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Abstract tomata. The mechanism involved, the use of a “focus”,
is both explicit and transparent, and underpins a novel ap-
We introduce a simple game theoretic approach to satisfi- proach to developing complete axiom systems for temporal
ability checking of temporal logic, for LTL and CTL, which logic. The axiom systems are naturally factored into what
has the same complexity as using automata. The mechahappens locally and what happens in the limit. The com-
nisms involved are both explicit and transparent, and un- pleteness proofs use the game theoretic constructiontfor sa
derpin a novel approach to developing complete axiom sys-isfiability: if a finite set of formulas is consistent then tae
tems for temporal logic. The axiom systems are naturally is a winning strategy (and therefore construction of an ex-
factored into what happens locally and what happens in the plicit model is avoided).
limit. The completeness proofs utilise the game theoretic ~ Although the origin of these games is model checking
construction for satisfiability: if a finite set of formulas i  CTL* [12], it remains to be seen if the game technique
consistent then there is a winning strategy (and therefore extends to satisfiability checking of CTLand modaly-
construction of an explicit model is avoided). calculus. Moreover, it remains to be seen if the technique is
practically viable for testing satisfiability of LTL and CTL

1 Introduction 2 LTL

_ The automata th_e(_)retic approach to satisfiability check- e present LTL [7] in positive form, where only atomic
ing for temporal logic is very popular and successful [6,.17]  formulas are negated. LEtop be a family of atomic propo-
However there is a cost with the involvement of automata sitions closed under negation, whereq = ¢, and contain-
mechanisms and in particular the book keeping implicit in jng the constantst (true) andt£ (false). Formulas of LTL

the product construction, when a local automaton is pairedare built fromProp using boolean connectivesand/, the

with an eventuality automaton. While this is not an imped- unary temporal operatoX (next) and the binary temporal
iment for checking satisfiability it appears to be for other connectived’ (until) and its dualr (release).

formal tasks such as showing that an axiomatisation of a  \\e assume a usuatmodel for formulas, consisting of
temporal logic is complete. When proving completeness, an infinite sequence of states which are maximal consistent
one needs to establish that a finite consistent set of fosnula sets of atomic formulas. A statetherefore obeys the con-

is satisfiable. Itis not known, in general, how to plug into gition that for anyg € Prop, ¢ € s iff =q & s, andtt € s
such a proof automata theoretic constructions (such as prodands ¢ s. The semantics inductively defines whenuan

uct and determinisation) for satisfiability. Instead s@nd  sequence of statessatisfies a formul@, written o = ®.
completeness proofs either appeal to “canonical” str@stur | the case of) € Prop, o = ¢ iff ¢ is in the initial state of
built from maximal consistent sets [15, 8] or tableaux which . The clauses for the boolean connectives are as usual. If
explicitly build models from consistent sets, as illust@t  , — 5 5, ... andi > 0theno’ = s;s;.1 . . . is theith suffix

by the delicate proofs of completeness for CTl4] and  of 5. The remaining clauses are as follows.
modaly-calculus [18], and even the proofs of completeness

for LTL [7, 13] (future linear time logic) and CTL [5] (com- clEX® iff olE®
putation tree logic). ocE®UY iff Fi>0.0' E ¥and

In this paper we introduce a simple game theoretic ap- Vi:0<j<iol o
proach to satisfiability checking of temporal logic, for LTL o= ®RY iff Vi>0.0'FE Vor

