
Language Theory and In�nite GraphsColin StirlingS
hool of Informati
sUniversity of EdinburghEdinburgh EH9 3JZ, UKemail: 
ps�inf.ed.a
.ukAbstra
tAutomata and language theory study �nitely presented me
hanisms forgenerating languages. A language is a family of words. The Chomsky hier-ar
hy of languages 
an be generated using grammars or using automata. Atthe lowest level are regular languages whi
h are also generated by �nite-stateautomata. At the next level are 
ontext-free languages. These are gener-ated by 
ontext-free grammars and also by pushdown automata. Beyond thisare the 
ontext-sensitive languages and the re
ursively enumerable languages,generated by linear bounded Turing ma
hines and Turing ma
hines.A slight shift in fo
us is very revealing. Instead of grammars and automataas language generators, one views them as propagators of possibly in�nite la-belled transition graphs. This is our starting point. We shall examine variouskinds of in�nite graph, 
on
entrating on pushdown automata and 
ontext-free grammars and also 
onsider bisimulation equivalen
e as an alternative tolanguage equivalen
e.The main goal of the le
tures is to provide de
ision pro
edures for in�nitestate graphs. We 
on
entrate on proving de
idability of language equivalen
eusing both graph theoreti
 and 
ombinatorial arguments. The main result tobe examined is de
idability of the DPDA equivalen
e problem: that languageequivalen
e is de
idable for deterministi
 
ontext-free languages. Despite in-tensive work throughout the late 1960s and 1970s, this problem remained un-solved until 1997 when S�enizergues announ
ed a positive solution. His proof
onsisted of two semi-de
ision pro
edures, and so there was no 
omplexitybound on the pro
edure. In the le
tures we provide a deterministi
 de
isionpro
edure with a primitive re
ursive upper bound.We shall also brie
y dis
uss the open problem whether language equiva-len
e is de
idable for deterministi
 higher-order pushdown automata.
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1 Introdu
ing Pushdown AutomataPushdown automata and their graphs are now introdu
ed.1.1 Pushdown graphsThe following four sets are ingredients of a pushdown automaton (a PDA).� A �nite set of states P� A �nite set of sta
k symbols S� A �nite alphabet A� A �nite set of basi
 transitions TA basi
 transition has the form pX a�! q� where p and q are states in P, X is asta
k symbol in S, a 2 A [ f�g and � is a sequen
e of sta
k symbols in S�.A 
on�guration of a PDA 
onsists of a state p 2 P and a sequen
e of sta
ksymbols � 2 S�, written p�. The transitions of a 
on�guration are de�ned by thefollowing pre�x rule where Æ is any sequen
e of sta
k symbols.PRE If pX a�! q� 2 T then pXÆ a�! q�ÆA traditional automaton interpretation is that on input a the 
on�guration pXÆin state p with X at the top of the sta
k 
hanges to state q and � repla
es X .Alternatively, with respe
t to a generational or pro
ess 
al
ulus perspe
tive the
on�guration pXÆ generates, or performs, a and be
omes q�Æ. In both these a
-
ounts �-transitions have a spe
ial status. If a = � then 
on�guration pXÆ may
hange to q�Æ without reading an input or pXÆ may be
ome q�Æ silently withoutperforming an observable a
tion.For simpli
ity, the following disjointness 
ondition on T is assumed.If pX ��! q� 2 T and pX a�! r� 2 T then a = �A 
on�guration is unstable, only has �-transitions, or stable, has no �-transitions.The transition graph G(p�) is generated by deriving all possible transitions fromp� and every 
on�guration rea
hable from it using the rule PRE.Example 1 The �rst example involves ingredients whi
h are all singleton sets.P = fpg S = fXgA = fag T = fpX a�! pXXgG(pX) is: pX a�! pXX a�! pXXX a�! : : :. The transition pXXX a�! pXXXXfollows by applying PRE to pX a�! pXX 2 T with Æ = XX . 2Example 2 Let P = fpg, S = fX;A;Bg and A = fa; bg. The basi
 transitions arepX a�! pAX pA a�! pAA pB a�! pABpX b�! pBX pA b�! pBA pB b�! pBBG(pX) is depi
ted in �gure 1. The graph G(pX) is the full binary tree. 2Example 3 Let P = fp; q; rg, S = fXg, A = fa; bg and T bepX a�! pXX pX b�! r� rX ��! r�pX b�! q� qX b�! q�3
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...ε Figure 2: A determinisiti
 PDAThe graph G(pX) isq� b � qX b � qXX b � : : :" b " b " bpX a�! pXX a�! pXXX a�! : : :# b # b # br� � � rX � � rXX � � : : :This example involves both �-transitions and nondeterminism: the 
on�gurationpXXn has b-transitions to qXn and rXn. Note that � is used both as a transitionlabel and for the empty sta
k sequen
e. Con�gurations q� and r� are terminal, asthey do not have transitions. 2Example 4 Often we dont spell out all the 
omponents of a PDA ex
ept its tran-sitions. Figure 2 depi
ts a simple deterministi
 PDA whose basi
 transitions arepX a�! pX pX b�! p� pX 
�! pX rX ��! p�pY a�! p� pY b�! r� pY 
�! pY Y rY ��! r�There is at most one transition pX a�! q� 2 T for p 2 P, X 2 S, a 2 A [ f�g. 2A PDA is presentable in normal form, up to isomorphism of transition graphs,where ea
h transition pX a�! q� 2 T obeys the 
onstraint that the length of �, j�j,is at most 2. Enfor
ement of the normal form is easy to a
hieve, by introdu
ing extrasta
k symbols. Assume that the maximum length of a sequen
e of sta
k symbols4



� in any transition pX a�! q� 2 T is n. New sta
k symbols [�℄ are introdu
ed toa
hieve this normal form for sequen
es � of sta
k symbols whose length is at mostn. The 
on
rete 
onstru
tion is best illustrated by example.Example 5 Suppose the transitions T arepX a�! pX1X2X3X4 pX1 a�! p�pX2 a�! pX1X3X4 pX3 a�! pX1X1X1X4pX4 a�! pX1The largest size of a sequen
e of sta
k symbols introdu
ed by a transition is 4.Therefore we only need to introdu
e extra sta
k elements [�℄ in the 
ase that � haslength at most 4. The transition pX a�! pX1[X2X3X4℄ involving the new sta
ksymbol [X2X3X4℄ repla
es the transition pX a�! pX1X2X3X4. With respe
t tothis initial transition, whi
h obeys the normal form, further transitions and newsta
k symbols are introdu
ed as follows.p[X2X3X4℄ a�! p[X1X3X4℄[X3X4℄ p[X1X3X4℄ a�! p[X3X4℄p[X3X4℄ a�! p[X1X1X1X4℄X4 p[X1X1X1X4℄ a�! p[X1X1X4℄p[X1X1X4℄ a�! p[X1X4℄ p[X1X4℄ a�! pX4Transitions for pX1 and pX4 are as in T. The reformulation of the PDA obeys thenormal form. Clearly the two graphs G(pX) with respe
t to the automaton and itsnormal form are isomorphi
. 2A transition graph G(p�) has both bounded in and out degree. The out degreeof a terminal 
on�guration p� is 0 and the out degree of a 
on�guration pX� isbounded by the number of basi
 transitions in Twhi
h have the the form pX a�! q�.The in degree of a 
on�guration p� is bounded by the number of basi
 transitionsin T whi
h have the form qY a�! p�0, when �0 is a pre�x of �.1.2 Collapsed graphsA natural extension of transitions is to words w 2 A�. The extended transitionp� w�! q� represents that there is a w-path from 
on�guration p� to 
on�gura-tion q� (and therefore p� ��! p� for any 
on�guration p�). The role of basi
�-transitions thereby di�ers from basi
 a-transitions when a 2 A, be
ause � is theempty word. For instan
e, pXX ab�! r� in the 
ase of example 3 of the previousse
tion be
ause pXX a�! pXXX b�! rXX ��! rX ��! r�.A 
on�guration of a PDA is either stable or unstable. To 
apture word tran-sitions, the 
ollapsed graph of a PDA, whi
h abstra
ts from �-transitions, is de-�ned. Consider just the stable 
on�gurations of example 3 of the previous se
tion,and transitions a�!, a 2 A, between them. This is the 
ollapsed graph, without�-transitions. For instan
e, its 
ollapsed transition graph with stable root pX , writ-ten G
(pX), is depi
ted in �gure 3. In a 
ollapsed graph unstable 
on�gurationsare removed, and p� a�! q� if p� a�! r
( ��!)�q�. If a PDA does not 
ontain�-transitions then G(p�) is the same graph as G
(p�).A 
ollapsed transition graph may have in�nite in or out degree. The 
on�gura-tion r� in �gure 3 has in�nite in degree be
ause there are in�nitely many transitionsinto it.Example 1 Assume T isrX a�! pX pX ��! pXX pX ��! q� qX b�! q�The graph G(rX) is 5
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ollapsed graph G
(rX)rX a�! pX ��! pXX ��! pXXX ��! : : :# � # � # �q� b � qX b � qXX b � : : :The stable 
on�gurations in this graph are frX; qXn : n � 0g, and the 
ollapsedgraph G
(rX) is presented in �gure 4. In�nite out degree, as illustrated by thisexample, depends on nondeterminism in the basi
 �-transitions. 2What is the 
ollapsed graph when there are not appropriate stable 
on�gu-rations? Consider a 
ase involving just the following pair of basi
 transitions,pX a�! qX and qX ��! qXX . The graph G(pX) ispX a�! qX ��! qXX ��! qXXX ��! : : :The 
ollapsed graph G
(pX) is just the singleton node pX , be
ause there are nostable 
on�gurations rea
hable from pX .1.3 Sub
lasses of pushdown automataThere are many sub
lasses of pushdown automata. The following are important
ases, some of whi
h we shall examine later.� Real-time: there are no �-transitions, so graphs G(p�) and G
(p�) 
oin
ide.� Single-state: the set of states P is a singleton set.� �-deterministi
: if pX ��! q�; pX ��! r
 2 T then q = r and � = 
.� A-deterministi
: if pX a�! q�; pX a�! r
 2 T, a 6= �,then q = r and � = 
.� Deterministi
: if the PDA is both �-deterministi
 and A-deterministi
.� Normed (or without redundan
y): for any 
on�guration q� of a graph G(p�)there is a word u 2 A� and a state q su
h that p� u�! q�. One way ofguaranteeing normedness is to ensure that for any state p and sta
k symbolX there is a word u 2 A� and a state q su
h that pX u�! q�.6



There is an important normal form in the 
ase when a PDA is �-deterministi
that �-transitions only pop the sta
k: if pX ��! q� then � = �. By equivalent wemean that their 
ollapsed graphs are isomorphi
. There are three 
ases to 
onsider.1. If pX ��! p1X1�1 ��! p2X2�2 ��! : : : then in the 
ollapsed graph no 
on�gu-ration of the form pX� o

urs be
ause it is unstable. Therefore we delete fromT the transition pX ��! p1X1�1 and any transition of the form qY a�! pX�for a 2 A [ f�g.2. If pX ��! p1X1�1 ��! : : : ��! pnXn�n and pnX�n is stable then we removepX ��! p1X1�1 from T and for ea
h transition pnXn a�! q� 2 T add thetransition pX a�! q��n to T.3. If pX ��! p1X1�1 ��! : : : ��! pn� then we remove the transition pX ��!p1X1�1 from T and add the new transition pX ��! pn� to T.In parti
ular, this is a normal form for a DPDA (a deterministi
 pushdownautomaton).1.4 De
ision questionsThere are various de
ision questions that one 
an ask about PDA. One kind isessentially graph-theoreti
: for instan
e, given 
on�gurations p� and q�, is therea path from p� to q� in the graph G(p�)? In fa
t, as B�u
hi noted in the 1960s,there is an e�e
tive method for answering this question be
ause the set of rea
hable
on�gurations from any regular set of 
on�gurations is again a regular set (that 
anbe 
hara
terized e�e
tively using a �nite-state automaton).Another kind of de
ision question is model 
he
king. The rooted graphs G(p�)(for a real-time PDA) and G
(q�) 
an be viewed as models with respe
t to whi
hlogi
al formulae are de�ned. A 
lassi
al instan
e is monadi
 se
ond-order logi
whi
h is �rst-order logi
 over these graphs (
ontaining equality and an atomi
 binarypredi
ate Ea for ea
h a 2 A with interpretation a�!) together with quanti�
ationover sets of verti
es. Given a (
ollapsed) PDA graph and a formula �(x) with onefree variable, the de
ision question is whether �(x) is true at the root of the graph.There is a signi�
ant history asso
iated with this problem. In e�e
t, B�u
hi showedthat this question is de
idable for example 1 of se
tion 1.1 [3℄ and Rabin showedthat it is de
idable for example 2 [23℄. The graphs G(p�) for real-time PDA exhibita \regular" stru
ture, as originally de�ned by Muller and S
hupp [21℄. From thisthey showed using Rabin's result that the question is de
idable for any real-timePDA graph. Finally, Cau
al [9℄ extended the result to any 
ollapsed graph G(p�)of a PDA. Standard temporal logi
s, LTL, CTL, CTL� and modal �-
al
ulus, aresublogi
s of monadi
 se
ond-order logi
, so model 
he
king them on these in�nite-state transition graphs is de
idable. In pra
ti
e, model 
he
king these temporallogi
s appeal dire
tly to automata (instead of monadi
 se
ond-order logi
).Cau
al also provided other 
hara
terisations of the graphs of pushdown au-tomata. First he showed that the graphs of real-time PDA 
an be de�ned in termsof \pattern graphs" using deterministi
 graph grammars [7℄. Se
ondly they areisomorphi
 to the transition graphs generated by Type 0 grammars under pre�xrewriting. Assume a �nite family of nonterminals N and a �nite alphabet A. AType 0 grammar under pre�x rewriting is given by a �nite family of basi
 tran-sitions of the form � a�! � where � and � belong to N�. The transition graphgenerated by a 
on�guration Æ 2 N� is determined by the basi
 transitions togetherwith the pre�x rule if � a�! � then �
 a�! �
 for any 
 2 N�. He also de�ned amore general 
lass of graphs, the pre�x-re
ognisable graphs [9℄, where the �nite set7



of basi
 transitions are given by more general rules E a�! F where E and F are reg-ular expressions over the alphabet of nonterminals. It turns out that these graphs
oin
ide with the 
ollapsed graphs of PDA. For instan
e, the graph of �gure 4 is(isomorphi
 to) G(X) when X a�! Y � and Y b�! �.A third kind of de
ision question deals with equivalen
e 
he
king. Classi
ally, for-mal language theory views the language generable from a 
on�guration as paramount.Therefore, the language equivalen
e problem is: given two 
on�gurations of a PDA1do they re
ognise the same language?De�nition 1 The language of p�, L(p�) = fw 2 A� : p� w�! q� for some q 2 Pg.When re
ognising any su
h word the sta
k is thereby emptied. For instan
e, L(pX)in the 
ase of example 3 of se
tion 1.1 is the set of words fanbn+1 : n � 0g[fanb :n � 0g. This is 
alled empty sta
k a

eptan
e. A word w 2 A� is in L(p�) if thereis a w-path from p� to a terminal state q� for some q in the 
ollapsed graph G(p�).The 
lass of languages re
ognised by PDA is the 
ontext-free languages. It wasshown in the 1960s that the language equivalen
e problem is unde
idable (evenfor real-time single-state PDA). It was also shown that the language 
ontainmentproblem is unde
idable for real-time single state DPDA2. (Visibly pushdown au-tomata are real-time PDA that obey the following 
onstraint: for every a 2 A, ifpX a�! q� 2 T and p0Z a�! q0� then j�j = j�j. The language 
ontainment problemis de
idable for su
h PDA [1℄).1.5 Bisimulation equivalen
eLanguage based equivalen
es are not the only notion of equivalen
e between 
on-�gurations of pushdown automata. There are proposals for �ner equivalen
es in
on
urren
y theory, where the behaviour of a pro
ess is presented as a labelledtransition graph. There is a need for more intensional equivalen
es be
ause lan-guage equivalen
e is not preserved by 
ommuni
ating automata. A pivotal notion,due to Park and Milner, is bisimulation equivalen
e.Bisimulation equivalen
e is based on the existen
e of a relation between verti
esof a transition graph whi
h is preserved by transitions. More pre
isely a bisimulationrelation is de�ned as follows.De�nition 1 A binary relation R between verti
es of transition graphs is a bisim-ulation relation provided that whenever (E;F ) 2 R, for all a 2 A,if E a�! E0 then there is an F 0: F a�! F 0 and (E0; F 0) 2 R;if F a�! F 0 then there is an E0: E a�! E0 and (E0; F 0) 2 R:De�nition 2 E is bisimulation equivalent to F , E � F , if there is a bisimulationrelation 
ontaining (E;F ).Example 1 Consider the following three graphs.p1X b�! p1� q01� b � q1X b�! q1� r1�" a " a " bpX qX rX a�! r1X# a # a # 
p2X 
�! p2� q02� 
 � q2X 
�! q2� r2�Here pX � qX . The bisimulation relation R whi
h witnesses this is1As the disjoint union of two PDAs is a single PDA, we 
an restri
t equivalen
e problems to
on�gurations of a single PDA.2That is, simple grammars that are de�ned later.8



