 (hai 0) then for some s0, s a�! s0, s0� 0[�℄ and s0 6j=�  0. If  isa least �xpoint variable Yi, then we pass through the unfolding rule to s� i[�0℄ where�0 < � and s 6j=�0  i. (Hen
e we 
an only pass through least �xpoints �nitely often.)The key 
ase is when  is a greatest �xpoint variable Zi. In this 
ase, the hypothesisis that s�Zi[�℄ and s 6j=� Zi. Then s fails some approximant Z�i (and s�Z�i [�℄); andthen passing through the unfolding rule gives s fails  �0i for �0 < � (and s� �0i [�℄).Continuing to 
hase the falsehood down the pre-model, we eventually arrive at a statefailing the zero'th approximant of a greatest �xpoint formula, whi
h is impossible.Furthermore, given a well-founded pre-model, one 
an 
onstru
t a lo
ally 
onsistentsignature annotation|essentially, the Yi 
omponent of � in s� [�℄ is the maximum`number' (in the trans�nite sense) of Yi o

urren
es without meeting a higher variable intrails from s� , and so on; the well-foundedness of the pre-model guarantees that thisis well-de�ned. This gives the fundamental theorem.The 
onverse is quite easy: given a model, annotate the states by the subformulaethey satisfy; for s� assign the least � su
h that s j=�  ; and 
hoose a 
hoi
e fun
tionthat always 
hooses the su

essor with least signature. It is easy to show that this is awell-founded pre-model and signature assignment.3.7 Modal equation systemsThe presentation of L� so far is a traditional logi
al formulation. However, in several
ir
umstan
es it 
an be useful to think in terms of systems of re
ursive equations for the�xpoint variables, as follows.A modal equation system 
omprises a sequen
e B0; : : : ;Bn of blo
ks ; ea
h Bi may bea �-blo
k (we write B�i ) or a �-blo
k (we write B�i ). Ea
h blo
k B�=�i is a sequen
e ofequations Xi0 �=�= �i0; : : : ; Xiki �=�= �iki , where ea
h �ij is a modal formula whi
h may
ontain any of the variables Xi0j0 positively.Thus ea
h blo
k Bi de�nes a fun
tional on ve
tors (Si0; : : : ; Siki) 2 (}S)ki . Thisfun
tional is relative to valuations of the variables in earlier blo
ks, and refers to thesolutions of later blo
ks. If B�i , then take the least �xpoint (in the 
omponentwiseordering) of this fun
tional, and if B�i , take the greatest. Conventionally, the solution ofthe entire equation system is taken to be the solution for the �rst variable X00.There is an obvious transformations from L� to modal equation systems: for example,



Modal Mu-Cal
uli 15�X:P _ �Y:[a℄Y ^ [b℄X translates toX00 �= P _X10 ; X10 �= [a℄X10 ^ [b℄X00:Similarly, there is a reasonably obvious reverse transformation: for example, the equationsystem X00 �= haiX10 _ [b℄X10 ; X10 �= P ^ [a℄(X00 _X10)translates to �X:hai(�Y:P ^ [a℄(X _ Y )) _ [b℄(�Y:P ^ [a℄(X _ Y )). These translations,known from �nite model theory, show that modal equation systems and L� are equi-expressive. Note that in the se
ond example, the formula dupli
ates the se
ond equation:by extending su
h examples, one 
an see that the translation from equation systemsto formulae may introdu
e an exponential blow-up. However, this blow-up results informulae with many identi
al sub-formulae, whi
h 
an in any 
ase be optimized awayduring model-
he
king, and in general problems in modal equation systems are of thesame 
omplexity as in L�.A blo
k in a modal equation system is to be understood as a simultaneous �x-point. L� 
ould be dire
tly presented with simultaneous �xed points: for instan
e,s j= �Z1 : : : Zn:(�1; : : : ; �n) i� s 2 S1 where (S1; : : : ; Sn) = T�(S01; : : : ; S0n) j S0j �k�jkTV[Z1:=S01;:::;Zn:=S0n℄	.One of the main appli
ations of modal equation systems is in the development of fastmodel-
he
king algorithms: modal equation systems 
an be easily translated to booleanequation systems (de�ned as above, but with boolean variables and just propositionalequations) by having one boolean variable for ea
h (modal variable, state) pair. Thengraph-theoreti
 or matrix-theoreti
 te
hniques 
an be employed to solve the booleanequation systems. For more on this topi
, see [46℄.4 EXPRESSIVE POWERAs we noted earlier in this arti
le, there are many temporal logi
s used in pra
ti
e, someof whi
h are also histori
al pre
ursors to L�. We said that most of them 
ould be seen asfragments of L�. In this se
tion we 
onsider questions of expressivity and related topi
s,and start by showing how a number of other logi
s 
an be translated into L�.4.1 CTL and friends as fragments of L�PDL 
an be easily translated into L� by unpa
king the modal operators h�i: h�[�i =h�i _ h�i , h�;�i = h�ih�i and h�*i = �Z: _ h�iZ. The logi
 CTL is one ofthe simplest temporal logi
s, and its translation is also simple. Re
all the syntax andsemanti
s of CTL from 2.2. The two basi
 operators are 8[�U ℄ and 9[�U ℄. Assumingthat there are no deadlo
ked states, these 
an be simply translated as:�Z: _ [�℄� and �Z: _ h�i�with the proof of the equivalen
e being a straightforward appli
ation of the semanti
s.For both PDL and CTL, only a fragment of L� is ne
essary where there is no essentialalternation of �xpoints (as des
ribed in 7).
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h less trivial 
ase is the logi
 CTL*. CTL* is the logi
 obtained by removing thesynta
ti
 
onstraint of CTL that requires everyU to be immediately quanti�ed by 8 or 9,so that in CTL* one 
an write formulae su
h as 8[(�U )_:(�0U 0)℄. Consequently, notall CTL* formulae have meanings purely in terms of states, and the question of translationinto a purely state-based logi
 like L� be
omes problemati
. However, one 
an ask thequestion, is every state formula of CTL* (that is, boolean 
ombinations of atoms andquanti�ed formulae) equivalent to an L� formula? The answer is `yes', but it is a harderproblem. Wolper, in an unpublished note from the early 1980s, noted that state formulasof CTL* 
an be translated via automata theory into PDL over a single label with looping(whi
h, in turn, is dire
tly translatable into L�). The �rst expli
it translation was givenby Dam [17℄, but the translation is very diÆ
ult, and gives a doubly exponential blowupin the formula size. The latter means that the translation is of no use for model-
he
king,as existing CTL* algorithms are mu
h faster than a double exponential blowup of L�model-
he
king. A few years later, Bhat and Cleaveland [6℄ gave a single exponentialtranslation into the equational variant of L�. Although still quite 
omplex, utilising aso-
alled B�u
hi tableau automaton as an intermediary, this translation is eÆ
ient enoughto give 
ompetitive model-
he
king of CTL* via translation.4.2 Bisimulation and tree model propertyBisimulation or ba
k-and-forth equivalen
e or zig-zag equivalen
e is the equivalen
e as-so
iated with modal logi
. In our setting, a bisimulation between two L� stru
tures T1and T2 over the same proposition set Prop and label set L is a relation R su
h that forall propositions P , if P (s1) and s1Rs2, then P (s2), and 
onversely; and if s1Rs2, ands1 a�! s01, then for some s02, s2 a�! s02 and s01Rs02, and 
onversely. Two states s1 and s2are bisimilar if there is some bisimulation R su
h that s1Rs2.Re
all that HML is the �xpoint-free part of L�. The following is easily shown bystru
tural indu
tion on formulae:THEOREM 12.3. If two states (in the same or di�erent systems) are bisimilar, theysatisfy the same HML formulae.By an indu
tion on approximants, it is also straightforward to extend this toTHEOREM 12.4. If two states (in the same or di�erent systems) are bisimilar, theysatisfy the same L� formulae.A system is image-�nite if for all states s and labels a, the set f s0 j s a�! s0 g is �nite.The following theorem holds:THEOREM 12.5. If two states in image-�nite systems satisfy the same HML (or L�)formulae, then they are bisimilar.To prove this, one observes that bisimulation itself is a maximal �xpoint, namely themaximal �xpoint of the map R 7! f (s1; s2) j �s1 a�! s01 ) 9s02:s2 a�! s02 ^ (s01; s02) 2R� ^ �s2 a�! s02 ) 9s01:s1 a�! s01 ^ (s01; s02) 2 R� g (ignoring the propositions, whi
h
an be dealt with by an additional 
lause); shows that in an image-�nite system theapproximants to this �xpoint 
lose at !; and then dedu
e that if two states are notbisimilar, there is a �nite modal formula distinguishing them. The latter theorem doesnot hold for general systems: there are systems whi
h satisfy the same L� formulae,but are not bisimilar. The following example is based on one by Roope Kaivola. Let
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uli 17�1; �2; : : : be an enumeration of all L� formulae over some �nite label set L. Let Ti,with initial state si, be a �nite model for �i, with all Ti disjoint. Let T0 be 
onstru
tedby taking an initial state s0 and making s0 a�! si for all i > 0. Let T00 be T0 with theaddition of a transition s0 a�! s0. T0 and T00 are 
learly not bisimilar, be
ause in T00it is possible to defer inde�nitely the 
hoi
e of whi
h Ti to enter. On the other hand,suppose that  is a formula, and w.l.o.g. assume the topmost operator is a modality. Ifthe modality is [b℄,  is true of both T0 and T00; if it is hbi,  is false of both; if  is hai 0,then  is false at both T0 and T00 i�  0 is unsatis�able, and true at both otherwise; if  is [a℄ 0, then  is true at both T0 and T00 i�  0 is valid, and false at both otherwise.A simple 
orollary of theorem 12.4 is that L� has the tree model property.PROPOSITION 12.6. If a formula has a model, it has a model that is a tree.Just unravel the original model, thereby preserving bisimulation. This 
an be strength-ened to the bounded bran
hing degree tree model property (just 
ut o� all the bran
hesthat are not a
tually required by some diamond subformula; this leaves at most (numberof diamond subformulae) bran
hes at ea
h node).For a more detailed look at bisimulation, see Chapter 5 of this Handbook.4.3 L� and automataL� is intimately related to automata theory, and the equivalen
e between various au-tomata, parti
ularly alternating parity automata, as des
ribed in se
tion 5, and L� is akey te
hnique in many results. The �rst 
onnexion between L� and automata was treeautomata, whi
h we now brie
y review.Let us start with the notion of an automaton familiar from introdu
tory 
omputers
ien
e 
ourses. A �nite automaton A = (Q;�; Æ; q0; F ) 
onsists of a �nite set of statesQ, a �nite alphabet �, a transition fun
tion Æ, an initial state q0 2 Q and an a

