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ulus.1 Introdu
tionHigher-order uni�
ation is given an equation t = u 
ontaining free variables, isthere a solution substitution � su
h that t� and u� have the same normal form?Terms t and u are from the simply typed �-
al
ulus and the same normal formis ��-equality. Higher-order mat
hing is the parti
ular instan
e when the termu is 
losed, 
an t be pattern mat
hed to u? Although higher-order uni�
ationis unde
idable, higher-order mat
hing was 
onje
tured to be de
idable by Huet[4℄ (and, if so then it has non-elementary 
omplexity [11, 13℄). De
idability hasbeen proved for the general problem up to order 4 and for various spe
ial 
ases[7{10, 2℄. Loader showed that mat
hing is unde
idable for the variant de�nitionwhen �-equality is the same normal form [5℄.We propose a game-theoreti
 te
hnique that leads to de
idability of mat
hing.It starts with Padovani's redu
tion to the dual interpolation problem [8℄. Wethen de�ne a game on a 
losed �-term t where play moves around it relative toa dual interpolation problem. The game 
aptures the dynami
s of �-redu
tionon t without 
hanging it (using substitution). Small pie
es of a solution term,that we 
all \tiles", 
an be 
lassi�ed a

ording to their subplays and how they,thereby, 
ontribute to solving it. Two transformations that preserve solutionterms are introdu
ed. With these, we show that 3rd-order mat
hing is de
idablevia the small model property: if there is a solution to a problem then there is asmall solution to it. For the general 
ase, the key idea is \tile lowering", 
opyingregions of a term down its bran
hes. A systemati
 method for tile loweringuses unfolding whi
h is similar to unravelling a model in modal logi
. Unfoldingrequires a non-standard interpretation of game playing where regions of a termare to be understood using suÆx subplays. At this point, we step outside termsof typed �-
al
ulus. Refolding returns us to su
h terms. The detailed proof ofde
idability uses unfolding followed by refolding and from their 
ombinatorialproperties the small model property follows. However, here we 
an only outlinethe method with an example. For all the details and proofs, the reader is invitedto a

ess \De
idability of higher-order mat
hing" from the author's web page.



2 Mat
hing and dual interpolationAssume simply typed �-
al
ulus with base type 0 and the de�nitions of �-equivalen
e, � and �-redu
tion. A type is 0, with order 1, or A1 ! : : : !An ! 0, with order k + 1 where k is the maximum of the orders of the Ais.Assume a 
ountable set of typed variables x; y; : : : and typed 
onstants, a; f; : : :.The simply typed terms is the smallest set T su
h that if x (f) has type A thenx : A 2 T (f : A 2 T ); if t : B 2 T and x : A 2 T , then �x:t : A ! B 2 T ; ift : A! B 2 T and u : A 2 T then tu : B 2 T . The order of a term is the orderof its type and it is 
losed if it does not 
ontain free variables.A mat
hing problem is v = u where v; u : 0 and u is 
losed. The order isthe maximum of the orders of the free variables x1; : : : ; xn in v. A solution isa sequen
e of terms t1; : : : ; tn su
h that vft1=x1; : : : ; tn=xng =� � u. Given amat
hing problem the de
ision question is, does it have a solution?We slightly 
hange the syntax of types and terms. A1 ! : : : ! An ! 0 isrewritten (A1; : : : ; An) ! 0 and all terms in normal form are in �-long form: ift : 0 then it is u : 0 where u is a 
onstant or a variable, or u(t1; : : : ; tk) whereu : (B1; : : : ; Bk) ! 0 is a 
onstant or a variable and ea
h ti : Bi is in �-longform; if t : (A1; : : : ; An) ! 0 then t is �y1 : : : yn:t0 where ea
h yi : Ai and t0 : 0is in �-long form. A term is well-named if ea
h o