f(pX; qX); (p1X; q1X); (p2X; q2X); (p1�; q01�); (p1�; q1�); (p2�; q02�); (p2�; q2�)gThe proof that R is a bisimulation relation is straightforward. For example, 
onsiderthe pair (p1X; q1X). There is a single transition p1X b�! p1� whi
h is mat
hed byq1X b�! q01� be
ause (p1�; q01�) 2 R. And there are two transitions q1X b�! q01� andq1X b�! q1� whi
h are both mat
hed by the single transition p1X b�! p1�, as both(p1�; q01�), (p1�; q1�) 2 R.The verti
es pX and rX are not bisimilar, even though they re
ognise thesame language. Assume that there is a bisimulation relation R 
ontaining thepair (pX; rX). The problem is how to mat
h the transition rX a�! r1X . It 
annot be mat
hed by pX a�! p1X be
ause r1X 
�! r2� and it 
an not be mat
hedby pX a�! p2X be
ause r1X b�! r1�. 2Example 2 In the following pX � qY .pX a�! pXX a�! pXXX a�! pXXXX a�! : : :qY a�! q1Y a�! qY Y a�! q1Y Y a�! : : :The bisimulation relation R whi
h witnesses this equivalen
e is in�nite.f(pX2n; q1Y n) : n > 0g [ f(pX2n+1; qY n) : n > 0gFor instan
e (pX24; q1Y 12) 2 R. There is a single transition pX24 a�! pX25 andq1Y 12 a�! qY 13, and (pX25; qY 13) 2 R. 2There is also a notion of approximation asso
iated with bisimulation equivalen
e.De�nition 2 The family f�n : n � 0g between verti
es of transition graphs isde�ned indu
tively as follows.E �0 F for all verti
es E;FE �n+1 F i� for all a 2 Aif E a�! E0 then there is an F 0: F a�! F 0 and E0 �n F 0; andif F a�! F 0 then there is an E0: E a�! E0 and E0 �n F 0For instan
e in the 
ase of example 1, pX �1 rX but pX 6�2 rX .Fa
t 1 If p� � q� then for all n � 0. p� �n q�.The 
onverse of fa
t 1 is not in general true for 
ollapsed graphs G
(p�). It ispossible that E 6� F and E �n F for all n � 0. (Find an example.) However, the
onverse does hold for graphs whi
h have �nite out degree.Fa
t 2 If the transition graphs 
ontaining E and F have �nite out degree and forall n � 0. E �n F then E � F .Baeten, Bergstra and Klop showed in 1987 that bisimulation equivalen
e is de-
idable for normed, single-state real-time PDA [2℄. This was extended to all single-state real-time PDA [11℄ and then to all real-time PDA and to the 
ollapsed graphsof �-deterministi
 PDA [25℄. However, the problem is unde
idable for arbitrary
ollapsed graphs of PDA (a result that is a 
onsequen
e of [28℄).1.6 The DPDA equivalen
e problemA more 
lassi
al de�nition of a PDA in
ludes an extra 
omponent: F � P whi
h are�nal states. The language of a 
on�guration is then the set of words w 2 A� su
hthat p� w�! q� where q 2 F. This is 
alled �nal state a

eptan
e.9



For pushdown automata, in general, the languages re
ognised under �nal statea

eptan
e 
oin
ide with those re
ognised under empty sta
k a

eptan
e. However,this is not true in the 
ase of DPDA. The languages re
ognised by DPDA under�nal state a

eptan
e are the determinisit
 
ontext-free languages. The languagesa

epted under �nal state a

eptan
e is a proper subset of these deterministi
 lan-guages. However, we still work with empty sta
k a

eptan
e be
ause of the fol-lowing. For any language L a

epted by a DPDA 
on�guration under �nal statea

eptan
e, there is a DPDA 
on�guration that a

epts L$ where $ 62 A is an endof word marker: the language L$ = fw$ : w 2 Lg. To see this, �rst in
lude anew bottom of the sta
k symbol B in a DPDA with �nal state a

eptan
e: so,p� u�! q� where q is a �nal state if, and only if, p�B u�! q�B in the amendedDPDA. If for a �nal state q and sta
k symbol X , qX epsilon�! r� and r is not �nalthen introdu
e a new �nal state r0 and repla
e this transition in T with qX ��! r0�and add transitions for r0 that are the same as for r. Next, for ea
h �nal state qand sta
k element S, if qS is stable then introdu
e a new basi
 transition qS $�! e�where e is a new state whose role is to erase all sta
k elements, so eS "�! e" forall S. Clearly, p�B u�! q�B in the amended DPDA with �nal state a

eptan
e if,and only if, p�B u$�! e� in the DPDA that a

epts with empty sta
k a

eptan
e.The DPDA equivalen
e problem was posed in the 1960s [12℄: given two 
on�g-urations p�, q� of a DPDA, is there an e�e
tive pro
edure for de
iding whetherL(p�) = L(q�)? It was a 
elebrated open problem until it was solved positively byGeraud S�enizergues [24, 26℄. It seems that the notation of pushdown 
on�gurations,although simple, is not ri
h enough to sustain a proof. Deeper algebrai
 stru
tureneeds to be exposed. S�enizergues's proof is primarily algebrai
. This proof was sim-pli�ed in [29, 27℄. However, these solutions to the problem involve two semi-de
isionpro
edures: one to show inequivalen
e (\�nd a smallest distinguishing word") theother to show equivalen
e (basi
ally, using a nondeterministi
 proof pro
edure).Therefore, there is no 
omplexity bound on the de
ision pro
edure.A mu
h simpler determinisiti
 de
ision pro
edure with a primitive re
ursiveupper bound on its 
omplexity was presented in [30℄. It is this proof that is the maintopi
 of these notes. The proof te
hnique is somewhat di�erent from S�enizergues'smethod and is based on the bisimulation equivalen
e problem for determinisiti
graphs G
(p�). However, essential elements of S�enizergues's proof are still presentin the de
ision pro
edure.
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2 De
idability of Equivalen
e of Simple GrammarsSurprisingly, the key to understanding the DPDA equivalen
e problem is real-timesingle-state PDA.2.1 Pushdown grammarsA pushdown grammar (a PDG) is a real-time single state PDA with ingredients:� A �nite set of sta
k symbols S� A �nite alphabet A� A �nite set of basi
 transitions TA basi
 transition has the form X a�! � where X 2 S, a 2 A and � 2 S�. A
on�guration � is a sequen
e of sta
k symbols. The pre�x rule isPRE if X a�! � 2 T then XÆ a�! �Æ:We assume that a PDG is in normal form. First, any transitionX a�! � 2 T hasthe property that j�j � 2. To ensure this, we add extra sta
k symbols as outlinedin se
tion 1.1. Se
ond, a PDG is normed : for every X 2 S there is a word u su
hthat u 2 L(X). We now show how to ensure this.Assume a �xed total ordering < on A.De�nition 1 The word u is \smaller" than v, if juj < jvj or juj = jvj and u islexi
ographi
ally less than v with respe
t to the ordering on A: that is, if juj = jvj,u = waw0 and v = wbv0 then a < b.De�nition 2 For ea
h sta
k symbol X , if L(X) 6= ; then w(X) is the smallestword in fu : X u�! �g. The norm of X is the length of w(X), jw(X)j.It is easy to 
ompute w(X), if it exists, for ea
h sta
k symbol X . Initially,sta
k symbols with norm 1 are identi�ed by examining transitions in T of the formX a�! �, and their shortest words are de�ned. There must be at least one sta
ksymbol with norm 1 unless L(X) = ; for all X 2 S. Next, sta
k symbols with norm2 are identi�ed. X has norm 2 if X does not have norm 1 and X a�! Z 2 T and Zhas norm 1. A sta
k symbol X has norm 3 if it does not have norm 1 or norm 2,and either X a�! Z 2 T and Z has norm 2 or X a�! Y Z 2 T and both Y and Zhave norm 1. Identi�
ation of norm is iterated, until either w(X) is 
al
ulated forea
h sta
k symbol X or X 
an not have a norm: the 
urrent largest norm is k andno sta
k symbol has norm between k and 2k + 1.If this pro
edure leavesX unnormed then it is deleted from S, and all transitionsZ a�! � 2 T with X = Z or � 
ontaining X are deleted from T. The result is anormed PDG that preserves language equivalen
e (for 
on�gurations � su
h thatL(�) 6= ;).An important measure of a PDG (in normal form) is its maximum norm M.De�nition 3 M = max fjw(X)j : X 2 Sg.In the worst 
ase, M is exponential in the number of sta
k symbols. If S =fX1; : : : ; Xng and T is,Xn a�! � Xn�1 a�! XnXn Xn�2 a�! Xn�1Xn�1 : : : X1 a�! X2X2;then w(Xn�j) = a2j .The de�nition of norm extends to 
on�gurations of a PDG.11



De�nition 4 For ea
h 
on�guration �, the word w(�) is the unique smallest wordv su
h that � v�! �. The norm of � is jw(�)j.Fa
t 11. w(�) = � and jw(�)j = 02. w(X�) = w(X)w(�) and jw(X�)j = jw(X)j + jw(�)jAs a �rst step towards solving the DPDA equivalen
e problem, we prove de-
idability of language equivalen
e for simple grammars, whi
h was �rst shown byKorenjak and Hop
roft in 1966 using a method whi
h is not so dissimilar from thatpresented here [20℄.2.2 Simple grammarsA simple grammar is a deterministi
 PDG. The key restri
tion is� Determinism: if X a�! � 2 T and X a�! � 2 T then � = �The re
ognition power of simple grammars is less than that of DPDA. For example,the language L = fanbn : n > 0g [ fan
 : n > 0g is generable by a DPDA
on�guration: it is L(pX) of example 3 of se
tion 1.1 when the transition pX b�! r�is 
hanged to pX 
�! r�. However, it is not generable by a 
on�guration of a simplegrammar (why?).Example 1 Let T beX a�! Y X X b�! � Y b�! XA a�! C A b�! � C b�! AA:The transition graphs G(X) and G(A) are pi
tured in �gure 5. Here, w(X) = band w(A) = b. Be
ause of the transition Y b�! X , the symbol Y has norm 2 andw(Y ) = bb. The symbol C has norm 3 be
ause C b�! AA, so w(C) = bbb. So themaximum norm M = 3. 2Con�gurations of a simple grammar are sequen
es of sta
k symbols. An extra
on�guration, the deadlo
ked 
on�guration ;, is added for the purpose of a usefulnotation3, \the result of � after the word u," written � � u. The 
on�guration � � uis either the 
on�guration � su
h that � u�! � or it is the deadlo
ked 
on�guration;. The 
on�guration ; is unnormed, its size, j;j, is 0 and L(;) = ;. It is assumedthat ;� = ; = �;.Fa
t 1 If � 2 S� [ f;g, then1. (� � �) = �2. (; � au) = ;3. if X a�! � 2 T, then (X� � au) = (�� � u)4. if there is no transition X a�! � 2 T, then (X� � au) = ;.3; has an important role later when 
on�gurations are extended to sets of sequen
es of sta
ksymbols f�1; : : : ; �ng, and it is then genuinely the emptyset.
12
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AAAFigure 5: G(X) and G(A)The in
lusion of ; guarantees that (� � u) is always de�ned, and is unique be
ausesimple grammars are deterministi
. In example 1, above, (Y X � bab) = XXX and(AA � aa) = ;. Some obvious properties of \after" are now listed.Fa
t 21. If (� � u) = ; then (� � uv) = ;2. If (� � u) = � then (� � ua) = ;3. maxf0; j�j � jujg � j(� � u)j � j�j+ juj4. (� � uv) = (� � u) � v5. (�� � w(�)) = �6. If juj � jw(�)j then (�� � u) = (� � u)�The language of a 
on�guration L(�) is pre�x-free be
ause of determinism: if aword belongs to L(�), then no proper pre�x belongs to it.Fa
t 3 If u 2 L(�), then for any v 2 A+, uv 62 L(�).The de
ision problem for simple grammars is: given 
on�gurations �; � 2 S�,is L(�) = L(�)? (The de
ision problem L(�) � L(�)? is unde
idable.) Be
ausesimple grammars are deterministi
 (and normed) language equivalen
e 
oin
ideswith bismulation equivalen
e.Fa
t 4 L(�) = L(�) i� � � �.Example 2 L(A) = L(X) whereX and A are from example 1, so A � X . However,the bisimulation R justifying equivalen
e is in�nite.R = f(Xn; An) : n � 0g [ f(Y Xn+1; CAn) : n � 0g13



UNF � �= �(� � a1) �= (� � a1) : : : (� � ak) �= (� � ak) A = fa1; : : : ; akgFigure 6: The rule UNFR obeys the hereditary 
onditions for being a bisimulation. For instan
e, the pair(Y X8; CA7) 2 R and Y X8 b�! X9 and CA7 b�! A9, and (X9; A9) 2 R. 2Example 2 illustrates that a justifying bisimulation relation may be in�nite, soit is ne
essary to supply a more sophisti
ated te
hnique than merely exhibiting abisimulation witness if we wish to solve the de
ision problem for simple grammars.2.3 Tableau proof rulesThe de
ision pro
edure for simple grammars is a tableau proof system, 
onsistingof proof rules whi
h allow goals to be redu
ed to subgoals. Goals and subgoals areall of the form � �= �, \is � � �?", where � and � are 
on�gurations of a simplegrammar.The initial tableau proof rule is UNF (unfold) in �gure 6. The goal, � �= �redu
es to the subgoal (� �a) �= (� �a) for ea
h a 2 A. The appli
ation of this simplerule is both \
omplete" and \sound". Completeness is the property that if the goal,� �= �, is true then so are all the subgoals, (� � ai) �= (� � ai).Fa
t 1 If � � �, then for all a 2 A, (� � a) � (� � a).Soundness is the 
onverse, that if all the subgoals are true then so is the goal whi
his equivalent to, if the goal is false, � 6� �, then so is at least one of the subgoals.However, there is a �ner a

ount that uses approximants.Fa
t 2 If � �n � and � 6�n+1 �, then for some a 2 A, (� � a) 6�n (� � a).Example 1 In the 
ase of the simple grammar of example 1 of se
tion 2.2, thefollowing is an appli
ation of UNF to the goal A �= X .A �= XC �= Y X � �= �C �= Y X , is (A � a) �= (X � a) and � �= � is (A � b) �= (X � b). 2Repeated appli
ations of UNF 
ontinually redu
e goals. For instan
e, the fol-lowing tree of appli
ations of UNF starts with goal A �= X of the example, above.A �= X UNFC �= Y X UNF; �= ; AA �= XX UNFCA �= Y XX A �= X � �= �In ea
h appli
ation of UNF, the left subgoal is the result after a and the right subgoalis the result after b. If �0 �= �0 is a subgoal whi
h is the result of m 
onse
utiveappli
ations of UNF from the goal � �= �, then there is a word u su
h that juj = mand �0 = (� � u) and �0 = (� � u). The word u is then said to be the asso
iatedword with this sequen
e of appli
ations. In the example, above, CA �= Y XX is the14