and CTL, which has the same complexity as using au- 3j:0<j<iol=®



We assume that'V (eventually?) abbreviatestU ¥ and The problem of which fixed points are regenerated dis-
its dualGV (always¥) abbreviatesf RV. The meanings  appears in the automata theoretic approach to satisfiabilit
of U and R are determined by their fixed point definitions, [17]. Roughly speaking, the decision tree is then only part
®UV is the least solution tae = ¥ Vv (& A X«) whereas  of the story. Itis captured by the “local” automaton and one
DRV is the largest solution af = U A (P V Xa). also needs to factor in the “eventuality” automaton which
A formula @ is satisfiable if there is a model such automatically deals with regeneration of fixed points, and
thatoc = @. In the naive tableau approach to deciding therefore the problem does not arise. However the cost is
satisfiability, one constructs an “or” decision tree. The the use of the product construction between the two au-
root is a finite set of initial formulas, and the decision tomata. While this is not an impediment for checking satis-
guestion is whether their conjunction is satisfiable. Child fiability it appears to be for other formal tasks such as show-
nodes are produced by local rules on formulas. A node ing that an axiomatisation of a temporal logic is complete.
T'u{® A T} has childl U {®,T}. Anodel'U{®V T} We now show that a simple game theoretic approach to
has two childreTU{®} andT"U{¥}. FormulasbU ¥ and satisfiability checking, where the mechanisms are both ex-
PRV are replaced by their fixed point unfolding,V (® A plicit and transparent, has the virtue that it also lead sty v
X(@UT))and¥ A (D vV X (PRYT)). After repeated appli-  simple proofs of completeness for both LTL and CTL.
cations of these rules, a node without children has the form
{1, -, qn, XP1,..., XP,,}, where eachy; € Prop. If 3 Games for LTL
the setP = {q1,...,¢,} is unsatisfiable then the node
is an unsuccessful leaf. [P is satisfiable andn = 0
then the node is a successful leaf. Otherwise a new child,
{®4,...,D,,} is produced, which amounts to moving to a

new state. . )
choices aré/-choices for the playey. The role of played

Nodes with until or release formulas may continually . o o
produce children, and therefore one also needs another cri> that of verifier, *| want to show that the initial set of for-

terion for when a node counts as a leaf. An obvious candi- Mulas is satisfiable” whereas the rolevis that of refuter,

date is when a node is a repetition, contains the same for- I want to show that the initial set of formulas is unsatisfi-

mulas as an earlier node (and in between there is at Ieas"flble”' In aposmo_rl“, 1V, playerd _chooses the qlsjur.mt

one application of the new state rule). Whether or not such ®;, and play cont_lnu.es from the posn@h_@-. The ideais

a leaf is successful will depend on whether formulas are thethat_3 (V)_ha_ls awinning st_rategy iff the initial set of formu-

result of the fixed point unfolding of a release or an until las is satisfiable (unsatisfiable). )

formula. A repeat ofd R¥ should be successful whereas a We need fo forc:a _plgyez‘ to makg choices. A new com-

repeat ofbU/ U is unsuccessful. ponent, the “focus”, is introduced into a set.qf folrrr?ulas for
Consider the following example decision tree, where set this purpose. One of the formulas n a position is in focus.

braces are dropped (and andff are dispensed with and We write [2], I' to represent the positioh U {®} when®

so the unfolding o'W is ¥ v X F'¥ and the unfolding of is in focus. Playe¥ chooses which formula is in focus. If
G is U A XGU). it is an “and” formula thery chooses which subformula to

keep in focus. During a play may also change mind, and
move the focus to a different formula.

In the naive tableau approach to satisfiability there are
or” choices but there are no “and” choices. Recasting as a
game, “or” choices arg-choices for the playet and “and”

Fq, XGF . . . . .

¢ XGlq Given a starting formul&@, (the conjunction of the ini-

gV XFq,XGFq tial formulas) we will define its focus gam@(®,). The
0. XGFq XFq XGFq set of_subformulas_ obg, Sul(®y), is deflneq as expected_
2 T Next —27 7 7 Next but with the requirement that the unfolding of an until

GFq Fq,GFq TV (P AX(PUW))is a subformula oftU¥ and the un-

folding of a releasd@ A (& vV X (®RW)) is a subformula of

FgAXGFg  Fq,FqAXGFq g (@ VX (ORT))

®RY. A position in a play ofG(®,) is an elemen{®],T

Fq,XGFq Fq,XGFq where® € Sub(®y) andI’ C Sub(®q) — {®}. A play

of the gameG(®y) is a sequence of positiody P, ... P,

Next labels a transition to a new state. Both leaves in thiswhereF, is the initial position[®,], and the change in po-
tree are repetitions of the root. However the left leaf sdoul sition P; to P, is determined by one of the moves of Fig-
count as successful because the formiilaat the initial ure 1. They are divided into three groups. First are rules for
node is “fulfilled” in the left branch, giving the mode} Jwho chooses disjuncts in and out of focus. Second are the
whereq € sg. In contrastF'q is not fulfilled in the right moves for playe¥ who chooses which conjunct remains in
branch and is thereby “regenerated”, and therefore the righ focus and who also can change focus with the rule change.
leaf should count as unsuccesful. Finally, there are the remaining moves which do notinvolve