urren
e of a variable y withina �-abstra
tion is unique.De�nition 1. Assume u : 0 and vi : Ai, 1 � i � n, are 
losed terms in normalform and x : (A1; : : : ; An) ! 0. x(v1; : : : ; vn) = u (6= u) is an interpolationequation (disequation). A dual interpolation problem P is a �nite family ofinterpolation equations and disequations, i : 1 � i � m, x(vi1; : : : ; vin) �i ui, withthe same free variable x and ea
h �i 2 f=; 6=g. The type and order of P are thetype and order of x. A solution of P of type A is a 
losed term t : A in normalform, su
h that for ea
h equation t(vi1; : : : ; vin) =� ui and for ea
h disequationt(vi1; : : : ; vin) 6=� ui. We abbreviate t solves P to t j= P .Padovani shows that a mat
hing problem of order n redu
es to a dual inter-polation problem of the same order [8℄: given P , is there a solution t j= P ? Weassume a �xed dual interpolation problem P of type A whose order is greaterthan 1 (as an order 1 problem is easily de
ided) where the normal form termsvij and ui are well-named and no pair share bound variables.A right term u of a (dis)equation may 
ontain bound variables. If X =fx1; : : : ; xkg are its bound variables then let C = f
1; : : : ; 
kg be a fresh set of
onstants with 
orresponding types. The ground 
losure of w with bound vari-ables in X , with respe
t to C, Cl(w;X;C), is: if w = a : 0, then Cl(w;X;C) =fag; if w = f(w1; : : : ; wn), then Cl(w;X;C) = fwg [ SCl(wi; X;C); if w =�xj1 : : : xjn :u then Cl(w;X;C) = Cl(uf
j1=xj1 ; : : : ; 
jn=xjng; X;C). For u =f(�x1x2x3:x1(x2); a) with respe
t to f
1; 
2; 
3g, it is fu; 
1(
2); 
2; ag.We also identify subterms of left terms vj of a (dis)equation relative toa set C: however, these need not be of ground type and may also 
ontainfree variables. The subterms of w relative to C, Sub(w;C), is de�ned using2



an auxiliary set Sub0(w;C): if w is a variable or a 
onstant, then Sub(w;C)= Sub0(w;C) = fwg; if w is x(w1; : : : ; wn) then Sub(w;C) = Sub0(w;C) =fwg [ S Sub(wi; C); if w is f(w1; : : : ; wn), then Sub(w;C) = Sub0(w;C) =fwg [S Sub0(wi; C); if w is �y1 : : : yn:v, then Sub(w;C) = fwg [ Sub(v; C) andSfSub(vf
i1=y1; : : : ; 
in=yng; C) : 
ij 2 C has the same type as yjg is the setSub0(w;C). If v = �z:f(�z1z2z3:z1(z2); z) and z2; z3 : 0 then Sub(v; f
1; 
2; 
3g)is fv; f(�z1z2z3:z1(z2); z); 
1(
2); 
1(
3); 
2; 
3; zg.Given the problem P , let Xi be the (possibly empty) set of bound variablesin ui and let Ci be a 
orresponding set of new 
onstants (that do not o

ur inP ), the forbidden 
onstants.De�nition 2. Assume P is the �xed problem of type A. T is the set of sub-types of A in
luding A and subterms of ui. For i, the right subterms are Ri =Cl(ui; Xi; Ci) and R = SRi. For i, the left subterms are Li = S Sub(vij ; Ci)[Ciand L = S Li. The arity, �, of P is the largest k where (A1; : : : ; Ak) ! B 2 T.The right size Æ(u) relative to C is: if u = a : 0 then Æ(u) = 0; if u =f(w1; : : : ; wk) then Æ(u) = 1 + P Æ(wi); if u = �xi1 : : : xik :w, then Æ(u) =Æ(wf
i1=xi1 ; : : : ; 
ik=xikg). The right size for P , Æ, is P Æ(ui) of its right terms.So, Æ(h(a)) = 1. If Æ for P is 0, then ea
h (dis)equation 
ontains a right termthat is a 
onstant ai : 0: Padovani proved de
idability for this spe
ial 
ase [7℄.3 Tree-
he
king gamesWe present a game-theoreti
 
hara
terization of interpolation inspired by model-
he
king games (su
h as in [12℄) where a model, a transition graph, is traversedrelative to a property. Similarly, in the following game the model is a putativesolution term t that is traversed relative to the dual interpolation problem.A potential solution t for P has the right type, is in normal form, is well-named (with variables that are disjoint from those in P ) and does not 
ontainforbidden 
onstants. Term t is represented as a tree, tree(t). If t is y : 0 ora : 0 then tree(t) is the single node labelled with t. For u(v1; : : : ; vk) when uis a variable or a 
onstant, a dummy � with the empty sequen
e of variables ispla
ed before any subterm vi : 0 in its tree representation. If t is u(v1; : : : ; vn),then tree(t) 
onsists of the root node labelled u and n-su

essor nodes labelledwith tree(vi): u #i t0 represents that t0 is the ith su

essor of u. If t is �y:v, wherey 
ould be empty, then tree(t) 
onsists of the root node labelled �y and a singlesu

essor node tree(v): �y #1 tree(v). Ea
h node labelled with an o

urren
e ofa variable yj has a ba
kward arrow "j to the �y that binds it: the index j tellsus whi
h element is pointed at in y. We use t to be the �-term t, or its �-treeor the label (a 
onstant, variable or �y) at its root node. Dummy �s are 
entralto the analysis in later se
tions. We also assume that ea
h node of a tree t isuniquely identi�ed.Example 1. A solution term t from [1℄ for the problem x(v) = f(a) wherev = �y1y2:y1(y2) is �z:z(�x:f(z(�u:x; b)); z(�y:z((�s:s; y); a))). The tree for t(without ba
kward edges and indexed forward edges) is in Figure 1. ut3