BAL(L) and BAL(R)X� �= � � �= X�... C ... C�0� �= �0 �0 �= �0��0(� � w(X)) �= �0 �0 �= �0(� � w(X))where C is the 
ondition1. j�j > 0 and j�0j > 0, and2. there are pre
isely jw(X)j 
onse
utive appli
ations of UNF between the topgoal, X� �= � (� �= X�), and the bottom goal, �0� �= �0 (�0 �= �0�), and noappli
ations of any other rule.Figure 7: The balan
e rulesresult of 3 
onse
utive appli
ations of UNF from A �= X . The asso
iated word isaba.A key idea is redu
tion of a goal to a \balan
ed" subgoal, and this is the roleof the rules BAL(L), balan
e left, and BAL(R), balan
e right, in �gure 7. Balan
erules were introdu
ed by S�enizergues [26℄ for the more general DPDA equivalen
eproblem4: in his framework, they are the transformations TB . The imbalan
e of agoal � �= � is the length of the largest pre�x of � or � before they have a 
ommontail. If � = �1Æ and � = �1Æ and the only 
ommon suÆx of �1 and �1 is the emptysequen
e, then the imbalan
e between � and � is maxfj�1j; j�1jg. If the imbalan
ebetween � and � is 0, then � = �, so � � �.Assume a goal � �= X�, the initial goal of a BAL(R), and assume that � =Y1 : : : Yn and n � M+1. Also, assume that there are jw(X)j 
onse
utive appli
ationsof UNF between this goal and the goal �0 �= �0�, and j�0j > 0. Therefore, there isa word u of size jw(X)j asso
iated with this sequen
e of appli
ations of UNF, and(� � u) = �0 and (X� � u) = �0� = (X � u)� be
ause juj = jw(X)j. Clearly, juj � M,so (� � u) = (Y1 : : : YM � u)YM+1 : : : Yn. An appli
ation of BAL(R) to �0 �= �0� hasresult �0 �= �0(� � w(X)) whi
h is therefore the goal(Y1 : : : YM � u)YM+1 : : : Yn �= �0(Y1 : : : YM � w(X))YM+1 : : : Yn:However, j(Y1 : : : YM � u)j � 2Mj�0j = j(X � u)j � M+ 1j(Y1 : : : YM � w(X))j � 2Mand therefore, the maximum imbalan
e of the subgoal is 3M + 1. This bound isindependent of the sizes of, and the imbalan
e between, the 
on�gurations in thegoals of the rule.Completeness of an appli
ation of BAL is that if the goals are true then so isthe subgoal5: its proof depends on the following two properties.4We shall use the more general rules later.5A more parsimonious 
laim is that if the initial goal of an appli
ation of BAL is true then sois the main goal and the subgoal. 15



CUT �Æ �= �Æ� �= � Æ 6= �Figure 8: The rule CUTProposition 11. If X� � � then � � (� � w(X)).2. If � � � then Æ� � Æ�.Proof: If X� � � then X� w(X)�! � and therefore � w(X)�! �0 and � � �0. Byde�nition �0 = � �w(X). For 2 if R is a bisimulation 
ontaining the pair (�; �) thenR [ f(
�; 
�) : 
 2 S�g is also a bisimulation. 2Fa
t 3 If X� � � and �0� � �0 then �0(� � w(X)) � �0.Soundness utilises the following properties.Proposition 21. If X� �n � and n � jw(X)j then � �n�jw(X)j (� � w(X)).2. If � �n � and jÆj � k then Æ� �n+k Æ�.Proof: If X� �n � and n > jw(X)j then X� w(X)�! � and therefore � w(X)�! �0 and� �n�jw(X)j �0. By de�nition �0 = � � w(X). For 2 
onsider any word u su
h thatjuj � n+ k. Assume Æ� � u is de�ned. We therefore need to show that Æ� � u is alsode�ned. There are two 
ases. First Æ� �u = (Æ �u)�, and so Æ� �u = (Æ �u)�. Se
ondu = vw and Æ � v = �, but then jvj � k and so jwj � n. Consequently Æ� � u is � � wwhi
h is de�ned be
ause � �n �. 2In fa
t soundness is subtle. We need to bear in mind \global" soundness of thetableau 
onstru
tion. The main idea, as we shall see, is that if there is a su

essfultableau whose root is false then there is an o�ending path of false goals. This ideais re�ned using approximants. If a a goal 
 �= Æ is false then there is a least nsu
h that 
 6�n Æ. The falsity index de
reases through an appli
ation of UNF, asshown by fa
t 2 . Consequently, if a su

essful tableau has a false root then thereis an o�ending path of goals whose \falsity" index is de
reasing whenever UNF isapplied.Consider the 
ir
umstan
e when the initial goal of an appli
ation of BAL isfalse, X� 6� �. There is a least n+1 su
h that X� 6�n+1 � and X� �n �. Assumethat m = jw(X)j. For soundness of an appli
ation of BAL we are only interested inthe 
ase when there is an o�ending path of false goals whose falsity index de
reasesas UNF is applied whi
h passes through the main goal of the appli
ation, and son � m. In whi
h 
ase it follows that �1� 6�(n+1)�m �0 be
ause there are exa
tly mappli
ations of BAL between these goals. The soundness property we wish to showis that this falsity index is preserved by the appli
ation of the rule.Fa
t 4 If X� �n � and jw(X)j = m and n > m and �0� 6�(n+1)�m �0 and j�0j > 0then �0(� � w(X)) 6�(n+1)�m �0.The �nal rule in �gure 8, CUT, allows 
ommon tails to be \
ut" from a goal.Proposition 3 If �Æ � �Æ then � � �.16



Su

essful �nal goals � �= �... UNF at least on
e� �= � � �= �Unsu

essful �nal goals� �= � (exa
tly one of �; � is ;)Figure 9: Final goalsProof: Assume �Æ � �Æ and 
onsider a smallest word w(Æ) re
ognised by Æ, soÆ w(Æ)�! � and if Æ u�! � then juj � jw(Æ)j. Assume that � 6� �. There is therefore asmallest word whi
h distinguishes between them, say v. Without loss of generalityassume v is re
ognised by �, � v�! �, but � � v 6= �. However �Æ vw(Æ)�! �. Be
ause�Æ � �Æ it follows that �Æ vw(Æ)�! �. One possibility is w(Æ) = w1w2 and w2 6= � and� vw1�! � and Æ w2�! �, but this 
ontradi
ts that w(Æ) is a smallest word re
ognised byÆ. Otherwise v = v1v2 and v2 6= � and � v1�! � and Æ v2w(Æ)�! �. But this 
ontradi
tsthat v is a smallest word whi
h distinguishes � and � be
ause � v1�! �0 where�0 6= �. Therefore � � �. 2If the goal of an appli
ation of CUT is false then so is its subgoal (and it preservesthe \falsity" index).Proposition 4 If �Æ 6�n �Æ then � 6�n �.Proof: We show its equivalent, if � �n � then �Æ �n �Æ by indu
tion on n.The base 
ase n = 0 is 
lear. Assume it holds for n < k and 
onsider n = k.Assume � �n � and �Æ a�! �0. If � = � and Æ a�! �0 then either n = 0 and theresult already follows or � = � and therefore �Æ a�! �0 and 
learly �0 �n�1 �0.If � a�! �1 and �0 = �1Æ then � a�! �1 and �1 �n�1 �1 and therefore by theindu
tion hypothesis �1Æ �n�1 �1Æ. The symmetri
 
ase �Æ a�! �0 is similar. 22.4 Su

essful tableauxIn the previous se
tion we presented and justi�ed four tableau proof rules. We nowshow that these rules lead to an e�e
tive de
ision pro
edure for 
he
king equivalen
eof 
on�gurations of a simple grammar.A missing ingredient in the tableau des
ription is when a 
urrent goal is �nal.Final goals are either su

essful or unsu

essful, and are presented in �gure 9. Asu

essful �nal goal is either an identity or a repeat goal with at least one appli
ationof UNF between the repetition. An identity is 
learly true: for the argument whya repeat is su

essful see theorem 2 of the later se
tion 2.5. An unsu

essful �nalgoal � �= � is 
learly false, as one and only one 
on�guration is ;, and thereforeL(�) 6= L(�).The tableau pro
edure starts with an initial goal, � �= �, \is � � �?", and onethen builds a proof tree by applying the tableau rules. Goals are thereby redu
edto subgoals. Rules are not applied to �nal goals.De�nition 1 A su

essful tableau for � �= � is a �nite proof tree with root � �= �and all of whose leaves are su

essful �nal goals. Otherwise a tableau is unsu

essful :that is, if it is not a �nite proof tree or if it 
ontains an unsu

esssful �nal goal.17



Example 1 Earlier we proved that A � X in example 2 of se
tion 2.1. The set Tof transitions are as follows.A a�! C A b�! � C b�! AAX a�! Y X X b�! � Y b�! XBelow is a su

essful tableau for A �= X .A �= X UNFC �= Y X UNFAA �= XX UNFCA �= Y XX BAL(L)CX �= Y XX CUTC �= Y X A �= X � �= �
The annotation explains whi
h rules are applied. The initial goal A �= X redu
esto the subgoals (A � a) �= (X � a) and (A � b) �= (X � b). The se
ond of these goals is a�nal su

essful goal, � �= �. There are two further appli
ations of UNF to the �rstof these goals. The right subgoal A �= X is a su

essful �nal goal be
ause it is arepeat and there is at least one appli
ation of UNF between the repetition. BAL(L)is applied to the goal CA �= Y XX with initial premise AA �= XX , as follows.AA �= XX...CA �= Y XXC(XX � b) �= Y XXThis ful�lls the 
onditions of the appli
ation of BAL(L), w(A) = b and so jw(Y )j = 1and there is pre
isely 1 appli
ation of UNF between the two premises and no otherrule is applied. The left 
on�guration has 
hanged from AA to CA in the se
ondgoal, and therefore the rule san
tions repla
ement of the �nal o

urren
e of A with(XX �w(A)) whi
h is X . CUT is then appli
able to the goal CX �= Y XX and theresult is a �nal su

essful goal C �= Y X be
ause it is a repeat. 2In example 1 there is an appli
ation of BAL(L) to the goal CA �= Y XX . How-ever BAL(R) also applies to this goal in two distin
t ways (whi
h in fa
t produ
ethe same subgoal).AA �= XX C �= Y X... ...CA �= Y XX CA �= Y XXCA �= Y X(AA � b) CA �= Y X(C � bb)The di�eren
e in appli
ation is that w(Y ) = bb, whereas w(X) = b.Example 2 Example 1 illustrates a su

essful tableau. However the rules allowtableaux that do not terminate, for instan
e, by only applying UNF.
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A �= X UNFC �= Y X UNFAA �= XX UNFCA �= Y XX UNFAAA �= XXX UNF... ... A �= X � �= �
There is an in�nite path of goals An �= Xn for all n > 0. 2A simple grammar is deterministi
, and therefore we would prefer that there isjust one tableau for any goal. To a
hieve uniqueness of tableau, we appeal to theordering on A (see de�nition 1 of se
tion 2.1): that in an appli
ation of UNF, thesubgoals are ordered relative to this ordering. In example 1 above we assume thata < b.Next we provide a strategy for applying tableau proof rules. The important issueis when to apply the BAL rules and with respe
t to whi
h premises. We assumethat a BAL rule applies to a goal using the premise above whi
h is the 
losest: in the
ase of the two appli
ations of BAL(R) above we assume it is the �rst appli
ationonly whi
h is allowed. We then pla
e the following priority on the tableau rules.1. Apply BAL(L) followed immediately, if appli
able, by CUT, or2. Apply BAL(R) followed immediately, if appli
able, by CUT, or3. Apply UNFGiven a goal one tries �rst to apply BAL(L), and if it is not appli
able then one triesto apply BAL(R). Only if one of the BAL rules does not apply does one apply UNF.CUT is only applied after a BAL. The potentially in�nite tableau of example 2 isthereby ex
luded, be
ause BAL(L) applies to the goal CA �= Y XX . The tableau ofexample 1 follows this strategy, and it is therefore the unique tableau for the initialgoal A �= X .2.5 Corre
tness of tableauxWe now 
ome to the main results, whi
h show de
idability of language equivalen
efor simple grammars.Theorem 1 There is a unique �nite tableau for goal � �= �.Proof: Given a goal and using the strategy for building a tableau it is 
lear thatit must be unique be
ause there is no 
hoi
e in whi
h rule is to be applied to anysubgoal. Moreover if a BAL 
an be applied in more than one way we always 
hoosethe premise with least distan
e from the 
urrent goal. The main part of the proofis to show that any tableau for a starting goal � �= � has a bounded size.M is the maximum norm assoo
iated with the grammar. The size of a goal 
 �= Æin a tableau is maxfj
j; jÆjg. Now we make a number of observations whi
h provethe result. The �rst observation is straightforward.(1) For any m � 0 there are only boundedly many di�erent goals whose size is atmost m.The next observation pla
es a bound on the size of any subgoal whi
h is the resultof a BAL followed by a CUT. 19



(2) After an appli
ation of BAL followed by CUT the size of the resulting subgoalis no more than 3M+ 1.This property follows from the observations made in the previous se
tion, whendis
ussing balan
e. Hen
e any bran
h of a tableau 
ontains only boundedly manyappli
ations of BAL, be
ause otherwise goals will be repeated and a repeated goalis �nal.A goal is small if its size is less than (M2+M). Clearly there are only boundedlymany small goals. Hen
e any bran
h of a tableau involving only small goals andonly appli
ations of UNF must be boundedly �nite, as it must eventually 
ontain asu

essful �nal goal.If a goal is not small, we say it is \large". The �nal property is to show that anybran
h in a tableau where there are only appli
ations of UNF and no appli
ationsof BAL, but whi
h 
ontains large goals must be de
lining in size. More pre
isely,assume a large goal � �= � and without loss of generality assume that j�j � j�j.The following property holds.(3) If there is a bran
h of the tableau starting from the large goal � �= � whi
h
ontains M2 +M appli
ations of UNF and no appli
ation of other rules, thenthere is a goal in this bran
h whose size is stri
tly smaller than that of � �= �.By assumption j�j � j�j and as this goal is large � = X1 : : : Xn�0 where n � M,and j�0j > 0. Therefore there is the following bran
h in the tableau.X1 : : : Xn�0 �= �...X2 : : : Xn�0 �= �1......Xn�0 �= �n+1...�0 �= �n+2and there are at least M2 appli
ations of UNF between the goal � �= � and �0 �=�n+2. Be
ause neither BAL is appli
able, it follows that there are at most Mappli
ations of UNF between the goalsXi : : : Xn�0 �= �i+1 andXi+1 : : : Xn�0 �= �i+2(be
ause otherwise BAL(L) would be applied). If any of the goals Xi : : : Xn �= �i+1has smaller size than � �= � then the proof is �nished. So assume that this is not the
ase. Therefore, in parti
ular the size of X2 : : : Xn�0 �= �1 has size at least that of� �= �, and so j�1j � j�j. Consequently j�1j > j�j, and moreover j�j � (j�j+1)�M,that is at least M2 +1, be
ause otherwise BAL(R) would apply. So � has the formY1 : : : YM�0 where j�0j > 0. Be
ause BAL(R) does not apply it follows that withinM2 appli
ations of UNF from � �= � one of the goals has the form 
Xi+1 : : : Xn �= �0.This goal must o

ur as follows for some i � n.Xi : : :Xn�0 �= �i+1...
Xi+1 : : :Xn�0 �= �0...Xi+1 : : :Xn�0 �= �i+220