Player 3

[@oV &1],T  [®], D¢V &y,T
[(I)l]vr [(I)],(I)“F
PlayerV
[(I)O/\(I)l]ar [q)]a\IIaF change
[q)i]vq)lfivr [\I/],(I),F s
Other moves
[@UW], T [®'], oUW, T

UV (®AX(@UE),T [,V (dAX(GUT)),T

[®RU],T
[UA(®VX(PRD))],T

(@], ®RY,T
[@], U A (@ V X(PRV)),T

[D], Do A Dq,T
[(I)],(I)(),(I)l,r

[X(I)l],...,X(I)m,ql,...
[D4],..., P,

> dn next

Figure 1. Game moves

any choices, and so neither player is responsible for them.L1U¥1 ..

These include the fixed point unfolding of until and release
in and out of focus, the removal of out of focus and the

next state rule, next, where the focus remains with the sub-

formula of the next formula in focus. It is therefore incum-
bent onv to make sure that aX formula is in focus when
next is applied.

The next ingredient in the definition of the game is the
winning conditions for a player, when a play counts as a
win.

Definition 1 Playery wins the playP,, ..., B, if
1.

2.

P,is[g],Tand gisff or—q € T') or

P, is [2UY],T and for some < n the positionP;
is [@U Y], T and betweerP; ... P, playerV has not
applied the rule change.

Thereforev wins if there is a simple contradiction or a re-
peat position with the same until formula in focus and no
application of change between the repeats.

Definition 2 Playerd wins the playP, .. ., P, if

1. P,is|q],...,q, @and{q,...,q,} is satisfiable or
2. P, is [®RY],T and for some < n the positionP; is
[®RY],T or

3. P, is [@],T and for somei < n the positionP; is
[®],T and betweerd; . .. P,, playerV has applied the
rule change.

So 3 wins if playerV is unable to focus on & formula

so that next can be applied when the atomic formulas are
satisfiable. The other two conditions cover repeat position
First is the case if the repeat position has the same release
formula in focus, and second is the case of a repeat when
the same formula is in focus and change has been applied
between the repeat positions. The following upper bound
on the length of a play is obvious.

Fact 1 Every play of G(®() has finite length less than
|Sub(®g)| x 2/8ub(®o)l,

A player wins the gamé&(®,) if the player is able to win
every play of the game, that is has a winning strategye
following is a simple consequence of Fact 1 and the fact that
the winning conditions are mutually exclusive.

Fact 2 Every gamés(®,) has a unique winner

Next we come to the game characterisation of satisfiabil-
ity, which we split into two halves.

Proposition 1 If 3 wins the gamé& () then®, is satisfi-
able

Proof: Assume3 wins the gameG(®,). Consider the
play whereV uses the following optimal strategy. Let
., ®,UV¥,, be a priority list of all until subfor-
mulas of ®,, in decreasing order of size. We say that
®UV is present in a positio® if either UV € P or
UV (®AX(PUY)) € Por X(®UV¥) € P. Playery
starts with the focus o®. If the formula in focus is a
release formulab RV and ¥ contains an until subformula
thenV choosesl when the release formula is unfolded. If
the formula is a conjunction thenchooses a conjunct with
an until subformula. If the focus remains on a release for-
mula or ends up on a memberffop thenv changes focus,

if this is possible, to the until formula which is presentliet
position and which is earliest in the priority list. If thedios

is on an until formula®;U¥; thenV keeps the focus on it
until it is “fulfilled”, that is until player3 choosesl; when

it is unfolded. This until formula is then moved to the end
of the priority list. Playetv then changes focus to the ear-
liest until formula in the priority list which is present ihe
position, if this is possible. This argument is then repgate
By assumption playefl wins against this strategy, and the
play has finite length. It is now straightforward to extract
an eventually cyclic model from the play, where every until
formula present in some position will be fulfilled. O

Next we prove the converse of Proposition 1. One proof
is to show how a winning strategy fatr can be extracted

1Formally a winning strategy, see for example [9], for plajds a set
of rules of the form, if the play so fari$% . . . P, andP, is[®qV®4], T
([®], o V ®1,T) then choosg¢®;],I" ([@], ®;,I"). Similarly for player
V. A play obeysr if all the moves played by the player obey the rules in
7. A strategyr is winning for a player if she wins every play in which she
usesr.



