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Abstract

Automata and language theory study finitely presented mechanisms for
generating languages. A language is a family of words. The Chomsky hier-
archy of languages can be generated using grammars or using automata. At
the lowest level are regular languages which are also generated by finite-state
automata. At the next level are context-free languages. These are gener-
ated by context-free grammars and also by pushdown automata. Beyond this
are the context-sensitive languages and the recursively enumerable languages,
generated by linear bounded Turing machines and Turing machines.

A slight shift in focus is very revealing. Instead of grammars and automata
as language generators, one views them as propagators of possibly infinite la-
belled transition graphs. This is our starting point. We shall examine various
kinds of infinite graph, concentrating on pushdown automata and context-
free grammars and also consider bisimulation equivalence as an alternative to
language equivalence.

The main goal of the lectures is to provide decision procedures for infinite
state graphs. We concentrate on proving decidability of language equivalence
using both graph theoretic and combinatorial arguments. The main result to
be examined is decidability of the DPDA equivalence problem: that language
equivalence is decidable for deterministic context-free languages. Despite in-
tensive work throughout the late 1960s and 1970s, this problem remained un-
solved until 1997 when Sénizergues announced a positive solution. His proof
consisted of two semi-decision procedures, and so there was no complexity
bound on the procedure. In the lectures we provide a deterministic decision
procedure with a primitive recursive upper bound.

We shall also briefly discuss the open problem whether language equiva-
lence is decidable for deterministic higher-order pushdown automata.
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1 Introducing Pushdown Automata

Pushdown automata and their graphs are now introduced.

1.1 Pushdown graphs

The following four sets are ingredients of a pushdown automaton (a PDA).
e A finite set of states P
e A finite set of stack symbols S
e A finite alphabet A
e A finite set of basic transitions T

A basic transition has the form pX — ga where p and ¢ are states in P, X is a
stack symbol in S, a € AU {e} and « is a sequence of stack symbols in S*.

A configuration of a PDA consists of a state p € P and a sequence of stack
symbols # € S*, written pf. The transitions of a configuration are defined by the
following prefix rule where § is any sequence of stack symbols.

PRE If pX -5 ga € T then pXd —= gad

A traditional automaton interpretation is that on input a the configuration pX4d
in state p with X at the top of the stack changes to state ¢ and a replaces X.
Alternatively, with respect to a generational or process calculus perspective the
configuration pXJ generates, or performs, a and becomes gad. In both these ac-
counts e-transitions have a special status. If a = e then configuration pXd may
change to qad without reading an input or pXd may become gad silently without
performing an observable action.
For simplicity, the following disjointness condition on T is assumed.

If pX 5 g8 e Tand pX 5 rAeTthena=¢

A configuration is unstable, only has e-transitions, or stable, has no e-transitions.
The transition graph G(pp) is generated by deriving all possible transitions from
pB and every configuration reachable from it using the rule PRE.

Example 1 The first example involves ingredients which are all singleton sets.

P={p} S={X}
A = {a} T={pX 5 pXX}

G(pX) is: pX -5 pXX -5 pX XX % . ... The transition pX XX -5 pX XXX
follows by applying PRE to pX —— pX X € T with 6 = X X. O

Example 2 Let P = {p}, S ={X, A, B} and A = {a,b}. The basic transitions are

pX -5 pAX pA 5 pAA pB - pAB
pX -2 pBX pA -2 pBA »B -% pBB
G(pX) is depicted in figure 1. The graph G(pX) is the full binary tree. O

Example 3 Let P = {p,q,r}, S = {X}, A= {a,b} and T be

pX 5 pX X pX Ly re rX -5 re
pXLH]e qX—b>qe
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Figure 1: G(pX)
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Figure 2: A determinisitic PDA

The graph G(pX) is

qe & qX & XX &L

Tb Tb Tb
pX 5 pXX 5H pXxx -
b b b

€

re +— rX <& rXX &

This example involves both e-transitions and nondeterminism: the configuration
pX X™ has b-transitions to g X™ and rX"™. Note that € is used both as a transition

label and for the empty stack sequence. Configurations ge and re are terminal, as
they do not have transitions. O

Example 4 Often we dont spell out all the components of a PDA except its tran-
sitions. Figure 2 depicts a simple deterministic PDA whose basic transitions are

pX = pX pX L)pe pX = pX rX - pe
pY - pe pY LIS pY -5 pYY rY - re

There is at most one transition pX —= ga € Tforpe P, X €S, a € AU{e}. O

A PDA is presentable in normal form, up to isomorphism of transition graphs,
where each transition pX —— ga € T obeys the constraint that the length of a, |al,
is at most 2. Enforcement of the normal form is easy to achieve, by introducing extra
stack symbols. Assume that the maximum length of a sequence of stack symbols



@ in any transition pX -2 ga € T is n. New stack symbols [3] are introduced to
achieve this normal form for sequences 3 of stack symbols whose length is at most
n. The concrete construction is best illustrated by example.

Example 5 Suppose the transitions T are

pX = pX1 X5 X3X, pX1 - pe
pXo 5 pX1X3X4 pX3 = pX1X1 X1 Xy
pX4 - pX1

The largest size of a sequence of stack symbols introduced by a transition is 4.
Therefore we only need to introduce extra stack elements [(] in the case that 8 has
length at most 4. The transition pX LN pX1[X2X3X,] involving the new stack
symbol [X5X3X,] replaces the transition pX LN pX1X2X3X4. With respect to
this initial transition, which obeys the normal form, further transitions and new
stack symbols are introduced as follows.

P[X2X3X4] -5 p[X1 X3 X4][X3X4] p[X1X3X4] -5 p[X3Xy]
p[X3X4] =5 p[X1 X1 X1 X 4] Xy p[X1 X1 X1 Xy] -5 p[ X1 X X4
p[X1 X1 X4] -5 p[X1Xy] p[X1X4] -5 pXy

Transitions for pX; and pX, are as in T. The reformulation of the PDA obeys the
normal form. Clearly the two graphs G(pX) with respect to the automaton and its
normal form are isomorphic. O

A transition graph G(pa) has both bounded in and out degree. The out degree
of a terminal configuration pa is 0 and the out degree of a configuration pXa is
bounded by the number of basic transitions in T which have the the form pX - ¢8.
The in degree of a configuration pa is bounded by the number of basic transitions
in T which have the form ¢Y — pa’, when o' is a prefix of a.

1.2 Collapsed graphs

A natural extension of transitions is to words w € A*. The extended transition
pa — qf represents that there is a w-path from configuration pa to configura-
tion g3 (and therefore pa —= pa for any configuration pa). The role of basic
e-transitions thereby differs from basic a-transitions when a € A, because € is the

empty word. For instance, pX X % re in the case of example 3 of the previous

section because pXX — pX XX Dy rXX -5 rX S re

A configuration of a PDA is either stable or unstable. To capture word tran-
sitions, the collapsed graph of a PDA, which abstracts from e-transitions, is de-
fined. Consider just the stable configurations of example 3 of the previous section,
and transitions —s, @ € A, between them. This is the collapsed graph, without
e-transitions. For instance, its collapsed transition graph with stable root pX, writ-
ten G(pX), is depicted in figure 3. In a collapsed graph unstable configurations
are removed, and pa - ¢fB if pa % ry(—=)*¢B. If a PDA does not contain
e-transitions then G(pa) is the same graph as G¢(pa).

A collapsed transition graph may have infinite in or out degree. The configura-
tion re in figure 3 has infinite in degree because there are infinitely many transitions
into it.

Example 1 Assume T is
rX — pX pX S pXX pX S qe qX—b)qe

The graph G(rX) is



ge = X =+ QXX =-—— ...

SR

a a a
pX ——= pXX ———=pXXX — ...
{b‘) ,

Figure 3: Collapsed graph G¢(pX)

//\\

qs%qx -—2 gXX -—

Figure 4: The collapsed graph G¢(rX)
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The stable configurations in this graph are {rX,¢X™ : n > 0}, and the collapsed
graph G¢(rX) is presented in figure 4. Infinite out degree, as illustrated by this
example, depends on nondeterminism in the basic e-transitions. |

What is the collapsed graph when there are not appropriate stable configu-
rations? Consider a case involving just the following pair of basic transitions,
pX -5 ¢X and ¢X -5 ¢X X. The graph G(pX) is

pX 5 gX S5 gXX S gXXX S

The collapsed graph G¢(pX) is just the singleton node pX, because there are no
stable configurations reachable from pX.

1.3 Subclasses of pushdown automata

There are many subclasses of pushdown automata. The following are important
cases, some of which we shall examine later.

e Real-time: there are no e-transitions, so graphs G(pa) and G¢(pa) coincide.
e Single-state: the set of states P is a singleton set.

e e-deterministic: if pX —= g3, pX 7y € T then ¢ =r and § = ~.

e A-deterministic: if pX - ¢8, pX —= ry € T, a # e,then ¢ =r and § = ~.
e Deterministic: if the PDA is both e-deterministic and A-deterministic.

e Normed (or without redundancy): for any configuration g5 of a graph G(pa)
there is a word u € A* and a state ¢ such that pa —— ge. One way of
guaranteeing normedness is to ensure that for any state p and stack symbol
X there is a word u € A* and a state ¢ such that pX —— ge.



There is an important normal form in the case when a PDA is e-deterministic
that e-transitions only pop the stack: if pX —— ¢ then § = €. By equivalent we
mean that their collapsed graphs are isomorphic. There are three cases to consider.

1. If pX - py X1 — psXoas — ... then in the collapsed graph no configu-
ration of the form pX /8 occurs because it is unstable. Therefore we delete from
T the transition pX — p; X1a; and any transition of the form ¢V - pXa
for a € AU {e}.

2. If pX -5 p1 X1a1 — ... — ppXpan and ppXay, is stable then we remove
pX — p1Xioq from T and for each transition p, X, — ¢B8 € T add the
transition pX —— gfa,, to T.

3. If pX -5 piXian — ... = ppe then we remove the transition pX ——
p1Xiaq from T and add the new transition pX LN pne to T.

In particular, this is a normal form for a DPDA (a deterministic pushdown
automaton).

1.4 Decision questions

There are various decision questions that one can ask about PDA. One kind is
essentially graph-theoretic: for instance, given configurations pa and ¢f, is there
a path from pa to g8 in the graph G(pa)? In fact, as Blichi noted in the 1960s,
there is an effective method for answering this question because the set of reachable
configurations from any regular set of configurations is again a regular set (that can
be characterized effectively using a finite-state automaton).

Another kind of decision question is model checking. The rooted graphs G(pa)
(for a real-time PDA) and G¢(gf8) can be viewed as models with respect to which
logical formulae are defined. A classical instance is monadic second-order logic
which is first-order logic over these graphs (containing equality and an atomic binary
predicate E, for each a € A with interpretation i)) together with quantification
over sets of vertices. Given a (collapsed) PDA graph and a formula ®(z) with one
free variable, the decision question is whether ®(z) is true at the root of the graph.
There is a significant history associated with this problem. In effect, Biichi showed
that this question is decidable for example 1 of section 1.1 [3] and Rabin showed
that it is decidable for example 2 [23]. The graphs G(pa) for real-time PDA exhibit
a “regular” structure, as originally defined by Muller and Schupp [21]. From this
they showed using Rabin’s result that the question is decidable for any real-time
PDA graph. Finally, Caucal [9] extended the result to any collapsed graph G(pa)
of a PDA. Standard temporal logics, LTL, CTL, CTL* and modal u-calculus, are
sublogics of monadic second-order logic, so model checking them on these infinite-
state transition graphs is decidable. In practice, model checking these temporal
logics appeal directly to automata (instead of monadic second-order logic).

Caucal also provided other characterisations of the graphs of pushdown au-
tomata. First he showed that the graphs of real-time PDA can be defined in terms
of “pattern graphs” using deterministic graph grammars [7]. Secondly they are
isomorphic to the transition graphs generated by Type(O grammars under prefix
rewriting. Assume a finite family of nonterminals N and a finite alphabet A. A
TypeO grammar under prefix rewriting is given by a finite family of basic tran-
sitions of the form a —— ( where a and 8 belong to N*. The transition graph
generated by a configuration § € N* is determined by the basic transitions together
with the prefix rule if a —— S then ay —— B~ for any v € N*. He also defined a
more general class of graphs, the prefiz-recognisable graphs [9], where the finite set



of basic transitions are given by more general rules E %+ F where E and F are reg-
ular expressions over the alphabet of nonterminals. It turns out that these graphs
coincide with the collapsed graphs of PDA. For instance, the graph of figure 4 is
(isomorphic to) G(X) when X % Y* and Y Ly

A third kind of decision question deals with equivalence checking. Classically, for-
mal language theory views the language generable from a configuration as paramount.
Therefore, the language equivalence problem is: given two configurations of a PDA!
do they recognise the same language?

Definition 1 The language of pa, L(pa) = {w € A* : pa - ge for some ¢ € P}.

When recognising any such word the stack is thereby emptied. For instance, L(pX)
in the case of example 3 of section 1.1 is the set of words {a"b"*! : n > 0} U {a"b :
n > 0}. This is called empty stack acceptance. A word w € A* is in L(pa) if there
is a w-path from pa to a terminal state ge for some ¢ in the collapsed graph G(pa).

The class of languages recognised by PDA is the context-free languages. It was
shown in the 1960s that the language equivalence problem is undecidable (even
for real-time single-state PDA). It was also shown that the language containment
problem is undecidable for real-time single state DPDAZ. (Visibly pushdown au-
tomata are real-time PDA that obey the following constraint: for every a € A, if
pX - qa € Tand p'Z % ¢/B then |a| = |f]. The language containment problem
is decidable for such PDA [1]).

1.5 Bisimulation equivalence

Language based equivalences are not the only notion of equivalence between con-
figurations of pushdown automata. There are proposals for finer equivalences in
concurrency theory, where the behaviour of a process is presented as a labelled
transition graph. There is a need for more intensional equivalences because lan-
guage equivalence is not preserved by communicating automata. A pivotal notion,
due to Park and Milner, is bisimulation equivalence.

Bisimulation equivalence is based on the existence of a relation between vertices
of a transition graph which is preserved by transitions. More precisely a bisimulation
relation is defined as follows.