By assumption the size of the goalXi+1 : : : Xn�0 �= �i+2 is at least the size of � �= �,but this is impossible be
ause j�i+2j < j�0j+M. 2Theorem 2 [Soundness℄ If the tableau for � �= � is su

essful then � � �.Proof: Suppose there is a su

essful tableau for � �= � but � 6� �. By theorem 1this tableau is �nite. By proposition 4 of se
tion 2.3 there is a least approximantn su
h that � 6�n �. We 
onstru
t an o�ending path of false goals through thetableau within whi
h the approximant indi
es de
rease whenever UNF is applied(by fa
t 2 of se
tion 2.3). The other rules (BAL and CUT) preserve the falsityindi
es as we noted in fa
t 4 and proposition 4 of se
tion 2.3. Be
ause the tableauis �nite and su

essful this means that the path of false goals must 
on
lude with a�nal goal. But this is impossible. Clearly it is not possible to rea
h a �nal goal ofthe form 
 �= 
 with 
 6�k 
. Moreover it is not possible to rea
h a �nal goal whi
his a repeat. At the �rst instan
e there is a least k su
h that 
 6�k Æ and as there isat least one appli
ation between the goals this would imply that 
 6�k�1 Æ, whi
h
ontradi
ts that k is the least approximant su
h that 
 6�k Æ. 2Theorem 3 [Completeness℄ If � � � then the tableau for � �= � is su

essful.Proof: One just builds the tableau for � �= �. By fa
ts 1 and 3 and proposition 3of se
tion 2.3 the appli
ation of any rule preserves truth. Therefore it is not possibleto rea
h an unsu

essful �nal goal, and by theorem 1 above the tableau for � �= �is �nite, and therefore su

essful. 2This is by no means an optimal de
ision pro
edure for simple grammars. Thereis a mu
h more elegant proof using unique prime de
omposition of a 
on�guration,for details see [6℄.
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3 A Deeper Normal Form for DPDAWe show that (slightly extended) PDGs provide a normal form for DPDA.3.1 Congruen
e and 
an
ellationWhat are the key features that underpin de
idability of language equivalen
e forsimple grammars? First, language (or bisimulation) equivalen
e is a 
ongruen
ewith respe
t to sta
k pre�xing (proposition 1 of se
tion 2.3). Se
ond, language (orbisimulation) equivalen
e supports 
an
ellation of post�xed sta
ks (proposition 3of se
tion 2.3).� if L(�) = L(�) then L(Æ�) = L(Æ�)� if L(�Æ) = L(�Æ) then L(�) = L(�)Congruen
e allows us to tear apart a 
on�guration �0� and repla
e its tail witha potentially equivalent 
on�guration � with overall result �0�, as used in theBAL rules. Can
ellation, as used in CUT, has the 
onsequen
e that goals havebounded size. (Soundness of 
ongruen
e and 
an
ellation depend on dual versionsthat employ approximants.)We might try to extend the tableau proof rules to goals that involve DPDA
on�gurations. The rule UNF works for stable 
on�gurations.p� �= q�(p� � a1) �= (q� � a1); : : : ; (p� � ak) �= (q� � ak)where (rÆ � a) is the unique stable 
on�guration r0Æ0 su
h that rÆ a�! r0Æ0 is anedge in G
(rÆ) or ;. The problem is the other rules. How 
an we tear apart DPDA(stable) 
on�gurations and repla
e parts with parts? Indeed, what is a part of a
on�guration?The problem is that a 
on�guration has a state as well as a sta
k. Clearly,L(p�) = L(q�) does not, in general, imply L(pÆ�) = L(qÆ�). For instan
e, withthe following four transitions, L(pB) = L(qC) and L(pAB) 6= L(qAC).pA a�! p� qA b�! q� pB 
�! p� qC 
�! q�Also, L(p�Æ) = L(q�Æ) does not, in general, imply L(p�) = L(q�). Considerthe DPDA example 4 of se
tion 1.1. The 
ollapsed graph G
(pY X) is pi
tured in�gure 10. Although L(pY nX) = L(pY mX) for every m and n, L(pY n) = L(pY m)only if n = m.This example also illustrates that there is not an obvious relation between thelengths of sta
ks of equivalent 
on�gurations. A main atta
k on the de
ision prob-lem in the 1970s examined di�eren
es between sta
k lengths and potentially equiv-alent 
on�gurations that eventually resulted in a proof of de
idability for real-timeDPDAs, [22℄. (Indeed, this is a key insight for proving de
idability of language
ontainment for visibly pushdown automata, see se
tion 1.4: if L(p�) � L(q�) thenj�j = j�j.)The problem with sta
k length is also apparent in the UNF rule for stable
on�gurations. The 
on�guration pY nX has sta
k length n+1, but (pY nX � b) hassta
k length 0. In the 
ase of simple grammars, there is a tight bound on length ofsta
ks after appli
ations UNF.Many of these problems disappear with pushdown grammars. Despite nonde-terminism, sta
king is a 
ongruen
e with respe
t to pre and post�xing for language22
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. . . .Figure 10: The graph G
(pY X)and bisimulation equivalen
e and both equivalen
es support pre and post�xed 
an-
ellation.Fa
t 11. L(�) = L(�) i� L(�Æ) = L(�Æ)2. L(�) = L(�) i� L(Æ�) = L(Æ�)3. � � � i� �Æ � �Æ4. � � � i� �Æ � �ÆThis suggests that we should try to remain with PDGs. Deterministi
 PDGs, aswe have seen, are too restri
ted. In 
ontrast, arbitrary PDGs are too ri
h (as theygenerate all the non-empty 
ontext-free languages). What is needed is a me
hanismfor 
onstraining nondeterminism in a PDG.3.2 Stri
t deterministi
 grammarsIn this se
tion stri
t deterministi
 grammars are des
ribed. They were introdu
edby Harrison and Havel [15℄, and further studied in [14, 16℄. They generate exa
tlythe same languages as DPDA with empty sta
k a

eptan
e.A SDG, stri
t deterministi
 grammar, is a PDG with an extra 
omponent.� An equivalen
e relation � on SThe relation � partitions the sta
k symbols S into disjoint subsets S1; : : : ; Sk: forea
h i, and pair of sta
k symbols X;Y 2 Si, X � Y . We extend � on S to a relationon S� using the same notation.De�nition 1 � � � i�1. � = �, or2. there is a Æ 2 S�, � = ÆX�0, � = ÆY �0, X � Y and X 6= Y .Consequently, � � � if they are the same or if they have a 
ommon pre�x followedby di�erent sta
k symbols belonging to the same equivalen
e 
lass. For instan
e, ifY � Z then XY � � XZ for any �. (The relation � on sta
ks is not an equivalen
erelation.)Fa
t 11. �� � � i� � = �2. � � � i� Æ� � Æ� 23
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ε εFigure 11: The graph G(X) and G(Z)3. If � � � and 
 � Æ then �
 � �Æ4. If � � � and � 6= � then �
 � �Æ5. If �
 � �Æ and j�j = j�j then � � �De�nition 2 The relation � on S is stri
t if the following two 
onditions holdX a�! � 2 T �1: if jjj then jjjY a�! � 2 T �X a�! � 2 T X2: if jjj then jjY a�! � 2 T YDe�nition 3 An enhan
ed PDG is a stri
t determinisiti
 grammar, SDG, if itsrelation � is stri
t.Example 1 S = fX;Y; Zg, A = fa; b; 
g and T isX a�! X X b�! � X 
�! X Y a�! �Y 
�! Y Y Z b�! � Z 
�! Z Z 
�! Y ZThe graphs of X and Z are pi
tured in �gure 11. G(Z) is nondeterministi
 be-
ause there are two 
-transitions from Z. Consider the following partition of S:ffXg; fY; Zgg. This enhan
ed PDG is an SDG. An examination of its transitionsreveals that only 
ondition 1 of stri
tness needs to be 
he
ked for ea
h pair ofthe three transitions Y 
�! Y Y , Z 
�! Z and Z 
�! Y Z. However, Y Y � Z,Y Y � Y Z and Z � Y Z be
ause Y and Z belong to the same partition. 2Example 2 A se
ond SDG example is from [15℄. The set S is fS;A;B;C;D;A0; C 0gand its partition is ffSg; fA;Bg; fC;Dg; fA0g; fC 0gg, A = fa; b; 
g and T isS a�! A S a�! B A a�! AA0 A b�! CB a�! B B b�! D C a�! � C b�! CD b�! DC 0 D 
�! � A0 a�! � C 0 
�! �The graph G(S) is pi
tured in �gure 12. 2We now examine some features of an SDG. If ea
h set in the partition is asingleton, so only X � X for ea
hX , then the SDG is deterministi
, and is thereforea simple grammar. In this extreme 
ase � � � i� � = �. Examples 1 and 224
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cFigure 12: The graph G(S)illustrate that when the partition involves larger sets then the SDG may exhibitnondeterminism. However, nondeterminism is \
onstrained". For example, thefollowing holds.� if X a�! � 2 T and X � Y and X 6= Y , then there is not an a-transitionY a�! � 2 TTo prove this, assume X a�! � and X � Y and X 6= Y and Y a�! �. By 
ondition 1of being stri
t � � �. But then � = �. And by 
ondition 2 of being stri
t X = Y ,whi
h is a 
ontradi
tion. The next two properties show that the stri
tness 
onditionsgeneralise to all words w 2 A�.� if X w�! � and Y w�! � and X � Y then � � �� if X w�! � and Y w�! � and X � Y then X = YTo prove these we show an even more general result.Proposition 11. If � w�! �0 and � w�! �0 and � � � then �0 � �0.2. If � w�! �0 and � w�! �0 and � � � then � = �.Proof: In both 
ases the proof is by indu
tion on jwj. For the base 
ase of 1jwj = 0. In whi
h 
ase � w�! � and � w�! � and by assumption � � �. Forthe indu
tive step, assume w = aw0 and � a�! �1 w0�! �0 and � a�! �1 w0�! �0.Therefore � = XÆ and X a�! Æ1 and �1 = Æ1Æ and � = Y 
 and Y a�! 
1 and�1 = 
1
. That is we have the following.XÆ Y 
# a # a�1 = Æ1Æ 
1
 = �1# w0 # w0�0 �025



Be
ause XÆ � Y 
 it follows that X � Y and therefore Æ1 � 
1 by the �rst 
onditionof the de�nition of stri
tness. There are two 
ases to 
onsider.Case I: Æ1 = 
1, and therefore by 
ondition 2 of being stri
t X = Y and thereforebe
ause XÆ � Y 
 it follows that Æ � 
 and therefore Æ1Æ � 
1
. Now the requiredresult, �0 � �0, follows by the indu
tion hypothesis be
ause �1 � �1 and jw0j < jwj.Case II: Æ1 6= 
1, and therefore be
ause Æ1 � 
1 it now follows that Æ1Æ � 
1
.The required result now follows as in 
ase I.The base 
ase for 2 is again when jwj = 0. Therefore �0 = � and �0 = � andtherefore � = �. For the indu
tive step assume w = aw0 and � a�! �1 w0�! �0and � a�! �1 w0�! �0. As in the 
ase of the proof of 1, � = XÆ and X a�! Æ1 and�1 = Æ1Æ and � = Y 
 and Y a�! 
1 and �1
1
, and so we have the following.XÆ Y 
# a # a�1 = Æ1Æ 
1
 = �1# w0 # w0�0 �0We 
an use the same argument as above to show that �1 � �1 and therefore bythe indu
tion hypothesis be
ause �1 w0�! �0 and �1 w0�! �0 it follows that �1 = �1.Therefore Æ1Æ = 
1
. However Æ1 � 
1. By the de�nition of � it is not possiblefor any sequen
e � � �X�. Therefore Æ1 = 
1 and Æ = 
. But also X a�! Æ1and Y a�! 
1 and so by the se
ond 
ondition of being stri
t X = Y . The result,XÆ = Y 
, is now proved. 2If � � � then their languages are pre�x disjoint (part 1 below) and if � � � and� 6= � then their languages are disjoint (part 2 below).Proposition 21. If � � � and w 2 L(�), then for all words v, and a 2 A, wav 62 L(�)2. If � � � and � 6= � then L(�) \ L(�) = ;Proof: To show 1 assume � w�! � and � � �. If � w�! 
 then by proposition 1.1� = 
, and so � = �. Therefore, it is not possible that � wav�! �. Part 2 is now a
orollary. 23.3 Sum 
on�gurationsIn this se
tion we move towards an alternative 
hara
terisation of the 
ollapsedgraphs of DPDA using SDG. The 
hara
terisation of the 
ollapsed graphs is notup to isomorphism, be
ause, for instan
e, all terminal verti
es p� of a 
ollapsedgraph are identi�ed. However it does preserve bisimulation equivalen
e. The key
onstru
tion is determinization of SDG.A 
on�guration of a SDG is a sequen
e of sta
k symbols, �. We extend the notionof a 
on�guration to sets of sequen
es of sta
k symbols, f�1; : : : ; �ng. However, weshall write a set as a sum, �1 + : : : + �n without repeated elements. Two sum
on�gurations �1+ : : :+�n, and �1+ : : :+�m are identi
al if they are the same set,f�1; : : : ; �ng = f�1; : : : ; �mg. Therefore, we identify sum 
on�gurations whi
h arepermutations of ea
h other6. A degenerate 
ase is the empty sum, whi
h we write6If we were to assume a total ordering on S, then there would be a unique sum form �1+: : :+�nwhere �i is smaller than �j , i < j, with respe
t to lexi
ographi
al ordering.26



as ;. The language of a sum 
on�guration is just the union of the languages of the
omponents. L(�1 + : : :+ �n) = [ fL(�i) : 1 � i � ngTherefore, L(;) = ;.Example 1 Consider the sum 
on�guration X + Z of example 1 of the previousse
tion. L(X + Z) is the set of words fanb : n � 0g [ f
n
mamb : n;m � 0g. 2Only a subset of sum 
on�gurations are interesting.De�nition 1 �1 + : : :+ �n is admissible, if �i � �j for ea
h i and j.The empty sum, ;, is therefore admissible. In [16℄ admissible 
on�gurations are
alled \asso
iates".Example 2 The following are admissible 
on�gurations from example 1 of theprevious se
tion: XX , ZZZ +ZZY , Y X +Z, Z + Y Z, Z + Y Z + Y Y Z. The lastexample is admissible be
ause Z � Y Z, Z � Y Y Z and Y Z � Y Y Z. The sumX + Z is not admissible. 2An important property of admissible 
on�gurations is that they are preservedby transitions (whi
h follows from proposition 1 of the previous se
tion).Fa
t 1 If �1 + : : :+ �n is admissible then for all words w the sum 
on�gurationf�1i : �1 w�! �1i g [ : : : [ f�ni : �n w�! �ni gis admissible.An appli
ation is determinization of a SDG where T is 
hanged to Td. For ea
hsta
k symbol X and a 2 A, the family of transitionsX a�! �1; : : : ; X a�! �n 2 Tis determinized by repla
ing them with the single transitionX a�! �1 + : : :+ �n 2 TdBy de�nition, the sum 
on�guration �1+ : : :+�n is admissible. Note that for ea
hsta
k symbol X and a 2 A there is su
h a unique transition X a�! P�i 2 Td: ifthere is not an a transition for X in T then X a�! ; 2 Td. Next, the pre�x rulePRE for generating transitions is generalised to 
over admissible 
on�gurations.PRE If Xi a�! �i1 + : : :+ �ini for ea
h i : 1 � i � m thenX1�1 + : : :+Xm�m a�! �11�1 + : : :+ �1n1�1 +: : : : : : +�m1 �m + : : :+ �mnm�mIf the antede
ent sum 
on�guration of PRE is admissible then so is the 
onsequent
on�guration. The determinized transition graph Gd(�1 + : : : + �n) is generatedfrom the admissible 
on�guration �1 + : : :+ �n using the determinized transitionsTd and the extended pre�x rule.Example 3 We re
onsider example 1 of se
tion 3.2, where S = fX;Y; Zg, A =fa; b; 
g and the partition of S = ffXg; fY; Zgg. Below is Td.X a�! X Y a�! � Z a�! ;X b�! � Y b�! ; Z b�! �X 
�! X Y 
�! Y Y Z 
�! Y Z + Z27



X YX + Z YYX + YZ + Z                     ...