from a model of®,. However we provide an alternative
proof which is the key to obtaining a complete axiom sys-
tem. We utilise an observation from fixed point logics about
least fixed points. Given Park’s fixed point induction prin-
ciple (1) below and that a fixed point is equivalent to its un-
folding (2), Lemma 1 below holds (as observed by a num-
ber of researchers, for instance [10, 15, 19]). Standard sub
stitution is assumedy {®/Y} is the replacement of all free
occurrences oY in ¥ with ®. Moreover we write= ® to
mean® is valid (true everywhere in all models).

(1)
(2)

Lemmal If Y is not free in® and® A pY. U is satisfiable
then the formulab A T{(uY. -® A ¥)/Y'} is satisfiable

Proof: Suppose® A pY. U is satisfiable, bute
U{(uY.-® ATV)/Y} — —=®. Therefore= U{(uY.-® A
U))Y}Y — =@ A T{(pY.~® A ¥)/Y}. Hence by(2)
E U{(uY.-® AP)/Y} — pY.—-® A T and so by(1)
E uY. ¥ — =& which contradicts tha® A pY. U is satis-
fiable. O

if EY{®/Y} — ®then FuY. ¥ — &
EuY. ¥ o U{uy. v/Y}

Lemma 1 sanctions the following property of until un-
folding.

Lemma 2 If &’ A (PU V) is satisfiable the®’ A (T V (P A
X (@A -DHYU(T A—D')))) is satisfiable

Proof: Assumed’ A (DU V) is satisfiable. So there is a
modelo such thato = @' ando = ®UY, and therefore
o' = Vando/ = ®forj:0<j < i, forsomei > 0.
Also assume@’ A (T V (DA X ((DA-D)U (T A-D)))) is
not satisfiable, and so the following validity holgs®’ —
(TA(-PVX((-PVD')R(~TVD)))). Because = @
thereforeoc = =0 A (=@ V X ((—~® V &' )R(—-T V &'))).
Soo = -V and because = ®UV it follows thato =
®. And soc = X ((=® Vv ®')R(—-T v &')), and therefore
ol = (=@ Vv ®)R(~¥ Vv ). And soo! = -V v @ and
ol = V'V X ((~BVP)R(-TVP)). If o' = &' then
o' = -V by the valid formula above, and sd = —¥
and because! = UV it follows thato! = @, and so
ol E X((=® Vv ®)R(~¥ v @')). The argument is now
repeated for subsequemt, j > 0, which contradicts that
o= dUD. O

Proposition 2 If ¢ is satisfiable then playefl wins the
gameG(Do).

Proof: Assume thatd, is satisfiable. We show that
player 3 wins the gameG(®,). The idea is tha8 al-
ways chooses a move which preserves satisfiability (and
v has to choose moves which preserve satisfiability). |If
T A (Pg Vv @q) is satisfiable the® A ®; is satisfiable for

at least onei € {0,1}, and so played chooses such

an i. If the position is[®@U¥],T" where the until for-
mula is in focus then playef adorns the interpretation
of it when it is unfolded,[¥ Vv (& A X(®_pUT_1))],T
where®_r and U_r are to be understood as A = AT
and ¥ A - AT. This adornment, which is justified by
Lemma 2, is repeated as long as the until formula is in fo-
cus. WheneveY changes mind, an adorned until subfor-
mula®_p, n.. a-r, UV-r, A...A-T, lOSES its adornment and
is returned to its intended interpretatid/ . Now it is
easy to see that can never win. Condition 1 of the win-
ning condition forv can not be reached becauspreserves
satisfiability. And condition 2, the repeat position, canhno
occur becausg= 1 a. A-1, U%-r, A AT, — AT

O

Proposition 3 The complexity of deciding the winner of
G(®y) is in PSPACE

Proof: Consider the tree of all plays i6(®,) where the
position of the focus is completely determined by the strat-
egy described in the proof of Proposition 1, above. Player
3 wins G(®,) iff there exists a path in this tree such that
wins the play of this path. An algorithm P can nondetermin-
istically choose this path. The required space is polynbmia
in the size of the input. P only has to store a counter and
two configurations: the actual one which gets overwritten
every time a new game rule is applied, and the one which is
repeated in casgwins the play with her winning condition