eptan
e
ondition F . Classi
al nondeterministi
 automata re
ognise languages, subsets of �*,where the transition fun
tion Æ : Q� � ! }Q. Given a word w = a0 : : : an 2 �*, a runof A on w is a sequen
e of states q0 : : : qn that traverses w, so qi+1 2 Æ(qi; ai+1). The runis a

epting if the sequen
e q0 : : : qn obeys F : 
lassi
ally, F � Q and q0 : : : qn is a

eptingif the last state qn 2 F . There may be many di�erent runs of A on w, some a

eptingthe others reje
ting, or no runs at all. The language re
ognised by A is the set of wordsfor whi
h there is at least one a

epting run. A simple extension is to allow re
ognitionof in�nite length words. A run of A on w = a1 : : : ai : : : is an in�nite sequen
e of states� = q0 : : : qi : : : that travels over w, so qi+1 2 Æ(qi; ai+1) and it is a

epting if it obeysthe 
ondition F . Let inf(�) � Q 
ontain exa
tly the states that o

ur in�nitely often in�. Classi
ally, F � Q and � is a

epting if inf(�) \F 6= ; whi
h is the B�u
hi a

eptan
e
ondition.B�u
hi automata are an alternative notation for 
hara
terizing in�nite runs of systems.Assume Prop is a �nite set. The alphabet � = }Prop. If � = s0 a1�! s1 a2�! : : : is anin�nite run, then � j= A if the automaton a

epts the word Prop(s0) Prop(s1) : : : whereProp(si) is the subset of Prop that is true at si. For example, if Prop = fPg, Q = fp; qg,Æ(p; fPg) = fqg, Æ(p; ;) = fpg, Æ(q; fPg) = fqg and Æ(q; ;) = fqg, q0 = p and F = fqg,then this automaton is equivalent to the temporal formula FP . (In fa
t, B�u
hi automata
oin
ide with the linear-time �-
al
ulus where �xpoints are added to simple next timetemporal logi
 that has the sole modality 
.)



18 Julian Brad�eld and Colin StirlingWhen formulae are equivalent to automata, satis�ability 
he
king redu
es to the non-emptiness problem for the automata: that is, whether the automaton a

epts something.If A is a B�u
hi automaton, then it is non-empty if there is a transition path q0 �!* q 2 Fand a 
y
le q �!* q (equivalent to an eventually 
y
li
 model).The notion of bounded bran
hing tree automaton extends the de�nition of automatonto a

ept n-bran
hing in�nite trees whose nodes are labelled with elements of �. Pre-viously, states q0 belonged to Æ(q; a); now it is tuples (q01; : : : ; q0n) that belong to Æ(q; a).A tree automaton traverses the tree, des
ending from a node to all n-
hild nodes, so theautomaton splits itself into n 
opies, and pro
eeds independently. A run of the automa-ton is then an n-bran
hing in�nite tree labelled with states of the automaton. A run isa

epting if every path through this tree satis�es the a

eptan
e 
ondition F . In the 
aseof Rabin a

eptan
e F = f(G1; R1); : : : (Gk; Rk)g where ea
h Gi; Ri � Q and � obeys Fif there is a j su
h that inf(�)\Gj 6= ; and inf(�)\Rj = ;. A variant de�nition is paritya

eptan
e �rst introdu
ed (not under that name) by Mostowski [52℄ where F maps ea
hstate q of the automaton to a priority F (q) 2 N. We say that a path satis�es F if theleast priority seen in�nitely often is even. It is not hard to see that a parity 
onditionis a spe
ial 
ase of a Rabin 
ondition; it is also true, though somewhat tri
kier, that aRabin automaton 
an be translated to an equivalent parity automaton.Assuming Prop is �nite, tree automata 
hara
terize rooted n-bran
hing in�nite treemodels (T; s0;VProp) for L� formulae where s0 is the root of the tree: (T; s0;VProp) j= Aif A a

epts the behaviour tree T0 that repla
es ea
h state s 2 T with Prop(s). Forexample, let Prop = fPg, Q = fp; qg, Æ(p; fPg) = f(p; p)g, Æ(p; ;) = f(q; q)g, Æ(q; fPg) =f(p; p)g and Æ(q; ;) = f(q; q)g and q0 = p. This automaton A with parity a

eptan
eF (p) = 1 and F (q) = 2 is equivalent to �Y:�Z:(P ^ [a℄Y ) _ (:P ^ [a℄Z) over in�nitebinary-tree models: the �xed point �Y is `
oded' by p and �Z is 
oded by q.The use of priorities looks very mu
h like the de�nition of well-founded pre-model fromse
tion 3.6, if we assign priorities to the subformulae of an L� formula in su
h a way thatthe priority of a �xpoint formula is lower than any of its subformulae (and the priorityof a least �xpoint is odd). Indeed, it is essentially the same thing. Tree automata andL� are equivalent [64℄:THEOREM 12.7. A family of n-bran
hing in�nite tree models is de�ned by some treeautomaton i� it is the set of n-bran
hing in�nite tree models of some 
orrespondingL� formula. Consequently, determining whether a system satis�es an L� formula isequivalent to determining whether its behaviour trees are a

epted by the 
orrespondingautomaton.De
idability of satis�ability of L� formulae redu
es to the non-emptiness problem fortree automata. This problem is more diÆ
ult than for B�u
hi automata. However, thereis an exponential de
ision pro
edure that is indu
tive in the index of the automaton(whi
h is the number of parities or pairs in F , in the 
ase of a Rabin automaton).This illustrates the poten
y of the automata-theoreti
 approa
h to temporal logi
that has be
ome popular in re
ent years. Satis�ability of formulae is redu
ed to thenon-emptiness problem for a 
lass of automata. There is also the virtue that automatasustain 
ombinatorial transformations, su
h as determinization, and 
losure operations,su
h as interse
tion, that are not in the logi
al repertoire. O