ε

a,c

a a a

c c

b b b . . . Figure 13: The graph Gd(Y X + Z)The graph Gd(Y X+Z) is pi
tured in �gure 13. It is not an a

ident that this graphis isomorphi
 to the graph of �gure 10, as we shall see later. We examine some ofthe transitions of �gure 13, and how they are derived using PRE.1. Y X + Z a�! X be
ause Y X a�! X and Z a�! ;.2. Y X + Z b�! � be
ause Y X b�! ; and Z b�! �.3. Y X + Z 
�! Y Y X + Y Z + Z be
ause Y X 
�! Y Y X and Z 
�! Y Z + Z.All sum 
on�gurations in the graph are admissible. 23.4 Chara
terising DPDAA DPDA 
an be 
onverted into a SDG, and 
on�guration p� is 
onverted into thesum 
on�guration sum(p�) of the SDG where G
(p�) � Gd(sum(p�)).There is a standard transformation of a pushdown automaton into a languageequivalent 
ontext-free grammar: see, for instan
e, [14, 17℄. Assume a DPDA innormal form with 
omponents P, S, A and T. A SDG in normal form with 
ompo-nents S1, A, T1 and � is 
onstru
ted, in stages.1. For every p; q 2 P and X 2 S, introdu
e a sta
k symbol [pXq℄ 2 S1.2. For transitions, the initial step is to de�ne the following transitions for a 2 A.(a) If pX a�! q� 2 T, then [pXq℄ a�! � 2 T1.(b) If pX a�! qY 2 T, then [pXr℄ a�! [qY r℄ 2 T1 for ea
h r 2 P.(
) If pX a�! qY Z 2 T, then [pXr℄ a�! [qY p0℄[p0Zr℄ 2 T1 for ea
h r; p0 2 P.3. A sta
k symbol [pXq℄ 2 S1 is an "-symbol, if pX ��! q� 2 T. All "-symbolsare erased from the right hand side of any transition in T1.4. Next, the SDG is normalised by removing all unnormed sta
k symbols anduseless transitions (as in se
tion 2.1).5. Finally, for elements of S1, if p = r then [pSq℄ � [rSt℄ for any q; t.The following 
aptures features of the SDG that is built from the DPDA.Fa
t 11. If w 2 A� and pX is stable in the DPDA, then pX w�! q� if, and only if,[pXq℄ w�! " in the SDG.2. The relation � on S1 is an equivalen
e relation and is stri
t.28



Harrison and Havel also prove the 
onverse, that any stri
t SDG 
an be transformedinto a DPDA [15℄.The transformation of a DPDA into a stri
t SDG does not preserve determin-ism. However, if the SDG is determinized, then it is is preserved. Moreover, any
on�guration pX1X2 : : : Xn of the DPDA is transformed into the admissible 
on�g-uration sum(p�) =P[pX1p1℄[p1X2p2℄ : : : [pn�1Xnpn℄ where the summation is overall pi 2 P, for 1 � i � n after all �-symbols are erased, and summands involvingredundant sta
k symbols are removed.Fa
t 2 L(p�) = L(sum(p�))Moreover, the transition graph G
(p�) is almost isomorphi
 to7 Gd(sum(p�)). There
an be jPj 
o-roots, verti
es of the form q", in G
(p�) in 
ontrast with the single
o-root, ", in Gd(sum(p�)).Example 1 An example is the 
onversion of the DPDA of example 4 of these
tion 1.1. The sta
k symbols S1 is the setf[pXp℄; [pXr℄; [pY p℄; [pY r℄; [rXp℄; [rXr℄; [rY p℄; [rY r℄gThe transitions in T are then 
onverted.[pXp℄ a�! [pXp℄ [pXr℄ a�! [pXr℄ [pXp℄ b�! �[pXp℄ 
�! [pXp℄ [pXr℄ 
�! [pXr℄[pY p℄ a�! � [pY r℄ b�! � [pY p℄ 
�! [pY p℄[pY p℄[pY p℄ 
�! [pY r℄[rY p℄ [pY r℄ 
�! [pY p℄[pY r℄ [pY r℄ 
�! [pY r℄[rY r℄There are two �-sta
k symbols, [rXp℄ and [rY r℄. These are erased from the righthand side of any transition: the transition [pY r℄ 
�! [pY r℄[rY r℄ is 
hanged to[pY r℄ 
�! [pY r℄. The sta
k symbols [pXr℄, [rY p℄, [rXp℄, [rXr℄ and [rY r℄ areredundant and are removed. This redu
es S1 to the set f[pXp℄; [pY p℄; [pY r℄g, andthe transitions T1 to the following set[pXp℄ a�! [pXp℄ [pXp℄ b�! � [pXp℄ 
�! [pXp℄[pY p℄ a�! � [pY r℄ b�! � [pY p℄ 
�! [pY p℄[pY p℄[pY r℄ 
�! [pY p℄[pY r℄ [pY r℄ 
�! [pY r℄The partition is into the sets ff[pXp℄g; f[pY p℄; [pY r℄gg. Finally, the transitions T1are determinised: the two 
-transitions from [pY r℄ are repla
ed by the single transi-tion [pY r℄ 
�! [pY r℄ + [pY p℄[pY r℄. The resulting SDG is example 3 of the previousse
tion when X = [pXp℄, Y = [pY p℄ and Z = [pY r℄. The 
on�guration pY Y X ofthe DPDA be
omes the admissible 
on�guration [pY p℄[pY p℄[pXp℄ + [pY p℄[pY r℄ +[pY r℄ of the SDG, that generates the same language. 2The DPDA de
ision problem is, therefore, equivalent to de
iding whether twoadmissible 
on�gurations of a determinized SDG are bisimulation equivalent. ADPDA in normal form with sta
k size s and state size p is transformed into a SDGwhose sta
k size at most s� p2 and where the size of ea
h element of the partitionof the sta
k symbols is at most p. Two 
on�gurations p� and q� of a DPDA innormal form, whose sta
k lengths are at most n, be
ome admissible 
on�gurationsof the stri
t SDG that 
ontain sta
k sequen
es whose length is bounded by n.7In fa
t, is bisimulation equivalent to. 29



4 De
idability of DPDA Equivalen
eThe DPDA equivalen
e problem redu
es to de
iding whether two admissible 
on-�gurations of a determinized SDG are bisimulation equivalent. The problem is anatural generalisation of the de
ision question for simple grammars, � � �?, thatin
ludes summation �1 + : : :+ �n � �1 + : : :+ �m?4.1 Heads, tails and extensionsLet E, F , G, : : : range over admissible 
on�gurations.De�nition 1 The size of an admissible 
on�guration E = �1 + : : : + �n, writtenjEj, is the length of its longest sequen
e, maxfj�j j : 1 � j � ng. And j;j = 0.For ea
h n � 0, there are only boundedly many di�erent admissible 
on�gurationsof size at most n.An admissible 
on�guration is written �1 + : : : + �n where ea
h �i is distin
t.The operator + 
an be extended: if E and F are admissible, E [F is admissible, Eand F are disjoint, E\F = ;, then E+F is the admissible 
on�guration E[F . Theoperator + on admissible 
on�gurations is partial. We also use sequential 
omposi-tion, written as juxtaposition: if E and F are admissible, then EF is the admissible
on�guration f�
 : � 2 E and 
 2 Fg. The following are easy 
onsequen
es of theproperties of being admissible from se
tion 3.3.Fa
t 11. If E + F is admissible and u 2 L(E), then for any v, uv 62 L(F ).2. If E + F is admissible, then L(E) \ L(F ) = ;.3. L(EF ) = fuv : u 2 L(E) and v 2 L(F )g.Admissible 
on�gurations 
an have di�erent \shapes", using + and sequential
omposition. If E = fX 01
1; : : : ; X 0m
mg, then for ea
h i and j, Xi � Xj . Assumethat the di�erent sta
k symbols in fX 01; : : : ; X 0mg are X1; : : : ; Xn. Therefore, E =X1G1 + : : : + XnGn where ea
h Gi = f
j : X 0j = Xig. Clearly, X1 + : : : +Xn isadmissible and ea
h Gi is admissible. In this presentation, E is in 1-head form.De�nition 2 Assume k � 1 and E = f�01Æ1; : : : ; �0mÆmg and j�0ij = k, or j�0ij < kand Æi = ", for ea
h i : 1 � i � m. If �1; : : : ; �n are the distin
t elements inf�01; : : : ; �0mg and Hl = fÆj : �0j = �lg for ea
h l : 1 � l � n, then E = �1H1+ : : :+�nHn is in k-head form.Fa
t 2 If E = �1G1+ : : :+�nGn is in k-head form, then �1+ : : :+�n is admissibleand ea
h Gi is admissible and di�erent from ;.Head forms are instan
es of a more general head/tail form.De�nition 3 E = E1G1+ : : :+EnGn is in head/tail form, if the head E1+ : : :+Enis admissible and at least one Ei 6= ;, and ea
h tail Gi 6= ;.Example 1 E = Y Y Y X + Y Y Z + Y Z + Z is an admissible 
on�guration ofexample 3 of se
tion 3.3. The partition of the sta
k symbols is ffXg; fY; Zgg. Ehas 1-head form, Y G1 + ZG2, where G1 = Y Y X + Y Z + Z and G2 = ". Also, Ehas 2-head form, Y Y H1+Y ZH2+ZH3, where H1 = Y X+Z and H2 = H3 = ". E
annot be presented as Y Y G01 + Y Y G02 + Y G03 +ZG04: this is not a valid head/tailform be
ause the head Y Y +Y Y +Y +Z is not admissible (Y Y 6� Y ) and it is notdisjoint (Y Y + Y Y is not a proper sum). 230



In the following, if a 
on�guration E is written E1G1 + : : : + EnGn, then weassume that it ful�lls the 
onditions of de�nition 3 of a head/tail form.A key de�nition, used in the de
ision pro
edure later, is when one 
on�gurationtail extends another. Consider �rst 
on�gurations of a simple grammar �1 = �1
,�2 = �2�
 and �3 = �3Æ�
. Ea
h �i has possibly di�ering heads �i and di�eringtails. However, �2's tail extends �1's (with �) and �3's extends �2's with Æ. There-fore, �3's tail extends �1's tail with the 
omposition of � and Æ. We now extendthe idea to admissible 
on�gurations.De�nition 4 If E = E1G1 + : : :+EnGn, F = F1H1 + : : :+ FmHm then F in itshead/tail form is a tail extension of E in its head/tail form provided that for ea
hi : 1 � i � m, Hi = Ki1G1 + : : : +KinGn. If F is a tail extension of E, then theasso
iated extension e is the m-tuple (K11 + : : :+K1n; : : : ;Km1 + : : :+Kmn ) withoutthe Gis, and the size of e, written jej, is maxfjKij j : 1 � i � n and 1 � j � mg andthe width of e is m, and F is said to extend E with e.Extensions are matri
es, written in a linear notation. An instan
e of extension iswhen the tails 
oin
ide. If E = E1G1 + : : : + EnGn and F = F1G1 + : : : + FnGn,then E extends F by e = (" + ;+ : : :+ ;; : : : ; ;+ ;+ : : :+ "). This extension e isabbreviated to the identity ("). Extensions 
an be 
omposed.Proposition 1 If E = E1G1 + : : : + ElGl and E0 = E01G01 + : : : + E0mG0m andE00 = E001G001+: : :+E00nG00n and E0 extends E by e = (J11+: : :+J1l ; : : : ; Jm1 +: : :+Jml )and E00 extends E0 by f = (K11 + : : :+K1m; : : : ;Kn1 + : : :+Knm), then E00 extendsE by ef = (H11 + : : : +H1l ; : : : ; Hn1 + : : : +Hnl ) where H ij = Ki1J1j + : : : +KimJmjand jef j � jej+ jf j.Proof: Assume that E00 extends E0 by f and E0 extends E by e. Therefore,G00i = Ki1G01 + : : : + KimG0m and G0k = Jk1G1 + : : : + Jkl Gl. Consequently, G00i =C1 + : : : + Cm where Ct = KitJ t1G1 + : : : +KitJ tlGl. Reorganising the expression,G00i = H1G1 + : : : + HlGl where Ht = Ki1J1t +Ki2J2t + : : : +KimJmt , as required.Clearly jef j � jej+ jf j. 2We are espe
ially interested in tail extensions when 
on�gurations have the sameheads.Example 2 The following uses example 3 of se
tion 3.3.E = Y G1 + ZG2 where G1 = X and G2 = "E0 = Y G01 + ZG02 where G01 = Y X + Z and G02 = "E00 = Y G001 + ZG002 where G001 = Y Y X + Y Z + Z and G002 = "E0 extends E by e = (Y + Z; ;+ ") and E00 extends E0 by f = e = (Y + Z; ;+ ").Therefore, E00 extends E by ef = (Y Y + (Y Z + Z); ;+ "). 24.2 Dynami
 properties of head and tail formsWe adopt notation from se
tions 2.1 and 2.2.� For ea
h X 2 S, w(X) is the unique shortest word v 2 A+ su
h that X v�! �� w(E) is the unique shortest word for 
on�guration E� M is the maximum norm of the SDG� E after u, written E � u, is the unique F su
h that E u�! FFa
t 1 (�1 + : : :+ �n) � u = (�1 � u) + : : :+ (�n � u)31



Example 1 E = Y Y Y X + Y Y Z + Y Z + Z is from example 3 of se
tion 3.3.(E � 
) = (Y Y � 
)H1 + (Y Z � 
)H2 + (Z � 
)H3= Y Y Y H1 + Y Y ZH2 + (Y Z + Z)H3where H1 = Y X + Z and H2 = H3 = �. And (E � w(Z)) = �. 2A feature of the de
ision pro
edure is repeating patterns within admissible 
on-�gurations.Proposition 1 Assume E = �1G1 + : : : + �nGn is in k-head form, and ea
h�j = Xj1 : : :Xjkj .1. If (�i � u) = ", then for ea
h j 6= i, (�j � u) = ; and (E � u) = Gi.2. If (�i �u) = X im : : :X iki , then (E �u) = E1G1+ : : :+EnGn where Ei = (�i �u)and for j 6= i, either Ej = ; or Ej = Xjm : : : Xjkj and Xj1 : : :Xjm�1 is the samesequen
e as X i1 : : : X im�1.Proof: Part 1 follows from the de�nition of admissibility. �1+ : : :+�n is admissibleand �i 6= �j when i 6= j. If (�i � u) = " and �j u�! F , then F � " and, therefore,�i = �j . Therefore, (�j � u) = ; and (E � u) = (�i � u)Gi = Gi. Similar observationsestablish part 2. 2Bisimulation equivalen
e and its approximants are 
ongruen
es with respe
t to+ and sequential 
omposition. In parti
ular, head/tail forms allow substitutivity ofequivalent subexpressions into tails (be
ause admissibility is preserved).Proposition 2 Assume E = E1G1 + : : :+EnGn.1. If (Ei � u) = �, then for all j 6= i, (Ej � u) = ; and (E � u) = Gi.2. If (Ei � u) 6= ;, then (E � u) = (E1 � u)G1 + : : :+ (En � u)Gn.3. If Hi 6= ; for all i : 1 � i � n, then E1H1 + : : :+EnHn is a head/tail form.4. If ea
h Hi 6= ; and ea
h Ei 6= " and for ea
h j su
h that Ej 6= ;, Hj �m Gj ,then E �m+1 E1H1 + : : :+EnHn.5. If ea
h Hi 6= ; and for ea
h j su
h that Ej 6= ;, Hj � Gj , then E �E1H1 + : : :+EnHn.Proof: Part 1 is a simple generalisation of proposition 1.1 and is proved in the sameway. Part 2 follows from it. E1G1+ : : :+EnGn is a head/tail form, and, therefore,by de�nition ea
h Gi 6= ; and E1+ : : :+En is admissible. Therefore, if ea
h Hi 6= ;,then E1H1+ : : :+EnHn is a head/tail form. For 4 assume F = E1H1+ : : :+EnHnand E 6�m+1 F . E and F have the same heads E1 + : : : + En and ea
h Ei 6= ".Therefore, there must be a word u with 0 < juj � m + 1 and (E � u) = Gi and(F � u) = Hi and Gi 6�(m+1)�juj Hi whi
h is a 
ontradi
tion. The �nal part uses asimilar argument. 2Two 
on�gurations may have the same heads and di�erent tails, or may have thesame tails and di�erent heads. If E has the head/tail form E1G1+ : : :+EnGn andF has a similar head/tail form F1G1+: : :+FnGn involving the same tails8, then theimbalan
e between E and F , relative to this presentation, is max f jEij; jFij : 1 �i � ng. If the imbalan
e is 0, then they are the same. The next result establishesa key property of a 
ombination of su
h 
on�gurations.8Any pair of 
on�gurations E and F have a head/tail form involving the same tails: E = EGand F = FG when G = ". 32