2 or 3. The latter can be chosen nondeterministically, too,
and gets deleted every time the rule change is applied. The
counter is needed to terminate the algorithm if it did not find
a repeat aftefSub(®g)| * 2/5P(®0)l configurations. Notice
that the size of the counter also is polynomial in the length
of the input|®|. Hence by Savitch’s Theorem the problem
can be solved in PSPACE. |

4 A complete axiomatisation for LTL

The game theoretic characterisation of satisfiability of-
fers a simple basis for extracting a complete axiom sys-
tem for LTL. Given an axiom systerA a formula® is A-
consistent ifA t/ —=®. The axiom systenf\ is complete
provided that for any® if ¢ is A-consistent the® has a
model. In this framework this becomes

(*) if @ is A-consistent thed wins the games(®).

The axiom syster for LTL is presented in Figure 2. The
axioms and rules were developed with the proofof in
mind. Axioms 1-6 and the rules MP and XGen provide “lo-
cal” justifications for the rules of the focus game for LTL,
and axiom 7 and the rule Rel captut's winning strategy.

Theorem 1 The axiom syster is sound and complete for
LTL.



Axioms Al ffR(® — ¥) — (ffRP — f£RV)

1. any tautology instance A2, X (~®) X
. - < T

2. UV — UV (& A X(DUT))

A3. X((I) - V) — (X(I) — XU)
3. DRU — U A (B V X(PRY))
4, X-® — X A4, £fR® — & A X (££RD)
5. XOAXV — X(PAT) A5. £fR(® A XD) — (P — ££RD)
6. X((I)—>\I/)—>X(I)—>X\1’

Uul. UV — FU¥
7. 7°(PRY) — ~dU-T

U2. dUT < TV (® A X (DU D))

Rules
MP if - ® and- ® — W then- ¥ R1. any tautology instance
XGen if- ® thent- X @ R2. if+ ® and- ® — U then+ ¥
Rel if - @' — (A (PV X((2VD)R(T VD)) .
then- &' — ((I)R\I/) R3. if+ ¥ then- ffRU

Soundness obUX and completeness @ ensure that,
if DUX F ® thenA = ®. However, it is also interesting to
compare the two axiomatisations in details.

Proof: Soundness of is straightforward. Each axiom is Axioms and rules A2, A3, U2, R1 and R2 are present in
valid and each rule preserves validity. The interestingcas A- A4 S an instance of axioms 3 and U1 simply reflects an
is the rule Rel, whose soundness was proved in lemma sabbreviation. R3 can be simulatedAras follows. Suppose
of the previous section. For completenessfofve es- there is a proof using R3. Then there is a shorter proof of
tablish (x), if @, is A-consistent ther@ wins the game ¥ in DUX for which by hypothesis there is @ proof, too.

. oAl ° .
G(®y). The proof is similar to Proposition 2 of the pre- [nstantiate Rel with” = tt and® = £f. This proves
vious section. Given a finitd-consistent set of LTL for- I~ TRV if =¥ A Xtt is provable. But this can be done
mulas we show that any playgrmove or other move in  USing the hypothesis, axiom 1 and rule XGen.

Figure 2. The axiom system A

Figure 1 preservea-consistency, and that play@ican pre- The remaining axioms Al and A5 are more complicated
ServeA-consistency when she moves. H‘f D, VvV Dy is to prove inA. A Slmp-le way Is to ShOWthai wins the focus
A-consistent thell’, ®; is A-consistent for some by ax- ~ game on the negations of these axioms. The game rules

iom 1, and the rule MP. Axioms 2 and 3 are needed for the and winning conditions resemble the axioms and rules of
fixed point unfolding moves. Axioms 4-6 and rule XGen Which are needed for the proof. We show this for AS. The
are required for the next move. #,...,®,, is notA- negation of this axiom i® A (££R(P A X ®)) A (ttU—D).
consistent theth - ®; A ... A ®,,_; — —-®,, and so  Let® =P A(FfR(P A XD)).