asionally, logi
s are easier:one of the hardest automata-theoreti
 proofs is that tree automata are 
losed under
omplementation. We shall see more of automata in later se
tions.
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uli 194.4 L� and gamesL� is also intimately related to games, as are automata. We 
an view the relationshipat di�erent levels.The fundamental semanti
 theorem 
an be presented as a simple two player model-
he
king game. Assume a rooted model (T; s0;V) and formula �0 in positive normalform. The game G(s0; �0) is de�ned on an arena that is a set of pairs (s;  ) where sis a state of T and  is a subformula of �0. The initial position is (s0; �0). There aretwo players, whom we will 
all simply 8 and 9. (Other popular names in
lude PlayerII/Player I, Abelard/Eloise, Opponent/Proponent, Refuter/Veri�er.) 8 is responsible formaking a move from a position (s; � ^  ), the available 
hoi
es are f(s; �); (s;  )g, andfrom a position (s; [a℄�) whose available 
hoi
es are f(t; �) j s a�! t 2 Tg. Similarly, 9is responsible for (s; � _  ) and (s; hai�). There are �nal positions (s;  ) where  2fP;:P; [a℄�; hai�g: (s; [a℄ ) and (s; hai�) are only �nal if there is no state t su
h thats a�! t. A �nal position (s;  ) is winning for 9 if s j=  ; otherwise it is winning for 8.A play of G(s0; �0) is a �nite or in�nite sequen
e of positions starting with (s0; �0).9 wins a �nite play if the �nal position is winning for 9. She wins an in�nite play if theoutermost �xed point variable Y that o

urs in�nitely often in the play is a �-variable.Otherwise, 8 wins. There may be many di�erent plays; 9 may win some and lose others.A strategy for a player is a fun
tion whi
h, given a play so far and a position where thereis a 
hoi
e, returns a spe
i�
 
hoi
e and so tells the player how to move. A history-free(positional or memoryless) strategy only depends on the 
urrent position and not on theprevious history of the play: for 9 it is just a 
hoi
e fun
tion. A winning strategy is onewhi
h, if followed, guarantees that the player will win all plays of the game. Now thefundamental semanti
 theorems, theorems 12.1 and 12.2, are equivalent to the following.THEOREM 12.8. s j= � i� 9 has a history-free winning strategy for the game G(s; �).The model 
he
king game on �nite stru
tures 
an be abstra
ted into a simple twoplayer graph game, 
alled the parity game. The state set Q of the graph are the positionsand are partitioned into Q8 and Q9. There is an initial state q0 2 Q. Edges de
idepossible next positions; for instan
e, 9 
hooses a su

essor from a vertex q 2 Q9 and toensure play is always in�nite winning positions have self-loops. The a

eptan
e 
onditionF is just given as a parity 
ondition: F maps ea
h state q of the automaton to a priorityF (q) 2 N and 9 wins an in�nite play if the least priority that o

urs in�nitely oftenis even. The model-
he
king problem for L� over �nite stru
tures, whether s0 j= �0, isequivalent to solving the parity game (does 9 win q0 ?). Parity games are determined (i.e.either 9 or 8 has a winning strategy), and a winning strategy is history-free. However,the exa
t 
omplexity of solving a parity game is a signi�
ant open problem.There is a more intimate 
onne
tion between L� and parity games. An L� formula,itself, is a parity game as we shall see in se
tion 5; alternating automata are games. Treeautomata are games following Gurevi
h and Harrington [30℄. Consider a run of a treeautomaton on an n-bran
hing in�nite tree whose nodes are labelled with elements of �.It starts at the root of the tree with the initial automaton state. If the automaton isin state q examining a node v of the tree labelled with a 2 � then 9 
hooses a tuple(q01; : : : ; q0n) that belong to Æ(q; a). Now 8 
hooses a dire
tion i : 1 � i � n so the nextposition is the ith 
hild of v in state q0i. The play 
ontinues forever. The play is won by 9if it obeys the a

eptan
e 
ondition. Clearly, 9 has a winning strategy, i� the automatona

epts the tree. (If the a

eptan
e 
ondition is a Rabin 
ondition, this strategy is not



20 Julian Brad�eld and Colin Stirlinghistory-free; however, it only depends on the `latest appearan
e re
ord', an orderingof the automaton states 
apturing the last time ea
h automaton state o

urred in the
urrent play.) 5 DECIDABILITY OF SATISFIABILITYAs with any logi
, a key question is de
idability of satis�ability, that is, de
iding whethera 
losed formula has a model. A 
onne
ted property is the �nite model property (fmp),that is, if a formula has a model, then it has a �nite model. If a logi
 has the fmp (andthe size of the �nite model for a formula is e�e
tively bounded), then de
idability follows,sin
e one 
an just 
he
k all models up to the size bound. L�, as we have seen, has thetree model property.A dire
t approa
h to proving de
idability of satis�ability is to employ semanti
 tableaux,to begin with an initial 
losed formula � in positive normal form and then to build a treemodel for it whose states are labelled with lo
ally 
onsistent subsets of the Fisher-Ladner
losure of �, 
l(�): for instan
e, if  ^ 
 2 s then  2 s and 
 2 s. Children of a nodes are generated using modal su

essor prin
iples. For ea
h hai 2 s 
reate a 
hild nodet su
h that s a�! t and  2 t: in turn, s a�! t when [a℄ 2 s implies  2 t and  2 tand hai 2 
l(�) implies hai 2 s. This guarantees that the tree has bounded bran
hingdegree be
ause 
l(�) is �nite. Fixed point formulae are \unfolded": ��X: 2 s implies (��X: ) 2 s. The valuation VProp is then de�ned: s 2 VProp(P ) if and only if P 2 s.If � is satis�able then the 
onstru
tion will generate a �nite tree model or an in�nitetree that is a pre-model. In the latter 
ase, the problem is how to ensure that it iswell-founded. So far, there is no distin
tion between least and greatest �xed points.As mentioned, an important semanti
 prin
iple is Park's �xed point indu
tion rule, ifj= �( ) )  then j= �X:�(X) )  : it follows dire
tly from the semanti
s be
ause �is indeed the least pre-�xed point. A question is how to use this semanti
 prin
iple toguide the tableau 
onstru
tion in su
h a way that if the starting formula is satis�ablethen a model is generable. The following proposition is useful.PROPOSITION 12.9. If 
 ^ �X: (X) is satis�able and X is not free in 
, then 
 ^ (�X::
 ^  ) is satis�able.PROOF. Assume that 
^�X: (X) is satis�able but j=  (�X::
^ )) :
. Therefore,j=  (�X::
^ )) :
^ (�X::
^ ). Using the fa
t that j= �0(�X:�0(X))) �X:�0(X)and propositional reasoning, j=  (�X::
 ^  ) ) �X::
 ^  . By �xed point indu
tion,j= �X: ) �X::
 ^  and 
onsequently j= �X: ) :
 whi
h is a 
ontradi
tion. �5.1 The a
onjun
tive fragmentThe tableau approa
h was employed by Kozen [35℄ to de
ide satis�ability. Unfortunately,he 
ould only prove the result for a sublogi
 of L�, when the starting formula � isa
onjun
tive: that is, if �X: is a subformula of � and  1 ^  2 2 
l(�X: ) then for atmost one  i is it the 
ase that �X: 2 
l( i). For instan
e, �Z:�X:([a℄X _ hbiZ)^ haiZis a
onjun
tive: the subformula 
 = �X:([a℄X _ hbiZ) ^ haiZ has one 
onjun
tion inits 
losure ([a℄
 _ hbiZ) ^ haiZ and 
 is only in the 
losure of the �rst 
onjun
t. In
ontrast, 
 = �X:�Z:([a℄X _ hbiZ) ^ haiZ fails to be a
onjun
tive: 
 is in the 
losure ofboth 
onjun
ts ([a℄
_hbi(�Z:[a℄
^haiZ))^hai(�Z:[a℄
^haiZ). A
onjun
tivity restri
ts
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uli 21how a formula �X: 2 
l(�) 
an regenerate itself in the tableau 
onstru
tion: there
an only be a linear pattern of regeneration (as opposed to the more general bran
hingpattern for full L�). In the 
ase of 
 = �Z:�X:([a℄X _hbiZ)^haiZ, the relevant formula
0 = �X:([a℄X _ hbi
)^ hai
 