Inno
ent game semanti
s following Ong in [6℄ provides a possible game-theoreti
 foundation. Given t and a (dis)equation from P , there is the game(1)�z
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��(8)x (10)b (16)s (18)yFig. 1. A term treeboard t�(vi1; : : : ; vin) ui. Player Opponent 
hooses a bran
h of ui. There is a �-nite play that starts at the root of t and may repeatedly jump in and out of t andthe vij 's. At a 
onstant a : 0 play ends. At other 
onstants f , player Proponenttries to mat
h Opponent's 
hoi
e of bran
h. Proponent wins, when the play �n-ishes, if the sequen
e of 
onstants en
ountered mat
hes the 
hosen bran
h. Playmay rea
h y in t and then jump to �z in vij , as it is this subtree that is appliedto �y, and then when at z in vij play may return to t to a su

essor of y. Gamesemanti
s models �-redu
tion on the �xed game board without 
hanging it usingsubstitution. This is the rationale for the tree-
he
king game. However, it startsfrom the assumption that only t is the 
ommon stru
ture for the problem P . So,play will always be in t. Jumping in and out of the vij 's is 
oded using states.The game avoids justi�
ation pointers, using iteratively de�ned look-up tables.4



The game G(t; P ) is played by player 8, the refuter, who attempts to showthat t is not a solution of P . It uses a �nite set of states involving elements ofL and R from De�nition 2. An argument state q[(l1; : : : ; lk); r℄ where ea
h lj 2 L(and k 
an be 0) and r 2 R o

urs at a node labelled �z1 : : : zk in t where ea
hlj has the same type as zj : (l1; : : : ; lk) are the subterms applied to �z1 : : : zk. Avalue state q[l; r℄ where l 2 L and r 2 R is asso
iated with a node labelled withy in t where y and l share the same type: l is the subterm of some vij that playat y would jump to in game semanti
s. A �nal state is q[8 ℄ or q[ 9 ℄.A. tm = �y1 : : : yj and tm #1 u and qm = q[(l1; : : : ; lj); r℄.So, tm+1 = u, �m+1 = �mfl1�m=y1; : : : ; lj�m=yjg and qm+1, �m+1 are de�ned by
ases on tm+1.1. a : 0. So, �m+1 = �m. If r = a then qm+1 = q[ 9 ℄ else qm+1 = q[ 8 ℄.2. f : (B1; : : : ; Bk) ! 0. So, �m+1 = �m. If r = f(s1; : : : ; sk) then qm+1 = qmelse qm+1 = q[ 8 ℄.3. y : B. If �m+1(y) = l�i, then �m+1 = �i and qm+1 = q[l; r℄.B. tm = f : (B1; : : : ; Bk)! 0 and qm = q[(l1; : : : ; lj); f(s1; : : : ; sk)℄.So, �m+1 = �m, �m+1 = �m and qm+1, tm+1 are de
ided as follows.1. 8 
hooses a dire
tion d : 1 � d � k and tm #d u. So, tm+1 = u.If sd : 0, then qm+1 = q[( ); sd℄. If sd is �xi1 : : : xin :s then qm+1 =q[(
i1 ; : : : ; 
in); sf
i1=xi1 ; : : : ; 
in=xing℄.C. tm = y and qm = q[l; r℄.If l = �z1 : : : zj :w and tm #i ui, for i : 1 � i � j, then �m+1 =�mfu1�m=z1; : : : ; uj�m=zjg else �m+1 = �m. Elements tm+1, qm+1 and �m+1 areby 
ases on l.1. a : 0 or �z:a. So, tm+1 = tm and �m+1 = �m. If r = a then qm+1 = q[ 9 ℄ elseqm+1 = q[ 8 ℄.2. 
 : (B1; : : : ; Bk)! 0. So, �m+1 = �m. If r 6= 
(s1; : : : ; sk) then tm+1 = tm andqm+1 = q[ 8 ℄. If r = 
(s1; : : : ; sk) then 8 
hooses a dire
tion d : 1 � d � k andtm #d u. So, tm+1 = u. If sd : 0, then qm+1 = q[( ); sd℄. If sd is �xi1 : : : xin :sthen qm+1 = q[(
i1 ; : : : ; 
in); sf
i1=xi1 ; : : : ; 
in=xing℄.3. f(w1; : : : ; wk) or �z:f(w1; : : : ; wk). So, tm+1 = tm and �m+1 = �m. If r 6=f(s1; : : : ; sk), then qm+1 = q[ 8 ℄. If r = f(s1; : : : ; sk) then 8 
hooses a dire
tiond : 1 � d � k. If sd : 0 then qm+1 = q[wd; sd℄. If wd = �y1 : : : yn:w and sd =�xi1 : : : xin :s, then qm+1 = q[wf
i1=y1; : : : ; 
in=yng; sf
i1=xi1 ; : : : ; 
in=xing℄.4. x(l1; : : : ; lk) or �z:x(l1; : : : ; lk). If �m+1(x) = t�i then �m+1 = �i and tm+1 = tand qm+1 = q[(l1; : : : ; lk); r℄.Fig. 2. Game movesThere are two kinds of free variables, in t and in the left terms of states.Free variables in t are asso
iated with left terms and free variables in states areasso
iated with nodes of t. So, the game appeals to a sequen
e of supplementarylook-up tables �k and �k, k � 1: �k is a partial map from variables in t to pairsl�j where l 2 L and j < k, and �k is a partial map from variables in elements of5