Definition 1 A binary relation R between vertices of transition graphs is a bisim-
ulation relation provided that whenever (E, F) € R, for all a € A,

if & - E' then thereis an F'. F %5 F'" and (E', F') € R,
if F -2 F' then there is an E'. E %5 E' and (E', F') € R.

Definition 2 E is bisimulation equivalent to F', E ~ F, if there is a bisimulation
relation containing (E, F).

Example 1 Consider the following three graphs.

mX LN pre qi€ & aX LN qie Ti€
Ta Ta Tb
pX qX rX — nX
la la le
pX - pee ghe <~ @pX 5 g To€

Here pX ~ ¢X. The bisimulation relation R which witnesses this is

L As the disjoint union of two PDAs is a single PDA, we can restrict equivalence problems to
configurations of a single PDA.
2That is, simple grammars that are defined later.



{(pX,¢X), (1 X, 01 X), (02X, 2X), (p1€, g1 €), (P16, qr€), (26, 45€), (P2€, q2€) }

The proof that R is a bisimulation relation is straightforward. For example, consider
the pair (p1 X, g1 X). There is a single transition p; X LN p1e which is matched by
aX LN g€ because (p1€,qj€) € R. And there are two transitions g1 X LN gye and
X LN q1€ which are both matched by the single transition p; X LN p1€, as both
(p1€,qie), (pi€, qie) € R.

The vertices pX and rX are not bisimilar, even though they recognise the
same language. Assume that there is a bisimulation relation R containing the
pair (pX,rX). The problem is how to match the transition rX — 7 X. It can

not be matched by pX - p; X because r1 X — rqe and it can not be matched
by pX - p» X because r1 X LN ri€. O

Example 2 In the following pX ~ ¢Y.

pX 5 pXX 5H pxXXxXXx 5H pXxxxx 5

v S qy S5 @y 5S4y S
The bisimulation relation R which witnesses this equivalence is infinite.

(X a¥™) 0> 0} U{EX*™,qV™) < n >0}

For instance (pX?2*,¢;Y'?) € R. There is a single transition pX?* -5 pX?® and
@Y % qV'3 and (pX?°,qY"%) € R. a
There is also a notion of approximation associated with bisimulation equivalence.

Definition 2 The family {~,: n > 0} between vertices of transition graphs is
defined inductively as follows.

E ~q F for all vertices E, F’

En~p Fiff forallae A
if E 5 E' then thereis an F'. F - F' and E' ~, F', and
if F -2 F' then there is an E'. E -%5 E' and E' ~,, F'

For instance in the case of example 1, pX ~; rX but pX £, rX.
Fact 1 If pa ~ g8 then for alln > 0. pa ~, qf.

The converse of fact 1 is not in general true for collapsed graphs G¢(pa). It is
possible that E £ F and E ~,, F for all n > 0. (Find an example.) However, the
converse does hold for graphs which have finite out degree.

Fact 2 If the transition graphs containing E and F have finite out degree and for
alln >0. E~, F then E ~ F.

Baeten, Bergstra and Klop showed in 1987 that bisimulation equivalence is de-
cidable for normed, single-state real-time PDA [2]. This was extended to all single-
state real-time PDA [11] and then to all real-time PDA and to the collapsed graphs
of e-deterministic PDA [25]. However, the problem is undecidable for arbitrary
collapsed graphs of PDA (a result that is a consequence of [28]).

1.6 The DPDA equivalence problem

A more classical definition of a PDA includes an extra component: F C P which are
final states. The language of a configuration is then the set of words w € A* such
that pa — ¢f where g € F. This is called final state acceptance.



For pushdown automata, in general, the languages recognised under final state
acceptance coincide with those recognised under empty stack acceptance. However,
this is not true in the case of DPDA. The languages recognised by DPDA under
final state acceptance are the determinisitc context-free languages. The languages
accepted under final state acceptance is a proper subset of these deterministic lan-
guages. However, we still work with empty stack acceptance because of the fol-
lowing. For any language L accepted by a DPDA configuration under final state
acceptance, there is a DPDA configuration that accepts L$ where $ ¢ A is an end
of word marker: the language L$ = {w$ : w € L}. To see this, first include a
new bottom of the stack symbol B in a DPDA with final state acceptance: so,
pa — gqf where ¢ is a final state if, and only if, paB — ¢AB in the amended

DPDA. If for a final state ¢ and stack symbol X, ¢X Psilgn e and r is not final
then introduce a new final state ' and replace this transition in T with ¢X — r'e
and add transitions for r' that are the same as for r. Next, for each final state ¢

and stack element S, if ¢S is stable then introduce a new basic transition ¢S LI
where e is a new state whose role is to erase all stack elements, so eS — ee for
all S. Clearly, paB —= ¢fB in the amended DPDA with final state acceptance if,

and only if, paB % ee in the DPDA that accepts with empty stack acceptance.

The DPDA equivalence problem was posed in the 1960s [12]: given two config-
urations pa, ¢8 of a DPDA, is there an effective procedure for deciding whether
L(pa) = L(gB)? It was a celebrated open problem until it was solved positively by
Geraud Sénizergues [24, 26]. Tt seems that the notation of pushdown configurations,
although simple, is not rich enough to sustain a proof. Deeper algebraic structure
needs to be exposed. Sénizergues’s proof is primarily algebraic. This proof was sim-
plified in [29, 27]. However, these solutions to the problem involve two semi-decision
procedures: one to show inequivalence (“find a smallest distinguishing word”) the
other to show equivalence (basically, using a nondeterministic proof procedure).
Therefore, there is no complexity bound on the decision procedure.

A much simpler determinisitic decision procedure with a primitive recursive
upper bound on its complexity was presented in [30]. It is this proof that is the main
topic of these notes. The proof technique is somewhat different from Sénizergues’s
method and is based on the bisimulation equivalence problem for determinisitic
graphs G¢(pa). However, essential elements of Sénizergues’s proof are still present
in the decision procedure.

10



2 Decidability of Equivalence of Simple Grammars

Surprisingly, the key to understanding the DPDA equivalence problem is real-time
single-state PDA.

2.1 Pushdown grammars

A pushdown grammar (a PDQ) is a real-time single state PDA with ingredients:

e A finite set of stack symbols S
e A finite alphabet A

e A finite set of basic transitions T

A basic transition has the form X — « where X € S, a € A and @ € S*. A
configuration 3 is a sequence of stack symbols. The prefix rule is

PRE if X % a € T then X6 -5 ad.

We assume that a PDG is in normal form. First, any transition X —— a € T has
the property that |a| < 2. To ensure this, we add extra stack symbols as outlined
in section 1.1. Second, a PDG is normed: for every X € S there is a word u such
that 4 € L(X). We now show how to ensure this.

Assume a fixed total ordering < on A.

Definition 1 The word » is “smaller” than v, if |u| < |v| or |u| = |v| and u is
lexicographically less than v with respect to the ordering on A: that is, if |u| = |v|,
u = waw' and v = wbv' then a < b.

Definition 2 For each stack symbol X, if L(X) # 0 then w(X) is the smallest
word in {u : X % €}. The norm of X is the length of w(X), |w(X)]|.

It is easy to compute w(X), if it exists, for each stack symbol X. Initially,
stack symbols with norm 1 are identified by examining transitions in T of the form
X % ¢, and their shortest words are defined. There must be at least one stack
symbol with norm 1 unless L(X) = for all X € S. Next, stack symbols with norm
2 are identified. X has norm 2 if X does not have norm 1 and X - Z € T and Z
has norm 1. A stack symbol X has norm 3 if it does not have norm 1 or norm 2,
and either X - Z € T and Z has norm 2 or X - YZ € T and both Y and Z
have norm 1. Identification of norm is iterated, until either w(X) is calculated for
each stack symbol X or X can not have a norm: the current largest norm is k and
no stack symbol has norm between k and 2k + 1.

If this procedure leaves X unnormed then it is deleted from S, and all transitions
Z % a € T with X = Z or a containing X are deleted from T. The result is a
normed PDG that preserves language equivalence (for configurations « such that
L(a) #0).

An important measure of a PDG (in normal form) is its maximum norm M.
Definition 3 M = max {|w(X)| : X € S}.

In the worst case, M is exponential in the number of stack symbols. If S =
{X1,...,X,} and T is,

Xy, e Xpot — XpnXpn Xneo — Xpo1Xnotr . X1 =5 X0 Xo,

then w(X,_;) = a? .
The definition of norm extends to configurations of a PDG.

11



Definition 4 For each configuration «, the word w(«) is the unique smallest word
v such that @ — e. The norm of a is |w(a)|.

Fact 1
1. w(e) =€ and |w(e)| =0
2. w(Xa) =wX)w(a) and Jw(Xa)| = |w(X)| + |w(a)]

As a first step towards solving the DPDA equivalence problem, we prove de-
cidability of language equivalence for simple grammars, which was first shown by
Korenjak and Hopcroft in 1966 using a method which is not so dissimilar from that
presented here [20].

2.2 Simple grammars

A simple grammar is a deterministic PDG. The key restriction is
e Determinism: if X s a€Tand X - € Tthena =8

The recognition power of simple grammars is less than that of DPDA. For example,
the language L = {a™b" : n > 0} U {a"c : n > 0} is generable by a DPDA
configuration: it is L(pX) of example 3 of section 1.1 when the transition pX s re

is changed to pX —— re. However, it is not generable by a configuration of a simple
grammar (why?).

Example 1 Let T be

X %vx x-%e v Wy
A5 C A e o a4

The transition graphs G(X) and G(A) are pictured in figure 5. Here, w(X) = b
and w(A) = b. Because of the transition Y N X, the symbol Y has norm 2 and
w(Y) = bb. The symbol C has norm 3 because C Ly AA, so w(C) = bbb. So the

maximum norm M = 3. O

Configurations of a simple grammar are sequences of stack symbols. An extra
configuration, the deadlocked configuration ), is added for the purpose of a useful
notation®, “the result of a after the word u,” written a - u. The configuration o - u
is either the configuration § such that o —— J or it is the deadlocked configuration
(. The configuration @ is unnormed, its size, |@], is 0 and L(@) = . It is assumed
that fa = 0 = af.

Fact 1 If o € S* U {0}, then
1 (a-€) =a
2. (0-au) =0
3. if X 5 B €T, then (Xa-au) = (Ba - u)

4. if there is no transition X — 8 € T, then (Xa - au) = §.

30 has an important role later when configurations are extended to sets of sequences of stack
symbols {a1,...,an}, and it is then genuinely the emptyset.

12
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Figure 5: G(X) and G(A)

The inclusion of () guarantees that (a - u) is always defined, and is unique because
simple grammars are deterministic. In example 1, above, (Y X - bab) = X X X and
(AA - aa) = (). Some obvious properties of “after” are now listed.

Fact 2
1. If (a-u) =0 then (a-uv) =0
2. If (a-u) =€ then (a-ua) =0
3. max{0, |a| — ul} < |(a-u)| <|af + |u]
4. (a-w) = (a-u) v
5. (af-w(a)) =8
6. If [u| < |w(a)| then (af -u) = (a-u)

The language of a configuration L(«) is prefiz-free because of determinism: if a
word belongs to L(a), then no proper prefix belongs to it.
Fact 3 Ifu € L(a), then for any v € AT, uv € L(a).

The decision problem for simple grammars is: given configurations «, 5 € S*,
is L(a) = L(B)? (The decision problem L(«) C L(B)? is undecidable.) Because
simple grammars are deterministic (and normed) language equivalence coincides
with bismulation equivalence.

Fact 4 L(a) = L(B) iff a ~ .

Example 2 L(A) = L(X) where X and A are from example 1, so A ~ X. However,
the bisimulation R justifying equivalence is infinite.

R={(X",A") : n >0} U{(Y X", CA") : n >0}

13



UNF

a=p
(a-a))=(B-a1) ... (a-a;)=(B"ayp)

A={a,...,a;}

Figure 6: The rule UNF

R obeys the hereditary conditions for being a bisimulation. For instance, the pair
(YX®,CAT) € Rand YX® -2 X° and CA” -2 4%, and (X°, 4°) € R. O

Example 2 illustrates that a justifying bisimulation relation may be infinite, so
it is necessary to supply a more sophisticated technique than merely exhibiting a
bisimulation witness if we wish to solve the decision problem for simple grammars.

2.3 Tableau proof rules

The decision procedure for simple grammars is a tableau proof system, consisting
of proof rules which allow goals to be reduced to subgoals. Goals and subgoals are
all of the form a = 3, “is a ~ 87", where a and 3 are configurations of a simple
grammar.

The initial tableau proof rule is UNF (unfold) in figure 6. The goal, a« = f3
reduces to the subgoal (a-a) = (f-a) for each a € A. The application of this simple
rule is both “complete” and “sound”. Completeness is the property that if the goal,
a = 3, is true then so are all the subgoals, (a - a;) = (8 - a;).

Fact 1 If a ~ (3, then for alla € A, (a-a) ~ (8 -a).

Soundness is the converse, that if all the subgoals are true then so is the goal which
is equivalent to, if the goal is false, a # [, then so is at least one of the subgoals.
However, there is a finer account that uses approximants.

Fact 2 If a ~, 8 and a #,q1 B, then for some a € A, (a-a) %, (8- a).

Example 1 In the case of the simple grammar of example 1 of section 2.2, the
following is an application of UNF to the goal A = X.

A=X
C=YX e=c¢

C=YX,is(Ad-a)=(X-a)ande=¢€is (A4-b) = (X -b). O
Repeated applications of UNF continually reduce goals. For instance, the fol-
lowing tree of applications of UNF starts with goal A = X of the example, above.
A=X
C=YX €=¢€
: : UNF
D=0 AA=XX
CA=YXX A=X

UNF

In each application of UNF, the left subgoal is the result after a and the right subgoal
is the result after b. If o/ = B’ is a subgoal which is the result of m consecutive
applications of UNF from the goal a = 3, then there is a word u such that |u| = m
and @' = (a-u) and 8’ = (8 -u). The word u is then said to be the associated

word with this sequence of applications. In the example, above, CA = Y X X is the

14



BAL(L) and BAL(R)

Xa = 8 B8 = Xa
: C : C
aa = B B = Jda
o(Brw(X) = B o= a(B-wX))

where C is the condition
1. la/ > 0 and |&'| > 0, and

2. there are precisely |w(X)| consecutive applications of UNF between the top
goal, Xa = 8 (B = Xa), and the bottom goal, o'a = 8’ (8’ = a’a), and no
applications of any other rule.