Proposition 3 Assume the following 
on�gurations.E = E1G1 + : : :+EnGn F = F1G1 + : : :+ FnGnE0 = E1H1 + : : :+EnHn F 0 = F1H1 + : : :+ FnHnIf E �m F and E0 6�m F 0, then there is a word u, juj � m, and an i su
h thateither 1 or 2.1. (E0 � u) = Hi and (F 0 � u) = (F1 � u)H1+ : : :+(Fn � u)Hn and (F 0 � u) 6= ; and(E0 � u) 6�m�juj (F 0 � u),2. (F 0 �u) = Hi and (E0 �u) = (E1 �u)H1+ : : :+(En �u)Hn and (E0 �u) 6= ; and(E0 � u) 6�m�juj (F 0 � u).Proof: Assume E �m F and E0 6�m F 0. Therefore, there is a word u, juj = m,and, without loss of generality, (E0 � u) = ; and (F 0 � u) 6= ;, by de�nition of �m.However, (E �u) = ; if, and only if, (F �u) = ;. Therefore, there must be a smallestpre�x v of u su
h that either (E0 �v) = Hi and (F 0 �v) = (F1 �v)H1+ : : :+(Fn �v)Hn,or (F 0 �v) = Hi and (E0 �v) = (E1 �v)H1+: : :+(En �v)Hn, and (E0 �v) 6�m�jvj (F 0 �v).And now the result follows be
ause (E � v) �m�jvj (F � v) and E has the same headas E0 and F has the same head as F 0 and be
ause Gi; Hi 6= ; this implies that(E0 � v); (F 0 � v) 6= ;. 24.3 The tableau proof systemThe pro
edure for de
iding E � F is a tableau proof system as in se
tion 2.3.The proof rules, in �gure 14, are generalisations of the unfold and balan
e rulesfor simple grammars. UNF redu
es a goal E �= F to subgoals (E � a) �= (F � a) forea
h a 2 A. Be
ause it is intended that there is a unique tableau asso
iated withany goal, the subgoals are ordered by the ordering on A. It is 
omplete and sound(
ompare se
tion 2.3).Fa
t 1 [Completeness and soundness of UNF℄1. If E � F and a 2 A, then (E � a) � (F � a).2. If E 6�m+1 F , then for some a 2 A, (E � a) 6�m (F � a).Example 1 Below is an appli
ation of UNF using example 3 of se
tion 3.3.Y X + Z �= Y Y X + Y Z + ZX �= Y X + Z � �= � Y Y X + Y Z + Z �= Y Y Y X + Y Y Z + Y Z + ZThe three subgoals are the result after a, b and 
. 2As in se
tion 2.3, if E0 �= F 0 is a subgoal given by m 
onse
utive appli
ations ofUNF (and no other rule) to E �= F , then there is an asso
iated word u su
h thatjuj = m and E0 = (E � u) and F 0 = (F � u).Fa
t 2 If E0 �= F 0 is a subgoal that is a result of m 
onse
utive appli
ations ofUNF (and no other rule) to E �= F , then jE0j � jEj+m and jF 0j � jF j+m.Example 2 An appli
ation of BAL(L) uses example 1 of se
tion 2.2.XXXXXX �= AAAAAA UNFY XXXXXX �= CAAAAA � � � BAL(L)Y XAAAAA �= CAAAAA33



UNF E �= F(E � a1) �= (F � a1) : : : (E � ak) �= (F � ak) A = fa1; : : : ; akgBAL(R) F �= X1H1 + : : :+XkHk... CF 0 �= E1H1 + : : :+EkHkF 0 �= E1(F � w(X1)) + : : :+Ek(F � w(Xk))BAL(L) X1H1 + : : :+XkHk �= F... CE1H1 + : : :+EkHk �= F 0E1(F � w(X1)) + : : :+Ek(F � w(Xk)) �= F 0where C is the 
ondition1. Ea
h Ei 6= " and at least one Hi 6= ".2. There are pre
isely maxf jw(Xi)j : Ei 6= ; for 1 � i � kg appli
ations of UNFbetween the top goal and the bottom goal, and no appli
ation of any otherrule.3. If u is the word asso
iated with the sequen
e of UNFs, then Ei = (Xi � u) forea
h i : 1 � i � k. Figure 14: The tableau proof rules
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The se
ond goal is the result of UNF when the label is a (and the other subgoal forb is omitted). w(X) = b, so m = 1. Therefore, BAL(L) applies to the se
ond goal:X1 = X , H1 = XXXXX , E1 = Y X and F = AAAAAA. So H1 is repla
ed with(F � b) = AAAAA. The imbalan
e between 
on�gurations of the last goal is 2. Thesame bound on imbalan
e o

urs for a starting goal Xn �= An when n > 0. 2De�nition 1 An appli
ation of BAL use F if F is the 
on�guration in the initialgoal of the rule, as in �gure 14.Proposition 1.2, below, 
aptures pre
isely the bounds of imbalan
e: the state-ment is for BAL(L), and its symmetri
 version 
overs BAL(R).Proposition 1 Assume E0 �= F 0 is the result of BAL(L) using F .1. jE0j � jF j+ 2M+ 1 and jF 0j � jF j+M.2. If F = �1G1 + : : :+ �nGn is in m-head form and m � M, then E0 = E1G1 +: : : + EnGn and ea
h jEij � m + 2M + 1 and F 0 = F1G1 + : : : + FnGn andjFij � m+M.Proof: Part 1 is straightforward, and uses fa
t 2, above, and proposition 1.1 ofthe previous se
tion. For part 2 assume an appli
ation of BAL(L) with initial goalX1H1 + : : :+XkHk �= F . Let F be presented in m-head form, �1G1 + : : :+ �nGn,where m � M. Assume that u, juj � M, is the word asso
iated with the sequen
e ofappli
ations of UNF before BAL(L) is applied, so juj = maxfjw(Xi)j : (Xi �u) 6= ;g.The result of BAL(L), E0 �= F 0, is the following goal.(X1 � u)(F � w(X1)) + : : :+ (Xk � u)(F � w(Xk)) �= (�1 � u)G1 + : : :+ (�n � u)GnBe
ause jw(Xi)j � m and F is in m-head form, the left 
on�guration has the matrixform(X1 � u)(F � w(X1)) = (X1 � u)(�1 � w(X1))G1 + : : :+ (X1 � u)(�n � w(X1))Gn...(Xk � u)(F � w(Xk)) = (Xk � u)(�1 � w(Xk))G1 + : : :+ (X1 � u)(�n � w(Xk))Gn:The heads X1+ : : :+Xk and �1+ : : :+�n are admissible, so (X1 �u)+ : : :+(Xk �u)and (�1 � w(Xi)) + : : :+ (�n � w(Xi)) are also admissible. Let Ei be the sum of theheads of the ith 
olumn, without the tail Gi,(X1 � u)(�i � w(X1)) + : : :+ (Xk � u)(�i � w(Xk)):Therefore ea
h Ei is admissible and E1 + : : : + En is admissible. Consequently,E1G1+ : : :+EnGn is a valid head/tail form. Let Fi = (�i �u) for ea
h i : 1 � i � n.Therefore, the result of BAL(L) is E1G1+ : : :+EnGn �= F1G1+ : : :+FnGn that hasbounded imbalan
e, using proposition 1.1, of the previous se
tion, jEij � m+2M+1and jFij � m+M. 2The BAL rules are sound and 
omplete (
ompare se
tion 2.3).Proposition 2 [Completeness and soundness of BAL℄1. If X1H1+ : : :+XkHk � F and E1H1+ : : :+EkHk � F 0, then E1(F �w(X1))+: : :+Ek(F � w(Xk)) � F 0.2. If X1H1 + : : : + XkHk �n+m F and E1H1 + : : : + EkHk 6�n+1 F 0 and ea
hEi 6= " and m � maxfjw(Xi)j : Ei 6= ;g, then E1(F � w(X1)) + : : :+ Ek(F �w(Xk)) 6�n+1 F 0. 35



F... BAL(L)E1(F � w(X1)) + : : :+Ek(F � w(Xk)) �= H... ... UNFs(F � w(Xi)) = G1 �= H1... ...Gk �= HkFigure 15: A potential swit
h from BAL(L) to BAL(R)Proof: Let E be X1H1+ : : :+XkHk and assume E � F . By proposition 1.1 of theprevious se
tion, (E �w(Xi)) = Hi, so Hi � (F �w(Xi)). By assumption of head/tailform, ea
h Hi 6= ; and, therefore, ea
h (F � w(Xi)) 6= ;. Consequently, E1(F �w(X1)) + : : :+Ek(F �w(Xk)) � E1H1+ : : :+EkHk and the result thereby follows.For part 2, assumeX1H1+: : :+XkHk �n+m F and E1H1+: : :+EkHk 6�n+1 F 0, andea
h Ei 6= ". If Ei 6= ;, then jEij > 0. Be
ause (X1H1 + : : :+XkHk) � w(Xi) = Hiand jw(Xi)j � m, (F �w(Xi)) �n Hi, so E1(F �w(X1))+ : : :+En(F �w(Xn)) �n+1E1H1 + : : :+EnHn, and the result follows. 2There is no rule 
orresponding to CUT. Indeed, it is not 
lear how this rule forsimple grammars 
ould be generalised to admissible 
on�gurations.It is intended that there be a unique tableau asso
iated with any initial goal.So restri
tions will be pla
ed on whi
h rule is to be applied when. First, there isan issue as to the initial premise of an appli
ation of BAL. It is possible that BALapplies to a goal, but with respe
t to more than one initial premise; see example 3below. In any 
hoi
e of initial premise, there 
an be only one premise that does noto

ur above the others in the proof tree: it is this premise that will be assumed.That is, the initial premise of a BAL is the one that is \
losest" to the goal and,therefore, the one that involves the least number of appli
ations of UNF. To resolvewhi
h rule should be applied, the following priority order is assumed.1. If BAL(L) is permitted, then apply BAL(L)2. If BAL(R) is permitted, then apply BAL(R)3. Otherwise, apply UNFHowever, whether an appli
ation of BAL is permitted involves more than ful�llmentof the side 
ondition. It also depends on the previous appli
ation of a BAL.Initially, either BAL is permitted provided that its side 
ondition is true. Ifan appli
ation of BAL uses F , then the resulting goal 
ontains the 
on�gurationE1(F � w(X1)) + : : : + Ek(F � w(Xk)). Ei is a \top" of the appli
ation of BALand (F � w(Xi)) is a \bottom". Assume an appli
ation of BAL(L). A subsequentappli
ation of BAL(L) is permitted provided the side 
ondition of the rule is ful�lled.However, BAL(R) is not permitted until a bottom of the previous appli
ation ofBAL(L) is exposed and the side 
ondition of the rule is true. Between the appli
ationof BAL(L) that uses F and the goal G1 �= H1 in �gure 15, there are no otherappli
ations of BAL(L), and G1 is a bottom, (F � w(Xi)), of the appli
ation ofBAL(L). BAL(R) is now permitted provided it uses 
on�guration Gi, i � 1, andthe side 
ondition holds. BAL(R) is not permitted using a 
on�guration from agoal above G1 �= H1, even when the side 
ondition is true. The strategy is to apply36



F F... BAL(L) ... BAL(L)E1 �= F1 E1 �= F1... ...F 0 (F � w(Xi))... BAL(L) ...E2 �= F2 F 0... ... BAL(R)E2 = F2...Figure 16: Proof of Proposition 3a BAL rule whenever it is permitted, and if both BAL rules are permitted, thenpriority lies with BAL(L). If BAL(R) is applied, then the strategy is to repeatedlyapply BAL(R), and to use UNF otherwise. BAL(L) is only permitted on
e a bottomof the previous appli
ation of BAL(R) be
omes the right hand 
on�guration of agoal and the side 
ondition holds.For the purpose of exposition, the tableaux proof rules have been presented intwo stages: �rst, as rules and then with a priority order. However, the priorityorder 
ould be formalised as side 
onditions of the rules9. The 
onsequen
e is thatwhen building a tableau proof tree, there is just one 
hoi
e of whi
h rule to applynext to any subgoal.A bran
h of a tableau from a subgoal g(0) is a sequen
e of goals that start fromg(0). The following result motivates the restri
tion on the appli
ation of a BALrule.Proposition 3 If there are 
onse
utive appli
ations of BAL in a bran
h that use Fand F 0, then there is a word u su
h that F 0 = (F � u).Proof: Assume 
onse
utive appli
ations of BAL that use F and F 0, and withoutloss of generality assume that the appli
ation using F is BAL(L). There are twopossibilities, that the appli
ation using F 0 is again BAL(L), shown on the left inFigure 16, and that it is BAL(R), shown on the right in �gure 16. In both 
ases,E1 �= F1 is the result of BAL using F and E2 �= F2 is the result of BAL usingF 0. Consider the �rst 
ase. There are only appli
ations of UNF between F andthe goal E0 �= F1 immediately before E1 �= F1. Therefore, there is a word u1 su
hthat (F � u1) = F1. Between E1 �= F1 and the goal 
ontaining F 0 there are onlyappli
ations of UNF, and, therefore, there is a word u2 su
h that (F1 � u2) = F 0.Therefore, F 0 = (F � u1u2). For the se
ond 
ase, there are only appli
ations ofUNF between the goal with left 
on�guration (F � w(Xi)) and the goal with left
on�guration F 0. Therefore, there is a word u2 su
h that (F � w(Xi)u2) = F 0. 2Corollary 1 If F0; F1; : : : ; Fn are su

essive 
on�gurations used in appli
ations ofBAL in a bran
h, then there are words u1; : : : ; un su
h that Fi = (F0 � u1 : : : ui).Example 3 An initial part of the tableau, 
ontinuing on from example 2 above,9For instan
e, the additional side 
ondition of a BAL(R) is that BAL(L) does not apply andeither there is no previous appli
ation of a BAL, or the previous appli
ation of a BAL is a BAL(R),or the previous appli
ation of a BAL is a BAL(L) and a bottom 
on�guration o

urs at, or above,the initial premise. 37



Unsu

essful �nal goalsE �= F (exa
tly one of E;F is ;)Figure 17: Unsu

essful �nal goalsis below. XX5 �= AA5 UNFY XX5 �= CA5 BAL(L)(1) Y XA5 �= CA5 UNF; �= ; (2) XXA5 �= AA6 UNF(�) Y XXA5 �= CA6 BAL(L)Y XA6 �= CA6 XA5 �= A6 X5 �= A5
At goal (�), BAL(L) is applied. Either of the premises (1) and (2) 
ould be theinitial premise for the appli
ation: however, by the dis
ussion above it is the lowerpremise (2). The �rst appli
ation of BAL(L) uses F0 = AA5 and the se
ond usesF1 = AA6 and F1 = (F0 � ab). 2Example 4 Below is the initial part of the tableau for example 1, above.(�) Y X + Z �= Y Y X + Y Z + Z UNF(1) � �= � Y Y X + Y Z + Z �= Y Y Y X + Y Y Z + Y Z + Z BAL(L)Y Y Y X + Y Y Z + Y Z + Z �= Y Y Y X + Y Y Z + Y Z + Zwhere (1) is the subtableau(��) X �= Y X + Z UNFX �= X � �= � X �= Y Y X + Y Z + Z BAL(R)X �= Y Y X + Y Z + Z UNFX �= Y X + Z � �= � X �= Y Y Y X + Y Y Z + Y Z + Z BAL(R)X �= Y Y X + Y Z + ZThe premise (�) is the initial premise for the appli
ation of BAL(L), and (��) is theinitial premise for the �rst BAL(R). The leaf goals are either identities or repeats.In fa
t, it will turn out that this partial tableau is the 
ompleted su

essful tableauthat establishes that pY X � pY Y X . 24.4 Su

essful tableauxThe missing ingredient in the tableau des
ription is when a 
urrent goal is �nal.As in se
tion 2.4, �nal goals are either su

essful or unsu

essful. The de�nitionof unsu

essful �nal goal is the same as for simple grammars and is presented in�gure 17. An unsu

essful �nal goal E �= F is 
learly false.The de�nition of su

essful goal in �gure 9 is an identity goal or a goal that isrepeated (with at least one least one appli
ation of UNF between the two o

ur-ren
es). The de�nition of su

ess works for simple grammars in the presen
e of the38



rule CUT. However, without CUT, as example 3 of the previous se
tion illustrates,goals in a bran
h may 
ontinually in
rease their size.Instead, su

ess will be de�ned for the last element of a sequen
e of goals thathave the same heads and are related by a �nite family of tail extensions. A repeatinggoal is a spe
ial 
ase where the extension is the identity (�). So, the de�nition ofextension, de�nition 4 of se
tion 4.1, is enlarged to goals.De�nition 1 AssumeE = E1H1 + : : :+EnHn F = F1H1 + : : :+ FnHnE0 = E01G1 + : : :+E0mGm F 0 = F 01G1 + : : :+ F 0mGmand goal h is E �= F and goal g is E0 �= F 0. Goal h extends g by extension e, if Eextends E0 by e (and F extends F 0 by e).The main 
ombinatorial insight, \the extension theorem", below, will underpinwhen a subgoal 
ounts as a su

essful �nal goal. It involves families of extensionswith the same heads. In this theorem, a goal E �= F is true at level m, if E �m F .To illustrate it, 
onsider n = 3. Assume that there are goals g(i), h(i), i : 1 � i � 8and ea
h goal g(i) has the form E1Gi1 + : : :+E3Gi3 �= F1Gi1 + : : :+ F3Gi3 and ea
hgoal h(i) has the form E1H i1 + : : :+E3Gi3 �= F1H i1 + : : :+F3H i3. They all have thesame heads. Assume extensions e1, e2 and e3 as follows (where, for example, g(2)extends g(1) by e1 and g(5) extends g(4) by e3).e3e2 e2e1 e1 e1 e1g1 g2 g3 g4 g5 g6 g7 g8And assume the same extensions for the goals h(i). The theorem says that if ea
hg(i), 1 � i � 8, is true at level m and ea
h h(i), 1 � i < 8, is true at level m, thenh(8) is also true at level m.Theorem 1 [The extension theorem℄ Assume there are two families of goals g(i),h(i), 1 � i � 2n, and ea
h goal g(i) has the form E1Gi1+ : : :+EnGin �= F1Gi1+ : : :+FnGin and ea
h goal h(i) has the form E1H i1 + : : :+ EnH in �= F1H i1 + : : :+ FnH in.Assume extensions e1; : : : ; en su
h that for ea
h ej and i � 0g(2ji+ 2j�1 + 1) extends g(2ji+ 2j�1) by ejh(2ji+ 2j�1 + 1) extends h(2ji+ 2j�1) by ej :If ea
h goal g(i) is true at level m, i : 1 � i � 2n, and ea
h goal h(j), j : 1 � j < 2n,is true at level m, then h(2n) is true at level m.The proof of this result is delayed. A simple instan
e is now explained. Considerthe tree of example 3 of the previous se
tion. There is a bran
h where the goals arein
reasing in size as follows.Y XA5 �= CA5; : : : ; Y XA6 �= CA6; : : : ; Y XA7 �= CA7; : : :And between these goals there is at least one appli
ation of UNF. To instantiatethe extension theorem n = 1. The families of goals are as follows.g(1) Y XG1 �= CG1 G1 = A5g(2) = h(1) Y XG2 �= CG2 G2 = A6h(2) Y XH2 �= CH2 H2 = A739