an only regenerate itself through the the subformula [a℄X :so, multiple regenerations of 
0 happen only as part of a linear sequen
e. On the otherhand, 
 = �X:�Z:([a℄X _ hbiZ) ^ haiZ 
an regenerate itself through both subformulae([a℄X _ hbiZ) and haiZ: so, multiple regenerations of 
 form a tree.Given the a
onjun
tive restri
tion, one 
an guide the 
onstru
tion of the tree model byapplying proposition 12.9 to �X: 2 s: as it is unfolded its interpretation is strengthenedto  (�X::s^ ) where s abbreviates the 
onjun
tion of all formulas in s. The strength-ening interpretation is extended as �X: regenerates itself in des
endent states t of s, sothat an unfolding in t is re-interpreted as  (�X::s^ : : :^ :t^  ) thereby ensuring thata des
endent state within whi
h �X: is regenerated 
annot have the same labelling asthe as
endent state (and be
ause the starting formula is a
onjun
tive this will guaran-tee a well-founded pre-model). To do this, one needs a 
areful ordering on �xed pointsubformulae (in terms of whi
h are more outermost) to ensure that the set of labellingsremains �nite. Kozen showed that the de
ision pro
edure for this fragment (that 
on-tains PDL and CTL) works in exponential time and at the same time the proof deliversthe �nite model property. In fa
t, the 
onstru
tion works for a more generous fragmentof the logi
, 
alled the weak a
onjun
tive fragment in [71℄. One only needs to guaranteethat there is a linear pattern of regeneration of least �xed point subformulae relative toea
h individual bran
h in the tree model. The formula 
 = �X:�Z:haiX ^ haiZ belongsto this more generous fragment be
ause the regenerations of 
 through the subformulaehaiX and haiZ happen in di�erent bran
hes: the formula �X:�Z:([a℄X _ hbiZ) ^ haiZdoes not belong to it. In fa
t, every 
losed formula of L� is semanti
ally equivalent toa weak a
onjun
tive formula (whi
h follows from results below). However, it is an openquestion whether the tableau te
hnique 
an be made to work dire
tly for all formulae.5.2 Towards automataThe �rst de
ision pro
edure for full L� redu
ed the problem to SnS, the se
ond-ordertheory of n-su

essors, [38℄. The stru
ture for SnS is the transition system (tree) withstate spa
e f0; : : : ; n � 1g* and transition relations w i�! wi for ea
h i < n. B�u
hishowed that the monadi
 se
ond-order (MSO) theory of S1S is de
idable [13℄: besides�rst-order 
onstru
ts, MSO has quanti�ers over sets of states. S1S is a weak form ofarithmeti
 where, in this presentation, the number n is 0n and 0�! is the +1 fun
tion.Rabin extended B�u
hi's result by showing that the MSO theory of SnS is de
idable forany n > 0 [60℄. Kozen and Parikh's proof of de
idability of satis�ability for full L�uses the tree model property with bounded bran
hing degree. Given a formula � themaximum required bran
hing degree n 
an be 
al
ulated from 
l(�). The formula � 
anthen be translated almost dire
tly into SnS by examining its semanti
s: for instan
e,k�X:�kV = 9S:S � k�kV[X:=S℄ and kXkV = V(X). Elements of Prop are treatedas variables (and are existentially quanti�ed over). Labels in diamond modalities arejudi
iously mapped to \dire
tions" i < n and labels in box modalities to sets of dire
tions.For example, �X:hai(X ^ :P ) ^ hai(X ^ P ) is translatable into the S2S formula9P:9S:8x:9y:9z:(x 2 S ) x 1�! y ^ y 2 S ^ y 62 P ) ^ (x 2 S ) x 2�! z ^ z 2 S ^ z 2 P )



22 Julian Brad�eld and Colin StirlingThe formula � is satis�able if and only if its translation is true in SnS: for instan
e, theS2S formula above is true. The key feature in the MSO de
idability proofs is that in aformula 9X:�, quanti�
ation 
an be restri
ted to \regular" sets of states whi
h leads toquanti�er elimination when the normal form is a nondeterministi
 �nite state automaton.In the 
ase of S1S it is a B�u
hi word automaton and in the more general setting of SnSit is a Rabin tree automaton: these automata are de�ned in se
tion 4.3. The automatonnormal form for 8X:�, that is :9X:�, involves an exponential in
rease in size be
auseof 
omplementation. Consequently, the de
ision pro
edure for SnS, n > 0, is (and mustbe) non-elementary. Be
ause �X1:�X2: : : : �Xm:�Xm+1: is translated into the MSOformula 8S1:9S2 : : :8Sm:9Sm+1: 0, Kozen and Parikh's de
ision pro
edure for L� is alsonon-elementary.MSO formulae with se
ond-order quanti�
ation, unlike �xed point formulae, are ex-pressively su

in
t. A dire
t translation of L� formulae into �nite state automata, with-out intervening MSO formulae, 
ould lead to a more eÆ
ient de
ision pro
edure. Withthis te
hnique Streett provided an elementary time de
ision pro
edure for PDL withlooping and 
onverse [65℄. With Emerson he employed the same te
hnique for L� andobtained a de
ision pro
edure for satis�ability and a proof of the �nite model prop-erty at on
e [64℄. The pro
edure is in elementary time. The 
entral ingredient (besidesthe tree model property) is the relationship between L� and Rabin automata, whi
his established using the fundamental semanti
 theorem. For, the 
onstraint on �xpointregeneration and in�nite repetition is expressible as a Rabin a

eptan
e 
ondition. Nowwe 
an 
onstru
t an automaton that a

epts su
h bounded-bran
hing tree models, by
ombining a �nite-state automaton to 
he
k the lo
al 
onsisten
y (that is, to 
he
k thatthe putative model is a pre-model), and a Rabin automaton to 
he
k that the pre-modelis well-founded. Thus the formula is satis�able if this produ
t automaton a

epts sometree. Now automata theory, see for instan
e [66℄, tells us that (a) this question is de
id-able (b) if su
h an automaton a

epts some tree, it a

epts a regular tree, that is, onethat is the unravelling of a �nite system; this gives the results. Later, Emerson and Jutlaprovided an exponential time de
ision pro
edure (whi
h is optimal) using an improveddeterminization 
onstru
tion and an improved tree automata emptiness test [22℄: thereis an exponential (in the size of the formula) bound on the size of the model.5.3 Alternating parity automataThere is a slight mismat
h between L� models and SnS models be
ause of the �xedbran
hing degree and the expli
it indexed su

essors. However, it is possible to de�neautomata that 
an dire
tly re
ognise L� models by navigating through their transitiongraphs. We de�ne alternating parity automata for this purpose following, for example,[40℄. The only restri
tion is that we assume that Prop is a �nite set (those propositionsthat appear in a starting formula �). A rooted model for a 
losed formula � is a triple(T; s0;V).Re
all the notion of automatonA = (Q;�; Æ; q0; F ) as de�ned in se
tion 4.3. Now thinkof the transition fun
tion of an automaton as a logi
al formula. For a word automaton,if Æ(q; a) = fq1; : : : ; qmg then it is the formula q1 _ : : : _ qn. For a tree automaton ifÆ(q; a) = f(q11 ; : : : ; q1n); : : : ; (qm1 ; : : : ; qmn )g then it is ((1; q11)^ : : :^ (n; q1n))_ : : :_ ((1; qm1 )^: : :^ (n; qmn )): here the element (i; q0) means 
reate an ith-
hild with label q0. A word ortree is a

epted if there exists an a

epting run for that word or tree; hen
e, the disjun
ts.
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uli 23However, for a tree, every path through it must be a

epting; hen
e the 
onjun
ts.In alternating word automata, the transition fun
tion is given as an arbitrary booleanexpression over states: for instan
e, Æ(q; a) = q1^(q2_q3). In alternating tree automata itis a boolean expression over dire
tions and states: for instan
e, ((1; q1)^ (1; q2))_ (2; q3).Now the de�nition of a run be
omes a tree in whi
h, su

essor transitions obey theboolean formula. In parti
ular, even for an alternating automaton on words, a run isa tree, and not just a word. The a

eptan
e 
riterion is as before, that every path ofthe run must be a

epting. An alternating automaton is just a game too where 8 isresponsible for ^ 
hoi
es and 9 for _ 
hoi
es (as in se
tion 4.4).The idea now is to repla
e pairs (i; q0) with simple modal formulae. We de�ne modalautomata whose transition fun
tions appeal to a modal language (similar to modal equa-tion systems). Formally, a modal automaton A = (Q;�; Æ; q0; F ) where Q is a �nite setof states, � is the set }Prop and F is the parity a

eptan
e 
ondition. The transitionfun
tion Æ : Q � � ! B where B is the following set of positive modal formulae (withmodal depth at most 1).� >, ? are in B� If q 2 Q and a 2 L then haiq and [a℄q are in B� If B1 and B2 are in B then B1 _ B2 and B1 ^ B2 are in BThe automaton traverses the modal model, starting at s0 and moving from a states to su

essor states t su
h that s a�! t for some a 2 L, a

ording to the transitionfun
tion. However, not every su

essor may be in
luded and some su

essors may bein
luded multiple times: for instan
e, if q is the 
urrent automaton state for s andÆ(q;Prop(s)) = haip1 ^ [
℄p23 and s a�! s1, s b�! s2, s 
�! s1 and s 
�! s then theautomaton 
hanges state to p1 and moves to s1 in the model, 
hanges to p2 and alsomoves to s1 in the model and 
hanges to p2 and remains at s. As with tree automata, arun of A on a model is a a labelled tree (N; i�!; L0) where N � !* that obeys the treeproperty that if wi 2 N then w 2 N and w i�! wi: a node x 2 N may have in�nitelymany su