Figure 7: The balance rules

result of 3 consecutive applications of UNF from A = X. The associated word is
aba.

A key idea is reduction of a goal to a “balanced” subgoal, and this is the role
of the rules BAL(L), balance left, and BAL(R), balance right, in figure 7. Balance
rules were introduced by Sénizergues [26] for the more general DPDA equivalence
problem*: in his framework, they are the transformations T5. The imbalance of a
goal a = f3 is the length of the largest prefix of o or 3 before they have a common
tail. If @« = a6 and 8 = 19 and the only common suffix of oy and ; is the empty
sequence, then the imbalance between a and § is max{|a1|,|B1|}. If the imbalance
between « and § is 0, then a = 3, so a ~ .

Assume a goal 8 = Xa, the initial goal of a BAL(R), and assume that 8 =
Y:...Y, andn > M+1. Also, assume that there are |w(X)| consecutive applications
of UNF between this goal and the goal 8’ = a’a, and |a’/| > 0. Therefore, there is
a word u of size |w(X)| associated with this sequence of applications of UNF, and
(B-u)=p"and (Xa-u) =ad'a= (X -u)a because |u| = |w(X)|. Clearly, |u| <M,
so (B-u)=1... Y u)YMm41...Y,. An application of BAL(R) to 8’ = o@'a has
result 8’ = /(B - w(X)) which is therefore the goal

(Yl...YM -U)YM+1 Yn = a'(Yl...YM w(X))YM+1Yn

However,
[(Y1..Yy-u)] < 2M
o[ =[(X-u)| < M+1
|(Y1...Yu-w(X))] < 2M

and therefore, the maximum imbalance of the subgoal is 3M + 1. This bound is
independent of the sizes of, and the imbalance between, the configurations in the
goals of the rule.

Completeness of an application of BAL is that if the goals are true then so is
the subgoal®: its proof depends on the following two properties.

4We shall use the more general rules later.
5 A more parsimonious claim is that if the initial goal of an application of BAL is true then so
is the main goal and the subgoal.
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Figure 8: The rule CUT

Proposition 1
1. If Xa~f then a~ (8 w(X)).
2. If a~ [ then da ~ 0.
Proof: If Xa ~ 8 then Xa w(—X>) a and therefore 8 w(—X>) B and a ~ ('. By

definition ' = 8- w(X). For 2 if R is a bisimulation containing the pair (a, 8) then
RU{(ya,vB) : v € S*} is also a bisimulation. O

Fact 3 If Xa~ 8 and &'a ~ ' then o' (B - w(X)) ~ §'.
Soundness utilises the following properties.

Proposition 2
L If Xa~, B andn > |w(X)| then o ~p_jux) (8- w(X)).
2. If a~y, B and |6] > k then da ~p4p 68.

Proof: If Xa ~, f and n > |w(X)| then X« w(—X>) a and therefore 3 w(—X>) B' and

@ ~p_jw(x)| B'. By definition 8’ = - w(X). For 2 consider any word u such that
lu| <n+k. Assume da - u is defined. We therefore need to show that §5 - u is also
defined. There are two cases. First da-u = (§-u)a, and so §3-u = (6-u)S. Second
uw=ovw and § -v = ¢, but then |v| > k and so |w| < n. Consequently 683 -u is 8 -w
which is defined because a ~, (. O

In fact soundness is subtle. We need to bear in mind “global” soundness of the
tableau construction. The main idea, as we shall see, is that if there is a successful
tableau whose root is false then there is an offending path of false goals. This idea
is refined using approximants. If a a goal v = § is false then there is a least n
such that v £, §. The falsity index decreases through an application of UNF, as
shown by fact 2 . Consequently, if a successful tableau has a false root then there
is an offending path of goals whose “falsity” index is decreasing whenever UNF is
applied.

Consider the circumstance when the initial goal of an application of BAL is
false, Xa ¢ 3. There is a least n + 1 such that Xa #£,41 8 and Xa ~,, 5. Assume
that m = |w(X)|. For soundness of an application of BAL we are only interested in
the case when there is an offending path of false goals whose falsity index decreases
as UNF is applied which passes through the main goal of the application, and so
n > m. In which case it follows that oy o (p41)—m B’ because there are exactly m
applications of BAL between these goals. The soundness property we wish to show
is that this falsity index is preserved by the application of the rule.

Fact 4 If Xa ~, B and |w(X)| =m andn > m and o' a £ (ny1)y—p B' and|a’| >0
then o' (B - w(X)) Ams1)-m B

The final rule in figure 8, CUT, allows common tails to be “cut” from a goal.

Proposition 3 If ad ~ 3§ then a ~ 3.
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Successful final goals

UNF at least once

Unsuccessful final goals

a = (exactly one of «, 3 is ()
Figure 9: Final goals

Proof: Assume ad ~ 3§ and consider a smallest word w(d) recognised by 4, so

5 "% ¢ and if § % € then lu| > |w(d)|. Assume that «a £ 8. There is therefore a

smallest word which distinguishes between them, say v. Without loss of generality
assume v is recognised by a, a — ¢, but 3-v # e. However ad vw—(6>) €. Because
B8 ~ ad it follows that 8¢ vw—(6>) €. One possibility is w(d) = wiws and ws # € and
B e and § 2 ¢, but this contradicts that w(d) is a smallest word recognised by

. g . .
8. Otherwise v = v1vs and vy # € and B —» € and § vﬂ) €. But this contradicts
that v is a smallest word which distinguishes @ and § because a — a' where
a' # €. Therefore a ~ §. O

If the goal of an application of CUT is false then so is its subgoal (and it preserves
the “falsity” index).

Proposition 4 If ad #, 5 then a #£, (.

Proof: We show its equivalent, if a ~, § then ad ~, B§ by induction on n.
The base case n = 0 is clear. Assume it holds for n < k and consider n = k.
Assume a ~,  and ad - o'. If @ = € and § —— ' then either n = 0 and the
result already follows or 8 = € and therefore 36 —— &' and clearly o ~,_ 1 o'
If a =% oy and @ = @10 then 3 —— 31 and oy ~,_1 Bi and therefore by the
induction hypothesis a16 ~,_1 $19. The symmetric case 86 — 3 is similar. O

2.4 Swuccessful tableaux

In the previous section we presented and justified four tableau proof rules. We now
show that these rules lead to an effective decision procedure for checking equivalence
of configurations of a simple grammar.

A missing ingredient in the tableau description is when a current goal is final.
Final goals are either successful or unsuccessful, and are presented in figure 9. A
successful final goal is either an identity or a repeat goal with at least one application
of UNF between the repetition. An identity is clearly true: for the argument why
a repeat is successful see theorem 2 of the later section 2.5. An unsuccessful final
goal a = f3 is clearly false, as one and only one configuration is @), and therefore
L(a) # L(B).

The tableau procedure starts with an initial goal, « = 3, “is a ~ 87?”, and one
then builds a proof tree by applying the tableau rules. Goals are thereby reduced
to subgoals. Rules are not applied to final goals.

Definition 1 A successful tableau for a = f is a finite proof tree with root a = 3
and all of whose leaves are successful final goals. Otherwise a tableau is unsuccessful:
that is, if it is not a finite proof tree or if it contains an unsuccesssful final goal.
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Example 1 Earlier we proved that A ~ X in example 2 of section 2.1. The set T
of transitions are as follows.

A5 C ALty e C 2y A4
X S vX X e y 2 x

Below is a successful tableau for 4 = X.

A=X
- — UNF
C=YX €E=¢€
—  UNF
AA=XX
- - UNF
CA=YXX A=X
—— BAL(L)
CX=YXX
—— CUT
=YX

The annotation explains which rules are applied. The initial goal A = X reduces
to the subgoals (4-a) = (X -a) and (A-b) = (X -b). The second of these goals is a
final successful goal, ¢ = €. There are two further applications of UNF to the first
of these goals. The right subgoal A = X is a successful final goal because it is a
repeat and there is at least one application of UNF between the repetition. BAL(L)
is applied to the goal CA = Y X X with initial premise A4 = X X, as follows.

AA = XX
CA = YXX
C(XX b)) = YXX

This fulfills the conditions of the application of BAL(L), w(A) = band so |jw(Y)| =1
and there is precisely 1 application of UNF between the two premises and no other
rule is applied. The left configuration has changed from AA to C'A in the second
goal, and therefore the rule sanctions replacement of the final occurrence of A with
(XX -w(A)) which is X. CUT is then applicable to the goal CX =Y XX and the

result is a final successful goal C = Y X because it is a repeat. O

In example 1 there is an application of BAL(L) to the goal CA = Y X X. How-
ever BAL(R) also applies to this goal in two distinct ways (which in fact produce
the same subgoal).

AA = XX cC = YX
CA = YXX CA = YXX
CA = YX(AA-D) CA = YX(C-bb)

The difference in application is that w(Y") = bb, whereas w(X) = b.

Example 2 Example 1 illustrates a successful tableau. However the rules allow
tableaux that do not terminate, for instance, by only applying UNF.
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: — UNF
C=YX €E=¢€
————— UNF
AA=XX
_ —— UNF
CA=YXX A=X
—  UNF
AAA=XXX
— UNF
There is an infinite path of goals A = X" for all n > 0. O

A simple grammar is deterministic, and therefore we would prefer that there is
just one tableau for any goal. To achieve uniqueness of tableau, we appeal to the
ordering on A (see definition 1 of section 2.1): that in an application of UNF, the
subgoals are ordered relative to this ordering. In example 1 above we assume that
a <b.

Next we provide a strategy for applying tableau proof rules. The important issue
is when to apply the BAL rules and with respect to which premises. We assume
that a BAL rule applies to a goal using the premise above which is the closest: in the
case of the two applications of BAL(R) above we assume it is the first application
only which is allowed. We then place the following priority on the tableau rules.

1. Apply BAL(L) followed immediately, if applicable, by CUT, or
2. Apply BAL(R) followed immediately, if applicable, by CUT, or
3. Apply UNF

Given a goal one tries first to apply BAL(L), and if it is not applicable then one tries
to apply BAL(R). Only if one of the BAL rules does not apply does one apply UNF.
CUT is only applied after a BAL. The potentially infinite tableau of example 2 is
thereby excluded, because BAL(L) applies to the goal CA = Y X X. The tableau of
example 1 follows this strategy, and it is therefore the unique tableau for the initial
goal A = X.

2.5 Correctness of tableaux

We now come to the main results, which show decidability of language equivalence
for simple grammars.

Theorem 1 There is a unique finite tableau for goal o = 3.

Proof: Given a goal and using the strategy for building a tableau it is clear that
it must be unique because there is no choice in which rule is to be applied to any
subgoal. Moreover if a BAL can be applied in more than one way we always choose
the premise with least distance from the current goal. The main part of the proof
is to show that any tableau for a starting goal a = 3 has a bounded size.

M is the maximum norm assoociated with the grammar. The size of a goal v = §
in a tableau is max{]~|,|d|}. Now we make a number of observations which prove
the result. The first observation is straightforward.

(1) For any m > 0 there are only boundedly many different goals whose size is at
most m.

The next observation places a bound on the size of any subgoal which is the result
of a BAL followed by a CUT.
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(2) After an application of BAL followed by CUT the size of the resulting subgoal
is no more than 3M + 1.

This property follows from the observations made in the previous section, when
discussing balance. Hence any branch of a tableau contains only boundedly many
applications of BAL, because otherwise goals will be repeated and a repeated goal
is final.

A goal is small if its size is less than (M2 + M). Clearly there are only boundedly
many small goals. Hence any branch of a tableau involving only small goals and
only applications of UNF must be boundedly finite, as it must eventually contain a
successful final goal.

If a goal is not small, we say it is “large”. The final property is to show that any
branch in a tableau where there are only applications of UNF and no applications
of BAL, but which contains large goals must be declining in size. More precisely,
assume a large goal a = 8 and without loss of generality assume that |a| > |§].
The following property holds.

(3) If there is a branch of the tableau starting from the large goal a = 8 which
contains M? 4+ M applications of UNF and no application of other rules, then
there is a goal in this branch whose size is strictly smaller than that of a = .

By assumption |a| > |3| and as this goal is large a = X; ... X,,a’ where n > M,
and |a'| > 0. Therefore there is the following branch in the tableau.

X1 e Xna’ = 6
XQ .. .Xna’ = ﬂl
Xna, = 6n+1
al — 6n+2

and there are at least M? applications of UNF between the goal a = 3 and o' =
Bnt2. Because neither BAL is applicable, it follows that there are at most M
applications of UNF between the goals X; ... X,,o' = B;11 and X;11 ... X0 = Biyo
(because otherwise BAL(L) would be applied). If any of the goals X;... X, = Biy1
has smaller size than a = 8 then the proof is finished. So assume that this is not the
case. Therefore, in particular the size of X5 ... X,a' = B has size at least that of
a = f, and so |f1]| > |a|. Consequently |51| > |B], and moreover |3| > (|a|+1) — M,
that is at least M2 + 1, because otherwise BAL(R) would apply. So 3 has the form
Y1 ...YupB' where |3'| > 0. Because BAL(R) does not apply it follows that within
M2 applications of UNF from a = 3 one of the goals has the form yX;, ... X,, = 3.
This goal must occur as follows for some ¢ < n.

Xi .. .Xna’ = Bz’—H
Y Xit1... Xpd! = p
Xi+1 .. .XnOé’ = ﬁi+2
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By assumption the size of the goal X; 11 ... X,a' = Biy2 is at least the size of a = §3,
but this is impossible because |S;12| < |5'] + M. O

Theorem 2 [Soundness| If the tableau for o = 8 is successful then o ~ f3.

Proof: Suppose there is a successful tableau for o = 8 but a ¢ 3. By theorem 1
this tableau is finite. By proposition 4 of section 2.3 there is a least approximant
n such that a #, B. We construct an offending path of false goals through the
tableau within which the approximant indices decrease whenever UNF is applied
(by fact 2 of section 2.3). The other rules (BAL and CUT) preserve the falsity
indices as we noted in fact 4 and proposition 4 of section 2.3. Because the tableau
is finite and successful this means that the path of false goals must conclude with a
final goal. But this is impossible. Clearly it is not possible to reach a final goal of
the form v = v with 7 £ . Moreover it is not possible to reach a final goal which
is a repeat. At the first instance there is a least k such that v £ § and as there is
at least one application between the goals this would imply that v «#;_1 §, which
contradicts that k is the least approximant such that v £ . O

Theorem 3 [Completeness] If a ~ 3 then the tableau for a = 3 is successful.