L to pairs t0�j where t0 is a node of the tree t and j < k. Initially, �1 and �1 areboth empty.A play of G(t; P ) is t1q1�1�1; : : : ; tnqn�n�n where ti is (the label of) a nodeof t, t1 = �y is the root node of t, qi is a state and qn is a �nal state. A node t0 oft may repeatedly o

ur in a play. For the initial state, 8 
hooses a (dis)equationx(vi1; : : : ; vin) �i ui from P and q1 = q[(vi1; : : : ; vin); ui℄, similar to that in gamesemanti
s ex
ept vij and ui are now part of the state (and the 
hoi
e of bran
hin ui happens as play pro
eeds). If the 
urrent position is tmqm�m�m and qm isnot �nal, then tm+1qm+1�m+1�m+1 is determined by a unique move in Figure 2.Moves are divided into groups depending on tm. Group A 
overs when it is a�y, B when it is a 
onstant f (whose type is not 0) and C when it is a variabley. In B1, C2 and C3 the 
onstants 
ij belong to the forbidden set Ci: these arealso the only rules where 8 
an exer
ise 
hoi
e (by 
arving out a bran
h). Thelook-up tables are used in A3 and C4 to interpret the two kinds of free variables.If tm is a � node, tm #1 tm+1 and tm+1 is the variable y, then �m+1 and qm+1are determined by the entry for y in �m+1. For C4, if tm = y, qm = q[l; r℄ andl = x(l1; : : : ; lk) or �z:x(l1; : : : ; lk), then �m+1 and tm+1 are determined by theentry for x in the table �m+1: if the entry is the pair t0�i then tm+1 = t0 and�m+1 = �i. It is this rule that allows play to jump elsewhere in the term tree(always to a node labelled with a �). In 
ontrast, for A1-A3, B1 and C2 
ontrolpasses down the term tree while it remains stationary in the 
ase of C1 and C3.A play of G(t; P ) �nishes with �nal state q[8 ℄ or q[ 9 ℄. Player 8 wins it ifthe �nal state is q[8 ℄ and she loses it if it is q[ 9 ℄. 8 loses the game G(t; P ) if forea
h equation she loses every play whose intial state is from it and if for ea
hdisequation she wins at least one play whose initial state is from it.Proposition 1. 8 loses G(t; P ) if, and only if, t j= P .Assume t0 j= P , so 8 loses the game G(t0; P ). The single play for Example 1is in Figure 3. The number of di�erent plays is at most the sum of the number ofbran
hes in the right terms ui of P . Let d : 0 be a 
onstant that is not forbiddenand does not o

ur in any right term of P . We 
an assume that t0 only 
ontainsd and 
onstants that o

ur in a right term.We also allow � to range over subplays, 
onse
utive subsequen
es of positionsof any play of G(t0; P ). The length of �, j�j, is its number of positions. The ithposition of � is �(i) and �(i; j), i � j, is the interval �(i); : : : ; �(j). We writet 2 �(i), q 2 �(i), � 2 �(i) and � 2 �(i) if �(i) = tq�� and t 62 �(i) if �(i) = t0q��and t 6= t0. If q = q[(l1; : : : ; lk); r℄ or q[l; r℄ then its right term is r.De�nition 3. A subplay � is ri, right term invariant, if q 2 �(1) and q0 2 �(j�j)share the same right term r. It is nri if it is not ri and q0 2 �(j�j) is not �nal.In Figure 3, �(1; 4) is ri whereas �(1; 6) is nri. Ri subplays are an importantingredient in the de
idability proof as they do not immediately 
ontribute to thesolution of P .Proposition 2. If tiqi�i�i; : : : ; tnqn�n�n is ri, tn = �y and qfr0=rg is state qwith right term r0 instead of r, then tiqifr0=rg�i�i; : : : ; tnqnfr0=rg�n�n is an riplay. 6