Su

essful �nal goals E1 �= F1 the root goal... En �= Fn obeys extension theoremE �= E En �= FnFigure 18: Su

essful �nal goalsThe extension is (A): g(2) extends g(1) by (A) and h(2) extends h(1) by (A).The theorem provides the following result: for any m, if Y XA5 �m CA5 andY XA6 �m CA6, then Y XA7 �m CA7 whi
h justi�es that Y XA7 �= CA7 is asu

essful �nal goal. The argument is similar to theorem 2 of se
tion 2.5 for arepeat goal10.De�nition 2 Assume a bran
h of goals d(0); : : : ; d(l). The goal d(l), E1H1+ : : :+EnHn �= F1H1 + : : :+ FnHn, obeys the extension theorem if the following hold1. There are families of goals g(i), h(i), 1 � i � 2n belonging to fd(0); : : : d(l)g,and ea
h goal g(i) has the form E1Gi1+ : : :+EnGin �= F1Gi1+ : : :+FnGin andea
h goal h(i) has the form E1H i1 + : : :+EnH in �= F1H i1 + : : :+ FnH in.2. The goal h(2n) is d(l) and there is at least one appli
ation of UNF betweengoal h(2n � 1) and d(l).3. There are extensions e1; : : : ; en su
h that for ea
h ej and i � 0g(2ji+ 2j�1 + 1) extends g(2ji+ 2j�1) by ejh(2ji+ 2j�1 + 1) extends h(2ji+ 2j�1) by ej :The se
ond o

urren
e of a repeat goal in a bran
h obeys the extension theoremprovided that there is at least one appli
ation of UNF between the two o

urren
es.Assume it has the form E1Gi1+ : : :+EnGin �= F1Gi1+ : : :+FnGin. Ex
ept for h(2n),the goals g(i) and h(i) are its �rst o

urren
e and ea
h extension is the identity,(�). All three 
onditions of de�nition 2 are thereby satis�ed.The de�nition of su

essful �nal goal is given in �gure 18.The deterministi
 pro
edure that de
ides whether E � F is straightforward,and is de�ned iteratively.1. Stage 0: start with the root goal g(0), E �= F , that be
omes a frontier nodeof the bran
h g(0).2. Stage n + 1: if a 
urrent frontier node g(n) of bran
h g(0); : : : ; g(n) is anunsu

essful �nal goal, then halt and return \unsu

essful tableau"; if ea
hfrontier node g(n) of bran
h g(0); : : : ; g(n) is a su

essful �nal goal, thenreturn \su

essful tableau"; otherwise, for ea
h frontier node g(n) of bran
hg(0); : : : ; g(n) that is not a �nal goal, apply the next rule to it, and the subgoalsthat result are the new frontier nodes of the extended bran
hes.10Assume that the bran
h involving the goals g(1), g(2), and h(2) is an o�ending bran
h, thenthere are m1, m2 and m3 with m1 > m2 > m3 su
h that g(1) is true at level m1 and false atlevel m1 + 1, g(2) is true at level m2 and false at level m2 + 1 and h(2) is true at m3 and false atm3 + 1. But, this leads to a 
ontradi
tion, let m = m3 + 1, both g(1) and g(2) are true at levelm and, therefore, by the extension theorem, so is h(2).40



The following show de
idability of the DPDA equivalen
e problem and establish a
omplexity upper bound that is primitive re
ursive. The proofs are presented later.Theorem 2 [Soundness and 
ompleteness of de
ision pro
edure℄1. If E 6� F , then the de
ision pro
edure terminates with \unsu

essful tableau".2. If E � F , then the de
ision pro
edure terminates with \su

essful tableau".A DPDA with s1 sta
k symbols and p states is transformed into an SDG with atmost s = s1� p2 sta
k symbols and whose largest partition is at most p. Moreover,a 
on�guration p� of the DPDA where j�j � n is transformed into an SDG 
on-�guration sum(p�) where jsum(p�)j � n. For the 
omplexity upper bound, somebasis fun
tions are introdu
ed assuming a �xed SDG with s sta
k symbols andlargest partition p. Let goal(h) be the number of di�erent goals E �= F su
h thatjEj; jF j � h. The fun
tion width(h) is the maximum n of an admissible 
on�gura-tion �1 + : : : + �n su
h that j�ij � h (so, width(h) � ph). The fun
tion ext(d; w)is the number of di�erent extensions e su
h that jej � d and e has width at mostw (so, ext(d; w) � 2sdw). The other measure used is the maximum norm M that isbounded by 2s. Some auxiliary fun
tions are now de�ned from the basis fun
tions.De�nition 31. The fun
tion f1(k) = M(k + 1 +M2 + 2M) + goal(M).2. The fun
tion f2[d; h; w℄(n) is de�ned re
ursively.f2[d; h; w℄(0) = goal(h)f2[d; h; w℄(j + 1) = ext(f2[d; h; w℄(j)� d; w) � f2[d; h; w℄(j)3. Let d = M2 + 2M, h = M2 + 5M + 2, w = width(h) and b = f2[d; h; w℄(w).Then, f(n) = n� db � f1(n+ bd).Theorem 3 If jEj; jF j < n, then the de
ision pro
edure with root E �= F terminateswithin f(n) stages.Corollary 1 If jEj; jF j < n, then E � F if, and only if, E �f(n) F .Alternatively, this result 
an be dire
tly stated for DPDA.Corollary 2 If j�j; j�j < n, then p� � q� if, and only if, p� �f(n) q�.The bound f(n) is elementary with respe
t to n, the size of the starting goal,but it is only primitive re
ursive with respe
t to the size of the DPDA (or, SDG)and, in parti
ular, with respe
t to the number of states of the DPDA. Mu
h morework is needed to 
he
k if this bound is anywhere near optimal. The explosivenessof f has some intuitive basis when 
onsidering appli
ation of the extension theoremto a bran
h. If the sta
k size of a DPDA in
reases, the width, width(h), remainsthe same and so does the maximum number of di�erent goals needed to apply theextension theorem. If the state size of a DPDA in
reases by 1, then so does thewidth and the maximum number of di�erent goals needed for an appli
ation of theextension theorem quadruples.
41



4.5 Exer
isesExer
ise 1 Consider the following DPDA from S�enizergues [26℄.pX a�! p1� pX b�! p2� pX 
�! pXXp1X a�! p1� p2X ��! p2�qY a�! q1Y Y qY b�! q2� qY 
�! qY Yq1Y a�! q1� q2Y ��! q2�The transition graphs G(pX) and G(qY ) are pi
tured below (and their 
ollapsedgraphs are easy to imagine).p1� a � p1X a � p1XX a � : : :" a " a " apX 
�! pXX 
�! pXXX 
�! : : :# b # b # bp2� � � p2X � � p2XX � � : : :q1� a � q1Y a � q1Y Y a � q1Y Y Y a � q1Y Y Y Y a � : : :" a " a " aqY 
�! qY Y 
�! qY Y Y 
�! : : :# b # b # bq2� � � q2Y � � q2Y Y � � : : :L(pX) = f
nb : n � 0g[f
nan+1 : n � 0g and L(qY ) = f
nb : n � 0g[f
nan+3g.These 
on�gurations 
an be \equalised" by adding a new sta
k symbol Z.p1Z a�! p3Z p3Z a�! p4Z p4Z a�! p4�p2Z ��! p2� q1Z a�! q1� q2Z ��! q2�It now follows that pXZ � qY Z.� Translate the full DPDA into an SDG.� Give the su

essful tableau for pXZ � qY Z. 2more to be added
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5 Proofs5.1 Proof of the extension theoremThe extension theorem, theorem 1 of se
tion 4.4, is a 
orollary of a more generalresult.De�nition 1 Assume a family of goals E1Gs1 + : : :+EnGsn �= F1Gs1 + : : :+ FnGsnwith the same heads where s 2 I .1. A \known" at level m is either(a) Gsi �m Gsj for some j < i and for all s 2 I , or(b) Gsi �m J1Gs1 + : : :+ JnGsn for all s 2 I and ea
h Jk 6= ".2. Two knowns Gsi �m Hs1 and Gsj �m Hs2 are distin
t, if i 6= j.Theorem 1 [The generalised extension theorem℄ Assume there are two families ofgoals g(i), h(i), 1 � i � 2n�k, and ea
h goal g(i) has the form E1Gi1+ : : :+EnGin �=F1Gi1 + : : :+ FnGin and ea
h goal h(i) has the form E1H i1 + : : :+EnH in �= F1H i1 +: : : + FnH in, and k is the number of distin
t knowns for the family g(i) [ h(i) atlevel m. Assume extensions e1; : : : ; en�k su
h that for ea
h ej and i � 0g(2ji+ 2j�1 + 1) extends g(2ji+ 2j�1) by ejh(2ji+ 2j�1 + 1) extends h(2ji+ 2j�1) by ej :If ea
h goal g(i) is true at level m, i : 1 � i � 2n�k, and ea
h goal h(j), j : 1 � j <2n�k, is true at level m, then h(2n�k) is true at level m.Proof: The proof is by indu
tion on n � k. For the base 
ase assume n� k = 0.Assume that there are two goals g(1), E1G1 + : : : + EnGn �= F1G1 + : : : + FnGn,abbreviated to E �= F , and h(1), E1H1 + : : : + EnHn �= F1H1 + : : : + FnHn,abbreviated to E0 �= F 0, and n distin
t knowns for fg(1); h(1)g at level m. Thatis, for ea
h i : 1 � i � n either Gi �m Gj and Hi �m Hj and j < i, or Gi �mJ1G1 + : : : + JnGn and Hi �m J1H1 + : : : + JnHn where Ji 6= ". We prove thatif g(1) is true at level m, E �m F , then h(1) is also true at level m, E0 �m F 0.Suppose not. Then, without loss of generality, by proposition 3 of se
tion 4.2 thereis a word u, juj � m, and (E0 �u) = Hi and (F 0 �u) = (F1 �u)H1+ : : :+(Fn �u)Hn and(F 0 � u) 6= ; and (E0 � u) 6�m�juj (F 0 � u). However, be
ause E �m F it follows thatGi �m�juj (F1�u)G1+: : :+(Fn�u)Gn. The �rst 
ase is thatGi �m Gj andHi �m Hjwhere j < i. Therefore, using properties of�k, Gj �m�juj (F1 �u)G1+: : :+(Fn�u)Gnand Hj 6�m�juj (F1 � u)H1 + : : : + (Fn � u)Hn. This 
an only be repeated �nitelymany times, Gj �m Gj0 and Hj �m Hj0 , and j0 < j. Hen
e, the se
ond 
ase mustthen o

ur, Gi �m J1G1+ : : :+JnGn and Hi �m J1H1+ : : :+JnHn and no Ji = ".J1G1+ : : :+JnGn �m�juj (F1 �u)G1+ : : :+(Fn �u)Gn and J1H1+ : : :+JnHn 6�m�juj(F1 � u)H1 + : : : + (Fn � u)Hn. Now proposition 3 of se
tion 4.2 is applied again.Therefore, by repeating this argument a 
ontradi
tion will be obtained.For the general step, assume that it holds for n� k < t and 
onsider n� k = t.So, there are two families of goals g(i), h(i), 1 � i � 2n�k, and ea
h goal g(i) hasthe form E1Gi1+ : : :+EnGin �= F1Gi1+ : : :+FnGin and ea
h goal h(i) has the formE1H i1 + : : :+EnH in �= F1H i1 + : : :+ FnH in, and k is the number of distin
t knownsfor the family g(i) [ h(i) at level m. Assume extensions e1; : : : ; en�k su
h that forea
h ej and i � 0 g(2ji+ 2j�1 + 1) extends g(2ji+ 2j�1) by ejh(2ji+ 2j�1 + 1) extends h(2ji+ 2j�1) by ej :43



Assume that ea
h goal g(i) is true at level m, i : 1 � i � 2n�k, and ea
h goalh(j), j : 1 � j < 2n�k, is true at level m. The aim is to show that h(2n�k) is alsotrue at level m. Suppose not. Let q = 2n�k. Therefore, E1Hq1 + : : : + EnHqn 6�mF1Hq1 + : : : + FnHqn and E1Gq1 + : : : + EnGqn �m F1Gq1 + : : : + FnGqn. Withoutloss of generality, by proposition 3 of se
tion 4.2 there is a word u, juj � m, and(E1Hq1+: : :+EnHqn�u) =Hqi and (F1Hq1+: : :+FnHqn�u) = (F1�u)Hq1+: : :+(Fn �u)Hqnand Hqi 6�m�juj (F1 �u)Hq1+ : : :+(Fn �u)Hqn and for all j : 1 � j � q, Gji �m�juj (F1 �u)Gj1+: : :+(Fn�u)Gjn and for all j : 1 � j < q, Hji �m�juj (F1�u)Hj1+: : :+(Fn�u)Hjn.There are two 
ases. First is that ea
h Gji and Hji , 1 � j � q, is a known at level m.The proof pro
eeds as in the base 
ase, but here with respe
t to the whole family ofgoals. Therefore, at some point the se
ond 
ase happens, that Gji and Hji are notknowns. However, ea
h even goal g(2j) and h(2j) extends the previous goal g(2j-1)and h(2j�1) by e1. Therefore, ea
hG2ji �m�juj (F1�u)G2j1 +: : :+(Fn�u)G2jn be
omesJ1G2j�11 + : : : + JnG2j�1n �m�juj F 01G2j�11 + : : : + F 0nG2j�1n by substituting in theentries of e1, and J1H2j�11 + : : :+ JnH2j�1n �m�juj F 01H2j�11 + : : :+F 0nH2j�1n whenj < (q� 1) and J1Hq�11 + : : :+ JnHq�1n 6�m�juj F 01Hq�11 + : : :+F 0nHq�1n . Let thesegoals be g0(i), h0(i), 1 � i � 2n�(k+1) and 
onsider the extensions e01; : : : e0n�(k+1)where e0i = e1ei+1. It follows that for ea
h e0j and i � 0, g0(2ji+ 2j�1 + 1) extendsg0(2ji+ 2j�1) by e0j and the same for the h0(i)s. Moreover, the number of knownsis now (k + 1) be
ause the previous k knowns at level m remain knowns at levelm� juj and there is the new known at level m� juj be
ause for ea
h j, Gji �m�juj(F1 �u)Gj1+: : :+(Fn �u)Gjn andHji �m�juj (F1 �u)Hj1+: : :+(Fn �u)Hjn. Therefore, bythe indu
tion hypothesis if every goal g0(i), 1 � i � 2n�(k+1) is true at level m�jujand every goal h0(i), 1 � i < 2n�(k+1), is true at level m� juj, then h0(2n�(k+1)) isalso true at level m � juj, whi
h 
ontradi
ts that J1Hq�11 + : : : + JnHq�1n 6�m�jujF 01Hq�11 + : : :+ F 0nHq�1n . 25.2 Corre
tness of the de
ision pro
edureIn this se
tion theorems 2 and 3 of se
tion 4.4 are shown. Part 1 of theorem 2 isstraightforward.Theorem 1 If E 6� F , then the de
ision pro
edure terminates with \unsu