Proof: One just builds the tableau for « = 3. By facts 1 and 3 and proposition 3
of section 2.3 the application of any rule preserves truth. Therefore it is not possible
to reach an unsuccessful final goal, and by theorem 1 above the tableau for a = 3
is finite, and therefore successful. O

This is by no means an optimal decision procedure for simple grammars. There
is a much more elegant proof using unique prime decomposition of a configuration,
for details see [6].
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3 A Deeper Normal Form for DPDA

We show that (slightly extended) PDGs provide a normal form for DPDA.

3.1 Congruence and cancellation

What are the key features that underpin decidability of language equivalence for
simple grammars? First, language (or bisimulation) equivalence is a congruence
with respect to stack prefixing (proposition 1 of section 2.3). Second, language (or
bisimulation) equivalence supports cancellation of postfixed stacks (proposition 3
of section 2.3).

e if L(a) = L(B) then L(da) = L(d8)
e if L(ad) = L(B6) then L(a) = L(B)

Congruence allows us to tear apart a configuration o'a and replace its tail with
a potentially equivalent configuration S with overall result o'f, as used in the
BAL rules. Cancellation, as used in CUT, has the consequence that goals have
bounded size. (Soundness of congruence and cancellation depend on dual versions
that employ approximants.)

We might try to extend the tableau proof rules to goals that involve DPDA
configurations. The rule UNF works for stable configurations.

(pa-a1) = (qf-a1),..., (pa-ar) = (g8 - ax)

where (ré - a) is the unique stable configuration '8’ such that r§ - r/¢' is an
edge in G°(rd) or (. The problem is the other rules. How can we tear apart DPDA
(stable) configurations and replace parts with parts? Indeed, what is a part of a
configuration?

The problem is that a configuration has a state as well as a stack. Clearly,
L(pa) = L(gB) does not, in general, imply L(pda) = L(gd3). For instance, with
the following four transitions, L(pB) = L(qC) and L(pAB) # L(qAC).

pA -5 pe qALH]e pB -5 pe  qC = qe

Also, L(pad) = L(gBd) does not, in general, imply L(pa) = L(gB). Consider
the DPDA example 4 of section 1.1. The collapsed graph G¢(pY X) is pictured in
figure 10. Although L(pY"X) = L(pY™X) for every m and n, L(pY") = L(pY™)
only if n = m.

This example also illustrates that there is not an obvious relation between the
lengths of stacks of equivalent configurations. A main attack on the decision prob-
lem in the 1970s examined differences between stack lengths and potentially equiv-
alent configurations that eventually resulted in a proof of decidability for real-time
DPDAs, [22]. (Indeed, this is a key insight for proving decidability of language
containment for visibly pushdown automata, see section 1.4: if L(pa) C L(¢8) then
al = 18].)

The problem with stack length is also apparent in the UNF rule for stable
configurations. The configuration pY "X has stack length n 4+ 1, but (pY"X -b) has
stack length 0. In the case of simple grammars, there is a tight bound on length of
stacks after applications UNF.

Many of these problems disappear with pushdown grammars. Despite nonde-
terminism, stacking is a congruence with respect to pre and postfixing for language
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Figure 10: The graph G¢(pY X)

and bisimulation equivalence and both equivalences support pre and postfixed can-
cellation.

Fact 1
L. L(a) = L(B) iff L(ad) = L(B5)
2. L(a) = L(B) iff L(da) = L(3B)
Ca~Biff ad ~ B3
4. a~Biff ad~ 3o

w

This suggests that we should try to remain with PDGs. Deterministic PDGs, as
we have seen, are too restricted. In contrast, arbitrary PDGs are too rich (as they
generate all the non-empty context-free languages). What is needed is a mechanism
for constraining nondeterminism in a PDG.

3.2 Strict deterministic grammars

In this section strict deterministic grammars are described. They were introduced
by Harrison and Havel [15], and further studied in [14, 16]. They generate exactly
the same languages as DPDA with empty stack acceptance.

A SDG, strict deterministic grammar, is a PDG with an extra component.

e An equivalence relation = on S

The relation = partitions the stack symbols S into disjoint subsets Sq,...,S;: for
each i, and pair of stack symbols X, Y € S;, X =Y. We extend = on S to a relation
on S* using the same notation.

Definition 1 a = g iff

1. a=j,or

2. thereisa d € S*, a =6Xa', B=0YS, X =Y and X #Y.
Consequently, a = § if they are the same or if they have a common prefix followed
by different stack symbols belonging to the same equivalence class. For instance, if

Y = Z then XYa = X Z for any a. (The relation = on stacks is not an equivalence
relation.)

Fact 1
l.af=aiff =¢
2. a=8 iff lfa=68
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Figure 11: The graph G(X) and G(Z)

3. Ifa=p and v = then ay = 3d
4. If a = and o # 8 then ay = 36
5. If ay = 86 and |a| = |B| thena=f

Definition 2 The relation = on S is strict if the following two conditions hold

X S aceT o
1Loif | then |
Y 5 B8eT B
X SaeT X
2.4 | then I
Y S aeT Y

Definition 3 An enhanced PDG is a strict determinisitic grammar, SDG, if its
relation = is strict.

Example 1 S={X,Y,Z}, A={a,b,c} and T is

X %X X e X -5 X Y % e
Y -Syvy z-e Z -5z ARG

The graphs of X and Z are pictured in figure 11. G(Z) is nondeterministic be-
cause there are two c-transitions from Z. Consider the following partition of S:
{{X},{Y,Z}}. This enhanced PDG is an SDG. An examination of its transitions
reveals that only condition 1 of strictness needs to be checked for each pair of
the three transitions Y — YY, Z - Z and Z - Y Z. However, YY = Z,
YY =YZ and Z =Y Z because Y and Z belong to the same partition. O

Example 2 A second SDG example is from [15]. The set Sis {S, A, B,C, D, A, C'}
and its partition is {{S},{A, B},{C,D},{A'},{C"}}, A={a,b,c} and T is

S A S4B AL 44 AbLc
B-% B B5D C-%e c-%c
D -2 per D¢ AL e C' e
The graph G(S) is pictured in figure 12. O

We now examine some features of an SDG. If each set in the partition is a
singleton, so only X = X for each X, then the SDG is deterministic, and is therefore
a simple grammar. In this extreme case a = [ iff a = 5. Examples 1 and 2
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Figure 12: The graph G(S)

illustrate that when the partition involves larger sets then the SDG may exhibit
nondeterminism. However, nondeterminism is “constrained”. For example, the
following holds.

eif X %3 ececTand X =Y and X # Y, then there is not an a-transition
Y S 3eT

To prove this, assume X % eand X =Y and X # Y and Y % 3. By condition 1
of being strict ¢ = §. But then 8 = €. And by condition 2 of being strict X =Y,
which is a contradiction. The next two properties show that the strictness conditions
generalise to all words w € A*.

e if X L aandY -5 fand X =Y then a =4

eif X S aandY S aand X =Y then X =V
To prove these we show an even more general result.
Proposition 1

1. Ifa -5 o and B = B' and a = 8 then o' = .

2. Ifa 5 o' and B - o and a = B then a = f.

Proof: In both cases the proof is by induction on |w|. For the base case of 1
iw| = 0. In which case @ — a and f — f and by assumption o« = 3. For
the inductive step, assume w = aw' and o -5 ay —) o and f % [31 —> B

Therefore &« = X8 and X - 61 and a; = 69 and f§ =Yy and YV 2 ~1 and
B1 = v17y. That is we have the following.

X6 Y~
la da
o = 010 ny = b
' '
al 6/
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Because X § = Y it follows that X = Y and therefore §; = v, by the first condition
of the definition of strictness. There are two cases to consider.

Case I: §; = 7, and therefore by condition 2 of being strict X =Y and therefore
because Xé = Y it follows that § = 4 and therefore §;6 = v1y. Now the required
result, o’ = ', follows by the induction hypothesis because ay = 81 and |w'| < |w].

Case II: §; # 71, and therefore because d; = 7, it now follows that d;6 = v17.
The required result now follows as in case I.

The base case for 2 is again when |w| = 0. Therefore &' = a and o' = 8 and
therefore & = . For the inductive step assume w = aw’ and @ — o — o'

and 8 — B1 —» a'. As in the case of the proof of 1, @ = Xé and X - §; and
a1 =610 and f =Y~y and Y - ~; and B1717, and so we have the following.

X6 Y~
la la
a; = 66 7Y = 5
Lw' X7
o o

We can use the same argument as above to show that a; = £; and therefore by

the induction hypothesis because oy — ' and 1 — o it follows that aq = 3.
Therefore §16 = v,7y. However §; = ;. By the definition of = it is not possible
for any sequence @ = aX\. Therefore §; = 7; and § = v. But also X 255
and Y - #; and so by the second condition of being strict X = Y. The result,
X0 =Y+, is now proved. O

If @ = 8 then their languages are prefix disjoint (part 1 below) and if « = 8 and
a # (3 then their languages are disjoint (part 2 below).

Proposition 2

1. Ifa =8 and w € L(a), then for all words v, and a € A, wav ¢ L(j3)
2. Ifa=p and a # B then L(a)NL(B) =0

Proof: To show 1 assume o — ¢ and o = . If § — ~ then by proposition 1.1
e =, and so @ = 3. Therefore, it is not possible that 3 == €. Part 2 is now a
corollary. O

3.3 Sum configurations

In this section we move towards an alternative characterisation of the collapsed
graphs of DPDA using SDG. The characterisation of the collapsed graphs is not
up to isomorphism, because, for instance, all terminal vertices pe of a collapsed
graph are identified. However it does preserve bisimulation equivalence. The key
construction is determinization of SDG.

A configuration of a SDG is a sequence of stack symbols, a. We extend the notion
of a configuration to sets of sequences of stack symbols, {a1,...,a,}. However, we
shall write a set as a sum, a; + ... + a, without repeated elements. Two sum
configurations a +. ..+ ay,, and B + ...+ B, are identical if they are the same set,
{a,...,an} ={B1,...,Bm}. Therefore, we identify sum configurations which are
permutations of each other®. A degenerate case is the empty sum, which we write

6Tf we were to assume a total ordering on S, then there would be a unique sum form aj +...4ay
where a; is smaller than a;, i < j, with respect to lexicographical ordering.
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as . The language of a sum configuration is just the union of the languages of the
components.

Liar+...+an) = [ J{L(a) : 1<i<n}

Therefore, L(0) = 0.

Example 1 Consider the sum configuration X + Z of example 1 of the previous
section. L(X + Z) is the set of words {a"b : n > 0} U {c"c¢™a™b : n,m >0}. O

Only a subset of sum configurations are interesting.
Definition 1 8, + ... + 8, is admissible, if 3; = §; for each ¢ and j.

The empty sum, (), is therefore admissible. In [16] admissible configurations are
called “associates”.

Example 2 The following are admissible configurations from example 1 of the
previous section: XX, ZZZ+ZZY , YX+Z, Z+YZ, Z+YZ+YYZ. The last
example is admissible because Z = YZ, Z =YY Z and YZ = YYZ. The sum
X + Z is not admissible. O

An important property of admissible configurations is that they are preserved
by transitions (which follows from proposition 1 of the previous section).

Fact 1 If a; + ...+ a, is admissible then for all words w the sum configuration

{B :oq =5 BIIULU{Br : a, = B
18 admissible.

An application is determinization of a SDG where T is changed to T¢. For each
stack symbol X and a € A, the family of transitions

X Sa,.... X 5a,eT
is determinized by replacing them with the single transition

Xi>a1+...+ozn€Td

By definition, the sum configuration oy + ...+ a,, is admissible. Note that for each
stack symbol X and a € A there is such a unique transition X - 3" a; € T9: if
there is not an a transition for X in T then X — () € T4, Next, the prefix rule
PRE for generating transitions is generalised to cover admissible configurations.

PRE Iini>oz’i-|—...+ozf“ for eachi:1 < i < m then
Xifi+ .ot XonBm = adfi+...4+ah B+
. . +
af*Bm + ...+ ay Bm
If the antedecent sum configuration of PRE is admissible then so is the consequent
configuration. The determinized transition graph G%(a; + ... + ) is generated
from the admissible configuration oy + ... + a, using the determinized transitions
T4 and the extended prefix rule.

Example 3 We reconsider example 1 of section 3.2, where S = {X,Y,Z}, A =
{a,b,c} and the partition of S = {{X},{Y, Z}}. Below is T9.

X -5 X Ve 750

X % v -2 0 7€

X -5 X Y -5YY Z-5YZ+Z

27



/\/\A

ac YX4Z — o NYX 4 YZ 47—

Figure 13: The graph GY(Y X + Z)

The graph G¢(Y X + Z) is pictured in figure 13. It is not an accident that this graph
is isomorphic to the graph of figure 10, as we shall see later. We examine some of
the transitions of figure 13, and how they are derived using PRE.

1. YX 4+ 7 -% X because YX -2 X and Z -2 0.

2. YX+Z—b>ebecauseYX—b>(/]andZi>e.
3.VX+7Z -5YYX+YZ+Zbecause YX -5 YVX and Z -5 Y Z + Z.

All sum configurations in the graph are admissible. O

3.4 Characterising DPDA

A DPDA can be converted into a SDG, and configuration pa is converted into the
sum configuration sum(pa) of the SDG where G¢(pa) ~ G¢(sum(pa)).

There is a standard transformation of a pushdown automaton into a language
equivalent context-free grammar: see, for instance, [14, 17]. Assume a DPDA in
normal form with components P, S, A and T. A SDG in normal form with compo-
nents Sy, A, T; and = is constructed, in stages.

1. For every p,q € P and X € S, introduce a stack symbol [pXgq] € S;.

2. For transitions, the initial step is to define the following transitions for a € A.
(a) If pX -5 ge € T, then [pXq] = e € T;.
(b) If pX -4 qV € T, then [pX7] -2 [¢Yr] € T, for each r € P.
(c) If pX -5 qY'Z € T, then [pXr] = [¢Yp]|[p’' Zr] € T, for each r,p’ € P.