(1) q[(v); f(a)℄ �1 �1(2) q[v; f(a)℄ �2�2 �2 = �1f(v�1=zg �2 = �1 A3(3) q[(y2); f(a)℄ �3�3 �3 = �2 �3 = �2f(3)�2=y1; (11)�2=y2g C4(4) q[(y2); f(a)℄ �4�4 �4 = �3fy2�3=xg �4 = �3 A2(5) q[( ); a℄ �5 �5 �5 = �4 �5 = �4 B1(6) q[v; a℄ �6 �6 �6 = �5 �6 = �1 A3(7) q[(y2); a℄ �7 �7 �7 = �6 �7 = �6f(7)�6=y1; (9)�6=y2g C4(8) q[y2; a℄ �8 �8 �8 = �7fy2�7=ug �8 = �3 A3(11) q[( ); a℄ �9 �9 �9 = �2 �9 = �8 C4(12) q[v; a℄ �10�10 �10 = �9 �10 = �1 A3(13) q[(y2); a℄ �11�11 �11 = �10 �11 = �10f(13)�10=y1; (19)�10=y2g C4(14) q[v; a℄ �12�12 �12 = �11fy2�11=yg �12 = �1 A3(15) q[(y2); a℄ �13 �13 �13 = �12 �13 = �12f(15)�12=y1; (17)�12=y2g C4(16) q[y2; a℄ �14 �14 �14 = �13fy2�13=sg �14 = �13 A3(17) q[( ); a℄ �15 �15 �15 = �12 �15 = �14 C4(18) q[y2; a℄ �16 �16 �16 = �15 �16 = �11 A3(19) q[( ); a℄ �17 �17 �17 = �10 �17 = �16 C4(20) q[ 9 ℄ �18 �18 �18 = �17 �18 = �17 A1Fig. 3. A playDe�nition 4. If � 2 G(t0; P ) and �(i)'s look-up table is 
alled when move A3 orC4 produ
es �(j), j > i, then position �(j) is a 
hild of position �(i). If �(i+1)is the result of move B1 or C2, then �(i+ 1) is a 
hild of �(i). A look-up table�0 extends � if for all x 2 dom(�), �0(x) = �(x).Proposition 3. If � 2 G(t0; P ), j > 1, �(j) is not a �nal position and �y or y2 �(j), then there is a unique �(i), i < j, su
h that �(j) is a 
hild of �(i). If�(j) is a 
hild of �(i) then �j 2 �(j) extends �i 2 �(i) and �j 2 �(j) extends�i 2 �(i).4 Tiles and subplaysAssume t0 j= P . The aim is to show there is a small t0 j= P . Although thenumber of plays in G(t0; P ) is bounded, there is no bound in terms of P on thelength of a play. However, a long play 
ontains ri subplays: a
ross all plays, theright term of a state 
an 
hange at most Æ times, De�nition 2. To obtain a smallsolution term t0, ri subplays will be manipulated. First, we need to relate thestati
 stru
ture of t0 with the dynami
s of play.De�nition 5. Assume B = (B1; : : : ; Bk) ! 0 2 T. � is an atomi
 leaf of type0. If xj : Bj, 1 � j � k, then �x1 : : : xk is an atomi
 leaf of type B. If u : 0 is a
onstant or variable then u is a simple tile. If u : B is a 
onstant or a variableand tj : Bj , 1 � j � k, are atomi
 leaves then u(t1; : : : ; tk) is a simple tile.Term t0 without its very top �y 
onsists of simple tile o

urren
es. Nodes(2),(3) and (11) of Figure 1 form the simple tile z(�x; �) and the leaf (16) is7



also a simple tile: node (2) by itself and node (2) with (3), are not simple tiles.Tiles 
an be 
omposed to form 
omposite tiles. If t(�x) is a tile with leaf �x andt0 is a simple tile, then t(�x:t0) is a 
omposite tile. A (
omposite) tile is basi
if it 
ontains one o

urren
e of a free variable and no o

urren
es of 
onstants,or one o

urren
e of a 
onstant and no o

urren
es of free variables. The freevariable or 
onstant in a basi
 tile is its head element. Contiguous regions of t0 areo

urren
es of basi
 tiles. In Figure 1 the region z(�s:s; �) is a basi
 tile rootedat (14). Throughout, we assume our use of tile in t0 means \tile o