A XOAN...ANXD,, 1 — =X, using XGen and

axioms6, 5 and one half oft. Finally rule Rel is used to ®, £ER(® A X D), [ttU—D)]

captureT's winning strategy. If the position igbU ], T’ D, XD, X(FER(® A X D)), [® V X (ttgo U D o]
andl’, UV is A-consistent then by rule Rel, the other half B, XD, X (FLR(® A X)), [X (ttg U g/]

of axiom 4 and axiom T, ¥ V (® A X (®_pU¥_ 1)) is A-

_ D fER(PAXD), [ttoge U-P_g]
consistent. O

The game rules used are the unfolding/afthe adorned
In [7] soundness and completeness of the following ax- unfolding of U, the disjunctive choice and the next rule.
iom systemDUX for LTL is proved using maximal consis-  Playery wins with winning condition 2. Therefore the ax-
tent sets of formulés ioms and rules needed to prove A5 are 1 and MP {fpr
2A4, A5 and U2 as presented here differ slightly from theirgoral 2 and 3 (for the unfOIdlr.]gS)’ 4 = 6, XGen (for nex), .7 (to
form which is due to the different semantics of tieandU operator used ~ [€ason about the negation of A5), and Rel to describe the
there. winning condition.




5 CTL

In this section we define focus games for CTL. Again we
present CTL in positive form. Formulas of CTL are built
from Prop, the boolean connectivesandA, the two unary
temporal operator§) X and the four binary temporal op-
eratorsQ(...U...), Q(...R...) whereQ € {E,A}. E
is the “some paths” quantifier andl is the “for all paths”
quantifier.

A Kripke model for CTL formulas consists of a set of
statesS, a binary transition relatio®R which is total (for
all s € Sthereis a € S such thatsRt) and a valuation
which assigns to each state= S a maximal consistent set
of atomic formulas inProp. The semantics defines when
a states satisfies a formulab, s = @, and it appeals to
full paths from a state, which is anw-sequence of states
sos1 - - - such that;Rs; 1 foreachi > 0. Inthe case of €
Prop, s = ¢ iff ¢ belongs to the valuation af The clauses

Player 3

PlayerV

for the boolean connectives are as usual. The remaining[AX<1>1] .

[®g V&), [®], By V &y, T

(@], T (@], ®;, T

[®g A D4, [®],U,T

[q)l]a q)lfiv r

q)’ T change

3 )

ElE

v JAX®,,EXU,...EXU, q1,. .. qm

clauses are as follows. @], %0, T, next

sEEXD iff 3t.sRtandt =@ Other moves

sEAX® iff Vt.if sRtthent = ®

so E E(®UWY) iff Ffull pathsgsy... 30 >0.5, =T [Q(UT)],T

andVj:0<j<i.s;l=® [TV (®AQXQ(RUD))],T
so = A(@UT) iff Vfull paths sgsy... 31 >0.8, T
andVj:0<j<is;=®

so | E(®RV) iff 3full path sos; ... Vi > 0.5, =¥ 9], @(2UY),T

so = A(@UT) iff Vfull paths sgsy... Vi>0.8, T
The semantics of until and release formulas are determined [WA(PVQXQ(PRY))], T
by their fixed point definitionsQ(®U¥) is the least solu- @'
tiontoa = ¥V (P A QX«a) andQ(PRVY) is the largest
solutiontoa = T A (@ V QXa). (2], T A (2 VQXQ(PRY)), I

We now define the focus gan®(®,) for a CTL for-
mula ®,. As with the LTL game, a position in a play (@], o A g, T
of G'(®y) is an elementd|,T" where® € Sub(®,) and [D], Po, Py, T
I' C Sub(®y) — {®}, and a play is a sequence of posi-
tions Py P, ... P, whereP, is the initial position/®,]. The
change in positiorP; to P;; is determined by one of the [EXT], ..., EX\[II\IZJ’ fgq)l’ : 'i)’ AXCn, 1,1 Gm next
1P, Py

moves of Figure 3. Again they are divided into three groups.
First are rules fod who chooses disjuncts in and out of
focus. Second are the moves for playewho chooses
which conjunct remains in focus and who also can change
focus with the rule change. Playéralso chooses the next
state when aml X formula is in focus, by choosing a sin-
gle EXV;, if there is one: we include here the case where
[ = 0 andV does not have any choice. Finally, there are
the remaining moves which do not involve any choices, and
so neither player is responsible for them. These include the
fixed point unfolding of until and release in and out of fo-
cus, the removal oh out of focus and the next state rule

Figure 3. CTL Game moves



when anE' X formula is in focus. The winning conditions

for a player are almost identical to the LTL game.
Definition 1 Playery wins the playP,, ..., P, if

1. P,is[g],T and gisff or—q € T') or

2. P, is [Q(®UY)],T and for some < n the position
P;is[Q(®UT)], T and betweer®, . .. P, playerv has
not applied the rule change.