3. A stack symbol [pXgq] € S; is an e-symbol, if pX —= ge € T. All e-symbols
are erased from the right hand side of any transition in T;.

4. Next, the SDG is normalised by removing all unnormed stack symbols and
useless transitions (as in section 2.1).

5. Finally, for elements of Sy, if p = r then [pSq] = [rSt] for any g, t.
The following captures features of the SDG that is built from the DPDA.
Fact 1

1. If w € A* and pX is stable in the DPDA, then pX — qe if, and only if,
[pXq] = ¢ in the SDG.

2. The relation = on Sy is an equivalence relation and is strict.

28



Harrison and Havel also prove the converse, that any strict SDG can be transformed
into a DPDA [15].

The transformation of a DPDA into a strict SDG does not preserve determin-
ism. However, if the SDG is determinized, then it is is preserved. Moreover, any
configuration pX; X5 ... X, of the DPDA is transformed into the admissible config-
uration sum(pa) = Y [pXip1][p1 Xopa] . . . [Pn—1Xnpn] where the summation is over
all p; € P, for 1 < i < n after all e-symbols are erased, and summands involving
redundant stack symbols are removed.

Fact 2 L(pa) = L(sum(pa))

Moreover, the transition graph G¢(pa) is almost isomorphic to” G¢(sum(pa)). There
can be |P| co-roots, vertices of the form ¢e, in G°(pa) in contrast with the single
co-root, &, in G4 (sum(pa)).

Example 1 An example is the conversion of the DPDA of example 4 of the
section 1.1. The stack symbols S; is the set

{[po]7 [pXT], [pr]v [pYT], [TXp], [TXT]a [TYp], [TYT]}

The transitions in T are then converted.

[pXp] = [pXp] [pX7] = [pX7] [pXp] L €

[pXp] — [pXp] [pX7] = [pXr]

pYp] % € RGEY: YD)~ [pY plipY p]
pYp] == [pYr|rYp]  [pYr] == pYplpYr]  [pYr] =5 pYr][rYr]

There are two e-stack symbols, [rXp|] and [rYr]. These are erased from the right
hand side of any transition: the transition [pYr] —— [pYr][rYr] is changed to
[pYr] - [pYr]. The stack symbols [pXr], [rYp], [rXp], [rX7] and [rY7r] are
redundant and are removed. This reduces S; to the set {[pXp], [pYp], [pYr]}, and
the transitions T, to the following set

[pXp] - [pXp] [pXp] > € pXp] - [pXp]
[pYp] — € pYr] 25 [pY p] = [pY pl[pY p]
[pY'r] RN [pY p|[pY r] [pY'r] BN [pY'r]

The partition is into the sets {{[pXp]}, {[pYp], [pYr]}}. Finally, the transitions Ty
are determinised: the two c-transitions from [pY'r] are replaced by the single transi-
tion [pYr] = [pY'r] + [pY p][pY'r]. The resulting SDG is example 3 of the previous
section when X = [pXp|, Y = [pYp] and Z = [pY'r]. The configuration pY'Y X of
the DPDA becomes the admissible configuration [pYp|[pYp|[pXp] + [pY p][pYr] +
[pY'r] of the SDG, that generates the same language. O

The DPDA decision problem is, therefore, equivalent to deciding whether two
admissible configurations of a determinized SDG are bisimulation equivalent. A
DPDA in normal form with stack size s and state size p is transformed into a SDG
whose stack size at most s x p? and where the size of each element of the partition
of the stack symbols is at most p. Two configurations pa and ¢S of a DPDA in
normal form, whose stack lengths are at most n, become admissible configurations
of the strict SDG that contain stack sequences whose length is bounded by 7.

"In fact, is bisimulation equivalent to.
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4 Decidability of DPDA Equivalence

The DPDA equivalence problem reduces to deciding whether two admissible con-
figurations of a determinized SDG are bisimulation equivalent. The problem is a
natural generalisation of the decision question for simple grammars, a ~ 87, that
includes summation ay + ...+ a, ~B1 + ...+ Bw?

4.1 Heads, tails and extensions
Let E, F, G, ... range over admissible configurations.

Definition 1 The size of an admissible configuration E = 8y + ...+ f3,, written
|E|, is the length of its longest sequence, max{|3;| : 1 < j <n}. And |0] = 0.

For each n > 0, there are only boundedly many different admissible configurations
of size at most n.

An admissible configuration is written 8y + ...+ 3, where each §; is distinct.
The operator + can be extended: if E and F are admissible, EU F' is admissible, E
and F are disjoint, ENF = (), then E+ F is the admissible configuration EUF. The
operator + on admissible configurations is partial. We also use sequential composi-
tion, written as juxtaposition: if E and F' are admissible, then EF is the admissible
configuration {87y : 8 € E and y € F'}. The following are easy consequences of the
properties of being admissible from section 3.3.

Fact 1
1. If E+ F is admissible and v € L(E), then for any v, uv € L(F).
2. If E+ F is admissible, then L(E) N L(F) = .
3. L(EF) ={uv : u€ L(E) and v € L(F)}.

Admissible configurations can have different “shapes”, using + and sequential
composition. If £ = {X{v,...,X,,¥m}, then for each i and j, X; = X;. Assume
that the different stack symbols in {X7,..., X/ } are X1,..., X,. Therefore, E =

X1Gy + ...+ X,,G,, where each G; = {v; : X; = X;}. Clearly, X; +... 4+ X, is
admissible and each G; is admissible. In this presentation, E is in 1-head form.

Definition 2 Assume k > 1 and E = {8{01,...,0,,0m} and |8}| = k, or |8} < k
and d; = ¢, for each 7 : 1 < ¢ < m. If By,...,5, are the distinct elements in
{Bi,--., B} and Hy = {d; : B; =i} foreach 1 :1 <1< n, then £ =i Hi+...+

BnHy is in k-head form.

Fact 2 If E = 381G +. ..+ 8,Gy is in k-head form, then 81 +. ..+ By is admissible
and each G; is admissible and different from 0.

Head forms are instances of a more general head/tail form.

Definition 3 E = E1G1+...+ E,G), is in head/tail form, if the head By +.. .+ E,
is admissible and at least one F; # (), and each tail G; # 0.

Example 1 £ = YYYX +YYZ +YZ 4+ Z is an admissible configuration of
example 3 of section 3.3. The partition of the stack symbols is {{X},{Y,Z}}. E
has 1-head form, YG, + ZG5, where Gy =YY X +YZ + Z and G5 = . Also, E
has 2-head form, YY H, +Y ZHs;+ ZH3, where Hy =YX+ Z and Hy, = H; =¢. E
cannot be presented as YY G| + YY G, + Y G4 + ZG): this is not a valid head/tail
form because the head YY +YY +Y + Z is not admissible (YY # Y) and it is not
disjoint (Y'Y + Y'Y is not a proper sum). O
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In the following, if a configuration F is written F1Gy + ... + E,G,, then we
assume that it fulfills the conditions of definition 3 of a head/tail form.

A key definition, used in the decision procedure later, is when one configuration
tail extends another. Consider first configurations of a simple grammar a; = (17,
as = B2 y and ag = f30\y. Each «; has possibly differing heads §; and differing
tails. However, ay’s tail extends aq’s (with ) and a3’s extends as’s with d. There-
fore, a3’s tail extends aq’s tail with the composition of A and §. We now extend
the idea to admissible configurations.

Definition 4 If E = F,G, + ...+ E,G,,, F = FiH, + ...+ F,, H,, then F in its
head/tail form is a tail extension of E in its head/tail form provided that for each
i:1<i<m, H=K{Gi +...+ K\G,. If F is a tail extension of E, then the
associated extension e is the m-tuple (K} +...+ K}, ..., K" + ...+ K") without
the G;s, and the size of e, written |e|, is max{|KJ’:| :1<i<nand1<j<m}and
the width of e is m, and F' is said to extend E with e.

Extensions are matrices, written in a linear notation. An instance of extension is
when the tails coincide. If £ = E,Gy + ...+ E,G,, and F = F;G1 + ...+ F,G,,

then E extends Fbye=(¢+0+...+0,...,0 + 0 + ... 4+ ¢). This extension e is
abbreviated to the identity (¢). Extensions can be composed.

Proposition 1 If E = E\Gy + ...+ E/G; and E' = E|G| + ...+ E| G, and
E" = E!G{+...+E/!G" and E' extends E bye = (J1+...+J}, ..., J"+...+J™)
and E" extends E' by f = (K} + ...+ K} ,... . K+ ...+ K), then E" extends
Ebyef=(Hl +...+H},...,H' + ...+ H") where H = K{Jj + ...+ K/ J"
and |ef| < le| + |f].

Proof: Assume that E" extends E' by f and E' extends E by e. Therefore,
G! = KiG\ + ...+ K|,G!, and G}, = JfGy + ...+ J'G;. Consequently, G =
Ci + ...+ Cp where C; = K} J{G1 + ...+ K} J!G,. Reorganising the expression,
G! = HiG1 + ... + HiG; where H, = K{J}! + KiJ? + ...+ K} J™, as required.
Clearly |ef] < [e| + |f]. 0

We are especially interested in tail extensions when configurations have the same
heads.

Example 2 The following uses example 3 of section 3.3.

E=YG + 7G>y where Gy = X and Gy =¢
E'=YG| + ZG), where G| =YX+ Z and Gy =¢
E"=YG!+ZGY where G/ =YYX+YZ+Z and Gy =¢

E' extends Eby e= (Y + Z,0 +¢) and E" extends E' by f =e= (Y + Z,0 + ¢).
Therefore, E" extends E by ef = (YY +(YZ + Z),0 +¢). O

4.2 Dynamic properties of head and tail forms

We adopt notation from sections 2.1 and 2.2.

e For each X € S, w(X) is the unique shortest word v € At such that X — ¢
e w(E) is the unique shortest word for configuration E
e M is the maximum norm of the SDG

e E after u, written E - u, is the unique F such that E - F

Fact 1 (a1 +...4+an) - u= (a1 -u)+ ...+ (a, - u)
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Example 1 E=YYYX +YYZ+YZ+ Z is from example 3 of section 3.3.

(E-¢) = (YY -¢)Hi+(YZ -¢)Hs+ (Z-c)H;
= YYYH,+YYZH,+ (YZ + Z)H;

where H) =YX + Z and Hy = Hy = ¢e. And (E-w(Z)) =e. |

A feature of the decision procedure is repeating patterns within admissible con-
figurations.

Proposition 1 Assume E = 1G1 + ... + 3,Gy is in k-head form, and each
B; :X{...X,ﬁj.

1. If (Bi - u) = ¢, then for each j # i, (B; -u) =0 and (E - u) = G;.

2. If (Bi-u) = X}, ... X}, then (E-u) = B1\G1 + ...+ E,Gy, where E; = (B - u)
and for j # i, either E; = 0 or E; = X}, . ..X,zj and X7 ... X7 is the same
sequence as Xi ... X} .

Proof: Part 1 follows from the definition of admissibility. £y +. ..+ 3, is admissible

and B; # B; when i # j. If (B; -u) = ¢ and ; — F, then F = ¢ and, therefore,

Bi = Bj. Therefore, (B; -u) =0 and (E - u) = (8; - u)G; = G;. Similar observations

establish part 2. |

Bisimulation equivalence and its approximants are congruences with respect to
+ and sequential composition. In particular, head/tail forms allow substitutivity of
equivalent subexpressions into tails (because admissibility is preserved).

Proposition 2 Assume E = E:G1 + ... + E,G,.
1. If (E; -u) =€, then for all j # i, (Ej -u) =0 and (E -u) = G;.
2. If (E;-u) #0, then (E-u) = (Ey -u)G1 + ... + (Ep - u)Gp.
3. IfH; #0 for alli:1<i<mn, then EyHy + ...+ E,H, is a head/tail form.

4. If each H; # 0 and each E; # € and for each j such that E; # 0, H; ~,, G;,
then E ~py1 EAHy + ...+ E Hy,.

5. If each H; # 0 and for each j such that E; # 0, H; ~ Gj, then E ~
EyHy + ...+ E, H,.

Proof: Part 1 is asimple generalisation of proposition 1.1 and is proved in the same
way. Part 2 follows from it. E1G; + ...+ E,G,, is a head/tail form, and, therefore,
by definition each G; # 0 and E; +...+ E, is admissible. Therefore, if each H; # 0,
then EyHy +...+ E, H, is a head/tail form. For 4 assume F = EyH, +...+ E,H,
and E #£ 41 F. E and F have the same heads E; + ...+ E, and each E; # ¢.
Therefore, there must be a word v with 0 < |u] < m+1 and (E - u) = G; and
(F-u) = H; and G; % (m41)—|u| Hi which is a contradiction. The final part uses a
similar argument. O

Two configurations may have the same heads and different tails, or may have the
same tails and different heads. If E has the head/tail form E1Gy + ...+ E,G,, and
F has a similar head/tail form FyG; +. ..+ F,G, involving the same tails®, then the
imbalance between E and F', relative to this presentation, is max { |E;|, |F;| : 1 <
i < n}. If the imbalance is 0, then they are the same. The next result establishes
a key property of a combination of such configurations.

8 Any pair of configurations E and F have a head/tail form involving the same tails: E = EG
and F = FG when G = ¢.

32



Proposition 3 Assume the following configurations.

E = EG +...+E,G, F = FG +...+F,G,
E'" = E/H +...+E,H, F' = FKWH +...+F,H,

IfE ~,, F and E' #,, F', then there is a word u, |u| < m, and an i such that
either 1 or 2.

1. (B u)=H; and (F'-u) = (Fy -u)H1 + ...+ (Fy - u)H, and (F'-u) # () and
(E, -U) %m—\u\ (F, 'u):

2. (F'-u)=H; and (E'-u) = (B -u)H1 + ...+ (B, -u)H, and (E'-u) # 0 and
(

E'0) o) (F' - 0).