essors xi 2 N , as models have no bound on their bran
hing degree. Unlike treeautomata, there is no requirement that 
omplete bran
hes should have in�nite length.In more detail, a run of A on a modal model is a proje
tion of an intermediatestru
ture, a tree with 
omposite labels (N; i�!; L). The labelling L : N ! S �Q whereS is the state spa
e of the model: for the root of the tree, L(�) = (s0; q0). The labelsof a node and its su

essors have to obey the transition fun
tion. First, given a state sof the model let Ms range over mixture subsets f(t; q0) j s a�! t for some a and q0 2 Qg.Next, we de�ne when a subset Ms satis�es a modal formula B, whi
h we write Ms j= B.Ms j= > Ms 6j= ?Ms j= haip i� 9t:s a�! t and (t; p) 2MsMs j= [a℄p i� 8t: if s a�! t then (t; p) 2MsMs j= B1 _ B2 i� Ms j= B1 or Ms j= B2Ms j= B1 ^ B2 i� Ms j= B1 and Ms j= B2GivenA and a rooted model, one grows a labelled tree from the root �with L(�) = (s0; q0).If L(x) = (s; q) and Æ(q;Prop(s)) = B then there is a (possibly empty) set Ms su
h that3Prop(s) is the subset of Prop true at s.
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hild of x is produ
ed for ea
h element ofMs: that is,Ms = fL(xi) jxi 2 Ng.For example, if L(x) = (s; q) and Æ(q;Prop(s)) = haiq1 ^ [a℄q2 ^ haiq3 and in the models a�! si for all i � 0 then a 
andidate Ms is f(s0; q1); (s1; q3); (s0; q2); : : : ; (si; q2); : : :g:here there are in�nitely many su
h 
andidates. The required run is the proje
tion of thetree to states in Q, the tree (N; i�!; L0) whose labelling L0(x) = q if L(x) = (s; q) forsome s. A run is a

epting if all (labellings of) in�nite bran
hes starting from the rootobey the parity a

eptan
e 
ondition F .Given a rooted model (T; s0;V), s0 j= A if there is an a

epting run of A on thatmodel. The following is relatively straightforward (and is reminis
ent of translating toand from boolean equation systems).THEOREM 12.10. For ea
h modal automaton there is an equivalent 
losed formula ofL�, and for ea
h 
losed formula of L� there is an equivalent modal automaton.5.4 Automaton normal formWe 
an now extra
t a semanti
 normal form for L� due to Walukiewi
z [71, 32℄. If� is a �nite set of formulae, (a)� abbreviates V�2�hai� ^ [a℄W�2� �. Every modalautomaton is equivalent to a restri
ted modal automaton. Let � = fa1; : : : ; ang. Thetransition fun
tion is restri
ted: formulae of B are disjun
tions of 
onjun
ts of the form(a1)B1 ^ : : : ^ (an)Bn where ea
h Bi � Q [ f>g. The proof of the following is far fromtrivial and depends on the 
ombinatorial features of automata, espe
ially determinization.THEOREM 12.11. For ea
h modal automaton there is an equivalent restri
ted modalautomaton.A formula is in automaton normal form (anf)4, if it belongs to the following sublogi
,where� P , :P and Z are anfs� If �1 and �2 are anfs, so is �1 _ �2� If � is an anf, then so are �Z:�, �Z:�� If ea
h �i is a �nite set of anfs and ai 6= aj when i 6= j and �+ is a �nite set ofatomi
 propositions and their negations, then (a1)�1 ^ : : : ^ (an)�n ^ �+ is an anfAnf formulae are the 
hara
teristi
 formulae for restri
ted automata. For instan
e, a
lause fhaip; haiqg with respe
t to labels a, b be
omes the formula haip ^ haiq ^ [a℄(p _q) ^ [b℄?.PROPOSITION 12.12. For ea
h restri
ted automaton there is an equivalent anf formula.Therefore, anfs are semanti
 normal forms for L�. We 
an e�e
tively 
onstru
t the anfnormal form for a formula � in positive normal form. First, use Theorem 12.10 to buildan equivalent modal automaton A� for �. Next, use Theorem 12.11 to transform A�into an equivalent restri
ted automaton A+� . Finally, use Proposition 12.12 to 
onvertA+� into an equivalent anf formula �0.An anf formula is weakly a
onjun
tive (although not ne
essarily a
onjun
tive). Aftersimpli�
ation, the anf normal form of the earlier formula �X:�Z:([a℄X _ hbiZ) ^ haiZ4Walukiewi
z terms them \disjun
tive formulae".
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onjun
tive is �X:�Z:(a)fXg_ ((a)fZ;>g^ (b)fZ;>g). In fa
t, 
onjun
tionis even more 
onstraining in anf formulae. Consider, the semanti
 tableau 
onstru
tionfor an anf formula �. The only time we need to apply ^ de
omposition is just before theappli
ation of modal su

essors: assume a state s is labelled with the formula (a1)�1 ^: : :^(an)�n^�+ 2 
l(�). At s it redu
es to its 
omponents (a1)�1; : : : ; (an)�n; �+. If �+is 
onsistent then modal 
hildren s ai�! t are 
reated: however, by the de�nition of (a)ea
h modal su

essor t is labelled with a single anf formula in 
l(�). Therefore, as shownby Walukiewi
z, � is satis�able i� all its �xed point subformulae �X: (X) are repla
edwith  (?) and all subformulae �X: (X) are repla
ed with  (>). To illustrate this,assume � = �X: is satis�able. Consider a rooted model and a least ordinal o su
h thats0 j= �Xo: . Consider its semanti
 tableau with initial state s0 labelled with �. If thereis a des
endent state t that is also labelled with � then t j= �Xo0 : with o0 < o whi
h
ontradi
ts that o is least. Therefore, there is a model for � su
h that no des
endent stateis labelled with �, whi
h is, therefore, also a model for  (?). Consequently, satis�ability
he
king for an anf formula 
an be done in linear time [32℄. To obtain the fmp for anf�, repla
e ea
h subformulae �X: (X) with  (?) and build a semanti
 tableaux for it.For modal su

essors, if at state s, �X: 2 � and (a)� 2 s and some state t is on thepath from the root to s and t is labelled with �X: then let s a�! t: in this way, a �nitemodel for � is 
onstru
ted.6 COMPLETE AXIOMATIZATIONA related problem to de
idability is the question of providing an axiomatization of thetheory of the modal mu-
al
ulus. In his original paper, Kozen presented the axiomatiza-tion as an equational theory whi
h is equivalent to the following.1. axioms and rules for minimal multi-modal logi
 K2. �(�X:�(X))) �X:�(X)3. �( ))  �X:�(X))  Axiom 2 is the axiom for a least �xed point that its \unfolding" implies it and rule 3is Park's �xed point indu
tion rule. The duals of this axiom and rule for greatest �xedpoints are; �X:�(X)) �(�X:�(X)) and if  ) �( ) then  ) �X:�(X).However, despite the naturalness of this axiomatization, Kozen was unable to showthat it was 
omplete. He was, however, able to show 
ompleteness for the a
onjun
tivefragment. In fa
t, a proof works for weak a
onjun
tive formulae using the 
onsisten
yversion of proposition 12.9: if 
 ^ �X: (X) is 
onsistent5 and X is not free in 
, then
^ (�X::
^ ) is 
onsistent. The proof is similar to the tableau 
onstru
tion des
ribedin se
tion 5.1. Given an initial 
onsistent formula in positive normal form one builds atree model: the 
onstru
tion is guided by the proposition above as in the satis�abilityproof.5A formula � is 
onsistent with respe
t to an axiom system if � ) ? is not derivable within theaxiom system. Completeness of an axiom system is equivalent to the statement that every 
onsistentformula has a model (is satis�able).