Definition 2 Player3 wins the playP,, ..., P, if

)

. Phis[q], ..., g, and{q,...,q,} is satisfiable or

. P,is[Q(®RT)],T" and for some < n the positionP;
is[Q(®PRY)],T or

. P, is [®],T and for some; < n the positionP; is
[®],T and betweerP; ... P, playerV has applied the
rule change.

Facts 1 and 2 of Section 3 also hold for CTL games. A
main result is again the game characterisation of satitfiabi

ity.
Proposition 1 3 wins the gam&’ (®,) iff @ is satisfiable

Proof: Assume3 wins the gameG'(®y). The proof
is similar to that of Proposition 1 of Section 3, ex-

the fact that for eactp € {4, E'} if &' AQ(PU D) is satisfi-
able themd’ A (TV (PAQXQ(PA-P'UT A-D'))) is sat-
isfiable. So the interpretation @f(®U V) can be adorned
whenever it is unfolded in focus as with Proposition 2 of
Section 3. O

One important difference with LTL is the complexity of
checking the winner of a gant@(®,), because of branch-
ing choices fow.

Proposition 2 The complexity of deciding the winner of
G'(®g) isin EXPTIME

Proof: The proof is very similar to that of Proposition 3 of
Section 3. However, the tree of all plays is how an and-or
tree because of playéfs choices using rule next. There-
fore the polynomial space algorithm deciding the winner of
G'(®y) is alternating instead of nondeterministic. By [3]
the problem is therefore in EXPTIME. |

6 A complete axiomatisation for CTL

The game theoretic characterisation of CTL satisfiabil-
ity also allows one to extract a sound and complete axiom
system for CTL, the systefd in Figure 4.

Theorem 1 The axiom systefd is sound and complete for
CTL

Proof: Soundness oB is straightforward. The most in-

cept that all “next” state choices are examined, and soteresting cases are soundness of ARel and ERel rules, and

we have a tree of plays instead of a single play.
Q1(PLUTY)), ..., Q. (P, UV ) be an initial priority list of
all until subformulas ofd, in order of decreasing size. Each

Let in the case of ERel the rule captures “limit closure”. For

completeness oB, the proof is similar to Theorem 1 of
Section 4. If®, is B-consistent then playet wins the

play in the tree of plays has its own associated currentprior gameG’(®,). Given a finiteB-consistent set of formu-

ity list. Playerv starts with the focus oftg. Once the focus
is on an until formula@;(®;UV}), playerV keeps the fo-
cus on it until it is fulfilled (player3 choosesl?) or there
is branching. At an application of next a play splits into all
choices, each with its own priority list. If the focus is on
a formula AX ®, then it will be on®, in all these plays

las, any move by player or other move in Figure 1 pre-
servesB-consistency. The important cases are the next state
rules. Assumeb,,...,®,,¥; is notB-consistent, and so
BFE® A...A®, — —¥;. SO0 by AXGen and axiom$,8
and6 B+ AX®; A...NAX®, — -EXV¥; (and using

7 instead o6 one deals with the case whégr= 0). Finally

and they each have the same priority list. If the position is the ARel and ERel rules are used to captdie winning

[EXW,],...,EXU;, AX®y,...,AXP,,q1,...,qn and
1 is the current priority list then the focus remains¥n in
the play with this subformula with ligt Otherwise for each
1 > 1 there is the play wheré changes focus for the posi
tionW;, @q,..., @, If ¥y is E(P,U V) then this formula
is moved to the end of the priority ligt andV chooses as
focus the earliest until formula ify present in the position
EXVU;, AX®q,...,AXD,, if this is possible. This argu-
ment is repeated. By assumption playewins the finite
tree of plays. It is now straightforward to read off a Kripke
model from this tree of plays wher, is true at the initial
state.

For the converse assume tliaf is satisfiable. We show
that3 has a winning strategy for the garié®,). We use

strategy. O

In [5] soundness and completeness of the following ax-
iom system for CTL is proved using tableaux.