essfultableau".Proof: Assume E 6� F . If one of E;F is ; and the other isnt, then the de
isionpro
edure terminates at stage 0 with \unsu

essful tableau". Otherwise, both Eand F are not ;, and there is a least n su
h that E 6�n F . The proof rules are sound.Therefore, at ea
h stage of the de
ision pro
edure there is at least one o�endingbran
h of false goals su
h that the falsity index de
reases by one ea
h time UNF isapplied. At some stage, m � n� 1, there is a frontier goal Em 6�1 Fm and UNF isapplied to it. For some a either (Em � a) = ; and (Fm � a) 6= ;, or (Fm � a) = ; and(Em � a) 6= ;, so there is an unsu

essful �nal goal at stage m+ 1, and the de
isionpro
edure returns \unsu

essful tableau". 2Part 2 of theorem 2 is more intri
ate. Assume that E � F . The de
ision pro
e-dure needs to output \su

essful tableau". The tableau proof rules preserve truth,so at ea
h stage of the de
ision pro
edure every frontier goal is true. Therefore, itis not possible to have an unsu

essful �nal goal. It is also not possible to be
omestu
k be
ause UNF 
an always apply. The only issue is that the 
onstru
tion goeson forever. If it does, then there is an in�nite bran
h of goals, g(0); : : : ; g(n); : : :where g(0) is the root goal E �= F . A 
areful analysis of sequen
es of goals in abran
h is now presented that shows that this is impossible. In the following result,44



symmetri
 properties hold if BAL(R) repla
es BAL(L) in parts 2 and 4.Proposition 1 Assume that g(0); : : : ; g(n) is a sequen
e of goals in a bran
h of atableau and g(0) is E �= F .1. If g(0) is the root goal and E = �1G1+ : : :+�mGm and F = Æ1H1+ : : :+ÆlHlare in k-head form and jEj; jF j > k, and there is no appli
ation of BALbetween g(0) and g(kM), then there are goals g(i) and g(j), 1 � i; j � kM,su
h that g(i) is Gi0 �= F 0 and g(j) is E0 �= Hj0 for some i0 and j0.2. If g(0) is a result of BAL(L) using F 0 and there is no appli
ation of a BALbetween g(0) and g(k) where k = M2 +M and E = E1(F 0 � w(X1)) + : : : +Ek(F 0 � w(Xk)), then there is a goal g(i), i : 1 � i � k, that has the form(F 0 � w(Xj)) �= F 00.3. If g(0) is a result of BAL using F 0 and the next appli
ation of BAL is g(k)using F 00, then jF 00j � jF 0j+M2 + 2M.4. If g(0) is a result of BAL(L) using F 0 and the next appli
ation of BAL is g(k)using F 00 and k � M3 + 3M2 + 3M, then jF 00j < jF 0j.Proof: For 1, assume g(0) is the root goal E �= F and there is no appli
ation ofBAL between g(0) and g(kM). Both BAL rules are permitted provided their side
onditions are ful�lled. Let E = X1G11 + : : :+XmG1m and F = Y1H11 + : : :+ YlH1lbe in 1-head form. Within M steps there must be a goal Ei �= G1i0 for some i0,otherwise BAL(L) 
an apply, and a goal Fj �= H1j0 for some j0, otherwise BAL(R)
an apply. The argument is now repeated for these goals on G1i0 and H1j0 in 1-headform and a further M steps, and so on upto k. For 2, assume g(0), E �= F , isthe result of BAL(L) using F 0 and E = E1(F 0 � w(X1)) + : : : + Ek(F 0 � w(Xk))and there is no appli
ation of a BAL between g(0) and g(k) where k = M2 +M.BAL(L) is permitted throughout this bran
h provided its side 
ondition holds. Ea
hjEij � M+ 1 be
ause there are at most M appli
ations of UNF between the goalwith F 0 and g(0). Hen
e, using the argument from part 1, within M2 + M stepsthere is a goal g(i) whose left 
on�guration has the form (F 0 �w(Xj)) for some j. Inthe 
ase of 3, assume g(0), E �= F , is the result of BAL using F 0. Without loss ofgenerality, assume it is an appli
ation of BAL(L), so jF j � jF 0j +M. Suppose thenext appli
ation of BAL uses F 00. BAL(L) is permitted provided the side 
onditionholds, but BAL(R) is not permitted until a bottom of the appli
ation of BAL(L)o

urs and the side 
ondition holds. By part 2 a bottom will o

ur within M2 +Msteps. Therefore, if BAL(L) is not applied, the goal g(i) with a bottom has theform (F 0 � w(Xj)) �= Fi and jFij � jF 0j +M2 + 2M and j(F 0 � w(Xj))j � jF 0j +M.Assume that the next BAL is BAL(L). If F 00 is F 0, or o

urs above F 0, then theresult follows. Moreover, if it is below F 0, then using part 1 above the result follows.Otherwise, the next BAL is a BAL(R) and so F 00 must be (F 0 � w(Xj)) or o

urbelow it, in whi
h 
ase the result also follows. Part 4 extends part 3. Assume g(0)is a result of BAL(L) using F 0 and the next appli
ation of BAL is g(k) using F 00and k � M3 + 3M2 + 3M. Within M2 +M steps there is a goal g(i) with a bottom(F 0 � w(Xj)) �= Fi and jFij � jF 0j + M2 + 2M and (F 0 � w(Xj))j � jF 0j + M. Bypart 1, if there is no appli
ation of BAL within a further M3+2M2+M steps thenthere are goals g(i), E0i �= F 0i and jF 0i j < jF 0j, and g(j), E0j �= F 0j and jE0j j < jF 0j.The result now follows. 2Lemma 1 Assume that g(0); : : : ; g(n) is a sequen
e of goals in a bran
h and g(0)is E �= F and there are no appli
ations of BAL in this bran
h. If jEj; jF j � k, andn � f1(k), then the bran
h 
ontains a su

essful �nal goal.45



Proof: Assume that g(0); : : : ; g(n) is a sequen
e of goals in a bran
h and g(0) isE �= F and jEj; jF j � k and there are no appli
ations of BAL in this bran
h. Byproposition 1.2 within at most M2+M steps both BAL rules are permitted providedthat their side 
onditions hold and at that stage the goal E0 �= F 0 has the propertythat jE0j; jF 0j � (k+M2+M). Using proposition 1.1, within a further M(k+M2+M)steps there are goals g(i), Ei �= Fi where jEij = 1, and g(j), Ej �= Fj where jFj j = 1.Without loss of generality assume j � i. Within any interval g(j0) : : : g(j0 + M),j0 � j, there must be goals Ei00 �= Fi00 with jEi00 j = 1 and Ej00 �= Fj00 with jFj00 j = 1:otherwise, BAL 
an apply. Therefore, every goal g(j0), Ej0 �= Fj0 , j0 � j, has theproperty jEj0 j � M and jFj0 j � M. Therefore, within goal(M) steps there must bea repeat goal, so there must be a su

essful �nal goal. Overall, within f1(k) steps,see de�nition 1 of se
tion 4.4, there is a su

essful �nal goal. 2Lemma 1 establishes termination of the de
ision pro
edure for a suÆ
ientlylong bran
h of goals that does not involve appli
ations of BAL. An analysis is nowdeveloped for bran
hes that involve repeated appli
ations of BAL.De�nition 1 Assume F0; F1; : : : ; Ft are su

essive 
on�gurations used in appli
a-tions of BAL in a bran
h and assume words u1; : : : ; ut su
h that Fi = (F0 �u1 : : : ui).Let Fi = �1G1 + : : :+ �nGn be in m-head form, m � 1. Fi is m-low in the intervalFjFj+1 : : : Fj+k , j � i and j + k � t, if there is a pre�x v of uj+1 : : : uj+k su
h that(Fi � ui+1 : : : ujv) = Gl for some l, and Fi is then said to be m-low with Gl using vin this interval. The de�nition is extended to 0-low: Fi is 0-low with Fi using " inthe interval FjFj+1 : : : Fj+k provided that j = i and Fi is not m-low for any m > 0in this interval.Proposition 2 Assume F0; F1; : : : ; Ft are su

essive 
on�gurations used in appli
a-tions of BAL in a bran
h and assume words u1; : : : ; ut su
h that Fi = (F0 �u1 : : : ui).Assume Fi is m1-low in FjFj+1, m1 � 0 and j � i with G using v, and Fi is notm01-low for any m01 > m1 in FjFj+1 : : : Ft. Assume Fj+1 is m2-low in FlFl+1,j + 1 � l < t, and m2 � 0, with G0 and Fj+1 is not m02-low in FlFl+1 for anym02 > m2.1. If G = X1H1 + : : : + XkHk is in 1-head form and uj+1 = vv0, then for allpre�xes w of v0uj+1 : : : ut, (G � w) = (X1 � w)H1 + : : :+ (Xk � w)Hk .2. jFj+1j � jGj+ (M2 + 2M) and m2 � (M2 + 2M).3. If G = �1G1 + : : : + �nGn is in M + 1-head form, then the goal that isthe result of BAL using Fj+1 has the head/tail form E1G1 + : : : + EnGn �=F1G1 + : : :+ FnGn, where jEij; jFij � M2 + 5M+ 2.4. If G = �1G1 + : : : + �nGn and G0 = Æ1G01 + : : : + Æn0G0n0 are in M + 1-head form, then in these forms G0 is an extension of G with extension e andjej � M2 + 2M.Proof: For part 1, if there is a pre�x w su
h that (G �w) = Hj , then Fi is (m1+1)-low in Fj : : : Ft, 
ontrary to assumption. Part 2 follows from proposition 1.3 and theobservation that jFj j � jGj. For part 3, assume without loss of generality that it isan appli
ation of BAL(L) that uses Fj+1, and the resulting goal is E1(Fj+1 �w(X1))+: : :+Ek(Fj+1 �w(Xk)) �= F 0. Using parts 1 and 2, Fj+1 = (�1 �v0)G1+: : :+(�n �v0)Gnand j(�i � v0)j � M2 + 3M + 1 and so jEi(Fj+1 � w(Xi))j � M2 + 5M + 2 andjF 0j � M2 + 4M+ 1. Part 4 follows from parts 1 and 2. 2Lemma 2 Assume that there is a subsequen
e of goals in a bran
h g(i), Ei1Gi1 +: : :+EiniGini �= F i1Gi1+: : :+F iniGini , i : 0 � i � t and ea
h g(j+1) extends g(j) by ej46



where jej j � d and ea
h head jEij j; jF ij j � h. If w = width(h) and t � f2[d; h; w℄(w),then there is a su

essful �nal goal in the bran
h.Proof: It is shown that the extension theorem must apply in this bran
h, so thereis a su

essful �nal goal. Ea
h head jEij j; jF ij j is bounded by h. Therefore, thenumber of goals with di�erent heads is bounded by goal(h) and the maximumwidth of a goal, ni, is bounded by w = width(h). Moreover, the number ofdi�erent extensions, ej where jej j � d, is also bounded by ext(d; w). Therefore,within g(0); : : : ; g(f2[d; h; w℄(0)) there are two goals with the same heads be
ausef2[d; h; w℄(0) = goal(h), and the se
ond goal is an extension of the �rst with exten-sion bounded by goal(h)�d. Therefore, within g(0); : : : ; g(f2[d; h; w℄(1)) there mustbe four goals with the same heads, g0(i), E1Gi1+ : : :+EnGin �= F1Gi1+ : : :+FnGin,1 � i � 2, and h0(i), E1H i1 + : : : + EnH in �= F1H i1 + : : : + FnH in, 1 � i � 2, andg0(2) extends g0(1) by e1 and h0(2) extends h0(1) by e1 and je1j � goal(h)� d. Theargument is now iterated. Within g(0); : : : ; g(f2[d; h; w℄(w)) there are 2w goals g0(i)and 2w goals h0(i) that jointly obey the extension theorem. 2Using the above results, part 2 of theorem 2 and theorem 3 of se
tion 4.4 arenow proved.Theorem 21. If E � F , then the de
ision pro
edure terminates with \su

essful" tableau.2. If jEj; jF j < n, then the de
ision pro
edure with root E �= F terminates withinf(n) steps.Proof: Assume that E � F . The tableau for E �= F is built using the rules of theproof system. By 
ompleteness of rule appli
ation at ea
h stage ea
h frontier goal istrue. Therefore, it is not possible to to rea
h an unsu

essful �nal goal. It is also notpossible to be
ome stu
k be
ause UNF 
an always apply. Hen
e the only issue is thatthe de
ision pro
edure doesnt terminate. Assume that there is an in�nite bran
h ofgoals g(0); : : : ; g(n); : : : where g(0) is the root goal E �= F that does not 
ontain asu

essful �nal goal. If there are only �nitely many appli
ations of BAL, then thereis an in�nite suÆx of goals g(i); : : : ; g(n); : : : and there are no appli
ations of BAL.However, by lemma 1 there must be a su

essful �nal goal. Otherwise there arein�nitely many appli
ations of BAL. Let F0; F1 : : : be the su

essive 
on�gurationsused in appli
ations of BAL. Start with F0 and �nd the largest m0 and the �rstinterval Fi1�1Fi1 su
h that F0 is m0-low in this interval. By assumption, F0 is notm0-low, for any m0 > m0 in any later interval. Next, 
onsider Fi1 . Find the largestm1 and the �rst interval Fi2�1Fi2 , i2 > i1, su
h that F1 is m1-low in this interval.Using proposition 2, the appli
ation of BAL using Fi1 , the goal g(k1), has a head/tailform E11G11+ : : :+E1n1G1n1 �= F 11G11+ : : :+F 1n1G1n1 and the appli
ation of BAL usingFi2 , the goal g(k2), has head/tail form E21G21+ : : :+E2n2G2n2 �= F 21G21+ : : :+F 2n2G2n2where jEij j; jF ij j � h = M2+5M+2 and g(k2) extends g(k1) by e1 where je1j � d =M2 + 2M. The argument is now repeated giving an in�nite subsequen
e of goalsg(k1); g(k2); : : : ; g(kn); : : : su
h that ea
h g(ki+1) is an extension of g(ki) by ei withjeij � d, and the heads have bounded size no more than h. Therefore, by lemma 2there is a su

essful �nal goal within this subsequen
e.For part 2, the argument above is re�ned. Assume a bran
h g(0); : : : ; g(t) whereg(0) is the root E �= F , and jEj; jF j � n and t � f(n). If there are no appli
ations ofBAL, then by lemma 1 there is a su

essful �nal goal within f1(n) steps and f1(n) �f(n). Let F0; F1; : : : ; Fl be su

essive 
on�gurations used in appli
ations of BAL.Let d and h be as de�ned above and let w = width(h) and let b = f2[d; h; w℄(w). Viaproposition 2, if no Fi has a low point that is greater than 0, then for l � b the goalsthat are the result of these appli
ations of BAL obey lemma 2. By proposition 1,47



jFi+1j � jFij + d. Hen
e, it follows that the largest Fi is bounded by u = n + bd.Moreover, it follows that the maximum number of steps between Fi and Fi+1 is atmost f1(u) (be
ause, otherwise there must be a su

essful �nal goal using lemma 1).For the general 
ase let f 0(b) be the number of su

essive 
on�gurations used inappli
ations of BAL su
h that there is a subsequen
e of length b su
h that the goalsthat are the result of these appli
ations of BAL obey lemma 2. F0 may have n lowpoints. Therefore, f 0(b) = n� f 0(b� 1). Subsequent Fi have only d low points, sof 0(b � 1) = d � f 0(b � 2). The overall bound is therefore n � db. The maximumnumber of steps between Fi and Fi+1 is again at most f1(u). Therefore, within f(n)steps it follows that the de
ision pro
edure must terminate. 2
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