26 Julian Brad�eld and Colin StirlingCompleteness for the full language remained open for more than a de
ade, until itwas �nally solved by Walukiewi
z in [71℄, who established that Kozen's axiomatizationis indeed 
omplete. The proof is very involved and, in e�e
t, internalises the automatatheoreti
 satis�ability proof des
ribed earlier. It utilises automata normal form and weaka
onjun
tivity. It is more straightforward (as with satisi�ability) to show using tableauxthat if an anf formula is 
onsistent then it has a model. Mu
h harder to prove is thatevery (
losed) formula is provably equivalent within the axiom system to an anf formula.Walukiewi
z utilises games on in�nite tableaux to show this.The following are valid �xpoint prin
iples (whi
h, by duality also are true for �).�X:�Y:�(X;Y )() �X:�(X;X)() �Y:�X:�(X;Y )Arnold and Niwinski 
all these \the golden lemma" of �-
al
ulus [5℄. Other interest-ing valid �xpoint prin
iples in
lude �X:�(X) ) �X:�(X), by monotoni
ity, and thefollowing, due to Niwinski, that generalises that `almost always' implies `in�nitely often'.�X:�Y:�(X;Y )) �Y:�X:�(X;Y )Deriving these prin
iples dedu
tively from Kozen's 
omplete axiom system is by no meanseasy (as opposed to their derivations using the semanti
s).7 ALTERNATIONAs we said earlier, the alternation of �xpoints is what gives L� its expressive power,and also what appears to generate the 
omputation 
omplexity of model-
he
king. Inthis se
tion, we study alternation in more detail. As we have said, the idea is to 
ountalternations of minimal and maximal �xpoint operators, but to do so in a way that only
ounts real dependen
y. The paradigm is `always eventually' versus `in�nitely often': the`always eventually' formula �Y:(�Z:P _ haiZ) ^ haiYis, using a straightforward model-
he
king algorithm, really no worse to 
ompute thantwo disjoint �xpoints, sin
e the inner �xpoint 
an be 
omputed on
e and for all, ratherthan separately on ea
h outer approximant; on the other hand, the `in�nitely often'formula �Y:�Z:(P _ haiZ) ^ haiYreally does need the full double indu
tion on approximants.The de�nition of Emerson and Lei takes 
are of this by observing that the `eventually'subformula is a 
losed subformula, and giving a de�nition that ignores 
losed subfor-mulae when 
ounting alternations. The stronger notion of Niwi�nski, whi
h also has theadvantage of being robust under translation to modal equation systems, also observesthat, for example, �X:�Y:[�℄Y ^ �Z:[�℄(X _ Z) although it looks like a �=�=� formula,is morally a �=� formula, sin
e the inner �xpoint does not refer to the middle �xpoint.The alternation depth referred to in the 
omplexity of model-
he
king is a measure ofalternation that is symmetri
 in � and �. It is possible to give algorithms that 
omputethe alternation depth of a formula [24, 1, 34℄, and this is how the notion was presented by
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uli 27Emerson and Lei. However, for our purposes it is easier to start from a de�nition of 
lassesfor formula, formalizing the idea of `a �=�=� formula' et
.; su
h a de�nition is analogousto the usual de�nition of quantifer alternation for predi
ate logi
, an analogy whi
h willbe exploited later. This was how Niwi�nski [53℄ presented the notion of alternation, andwe follow his presentation.Assuming positive form, a formula � is said to be in the 
lasses �N�0 and �N�0 i� it
ontains no �xpoint operators. To form the 
lass �N�n+1 (resp. �N�n+1), take �N�n [ �N�n ,and 
lose under the following rules:1. if �1; �2 2 �N�n+1 (resp. �N�n+1), then �1 _ �2; �1 ^ �2; hai�1; [a℄�1 2 �N�n+1 (resp.�N�n+1);2. if � 2 �N�n+1 (resp. �N�n+1), then �Z:� 2 �N�n+1 (resp. �Z:� 2 �N�n+1);3. if �(Z);  2 �N�n+1 (resp. �N�n+1), then �( ) 2 �N�n+1 (resp. �N�n+1), provided that nofree variable of  is 
aptured by a �xpoint operator in �.If we omit the last 
lause, we get the de�nition of `simple-minded' alternation �S�n ,that just 
ounts synta
ti
 alternation; if we modify the last 
lause to read `: : : providedthat  is a 
losed formula', we obtain the Emerson{Lei notion �EL�n . (We write just��n when the distin
tions are not important, or when we are making a statement thatapplies to all versions.)To get the symmetri
al notion of alternation depth of �, we 
an de�ne it to be the leastn su
h that � 2 ��n+1 \ ��n+1. To make these de�nitions 
lear, 
onsider the followingexamples:� The `always eventually' formula is �S�2 , but not �S�2 , and so its simple alternationdepth is 2. However, in the Emerson{Lei notion, it is also �EL�2 , sin
e �Y:W ^haiYis �EL�1 and so �EL�2 , and by substituting the 
losed �EL�2 (and in fa
t �EL�1 )formula �Z:P _haiZ forW we get `always eventually' in �EL�2 ; hen
e its Emerson{Lei (and Niwi�nski) alternation depth is 1.� The `in�nitely often' formula is ��2 but not ��2 , in all three de�nitions, and so hasalternation depth 2.� The formula �X:�Y:[�℄Y ^�Z:[�℄(X _Z) is �S�3 , but not �S�3 ; it is also �EL�3 butnot �EL�3 , sin
e there are no 
losed subformulae to bring the substitution 
lauseinto play. However, in the Niwi�nski de�nition, it is a
tually �N�2 : �Y:[�℄Y ^W is�N�1 and so �N�2 ; we 
an substitute the �N�1 formula �Z:[�℄(X _Z) for W withoutvariable 
apture, and so �Y:[�℄Y ^�Z:[�℄(X _Z) is �N�2 ; and now we 
an add theouter �xpoint, still remaining in �N�2 .A natural question is whether the hierar
hy of properties de�nable by ��n formulaeis a
tually a stri
t hierar
hy, or whether the hierar
hy 
ollapses at some point so thatno further alternation is needed. This problem remained open for a while; by 1990, itwas known that �N�2 6= �N�2 [4℄. No further advan
e was made until 1996, when thestri
tness of the hierar
hy was established by Brad�eld [8, 9, 11℄.THEOREM 12.13. For every n, there is a formula � 2 ��n whi
h is not equivalent to any��n formula.



28 Julian Brad�eld and Colin StirlingBrad�eld established this for �N�n , whi
h implies the result for the other two notions.At the same time, Lenzi [43℄ independently established a slightly weaker hierar
hy theo-rem for �EL�n .Lenzi's proof is te
hni
ally 
omplex, and the underlying stratagem is not easy. Brad-�eld's proof appears te
hni
ally 
omplex, but most of the 
omplexity is really just routinere
ursion-theoreti
 
oding; the underlying stratagem is quite simple, and in some wayssurprising. If one takes �rst-order arithmeti
, one 
an add �xpoint operators to it, andone 
an then de�ne a �xpoint alternation hierar
hy in arithmeti
. A standard 
odingand diagonalization argument shows that this hierar
hy is stri
t [9℄. The tri
k now is totransfer this hierar
hy to L�. Simply by writing down the semanti
s, it is 
lear (give ortake some work to deal with the more 
omplex notions of alternation) that if one takes are
ursively presented transition system and 
odes it into the integers, then for a modalformula � 2 ��n, its denotation k�k is des
ribable by an arithmeti
 ��n formula. However,it is also possible, given any arithmeti
 �xpoint formula �, to build a transition systemand a modal formula �, of the same alternation depth as �, su
h that k�k is 
hara
-terized by �. If we take � to be a stri
t ��n arithmeti
 formula, then no ��n arithmeti
formula is equivalent to it, and therefore no ��n modal formula 
an be equivalent to �.The transition system that is 
onstru
ted is in�nite, but by the �nite model property,the hierar
hy transfers down to the 
lass of �nite models.Both proof te
hniques 
onstru
t expli
it examples of hard formulae. Brad�eld's ex-amples have the form�Xn:�Xn�1: : : : �X1:[
℄X1 _ ha1iX1 _ : : : _ haniXn:There are further questions one 
an ask about the alternation hierar
hy. For example,is it still stri
t even on the binary tree? The answer is yes, given independently byBrad�eld [10, 11℄ and Arnold [3℄ { the latter also gives a ni
e alternative proof of themain theorem, using topologi
al methods rather than 
omputability methods.A more interesting question, and one that is still open, is: given a formula, what isits `semanti
' alternation depth? That is, what is the least alternation depth of anyequivalent formula? Otto [55℄ showed that it is de
idable whether a formula is equivalentto an alternation-free formula, and then K�usters and Wilke showed [41℄ it for alternationdepth 1. De
idability is not known for higher levels.8 BISIMULATION INVARIANCEA hallmark of modal logi
 is bisimulation invarian
e: if s j= � and s and s0 are bisimu-lation equivalent then s0 j= �. As we have seen, this remains true for L� formulae. Inlogi
, in general, stru
tures are viewed as equivalent when they are isomorphi
. However,in 
omputation when stru
tures represent behaviour of systems weaker forms of equiv-alen
e, su
h as automata a