Proof: Assume E ~,, F and E' £, F'. Therefore, there is a word u, |u| = m,
and, without loss of generality, (E' - u) = @ and (F' - u) # 0, by definition of ~,.
However, (E-u) = () if, and only if, (F'-u) = (). Therefore, there must be a smallest
prefix v of u such that either (E'-v) = H; and (F'-v) = (Fy-v)H1 +...+(F,-v)Hp,
or (F'-v) = Hy and (E'-v) = (Ey-v)Hi +. ..+ (Ey-v)Hy, and (E'-v) oy (F'-v).
And now the result follows because (E - v) ~p,_|,| (F-v) and E has the same head
as E' and F has the same head as F' and because G;, H; # () this implies that
(B 0), (F' - v) 0. 0

4.3 The tableau proof system

The procedure for deciding E ~ F' is a tableau proof system as in section 2.3.
The proof rules, in figure 14, are generalisations of the unfold and balance rules

for simple grammars. UNF reduces a goal E = F' to subgoals (E - a) = (F - a) for
each a € A. Because it is intended that there is a unique tableau associated with
any goal, the subgoals are ordered by the ordering on A. It is complete and sound
(compare section 2.3).

Fact 1 [Completeness and soundness of UNF]
1. If E~F and a € A, then (E-a) ~ (F -a).
2. If E i1 F, then for some a € A, (E - a) #m (F - a).

Example 1 Below is an application of UNF using example 3 of section 3.3.

YX+Z=YYX+YZ+7Z
X=YX+7Z e=e YYX+YZ+Z=YYYXH+YYZ+YZ+Z

The three subgoals are the result after a, b and c. a

As in section 2.3, if E' = F' is a subgoal given by m consecutive applications of
UNF (and no other rule) to E = F, then there is an associated word u such that
luf=m and E' = (E -u) and F' = (F - u).

Fact 2 If E' = F' is a subgoal that is a result of m consecutive applications of
UNF (and no other rule) to E = F, then |E'| < |E|+m and |F'| < |F| + m.

Example 2 An application of BAL(L) uses example 1 of section 2.2.

XXXXXX=AAAAAA
YXXXXXX=CAAAAA
YXAAAAA = CAAAAA

UNF
BAL(L)
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UNF

- - A={a,...,a;}
(E-a1)=(F-ay) (E-ar) = (F-ayg)
BAL(R)
F = X\Hi+...+ X H,
: C
F' = EH +...+E.H,
F’ = El(F-’LU(Xl)) +...+Ek(F-w(Xk))
BAL(L)
X Hi+...+X;H, = F
: C
EH +...+EH, = F
E((F-w(X)+...+ Ex(F-w(Xy) = F

where C is the condition
1. Each E; # ¢ and at least one H; # ¢.

2. There are precisely max{ |w(X;)| : F; # 0 for 1 < i < k} applications of UNF
between the top goal and the bottom goal, and no application of any other
rule.

3. If u is the word associated with the sequence of UNFs, then E; = (X; - u) for
eachi:1<i<k.

Figure 14: The tableau proof rules
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The second goal is the result of UNF when the label is ¢ (and the other subgoal for
b is omitted). w(X) = b, so m = 1. Therefore, BAL(L) applies to the second goal:
X1 =X, H =XXXXX,E, =YX and F = AAAAAA. So H; is replaced with
(F-b) = AAAAA. The imbalance between configurations of the last goal is 2. The

same bound on imbalance occurs for a starting goal X" = A" when n > 0. O

Definition 1 An application of BAL use F if F' is the configuration in the initial
goal of the rule, as in figure 14.

Proposition 1.2, below, captures precisely the bounds of imbalance: the state-
ment is for BAL(L), and its symmetric version covers BAL(R).

Proposition 1 Assume E' = F' is the result of BAL(L) using F.
1. [E'| < |F|+2M+1 and |F'| < |F| + M.

2. If F = 81G1 + ...+ B,Gy is in m-head form and m > M, then E' = E:G; +
...+ E,G, and each |E;| <m+2M +1 and F' = F1G, + ... + F,G,, and

Proof: Part 1 is straightforward, and uses fact 2, above, and proposition 1.1 of
the previous section. For part 2 assume an application of BAL(L) with initial goal
X1H,+ ...+ X H, = F. Let F be presented in m-head form, 831G + ...+ ,Gn,
where m > M. Assume that u, |u| < M, is the word associated with the sequence of
applications of UNF before BAL(L) is applied, so |u| = max{|w(X;)| : (X;-u) # 0}.
The result of BAL(L), E' = F', is the following goal.

(X1 w)(F-w(X1) 4.+ (Xp - w)(F-w(Xp)) = (51 0)Gr + ...+ (Bn - u)Gr

Because |w(X;)| < m and F is in m-head form, the left configuration has the matrix
form

X1-w)(FwXy) = (X-w)(BrwX)Gr+ .+ (X w) (B - w(X1)) G

Ke-0)(F-w(X0) = (X w)(Br - w(X)Gr + ...+ (X - 0) (B - w(Xe)) o

The heads X; +...4+ X and 81 + ...+ 3, are admissible, so (X1 -u) +...4+ (Xg-u)
and (B - w(X;)) + ...+ (Bn - w(X;)) are also admissible. Let E; be the sum of the
heads of the ith column, without the tail G;,

(X1 -w)(Bi-w(Xy)) + oo+ (Xg - u)(Bi - w(Xg)).

Therefore each FE; is admissible and E; + ... + E, is admissible. Consequently,
E\Gi+...+ E,G, is a valid head/tail form. Let F; = ($;-u) foreachi:1 < i < n.
Therefore, the result of BAL(L) is E1G1+. ..+ E,G,, = F1G1 +. ..+ F,G, that has
bounded imbalance, using proposition 1.1, of the previous section, |E;| < m+2M+1
and |F;| <m + M. O

The BAL rules are sound and complete (compare section 2.3).

Proposition 2 [Completeness and soundness of BAL]

I I X\Hi+...+XpHy ~ F and EyHy +. ..+ EyHy ~ F', then Ey (F-w(X,))+
...—l—Ek(F-w(Xk)) ~ F'.

2. If X1Hy + ...+ XtHy ~pom F and E1Hy + ...+ E Hy, #n11 F' and each
E; # ¢ and m > max{|w(X;)| : E; # 0}, then Ey(F - w(X1)) + ...+ Ex(F -
w(Xk)) g1 F.
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F

BAL(L)
E(F-w(X1))+...+ Ex(F-w(Xy) = H
: UNFs
G = H

Figure 15: A potential switch from BAL(L) to BAL(R)

Proof: Let £ be X1H| +...+ X H) and assume E ~ F. By proposition 1.1 of the
previous section, (E-w(X;)) = H;, so H; ~ (F-w(X;)). By assumption of head/tail
form, each H; # () and, therefore, each (F - w(X;)) # 0. Consequently, E;(F -
w(X1))+...+ Ex(F-w(Xg)) ~ E1Hy + ...+ EHy, and the result thereby follows.
For part 2, assume X1 Hy +. . .+ Xy Hy, ~pom F and EyHy+. . .+ E Hy, £n01 F', and
each E; #¢. If E; # 0, then |E;| > 0. Because (X1Hy + ...+ XpHy) - w(X;) = H;
E\H, + ...+ E,H,, and the result follows. O

There is no rule corresponding to CUT. Indeed, it is not clear how this rule for
simple grammars could be generalised to admissible configurations.

It is intended that there be a unique tableau associated with any initial goal.
So restrictions will be placed on which rule is to be applied when. First, there is
an issue as to the initial premise of an application of BAL. It is possible that BAL
applies to a goal, but with respect to more than one initial premise; see example 3
below. In any choice of initial premise, there can be only one premise that does not
occur above the others in the proof tree: it is this premise that will be assumed.
That is, the initial premise of a BAL is the one that is “closest” to the goal and,
therefore, the one that involves the least number of applications of UNF. To resolve
which rule should be applied, the following priority order is assumed.

1. If BAL(L) is permitted, then apply BAL(L)
2. If BAL(R) is permitted, then apply BAL(R)
3. Otherwise, apply UNF

However, whether an application of BAL is permitted involves more than fulfillment
of the side condition. It also depends on the previous application of a BAL.
Initially, either BAL is permitted provided that its side condition is true. If
an application of BAL uses F, then the resulting goal contains the configuration
E\(F -w(X1))+ ...+ Ex(F-w(Xy)). E; is a “top” of the application of BAL
and (F - w(X;)) is a “bottom”. Assume an application of BAL(L). A subsequent
application of BAL(L) is permitted provided the side condition of the rule is fulfilled.
However, BAL(R) is not permitted until a bottom of the previous application of
BAL(L) is exposed and the side condition of the rule is true. Between the application
of BAL(L) that uses F and the goal G; = H; in figure 15, there are no other
applications of BAL(L), and G is a bottom, (F - w(X;)), of the application of
BAL(L). BAL(R) is now permitted provided it uses configuration G;, i > 1, and
the side condition holds. BAL(R) is not permitted using a configuration from a
goal above GG; = Hy, even when the side condition is true. The strategy is to apply
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: BAL(L) : BAL(L)
B, = R E, = F
F (F - w(X;))
: BAL(L) :
E, = F F'
: BAL(R)
Ey, = F

Figure 16: Proof of Proposition 3

a BAL rule whenever it is permitted, and if both BAL rules are permitted, then
priority lies with BAL(L). If BAL(R) is applied, then the strategy is to repeatedly
apply BAL(R), and to use UNF otherwise. BAL(L) is only permitted once a bottom
of the previous application of BAL(R) becomes the right hand configuration of a
goal and the side condition holds.

For the purpose of exposition, the tableaux proof rules have been presented in
two stages: first, as rules and then with a priority order. However, the priority
order could be formalised as side conditions of the rules®. The consequence is that
when building a tableau proof tree, there is just one choice of which rule to apply
next to any subgoal.

A branch of a tableau from a subgoal g(0) is a sequence of goals that start from
9(0). The following result motivates the restriction on the application of a BAL
rule.

Proposition 3 If there are consecutive applications of BAL in a branch that use F'
and F', then there is a word u such that F' = (F - u).

Proof: Assume consecutive applications of BAL that use F and F’, and without
loss of generality assume that the application using F' is BAL(L). There are two
possibilities, that the application using F' is again BAL(L), shown on the left in
Figure 16, and that it is BAL(R), shown on the right in figure 16. In both cases,
E, = F is the result of BAL using F and E> = Fj is the result of BAL using
F'. Consider the first case. There are only applications of UNF between F' and
the goal E' = F; immediately before E; = Fy. Therefore, there is a word u; such
that (F - u;) = F;. Between E; = F; and the goal containing F’ there are only
applications of UNF, and, therefore, there is a word us such that (Fy - us) = F'.
Therefore, F' = (F - ujus). For the second case, there are only applications of
UNF between the goal with left configuration (F - w(X;)) and the goal with left
configuration F'. Therefore, there is a word us such that (F - w(X;)uy) = F'. O

Corollary 1 If Fy, Fy, ..., F,, are successive configurations used in applications of

3 3

BAL in a branch, then there are words uy,...,u, such that F; = (Fy - uy ... u;).

Example 3 An initial part of the tableau, continuing on from example 2 above,

9For instance, the additional side condition of a BAL(R) is that BATL(L) does not apply and
either there is no previous application of a BAL, or the previous application of a BAL is a BAL(R),
or the previous application of a BAL is a BAL(L) and a bottom configuration occurs at, or above,
the initial premise.
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Unsuccessful final goals

E =F (exactly one of E, F is {§)

Figure 17: Unsuccessful final goals

is below.
X X5 = AA5
YXX5=CA5 X5 = A5 UNE

: BAL(L)

(1) YXA5 = CA°

) - UNF
=0 (2) XX A5 = AAS
UNF
(x) YXX A5 = CAS X AP = AS
. BAL(L)
Y X A8 = CAS

At goal (%), BAL(L) is applied. Either of the premises (1) and (2) could be the
initial premise for the application: however, by the discussion above it is the lower
premise (2). The first application of BAL(L) uses Fy = AA® and the second uses
F1 = AAG and F1 = (F() . ab) O

Example 4 Below is the initial part of the tableau for example 1, above.
«NYX+Z=YYX+YZ+Z
(1) e=e¢ YYX+YZ+Z=YYYX+YYZ+YZ+7Z
YYYX+YYZ+YZ+Z=YYYX+YYZ+YZ+Z

UNF

BAL(L)

where (1) is the subtableau

(xx) X =YX+ Z
X=X e=¢ X=YYX+YZ+Z
X=YYX+YZ+Z
- - - UNF
X=YX+7 e=¢ X=YYYX+YYZ+YZ+7Z
. BAL(R)
X=YYX+YZ+Z

UNF
AL(R)

The premise () is the initial premise for the application of BAL(L), and (*x) is the
initial premise for the first BAL(R). The leaf goals are either identities or repeats.
In fact, it will turn out that this partial tableau is the completed successful tableau
that establishes that pY X ~ pY Y X. |

4.4 Successful tableaux

The missing ingredient in the tableau description is when a current goal is final.
As in section 2.4, final goals are either successful or unsuccessful. The definition
of unsuccessful final goal is the same as for simple grammars and is presented in
figure 17. An unsuccessful final goal F = F is clearly false.

The definition of successful goal in figure 9 is an identity goal or a goal that is
repeated (with at least one least one application of UNF between the two occur-
rences). The definition of success works for simple grammars in the presence of the
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rule CUT. However, without CUT, as example 3 of the previous section illustrates,
goals in a branch may continually increase their size.

Instead, success will be defined for the last element of a sequence of goals that
have the same heads and are related by a finite family of tail extensions. A repeating
goal is a special case where the extension is the identity (e). So, the definition of
extension, definition 4 of section 4.1, is enlarged to goals.

Definition 1 Assume

E=F/H, +...+ E,H, F=FH +...+F,H,
E'=E|Gi+...+ E,Gn F'=F/Gi+...+ F},Gy

and goal his E = F and goal g is E' = F'. Goal h extends g by extension e, if E
extends E' by e (and F extends F' by e).

The main combinatorial insight, “the extension theorem”, below, will underpin
when a subgoal counts as a successful final goal. It involves families of extensions
with the same heads. In this theorem, a goal E = F is true at level m, if E ~,, F.
To illustrate it, consider n = 3. Assume that there are goals g(i), h(i), 1:1<i <8
and each goal g(i) has the form E;G} + ... + E3Gi = F1GY + ... + F3G% and each
goal h(i) has the form EyH! + ...+ E3G% = F1H{ + ...+ F3H.. They all have the
same heads. Assume extensions e;, e; and es as follows (where, for example, g(2)
extends ¢g(1) by e; and g(5) extends g(4) by es).