Ax1. any tautology instance

AX2. EF® « E(ttU®)
Ax3. AF® — A(ttU®)
Ax4. EX(dV V) EXOV EXU
AX5. AX® «— -EX-®

AX6. E(®UT) — UV (& A EXE(DUW))



AXT. A(BUT) — TV (B ANAXAPUD))
Ax8. EXtt AN AXtt
R1. ift ® —» U thenk- EX® — EXU
R2. if- ' — U A EX® thenk &' — E(PRY)

R3. ifk & — U A AX (P V A(PRY))
then- & — A(®RY)

R4. if ® and- ® — U then- ¥

Axioms . .
The same arguments for comparing the two LTL axioma-

1. any tautology instance tisations also hold for the two axiomatisations of CTL. Ax1,
Ax5 — Ax7, and R4 are already presentBn Ax2 and Ax3

2. E(®UY) — ¥V (2N EXE(QUY)) are covered by the abbreviationBf Ax4 can be proved by
3. A(DUT) - TV (PANAXAPUD)) a complnatlon of 6 -9, 1 an_d MP. 1, A)_(Gen, 7, MP and 6
establish Ax8. Rule R1 is simulated using AXGen, 9, MP,
4. E(PRY) - U A(PV EXE(DRY)) 7 and the hypothesis of having a shorter proobof> W in
B. R2 is simulated in the following way. Suppose there is a
5. A(PRY) — WA (®VAXA(PRY)) B-proofof & — WA EX®. Then, by 4, 1, and MP there is
6. AX—D s ~EXD also a proof 01_?I>’ — TA (fI)\/EXE((@ VO R(T VD))
for any ®. Using ERel yields a proof od’ — E(®RY).
7. AX-® - -AXD Simulating R3 is similar.
8. AXONAXTY — AX (DAY .
- AX(@AY) 7 Conclusion
9. AX(® - V) - AXP — AXVT
We have introduced a game theoretic approach to satis-
10. ~A(®RT) < E(-2U-Y) fiability checking of LTL and CTL. It remains to be seen
11. ~E(®RV) — A(—~®U—T) if focus games extend to richer logics such as CHnd
modal u-calculus. In [12] it was shown that focus games
Rules can also be used to solve the model checking problem for

CTL*. The game trees arising there are very similar to the

MP if- @ and- & — ¥ thent- ¥ tableau structures used in [2, 1]. However, in order to &ackl

AXGen if - ® then- AX® the problem of deciding whether fixed point constructs are
regenerated or reproduced these authors pursue a different
ERel if- ® — (U A (®VEXE((®V ®)R(T Vv )))) strategy. Take the unfolding @U ¥ for example. While
then- @’ — E(PRVY) the focus highlights the case that playealways chooses

the term in whichbU ¥ occurs again, a path in the tableaux
of [2] is successful ify never occurs aftebUW. The dif-
ference seems to be a point of view only. In the focus games
it is checked whether a fixed point construct is regenerated,

ARel if F &' — (T A (®VAXA((®V )R VD))
thent &' — A(PRY)

Figure 4. The axiom system B therefore it is never fulfilled. In the tableau approach it is
checked whether it is never fulfilled, therefore it is regene
ated.

In [1] the authors define Tableau Buichi Automata which
are essentially the same as the tableaux of [2]. As with the
focus games, this enables the authors to handle the regener-
ation problem of fixed points implicitly. Instead of explic-
itly requiring tableaux to be processed with a depth-first-
search, the solution to the regeneration problem is encoded
in an acceptance condition, which is in that case a gener-
alised Buchi condition. However, this small difference is
the key to the strengthening lemma (Lemma 1 of Section 3)



which underpins the proofs of completeness of the axioma-
tisations.

A more recent automata theoretic approach to satisfi-
ability and model checking employs alternating automata
[16, 11]. Although these appear to be very game theoretic,
they rely upon automata over trees which capture the “and”
branching, both in the case of the boolean “and” and in
the case for CTL of branching through next states. In both
cases of LTL and CTL formulas are states of the automata,
and transitions are determined by maximal consistent sets
of atomic propositions. The acceptance conditions decide
acceptable fixed point regeneration. Itis not clear if tipis a
proach can underpin sound and complete axiomatisations.
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