eptan
e equivalen
e or bisimulation equivalen
e, are moreappropriate; see, for example, Milner [51℄.8.1 L� and MSOLA modal formula 
an be translated into an equivalent bisimulation invariant �rst-orderlogi
 formula (over transition graphs) with one free variable. The translation is merely
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s. Let �[x℄ be the translation of � with free variable x: for instan
e, P [x℄ =P (x) and hai�[x℄ = 9y: x a�! y^�[y℄. Clearly, s j= � i� �[s℄ holds. Van Benthem provedthe 
onverse: a bisimulation invariant �rst-order logi
 formula with one free variable isequivalent to a modal formula. Modal logi
 is the bisimulation invariant fragment of�rst-order logi
.The question is whether there is a similar result for 
losed formulae of L�. As wehave seen, there is an intimate relationship between L� and automata, games or SnS.None of these notations provide an obvious semanti
s for L� formulae. Monadi
 se
ond-order logi
 (MSOL) of transition graphs extends �rst-order logi
 with quanti�
ation overmonadi
 predi
ates. With this addition we 
an translate L�.�Z:�[x℄ = 9Z:(8y:Z(y)) �[y℄)) Z(x)So, an L� formula is translated into an equivalent bisimulation invariant MSOL formulawith one free variable. Remarkably, the 
onverse is also true, as proved by Janin andWalukiewi
z [33℄.THEOREM 12.14. A bisimulation invariant MSOL formula with one free variable isequivalent to an L� formula.In other words, L� is the bisimulation invariant fragment of MSOL.The proof of this theorem is intri
ate and again illustrates the poten
y of automata.The authors de�ne an !-expansion of a rooted model whi
h is like the usual unravellingof the system into a tree, with the addition that the tree 
ontains !-many 
opies of everysu

essor node. If �(x) is a bisimulation invariant MSOL formula and �(s) holds wheres is the root of a model then �(s) remains true for the !-expanded model.The proof uses modal automata from se
tion 5.3. The transition fun
tion is de-�ned using a simple modal language. If the automaton is in state q and at state sin the modal model and Æ(q;Prop(s)) = B then there is a mixture set Ms j= B whereMs � f(t; q0) j s a�! t for some a and q0 2 Qg. Instead of simple modal formulae B,the automaton 
ould employ �rst-order formulae with one free variable B[x℄. Now, forinstan
e, Ms j= 9y:x a�! y ^ p[y℄ i� (t; p) 2 Ms for some t su
h that s a�! t. Criti
ally,there is also a similar automata 
hara
terisation of MSOL formulae on trees. The tran-sition fun
tion Æ : Q� � ! B0 where B0 is very similar to B[x℄ ex
ept that it involvesinequalites. When in CNF, formulae B0[x℄ have the form9y1; : : : yn:(î6=j yi 6= yj ^x a1�! y1 ^ p1[y1℄^ : : :^x an�! yn ^ pn[yn℄^8z:^ z 6= yi ^ (z; x)where  (z; x) 
aptures the \box" formulae. The inequalities are e�e
tively redundant inan !-expanded model. The formulae B0[x℄ 
ollapse to B[x℄ with respe
t to these models.Van Benthem's theorem also holds for �nite models: modal logi
 is the bisimulationinvariant fragment of �rst-order logi
 with respe
t to �nite models. It is an open questionif this is true for L� and MSOL.8.2 Multi-dimensional L� and PtimeA major interest is 
lassifying logi
s a

ording to their expressive power. Computation-ally, we 
an ask whether there are logi
s that 
hara
terize 
omplexity 
lasses. A 
lassi




30 Julian Brad�eld and Colin Stirlingresult is that existential se
ond-order logi
 exa
tly 
aptures NP properties of �nite stru
-tures. A key open problem is whether there is su
h a logi
 for PTIME properties. (For�nite stru
tures with a linear ordering the PTIME properties are exa
tly 
aptured byleast �xed point logi
 of se
tion 9.2.) However, Otto shows that bisimulation invari-ant monadi
 PTIME properties (of modal stru
tures) is logi
ally 
hara
terizable by amulti-dimensional L� [54℄.For simpli
ity, assume �nite L� rooted stru
tures whose label set is a singleton and letProp be �nite. Formulas of L� are interpreted with respe
t to a single state. Considerinstead k-tuples of states (s1; : : : ; sk). Given su
h tuples we 
an de�ne transition relationsi�!, for ea
h i : 1 � i � k: (s1; : : : ; sk) i�! (t1; : : : ; tk) if si �! ti and sj = tjfor all j 6= i. Otto de�nes the logi
 L�k (with L� = L�1). Formulae may 
ontainvariables xi, 1 � i � k. Atomi
 formulae have the form Pxi: (s1; : : : ; sk) j= Pxi i�P 2 Prop(si). Modal formulae have the form hii� and [i℄�. Formulae are 
losed underboolean 
onne
tives. There is a substitution operation � : f1; : : : ; kg ! f1; : : : ; kg: �� isthe formula �fx�(1)=x1; : : : ; x�(k)=xkg. Finally, �xed points are k-ary: �X(x1; : : : ; xk):�(and are interpreted as in se
tion 9.2). Formulae of L�k are bisimulation invariant. Thelogi
 that 
hara
terizes bisimulation invariant monadi
 PTIME are the monadi
 formulaeof Sk>0L�k. Cru
ially, for k > 1, bisimulation equivalen
e is de�nable in L�k.�X(x1; : : : ; xk): ^P2PropPx1 , Px2 ^ [1℄h2iX(x1; : : : ; xk) ^ [2℄h1iX(x1; : : : ; xk)For 
anoni
al �nite rooted models (rooted models quotiented with respe
t to bisimulationequivalen
e) one 
an de�ne a linear ordering on states via bisimulation inequivalen
e.So, ea
h PTIME property is de�nable in least �xed point logi
 and, in fa
t, in some L�k.8.3 Bisimulation quanti�ers and interpolationIn previous se
tions, a number of standard logi
al questions about the L� have been
overed, su
h as satis�ability, 
ompleteness, et
. These were all addressed, if not solved,early in the history of the logi
. There are other standard questions about logi
s whi
h,perhaps surprisingly, were not addressed until quite re
ently. In this subse
tion, wedes
ribe brie
y work on interpolation theorems and related issues. A key ingredient inthese proofs is again alternating parity automata; another ingredient is an interestingnotion of `bisimulation quanti�er'.A logi
 enjoys the Craig interpolation property if whenever � )  , then there is athird formula �, using only those atomi
 symbols o

urring in both � and  , su
h that� ) � )  . The uniform interpolation property requires further that to �nd �, itsuÆ
es to know only one of � or  and what the 
ommon language is. (That is, one 
an
onstru
t the strongest formula implied by � in a given language, or the weakest formulaimplying  in a given language.) Maksimova showed [47℄ that most 
ommon temporallogi
s do not have interpolation. In [16℄, d'Agostino and Hollenberg show that L� hasinterpolation, and even uniform interpolation, as we now sket
h.Let � be a senten
e, and P an atomi
 proposition o

urring in �. The aim is to
onstru
t a formula e9P:� whi
h is the strongest impli
ate of � in the language omittingP . This 
an be done by using results of the Janin{Walukiewi
z paper dis
ussed earlier:translate � into an MSOL senten
e ~�, quantify it (in MSOL) to form 9P:~�, and then applythe 
onstru
tion mentioned to produ
e again an L� formula (9P:~�)_, whi
h is true in
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uli 31any rooted stru
ture whose !-expansion satis�es 9P:~�; but if a stru
ture satis�es �, thenits !-expansion satis�es 9P:~�, sin
e the original valuation of P provides a witness. Withsome more te
hni
al lemmas, it is shown that (9P:~�)_ is indeed the uniform interpolantof � with respe
t to the vo
abulary omitting P , and this is the de�nition of e9P:�. Asimilar de�nition and 
onstru
tion also works for a
tion labels: e9a:� is the strongestimpli
ate of � in the language omitting the label a.The reason for the notation e9P:� is that from the 
onstru
tion, it 
an be seen thata rooted stru
ture satis�es e9P:� i� there is a bisimlation equivalent rooted stru
ture inthe vo
abulary ex
luding P that satis�es �.In the above, e9P:� was, by de�nition, an L� formula. It is natural to ask whetherbisimulation quanti�ers 
an give the same expressive power as the �xpoint operators. Itturns out to be not suÆ
ient to add e9 to modal logi
; but [16℄ does show that adding e9to PDL gives L�.The te
hniques used here also give further results. One of the most satisfying is aLyndon theorem: if an L� senten
e is monotone in a proposition P , then it is equivalentto a senten
e positive in P . The proof is intri
ate.9 GENERALIZED MU-CALCULIWe have seen that L� has many ni
e properties. One interesting thread of resear
h inre
ent years has been the investigation of why it enjoys these properties { is it be
auseit is a modal �xpoint logi
, be
ause it is a �xpoint logi
, or what else? In this se
tion,we will brie
y survey some of these investigations, and some of the more interestinggeneralizations of L�.9.1 L� with pastA simple extension of L� is to in
lude 
onverse labels a: t a�! s i� s a�! t. Modalities
an now in
lude 
onverses. L� with 
onverse fails to have the �nite model property:�X:hai(X ^ �Y:[a℄Y ) is only satis�able in an in�nite state model. However, it retainsboth the tree model property and de
idability of satis�ability (without an in
rease in
omplexity). The de
idability proof uses two-way automata, alternating parity automataof se
tion 5.3 whose modal language is extended with 
onverse modalities [69℄.9.2 Least �xpoint logi
Modal logi
 is a monadi
 fragment of �rst-order logi
. L� is su
h a fragment of least�xpoint logi
, or LFP, obtained by adding �xpoint 
onstru
tors to �rst order logi
. It isprimarily studied in the �eld of �nite model theory; in the realm of in�nite models, it isrelatively little used, though o