€3
€2 €2
€1 (] (] €1
g1 92 g3 94 g5 9e gr gs

And assume the same extensions for the goals h(i). The theorem says that if each
9(1), 1 <i <8, is true at level m and each h(i), 1 <i < 8, is true at level m, then
h(8) is also true at level m.

Theorem 1 [The extension theorem] Assume there are two families of goals g(i),
h(i), 1 <i < 2", and each goal g(i) has the form E\Gi +...+ E,G! = FiGi +.. .+
F,G¢ and each goal h(i) has the form ExH! + ...+ E,H, = FiH}l + ...+ F,H}.
Assume extensions e, ..., e, such that for each e; and i > 0

g(27i + 2771 4+ 1) extends g(27i +2771) by e;
h(27i +27=1 4+ 1) extends h(27i + 2771) by e;.

If each goal (i) is true at level m, i : 1 < i < 2", and each goal h(j), j: 1< j < 2",
is true at level m, then h(2™) is true at level m.

The proof of this result is delayed. A simple instance is now explained. Consider

the tree of example 3 of the previous section. There is a branch where the goals are
increasing in size as follows.

YXAS=CAS, ..., YXAS=CAS, . [YXAT=CA",...

And between these goals there is at least one application of UNF. To instantiate
the extension theorem n = 1. The families of goals are as follows.

(1) YXG' =CG'  G'= 4
9(2)=h(l) YXG2=CG* G2=A°
h(2) YXH?=CH? H?=AT
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Successful final goals

E, = F, the root goal

E, = F,, obeys extension theorem

Figure 18: Successful final goals

The extension is (A): ¢(2) extends g(1) by (A) and h(2) extends h(1) by (A).
The theorem provides the following result: for any m, if YXA% ~,, CA® and
YXAS ~,, CA® then YXA" ~,, CA" which justifies that YXA” = CA7 is a
successful final goal. The argument is similar to theorem 2 of section 2.5 for a
repeat goal'®.

Definition 2 Assume a branch of goals d(0),...,d(l). The goal d(), E1Hy +...+
E,H, = F{H| + ...+ F,H,, obeys the extension theorem if the following hold

1. There are families of goals g(i), h(i), 1 <i < 2" belonging to {d(0),...d(1)},
and each goal g(i) has the form E,Gi +...+ E,Gi, = F;Gi +...+ F,G' and
each goal h(i) has the form E\H{ + ...+ E,H, = FH} +...+ F,H..

2. The goal h(2™) is d(I) and there is at least one application of UNF between
goal h(2" — 1) and d(I).

3 3

3. There are extensions eq,..., ey such that for each e; and i > 0

g(27i + 2971 4+ 1) extends g(27i + 277") by e;
h(27i +27=1 4 1) extends h(27i + 2771) by e;.

The second occurrence of a repeat goal in a branch obeys the extension theorem
provided that there is at least one application of UNF between the two occurrences.
Assume it has the form E;GY +...+ E,G!, = F1G} +...+ F,G!. Except for h(2"),
the goals g(7) and h(i) are its first occurrence and each extension is the identity,
(e). All three conditions of definition 2 are thereby satisfied.

The definition of successful final goal is given in figure 18.

The deterministic procedure that decides whether E ~ F' is straightforward,
and is defined iteratively.

1. Stage 0: start with the root goal g(0), E = F', that becomes a frontier node
of the branch ¢(0).

2. Stage n + 1: if a current frontier node g(n) of branch ¢(0),...,g(n) is an
unsuccessful final goal, then halt and return “unsuccessful tableau”; if each
frontier node g(n) of branch g¢(0),...,g(n) is a successful final goal, then
return “successful tableau”; otherwise, for each frontier node g(n) of branch
9(0),...,g(n) that is not a final goal, apply the next rule to it, and the subgoals
that result are the new frontier nodes of the extended branches.

10 Assume that the branch involving the goals g(1), ¢(2), and h(2) is an offending branch, then
there are mi, ma and mg3 with mi > ms > mg such that g(1) is true at level m; and false at
level m1 + 1, g(2) is true at level mo and false at level mo + 1 and h(2) is true at mg and false at
mg + 1. But, this leads to a contradiction, let m = mg + 1, both g(1) and ¢(2) are true at level
m and, therefore, by the extension theorem, so is h(2).
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The following show decidability of the DPDA equivalence problem and establish a
complexity upper bound that is primitive recursive. The proofs are presented later.

Theorem 2 [Soundness and completeness of decision procedure]
1. If E # F, then the decision procedure terminates with “unsuccessful tableau”.

2. If E ~ F, then the decision procedure terminates with “successful tableau”.

A DPDA with s; stack symbols and p states is transformed into an SDG with at
most s = s; X p? stack symbols and whose largest partition is at most p. Moreover,
a configuration pa of the DPDA where |a] < n is transformed into an SDG con-
figuration sum(pa) where [sum(pa)| < n. For the complexity upper bound, some
basis functions are introduced assuming a fixed SDG with s stack symbols and
largest partition p. Let goal(h) be the number of different goals E = F such that
|E|,|F| < h. The function width(h) is the maximum n of an admissible configura-
tion 1 + ...+ B, such that |B;| < h (so, width(h) < p"). The function ext(d,w)
is the number of different extensions e such that |e| < d and e has width at most
w (so, ext(d, w) < 25dw). The other measure used is the maximum norm M that is
bounded by 2°. Some auxiliary functions are now defined from the basis functions.

Definition 3
1. The function fi(k) = M(k + 1 + M? + 2M) + goal(M).

2. The function f3[d, h, w](n) is defined recursively.

f2ld, h, w](0) = goal(h)
eXt(f2[d7 haw](J) X d/w) X f2[dah,w](.7)

="
~
=
=
[
+
=
|

3. Let d = M? + 2M, h = M? + 5M + 2, w = width(h) and b = fa[d, h, w](w).
Then, f(n) =n x d® x fi(n + bd).

Theorem 3 If |E|, |F| < n, then the decision procedure with root E = F' terminates
within f(n) stages.

Corollary 1 If|E|,|F| < n, then E ~ F if, and only if, E ~y,) F.
Alternatively, this result can be directly stated for DPDA.
Corollary 2 If |al,|3| < n, then pa ~ qB if, and only if, pa ~;(, qB.

The bound f(n) is elementary with respect to n, the size of the starting goal,
but it is only primitive recursive with respect to the size of the DPDA (or, SDG)
and, in particular, with respect to the number of states of the DPDA. Much more
work is needed to check if this bound is anywhere near optimal. The explosiveness
of f has some intuitive basis when considering application of the extension theorem
to a branch. If the stack size of a DPDA increases, the width, width(h), remains
the same and so does the maximum number of different goals needed to apply the
extension theorem. If the state size of a DPDA increases by 1, then so does the
width and the maximum number of different goals needed for an application of the
extension theorem quadruples.
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4.5 Exercises

Exercise 1 Consider the following DPDA from Sénizergues [26].

pX LN prE pX —b> Po€ pX L)pXX
X -5 pie p2X — pae
@V % VY qV -2 goe qV -5 qYY
@Y -5 que RY — g€

The transition graphs G(pX) and G(¢Y) are pictured below (and their collapsed
graphs are easy to imagine).

P1€ (L plX (L plXX (L

Ta Ta Ta
pX -5 pXX S5 pXxx 5
) ) b

D2€ (6— p2X (E— pQXX (6—

ge — @Y & @YY & ¢YYY <& qYYYY &

Ta Ta Ta
v - @Yy = gvyy S
b b b

€

e — @Y < @YY —

L(pX) = {c"b : n > 0}U{c"a™! : n >0} and L(qY) = {c"b : n > 0}U{c"a"?}.
These configurations can be “equalised” by adding a new stack symbol Z.

»Z - psZ P32~ puZ paZ =5 pae
p2Z — pae a7 - qie @7 — g€

It now follows that pXZ ~ qY Z.

e Translate the full DPDA into an SDG.

e Give the successful tableau for pXZ ~ ¢Y Z. O

more to be added
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5 Proofs

5.1 Proof of the extension theorem

The extension theorem, theorem 1 of section 4.4, is a corollary of a more general
result.

Definition 1 Assume a family of goals E1G5 + ...+ E,GS = FiG5 + ...+ F,,G$
with the same heads where s € I.

1. A “known” at level m is either

(a) Gf ~p G for some j < i and for all s € I, or
(b) Gf ~m 1G5 + ...+ J,GS for all s € I and each Ji # e.

2. Two knowns G} ~p, H{ and G} ~,,, Hj are distinct, if i # j.

Theorem 1 [The generalised extension theorem] Assume there are two families of
goals g(i), h(i), 1 < i < 2" % and each goal g(i) has the form E\Gi+...+ E,Gi =
F\Gi +...+ F,Gi and each goal h(i) has the form EyHi + ...+ E,H. = FHi +
...+ F,H!, and k is the number of distinct knowns for the family g(i) U h(i) at
level m. Assume extensions ey, ..., en—r such that for each e; and i > 0

g(27i + 2971 4+ 1) extends g(27i +2771) by e,
h(27i + 2771 4+ 1) extends h(27i + 2771) by e;.

If each goal g(i) is true at level m, i : 1 <i < 2% and each goal h(j), j:1<j <
27—k is true at level m, then h(2"%) is true at level m.

Proof: The proof is by induction on n — k. For the base case assume n — k = 0.
Assume that there are two goals g(1), E1Gy + ... + E,G, = F1G1 + ... + F,G,,
abbreviated to E = F, and h(1), E1H, + ...+ E,H, = Fi{H, + ... + F,H,,
abbreviated to E' = F', and n distinct knowns for {g(1),h(1)} at level m. That
is, for each i : 1 < ¢ < n either G; ~p, G; and H; ~y, Hj and j < 4, or G; ~p,
J1G1+ ...+ J,G, and H; ~,, J1Hy + ...+ J,H,, where J; # ¢. We prove that
if g(1) is true at level m, E ~,, F, then h(1) is also true at level m, E' ~,, F'.
Suppose not. Then, without loss of generality, by proposition 3 of section 4.2 there
is a word u, |u| < m, and (E'-u) = H; and (F'-u) = (Fy-u)Hy+...+(F, u)H, and
(F'-u) # 0 and (E' - u) oy (F' - u). However, because E ~p, F it follows that
Gi ~m—ju| (F1-u)G1+. . +(F,-u)G,. The first case is that G; ~,,, Gj and H; ~,,, H;
where j < i. Therefore, using properties of ~¢, Gj ~p,_jy| (F1-u)G1+. . .+ (Fp-u)Gp
and Hj oAp_jy (F1 -u)Hy + ...+ (F, - u)H,. This can only be repeated finitely
many times, Gj ~n, G and H; ~,, Hj, and j' < j. Hence, the second case must
then occur, G; ~m J1G1+...+ Gy and H; ~p, JJH1 +...+J,H, and no J; = .
J G +.. .+ TGy, ~m—|ul (Fl -U)Gl +.. .+(Fn-u)Gn and J1TH{+...+J,H, %mf\u\
(Fy -u)Hy + ...+ (F, - u)H,. Now proposition 3 of section 4.2 is applied again.
Therefore, by repeating this argument a contradiction will be obtained.

For the general step, assume that it holds for n — k < ¢ and consider n — k = t.
So, there are two families of goals g(i), h(i), 1 < i < 2"7* and each goal g(i) has
the form E1Gi + ...+ E,Gi = F;Gi + ...+ F,G" and each goal h(i) has the form
E\Hi+...+E,H. = FH} +...+ F,H!, and k is the number of distinct knowns
for the family g(i) U h(i) at level m. Assume extensions ey, ..., e, such that for
each e;j and ¢ > 0

g(27i + 2771 4+ 1) extends g(27i +2771) by e;
h(27i + 2771 4+ 1) extends h(27i + 2771) by e;.
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Assume that each goal g(i) is true at level m, i : 1 < i < 2"7* and each goal
h(j), 7 :1<j < 2"k is true at level m. The aim is to show that h(2"7*) is also
true at level m. Suppose not. Let ¢ = 2" *. Therefore, EyH! + ... + E,HY #p,
FiH! + ...+ F,H! and E:G! + ... + E,G. ~,,, FiG{ + ... + F,G%. Without
loss of generality, by proposition 3 of section 4.2 there is a word u, |u| < m, and
(E\H+.. +E,Hi-u) = H! and (F,H!+.. +F,Hl-w) = (Fy-u)H +. . +(F,-u)HY
and HY #, o) (Fr-u)H{+...+(Fy-u)Hf and forall j : 1 < j < q, Gl ~p 1o (F1-
w)Gl+. . +(Fpu)Gland forall j : 1< j < q, H ~p ) (Fyu)H{+.. . +(Fpu)Hj.
There are two cases. First is that each GZ and Hij, 1 < j <gq,is aknown at level m.
The proof proceeds as in the base case, but here with respect to the whole family of
goals. Therefore, at some point the second case happens, that G and H are not
knowns. However, each even goal g(2j) and h(2j) extends the previous goal g(2j-1)
and h(2j—1) by e;. Therefore, each G37 ~m—|ul (Fy-u)G2 +. . .+(F,-u)G% becomes
JLGE T 4+ JnGijfl ~m—jul FIGY ™+ + F,’zGij"l by substituting in the
entries of ey, and JyH{' '+ ...+ J,HY '~ FIHY ' 4.+ FLH2~! when
j<(g—1)and JH 4. + JuHI Ay o) F{H ..+ F HI™'. Let these
goals be ¢'(i), h'(i), 1 < i < 27=(k+1) and consider the extensions e/, ... e’ni(kﬂ)
where €] = eje;11. It follows that for each e/ and i > 0, g'(27i + 29" + 1) extends
9'(27i 4+ 277") by €’ and the same for the h'(i)s. Moreover, the number of knowns
is now (k + 1) because the previous k knowns at level m remain knowns at level
m — |u| and there is the new known at level m — |u| because for each j, G ~p,_|y|
(Fy-u)G? +. . .+(F,-u)GJ and Hf ~m—|u| (F1 u)H! +...4(F,-u)HJ. Therefore, by
the induction hypothesis if every goal ¢(i), 1 <14 < 27~ (*+1) is true at level m — |u
and every goal h'(i), 1 <i < 2"~ +1) is true at level m — |u|, then h'(27~(*+1) ig
also true at level m — |u|, which contradicts that JyH{ ™' + ...+ JoHI™" oy |
FIH™ ' 4. +F HIL O

5.2 Correctness of the decision procedure

In this section theorems 2 and 3 of section 4.4 are shown. Part 1 of theorem 2 is
straightforward.