urren
e" int0. We write t(�x1; : : : ; �xk) if t is a basi
 tile with atomi
 leaves �x1; : : : ; �xk.De�nition 6. Assume t = t(�x1; : : : ; �xk) is a tile in t0. t is a top tile in t0if its free variable y is bound by the initial lambda �y of t0. t is j-end in t0, ifevery free variable below �xj in t0 is bound above t. It is an end tile in t0 if it isj-end for all j. t is a 
onstant tile if its head is a 
onstant or its free y is boundby �y that is an atomi
 leaf of a simple 
onstant tile. Two basi
 tiles t and t0 int0 are equivalent, t � t0, if they have the same number and type of atomi
 leavesand the same free variable y bound to the same �y in t0.The tile z(�x; �) in Figure 1 is a top tile whi
h is also 2-end and z(�u; �) is botha top and an end tile: these tiles are equivalent.We 
an also 
lassify tiles in terms of their dynami
 properties.De�nition 7. � is a play on the simple tile u(�x1; : : : ; �xk) in t0 if u 2 �(1),�xi 2 �(j�j) for some i and �(j�j) is a 
hild of �(1). It is a j-play if �xj 2 �(j�j).A play on a simple 
onstant tile u(�x1; : : : ; �xk) is a pair of positions �(i; i+1)with u 2 �(i) and �xj 2 �(i + 1) for some j (by moves B1 or C2 of Figure 2).A play � on a simple non-
onstant tile y(�x1; : : : ; �xk) in t0 
an be of arbitrarylength. It starts at y and �nishes at a leaf �xj . In between, 
ow of 
ontrol 
anbe almost anywhere in t0. Cru
ially, the look-up tables of �(j�j) extend those of�(1) by Fa
t 3: this means that the free variables in the subtree of t0 rooted aty and the free variables in w when q[�z1 : : : zk:w; r℄ 2 �(1) preserve their values.If � 2 G(t0; P ) and y 2 �(i) then there 
an be zero or more plays �(i; j) ony(�x1; : : : ; �xk) in t0: simple tiles u : 0 have no plays. If �(i;m) is a j-play ony(�x1; : : : ; �xk) and �(i; n), n > m, is also a play on this tile, then there is aposition �(m0), m < m0 < n, that is a 
hild of �(m). In the 
ase of � in Figure 3on the tree in Figure 1, �(2; 3) is a 1-play on z(�x; �) and �(2; 9) is also a playon this tile: it is �(8) that is the (only) 
hild of �(3).A play � on a basi
 tile 
onsists of 
onse
utive subplays on the simple tilesthat are on the bran
h between the top of the tile and a leaf �xi 2 �(j�j).De�nition 8. Assume � is a j-play (play) on tile t in t0. It is a shortest j-play (play) if no proper pre�x of � is a j-play (play) on t and it is an ri j-play(play) if � is also ri. It is an internal j-play (play) when for any i if t0 2 �(i)then t0 is a node of t. Assume t = t(�x1; : : : ; �xk) is in t0 and � is a subplay.We indu
tively de�ne when t is j-dire
ted in �: if t 62 �(i) for all i, then t isj-dire
ted in �; if �(i) is the �rst position with t 2 �(i) and there is a shortestj-play �(i;m) on t and �(i;m) is ri and t is j-dire
ted in �(m+1; j�j), then t isj-dire
ted in �. Tile t is j-dire
ted in t0 if it is j-dire
ted in every � 2 G(t0; P ).8