asionally used by set theorists as part of the theory ofindu
tive de�nability. Finite model theorists use various notations, but usually do not use� and �, preferring to write LFP/GFP or lfp/gfp. We shall sti
k to a mu-
al
ulus-likenotation.Assume the usual apparatus of �rst order logi
 over some stru
ture S. LFP is obtainedby adding relation variables X;Y; : : : of given arities, and a least �xpoint operator � whi
hforms relation terms �X; ~x:�, where ~x is a tuple of arity(X) individual variables, and therelation variable X o

urs only positively in �. Assuming a valuation for the other free
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s of �X; ~x:� is the least �xpoint of the map Sn ! Sn, wheren is the arity of X , given by T 7! f~x : �[X := T ℄g.LFP has the following properties (refer to a textbook su
h as [19℄ for proofs, and fordetails of results mentioned in this se
tion without 
itations):� On �nite models with a built-in linear order, LFP 
aptures polynomial time, whi
hmakes it useful for 
omplexity theorists. (A logi
 L 
aptures a 
omplexity 
lass Cif every set in C 
an be de�ned by a formula of L, and 
onversely every L-de�nableset is in C.)� On �nite models, the �xpoint alternation hierar
hy 
ollapses, so that any LFPproperty 
an be expressed with a single �xpoint; provided that the arity of relationsymbols is not bounded. If the arity is bounded, then the �xpoint hierar
hy doesnot 
ollapse.� LFP does not have the �nite model property.� Satis�ability is unde
idable.LFP retains a fundamental semanti
 theorem whi
h 
an be presented as a model-
he
king game as in se
tion 4.4. The game is now played on an arena of formulae�[s1; : : : ; sn℄ with elements si of the model for individual variables. The initial posi-tion is the starting 
losed formula �0 in positive normal form. 8 is responsible formaking a move from a position (� ^  )[s1; : : : ; sn℄, where the available 
hoi
es aref�[s1; : : : ; sn℄;  [s1; : : : ; sn℄g, and from a position 8xn+1:�[s1; : : : ; sn℄, where the avail-able 
hoi
es are the set f�[s1; : : : ; sn; s℄ j s 2 Sg. 9 is responsible for _ and existentialquanti�
ation. Final positions are of the form P [s1; : : : ; sn℄ and :P [s1; : : : ; sn℄. 9 winssu
h a position if it is true. Again, 9 wins an in�nite play if the outermost �xed pointvariable Y that o

urs in�nitely often in the play is a �-variable. 9 has a history-freewinning strategy i� the initial formula is true of the stru
ture.9.3 Finite variable �xpoint logi
sOne of the topi
s studied in �nite model theory is the �nite variable fragments of FOL.These are the fragments FOLk where the number of distin
t variable names in a formulais restri
ted to a �nite value k. Ordinary modal logi
 is obviously embeddable in FOL2;there are several features of modal logi
 that are generalizable in some sense to FOL2; andby adding 
ertain operators to modal logi
, one 
an regain FOL2, albeit less su

in
tly[45℄. Moreover, FOL2 is reasonably tra
table, and the de
idability of modal logi
 followsfrom the de
idability of FOL2, whi
h in turn follows from the fa
t that, like modal logi
and L�, it enjoys the �nite model property.It is therefore natural to wonder if the good properties of modal mu-
al
ulus might beexplained by 
onsidering the �nite variable fragments of LFP.However, in a well-known paper `Why is modal logi
 so robustly de
idable?' [68℄, Vardianalysed the relationship between modal logi
 and FOL2 more 
arefully, and argued thatit does not adequately explain the good properties of modal logi
. Furthermore, whenone passes to the �xpoint version, it is even more inadequate: for example, although L�is de
idable, LFP2 (and L�2) is not de
idable.It appears, then, that �nite variable �xpoint logi
s have little to say about L�. Sowhat are the more useful related logi
s?
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uli 339.4 Guarded fragmentsIn [68℄, Vardi argued that the tree model property is responsible for the good behaviourof L�, and CTL. FOL2 does not have this property. However, it turns out that there arefragments of FOL whi
h do retain the tree model property or some suitable generalizationof it. The dis
overy of these fragments needed a new per
eption of the 
hara
teristi
features of modal logi
 seen as a fragment of FOL.The fa
t that modal logi
 lies in FOL2 is obvious. Somewhat less obvious is anotherproperty of the FO translations of modal logi
 formulae: guardedness. A FO quanti�-
ation is guarded if it has the form 8~y:�(~x; ~y) ) �(~x; ~y) or 9~y:�(~x; ~y) ^ �(~x; ~y), where�(: : :) is an atomi
 formula (i.e. � is a relation symbol or the equality symbol), and ~xin
ludes all the free variables of �. That is, when a quanti�ed variable is introdu
ed, itsvalues must be 
onne
ted by some relation to the values of the other variables mentionedin the formula. In the 
ase of modal logi
, the guards are the edge relations.Guardedness was proposed by Andr�eka, van Benthem and N�emeti [2℄ as a betterexplanation of the robust de
idability of modal logi
. The guarded fragment GF of�rst-order logi
 has many of the ni
e properties of modal logi
, for example� GF is de
idable.� GF has the �nite model property.� GF has the appropriate generalization of the tree model property, namely that ifa formula has a model, it has a model of `bounded tree-width'. (Tree width is agraph-theoreti
 de�nition whi
h measures how far a graph is from being a tree.)� GF-equivalen
e 
an be 
hara
terized by a guarded bisimulation, as modal equiva-len
e is 
hara
terized by bisimulation.Gr�adel and Walukiewi
z [29℄ studied the guarded fragment GFP of LFP. The synta
ti
formation rule for �xed points is: if �(Y; ~x) is a guarded formula, Y o

urs positively andnot in the guards and all free variables of �(Y; ~x) are 
ontained in ~x then �Y (~x):�(Y; ~x) isa formula of the guarded fragment of LFP. This fragment retains the tree model propertybut not the �nite model property, making it a better meta-language for L� than LFP2.An interesting �rst result 
on
erned the 
omplexity: satis�ability for GFP is 2EXPTIME-
omplete. Gr�adel had earlier shown [27℄ that GF itself has 2EXPTIME satis�ability, sothis is a situation where adding �xpoints does not in
rease 
omplexity - a surprisingresult. However, it turns out that this depends on the unbounded width of formulae -the number of free variables in subformulae. If the width is bounded, then satis�abilitydrops to EXPTIME-
omplete, whi
h agrees with that of L�. The de
idability proof usestwo-way alternating parity automata.9.5 In
ationary mu-
al
ulusIn �nite model theory, as well as to some extent in 
lassi
al de�nability theory, extensionsof LFP have been studied whi
h relax the requirement for the body of a �xpoint operatorto be monotone. One su
h is in
ationary �xpoint logi
 (IFP). In IFP, the semanti
s ofthe �xpoint operator (usually written ifp in the �nite model theory literature, but here



34 Julian Brad�eld and Colin Stirlingwritten �I) is modi�ed. Rather than being de�ned as a �xpoint, it is de�ned in terms ofapproximants; and then at ea
h approximant, the previous approximant is unioned in:k�IZ�:�kTV = Z<� [ k�kTV[Z:=Z<�℄On �nite stru
tures, IFP and LFP have long been known to be equi-expressive, and re-
ently Kreutzer showed [39℄ that indeed they are equi-expressive on arbitrary stru
tures.In [18℄ Dawar, Gr�adel and Kreutzer de�ne in
ationary modal mu-
al
ulus, by using theabove de�nition for �xpoints, and show that it is more powerful than L�, and 
omplexin many ways. It does not have the �nite model property, and it 
an express non-regularproperties. Satis�ability is unde
idable and even non-arithmeti
, sin
e it is possible tointerpret arithmeti
, by using the height of nodes in a well-founded tree as numbers. Onthe 
lass of �nite models, the in
reased power results in a model-
he
king 
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