Theorem 1 If E « F, then the decision procedure terminates with “unsuccessful
tableau”.

Proof: Assume E # F. If one of E, F is ) and the other isnt, then the decision
procedure terminates at stage 0 with “unsuccessful tableau”. Otherwise, both E
and F' are not (}, and there is a least n such that E £, F. The proof rules are sound.
Therefore, at each stage of the decision procedure there is at least one offending
branch of false goals such that the falsity index decreases by one each time UNF is
applied. At some stage, m > n — 1, there is a frontier goal E,, #1 F,, and UNF is
applied to it. For some a either (E,, -a) = 0 and (F,, -a) # 0, or (F, -a) = ) and
(B - a) # 0, so there is an unsuccessful final goal at stage m + 1, and the decision
procedure returns “unsuccessful tableau”. |

Part 2 of theorem 2 is more intricate. Assume that E ~ F'. The decision proce-
dure needs to output “successful tableau”. The tableau proof rules preserve truth,
so at each stage of the decision procedure every frontier goal is true. Therefore, it
is not possible to have an unsuccessful final goal. It is also not possible to become
stuck because UNF can always apply. The only issue is that the construction goes
on forever. If it does, then there is an infinite branch of goals, ¢(0),...,g(n),...
where g(0) is the root goal E = F. A careful analysis of sequences of goals in a
branch is now presented that shows that this is impossible. In the following result,
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symmetric properties hold if BAL(R) replaces BAL(L) in parts 2 and 4.

Proposition 1 Assume that g(0),. ..

,...,9(n) is a sequence of goals in a branch of a
tableau and g(0) is E = F.

1. If g(0) is the root goal and E = B1G1+ ...+ BmGm and F = 61 Hy + ...+ 6 H)
are in k-head form and |E|,|F| > k, and there is no application of BAL
between g(0) and g(kM), then there are goals g(i) and g(j), 1 < i,j < kM,
such that g(i) is Gy = F' and g(j) is E' = Hj for some i’ and j'.

2. If g(0) is a result of BAL(L) using F' and there is no application of a BAL
between g(0) and g(k) where k = M?> + M and E = E;(F' - w(X1)) + ... +
Ei(F' - w(Xy)), then there is a goal g(i), i : 1 < i < k, that has the form
(F'-w(X;)) =F".

3. If g(0) is a result of BAL using F' and the next application of BAL is g(k)
using F", then |F"| < |F'| + M? + 2M.

4. If g(0) is a result of BAL(L) using F' and the next application of BAL is g(k)
using F"" and k > M3 + 3M? + 3M, then |F"'| < |F'|.

Proof: For 1, assume g(0) is the root goal E = F and there is no application of
BAL between ¢(0) and g(kM). Both BAL rules are permitted provided their side
conditions are fulfilled. Let E = X1G] +...+ X,,G}, and F =Y H{ + ...+ Y, H}
be in 1-head form. Within M steps there must be a goal E; = G}, for some i’,
otherwise BAL(L) can apply, and a goal F; = H}, for some j', otherwise BAL(R)
can apply. The argument is now repeated for these goals on G}, and Hj, in 1-head

form and a further M steps, and so on upto k. For 2, assume g(0), E = F, is
the result of BAL(L) using F' and E = Ey(F' - w(X1)) + ... + Ex(F' - w(Xy))
and there is no application of a BAL between g(0) and g(k) where k& = M? + M.
BAL(L) is permitted throughout this branch provided its side condition holds. Each
|E;] <M + 1 because there are at most M applications of UNF between the goal
with F' and g¢(0). Hence, using the argument from part 1, within M2 + M steps
there is a goal g(i) whose left configuration has the form (F'-w(X;)) for some j. In
the case of 3, assume ¢(0), E = F, is the result of BAL using F'. Without loss of
generality, assume it is an application of BAL(L), so |F'| < |F'| + M. Suppose the
next application of BAL uses F". BAL(L) is permitted provided the side condition
holds, but BAL(R) is not permitted until a bottom of the application of BAL(L)
occurs and the side condition holds. By part 2 a bottom will occur within M? + M
steps. Therefore, if BAL(L) is not applied, the goal g(i) with a bottom has the
form (F' - w(X;)) = F; and |F;| < |F'| + M? + 2M and |(F" - w(X;))| < |F'| + M.
Assume that the next BAL is BAL(L). If F" is F', or occurs above F', then the
result follows. Moreover, if it is below F’, then using part 1 above the result follows.
Otherwise, the next BAL is a BAL(R) and so F" must be (F' - w(X;)) or occur
below it, in which case the result also follows. Part 4 extends part 3. Assume ¢(0)
is a result of BAL(L) using F’ and the next application of BAL is g(k) using F"
and k > M? + 3M? + 3M. Within M2 + M steps there is a goal g(i) with a bottom
(F'-w(X;)) = F; and |F;| < |F'| + M? 4+ 2M and (F' - w(X;))| < |F'| + M. By
part 1, if there is no application of BAL within a further M3 4+ 2M? 4+ M steps then
there are goals g(i), Ej = F] and |F}| < |F'|, and g(j), Ej = Fj and |E}| < |F'|.
The result now follows. O

Lemma 1 Assume that g(0),...,g9(n) is a sequence of goals in a branch and g(0)

is E = F and there are no applications of BAL in this branch. If |E|,|F| < k, and
n > fi(k), then the branch contains a successful final goal.
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Proof: Assume that g(0),...,g(n) is a sequence of goals in a branch and ¢(0) is
E = F and |E|,|F| < k and there are no applications of BAL in this branch. By
proposition 1.2 within at most M2 +M steps both BAL rules are permitted provided
that their side conditions hold and at that stage the goal E' = F' has the property
that |E'|, |F'| < (k+M?+M). Using proposition 1.1, within a further M(k+M?+M)
steps there are goals ¢(i), E; = F; where |E;| = 1, and ¢(j), E; = Fj where |F;| = 1.
Without loss of generality assume j > 4. Within any interval g(j')...g(j' + M),
j/ Z j, there must be goals Eiu = Fiu with ‘Eiu| =1 and Eju = Fjw with |Fju‘ =1:
otherwise, BAL can apply. Therefore, every goal g(j'), Ej; = Fj, j' > j, has the
property |E;| < M and |Fj | < M. Therefore, within goal(M) steps there must be
a repeat goal, so there must be a successful final goal. Overall, within f; (k) steps,
see definition 1 of section 4.4, there is a successful final goal. O

Lemma 1 establishes termination of the decision procedure for a sufficiently
long branch of goals that does not involve applications of BAL. An analysis is now
developed for branches that involve repeated applications of BAL.

Definition 1 Assume Fy, Fi, ..., F; are successive configurations used in applica-
tions of BAL in a branch and assume words uy, . .., u; such that F; = (Fp-uy ... u;).
Let F; = 81G1 + ...+ 8,G, be in m-head form, m > 1. F; is m-low in the interval
FijFji1...Fjpp,j > tand j+k <t if there is a prefix v of w1 ... w4y such that
(F; - wit1 - ..ujv) = Gy for some [, and F; is then said to be m-low with G; using v
in this interval. The definition is extended to 0-low: Fj; is O-low with F; using € in
the interval F}jFjy 1 ... Fj4 provided that j =i and Fj is not m-low for any m > 0
in this interval.

Proposition 2 Assume Fy, Fy, ..., F; are successive configurations used in applica-
tions of BAL in a branch and assume words uy, . ..,u; such that F; = (Fy-uy ... u;).
Assume F; is my-low in FjFj 1, mi > 0 and j > i with G using v, and F; is not
mi-low for any mi > my in FjFj11 ... F;. Assume Fjiq is mo-low in FjFjqq,
J+1 <1<t and ms > 0, with G’ and Fj11 is not mh-low in FijF 41 for any
my > ma.

1. If G = XqHy + ...+ X Hy, is in 1-head form and u;y1 = vv', then for all
prefizes w of v'ujyr ... uy, (G-w) = (X1-w)Hy + ...+ (X - w)Hy.

2. |Fj1] < |G|+ (M2 +2M) and ma < (M2 + 2M).

3. If G = 51Gy + ... + BrGy is in M + 1-head form, then the goal that is
the result of BAL using Fji1 has the head/tail form E\Gy + ...+ E G, =
FiGy + ...+ F,G,,, where |E;|,|F;] < M? + 5M + 2.

4. If G = p1G1+ ... + BnGr and G = 651G + ... + 6, G, are in M + 1-
head form, then in these forms G' is an extension of G with extension e and
le] <M? + 2M.

Proof: For part 1, if there is a prefix w such that (G-w) = Hj, then F; is (mq +1)-
low in Fj ... Fy, contrary to assumption. Part 2 follows from proposition 1.3 and the
observation that |F;| > |G|. For part 3, assume without loss of generality that it is
an application of BAL(L) that uses F)j11, and the resulting goal is Ey (Fj+1-w(X1))+
.+ Ep(Fjp1-w(Xy)) = F'. Using parts 1 and 2, Fj1q = (81-0")G1+...+(Bn-0")G,,
and [(B; - v')] < M2+ 3M + 1 and so |E;(Fj1 - w(X;))| € M? + 5M + 2 and
|F'| <M? +4M + 1. Part 4 follows from parts 1 and 2. o

Lemma 2 Assume that there is a subsequence of goals in a branch g(i), EiG} +
. +E} G, =F{Gi+.. +F) Gl ,i:0<i<tandeach g(j+1) extends g(j) by e,
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where |e;| < d and each head |E}|, | F!| < h. If w = width(h) and t > fo[d, h, w](w),
then there is a successful final goal in the branch.

Proof: It is shown that the extension theorem must apply in this branch, so there
is a successful final goal. Each head |Ei|,|F;| is bounded by h. Therefore, the
number of goals with different heads is bounded by goal(h) and the maximum
width of a goal, n;, is bounded by w = width(h). Moreover, the number of
different extensions, e; where |e;| < d, is also bounded by ext(d,w). Therefore,
within g(0),...,g(f2[d, h, w](0)) there are two goals with the same heads because
f2[d, h,w](0) = goal(h), and the second goal is an extension of the first with exten-
sion bounded by goal(h) x d. Therefore, within ¢(0), ..., g(f2[d, h,w](1)) there must
be four goals with the same heads, ¢'(i), E1Gi + ...+ E,GL, = F1Gt +...+ F,GY,
1<i<2 and W(i), ByHi +...+ E,H. = FiH{ +...+ F,H., 1 <i < 2, and
9'(2) extends ¢'(1) by e; and h'(2) extends h'(1) by e; and |e;| < goal(h) x d. The
argument is now iterated. Within ¢(0), ..., g(f2[d, h, w](w)) there are 2" goals g'(7)

Y

and 2% goals h'(7) that jointly obey the extension theorem. O

Using the above results, part 2 of theorem 2 and theorem 3 of section 4.4 are
now proved.

Theorem 2
1. If E ~ F, then the decision procedure terminates with “successful” tableau.

2. If |E|,|F| < n, then the decision procedure with root E = F terminates within
f(n) steps.

Proof: Assume that E ~ F. The tableau for E = F is built using the rules of the
proof system. By completeness of rule application at each stage each frontier goal is
true. Therefore, it is not possible to to reach an unsuccessful final goal. It is also not
possible to become stuck because UNF can always apply. Hence the only issue is that
the decision procedure doesnt terminate. Assume that there is an infinite branch of
goals ¢(0),...,g(n),... where g(0) is the root goal E = F' that does not contain a
successful final goal. If there are only finitely many applications of BAL, then there
is an infinite suffix of goals g(4),...,g(n),... and there are no applications of BAL.
However, by lemma 1 there must be a successful final goal. Otherwise there are
infinitely many applications of BAL. Let Fp, F ... be the successive configurations
used in applications of BAL. Start with Fy and find the largest mq and the first
interval Fj, _1 F;, such that Fy is mg-low in this interval. By assumption, Fy is not
m'-low, for any m' > myg in any later interval. Next, consider F;,. Find the largest
my and the first interval F;, 1 F},, ia > i1, such that F} is m;-low in this interval.
Using proposition 2, the application of BAL using Fj;, , the goal g(k; ), has a head/tail
form BE{G]+...+E} G} = F]G}+...+F} G}, and the application of BAL using
F},, the goal g(k2), has head/tail form E{G} +...+ B2 G2, = F{Gi+...+ F2, G2,
where |El|,|Fi| < h =M?+5M+2 and g(k2) extends g(k1) by e; where |e;| < d =
M? + 2M. The argument is now repeated giving an infinite subsequence of goals
9g(k1),9(k2),...,9(kn), .. such that each g(k;y1) is an extension of g(k;) by e; with
le;] < d, and the heads have bounded size no more than h. Therefore, by lemma 2
there is a successful final goal within this subsequence.

For part 2, the argument above is refined. Assume a branch ¢(0), ..., g(t) where
g(0) is the root E = F, and |E|,|F| < nand t > f(n). If there are no applications of
BAL, then by lemma 1 there is a successful final goal within f;(n) steps and fi(n) <
f(n). Let Fy, Fy,..., F; be successive configurations used in applications of BAL.
Let d and h be as defined above and let w = width(h) and let b = fs[d, h, w](w). Via
proposition 2, if no F; has a low point that is greater than 0, then for I < b the goals
that are the result of these applications of BAL obey lemma 2. By proposition 1,
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|Fit1| < |Fi| + d. Hence, it follows that the largest F; is bounded by v = n + bd.
Moreover, it follows that the maximum number of steps between F; and F;41 is at
most f;(u) (because, otherwise there must be a successful final goal using lemma 1).
For the general case let f'(b) be the number of successive configurations used in
applications of BAL such that there is a subsequence of length b such that the goals
that are the result of these applications of BAL obey lemma 2. Fy may have n low
points. Therefore, f'(b) = n x f'(b—1). Subsequent F; have only d low points, so
f'(b—=1) = d x f'(b—2). The overall bound is therefore n x d*. The maximum
number of steps between F; and F;14 is again at most fi(u). Therefore, within f(n)
steps it follows that the decision procedure must terminate. O
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6 Higher-Order Pushdown Automata

to be added.
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