�(2; 3) of Figure 3 is a shortest play on tile z(�x; �) of Figure 1: this play is ri,internal and a shortest 1-play. Although �(2; 9) is a shortest 2-play, it is neithera shortest play nor an internal play. If t is j-dire
ted in t0 then ea
h � 2 G(t0; P )
ontains a (unique) sequen
e of ri intervals whi
h are shortest j-plays on t.Assume t = t(�x1; : : : ; �xk) is a top tile in t0 and � 2 G(t0; P ). Consider twopositions t 2 �(i) and t 2 �(i0). The states q 2 �(i) and q0 2 �(i0) have the formq[v; r℄ and q[v; r0℄ where v is a 
losed left term (a vij from a (dis)equation of P ).Therefore, a shortest play �(i; i+m) on t is internal (as a jump outside t requiresthere to be a free variable in v via move C4 of Figure 2). If the play �(i; i+m)is ri then there is a 
orresponding ri play �(i0; i0+m) on t 
onsisting of the samesequen
e of positions in t and states (ex
ept for their right terms r and r0). Tilet is, therefore, j-dire
ted in � when �xj 2 �(i + m). If the play �(i; i + m) isnri then there is a subplay �(i0; i0 +m0) where 
ontrol is never outside t that iseither a shortest play on t and nri or j�j � i0 +m0. If t is a j-end (end) tile andt 2 �(i) then there 
an be at most one j-play (play) �(i;m) on t.Tile t0 is j-below t(�x1; : : : ; �xk) in t0 if there is a bran
h in t0 from �xj tot0. If two tiles t1 and t2 are equivalent, t1 � t2 and t2 is j-below t1 in t0, thent2 is an embedded tile. Shortest plays on the embedded tile t2 are 
onstrainedby earlier shortest plays on t1 and in the 
ase of embedded end tiles there is astronger property that is 
riti
al to the de
idability proof.Proposition 4. If t1 � t2 are end tiles in t0 and t2 is j-below t1, then either t2 isj-dire
ted in t0, or there are �; �0 2 G(t0; P ), an nri j-play �(m1;m1+n1) on t1and a subplay �0(m2;m2+n2) where m2 > m1+n1, n2 � n1 and �0(m2) = �(m2)and either m2 = n1 and �0(m2;m2+n2) is an nri j-play on t2 or m2+n2 = j�0j.5 Outline of the de
ision pro
edureA transformation T 
onverts a tree s into a tree t, written sT t. Let t0 be asubtree of t0 whose root node is a variable y or a 
onstant f : B 6= 0. G(t0; P )avoids t0 if t0 62 �(i) for all positions and plays � 2 G(t0; P ). Let t0[t00=t0℄ be theresult of repla
ing t0 in t0 with the tree (of tiles) t00.T1 If G(t0; P ) avoids t0 and d : 0 is a 
onstant then transform t0 to t0[d=t0℄T2 Assume t(�x1; : : : ; �xk) is a j-dire
ted, j-end tile in t0 and t0 is the subtreeof t0 rooted at t. If tj is the subtree dire
tly beneath �xj then transform t0 tot0[tj=t0℄.If no play enters a subtree of t0 then it 
an be repla
ed with the 
onstant d : 0. Ifa tile is both j-end and j-dire
ted, De�nition 6, then it is redundant and 
an beremoved from t0. Game-theoreti
ally, the appli
ation of T2 amounts to omissionof inessential ri subplays that are stru
turally asso
iated with regions of a term.Example 2. Consider Example 1 and its single play in Figure 3. The tile z(�u; �)is 1-end and 1-dire
ted be
ause of �(6; 7). T2 allows us to remove it, so node (8)is dire
tly beneath node (5). The basi
 tile z(�s:s; �) is 1-end and 1-dire
ted: theonly play �(14; 17) is ri. A se
ond appli
ation of T2 pla
es node (18) dire
tly9



beneath node (13). Consequently, the basi
 tile z(�y:y; �) is also 1-end and 1-dire
ted be
ause of the play �(12; 19). The starting term is therefore redu
ed tothe smaller solution term �z:z(�x:f(x); a). utProposition 5. If i 2 f1;2g, sTi t and s j= P then t j= P .If P is 3rd-order and t0 j= P then t0 is a tree of simple tiles: ea
h is a 
onstanttile or a top tile that is also an end tile. Assume that � = f�1; : : : ; �pg are theplays of G(t0; P ) and with ea
h su
h � we asso
iate a unique 
olour 
(�). Wede�ne a partition of ea
h � 2 � in stages. At stage 1, the initial simple tile t1 isu(�x1; : : : ; �xk) in t0, a 
onstant or top tile (where k may be 0). The initial playon t1, if there is one, is �(i1; j1) where i1 = 2. If there is no play then j1 = j�j asq 2 �(j1) is �nal, and for all i > 1, u 2 �(i): t1 is �nal for � and we terminateat this stage. Otherwise, play ends at an atomi
 leaf of t1, t2 is the simple tiledire
tly below it in t0, i2 = j1 + 1 and if �(i1; j1) is nri then t1 is 
oloured 
(�).At stage n and simple tile tn, �(in; jn) is the shortest play on tn, if there isone. If there is not then jn = j�j and tn is �nal for �. If �(in; jn) is nri then tnis 
oloured 
(�). If it ends at an atomi
 leaf of tn then tn+1 is the simple tiledire
tly below it in t0 and in+1 = jn + 1. The partition of � des
ends a bran
hof t0 until it rea
hes a �nal tile.Consider partitioning with respe
t to all plays � 2 � . There is a tree ofsimple tiles, as all plays share the initial tile. Tile t is 
oloured if it has at leastone 
olour and t is �nal if it is �nal for at least one play. Ea
h play at stage 1that ends at the same atomi
 leaf of t1 shares t2 at stage 2 and so on. Therefore,bran
hing o

urs at a (play) separator tm at stage m if there are plays thatend at di�erent atomi
 leaves of tm. If a simple tile in t0 is 
oloured, �nal ora separator then it is spe
ial. A simple tile in t0 with atomi
 leaves that is notspe
ial is super
uous. Every play avoids it (so, T1 applies) or every subplay thatpasses through it is ri and ends at the same atomi
 leaf (so, T2 applies). There
an be at most Æ, the right size for P of De�nition 2, 
oloured tiles, at most p�nal tiles and at most p� 1 separators: p is bounded by the number of bran
hesin the right terms of P . De
idability of 3rd-order mat
hing, via the small modelproperty, follows dire
tly from partitioning.There is just one level of simple tile that is not a 
onstant tile in a 3rd-ordertree: so, game playing is heavily 
onstrained as 
ontrol 
an only des
end it. Witha 4th or 5th-order tree there are two levels of simple non-
onstant tiles: top tilest and end tiles t0 where the variable of t0 is bound in t. At 8th or 9th-order thereare four levels. When there is more than one level, game playing may jumparound the tree as Figure 3 illustrates. The me
hanism for dealing with theseterms hinges on the idea of tile lowering, 
opying tiles down bran
hes.The me
hanism for tile lowering is not a transformation like T2. Instead, ituses an intermediate generalized tree, the unfolding, analogous to unravelling amodel in modal logi
, whi
h is then refolded into a small tree. Again, a partitionof (a subsequen
e of) � is de�ned in stages using tiles in t0. At ea
h stage n, asimple tile tn in t0 and a position �(in) whose 
ontrol is at the head of tn areexamined. The play �(in; jn) is a suÆx of a play of a 
onstant or generalized tilet0n that 
ontains tn. 10



Stage 1 follows the 3rd-order 
ase: t1 is the �rst simple tile in t0, t01 = t1,and relative to �, �(i1; j1) is de�ned. If t01 is not �nal for � then t2 is the simpletile dire
tly below it in t0 and i2 = j1 + 1. After stage one, the unfolding of t0
an be depi
ted in linear form, [t01 �xj ℄ if �(i1; j1) �nishes at �xj . Consider the�z
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��x aFig. 4. Illustrating unfoldingunfolding after stage n for � where t0n is not �nal for �. There is the sequen
e[t01 �x1℄ : : : [t0n �xn℄ of (generalized) tiles where ea
h tk+1 is dire
tly below �xk int0 and there are subplays �(ik; jk) that start at tk in t0k and �nish at �xk. If tn+1 isa top or 
onstant tile, then t0n+1 = tn+1 and �(in+1; jn+1) is either a shortest playon t0n+1 or jn+1 = j�j. The other 
ase is that tn+1 = y(�z1; : : : ; �zl) is dire
tlybelow �xn in t0 and y is bound within an earlier tile t0k. The position �(in+1) isa 
hild of a position in the interpretation of t0k that is the e�e
t of the suÆx play�(ik; jk). The tile t0n+1 is [ [t0k �xk℄ [t0m1 �xm1 ℄ : : : [t0ml �xml ℄ tn+1 ℄ where the t0miare the minimal number of tiles in t0k+1; : : : ; t0n that are 
aptured in the sense thatthey involve extra nri subplays or are �nal. The interpretation of t0n+1 at position�(in+1) is [ [�1℄ : : : [�l+1℄�(in+1)℄ where �1 is the interpretation of the tile t0kand �i+1 is that of t0mi . The play �(in+1; jn+1) is the 
ontinuation, assuming(iterated) suÆx playing, on t0n+1 that starts at tn+1 and �nishes at an atomi
11



leaf of it or is �nal. The intention is that unfolding will be true by de�nitionassuming a non-standard interpretation of generalized tiles whi
h in
ludes thattheir plays are suÆx plays. As with the 3rd-order 
ase, ea
h play � des
ends abran
h of the unfolded tree. The remainder of the proof, the refolding, is howto extra
t a small term from the tree of generalized tiles. Game-theoreti
ally,unfolding and refolding is justi�ed by re
ursive permutations, repetitions andomissions of ri subplays.Example 3. In Example 2, the term in Figure 1 is redu
ed to the left tree inFigure 4. We examine its unfolding. Tile t01 = z(�x; �), �(i1; j1) = �(2; 3), t02 =f(�) and �(i2; j2) = �(4; 5). Now, t3 = x, so t03 = z(�x:x; �) as t01 is lowered (andthere is no 
apture) and �(i3; j3) is the suÆx play �(8; 9) that starts at x and�nishes at atomi
 leaf �. Tile t04 = t4 = a is �nal for � and �(i4; j4) = �(20). Tomake the unfolding into a term tree, the initial � of t0 is added and the 
onstantb : 0 underneath any atomi
 leaf that does not have a su

essor, the tree on theright of Figure 4. The issue is t03 whose interpretation is a suÆx play. We 
anreinterpret it as a 
omplete play on t03 be
ause (the pre�x play) �(i1; j1) is ri:the 
omplete play has a di�erent right term in its states, here we use Fa
t 2.The top z(�x; �) and basi
 tile z(�x:x; �) are 1-end and 1-dire
ted: so, by T2,they are removed. The result is the small term �z:f(a). utReferen
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