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al
ulus.1 THE MATCHING PROBLEMAssume simply typed lambda 
al
ulus with base type 0 and the de�nitions of�-equivalen
e, � and �-redu
tion. A type is 0 or A ! B where A and B aretypes. A type A always has the form (A1 ! (: : : An ! 0) : : :) whi
h is usuallywritten A1 ! : : : ! An ! 0. We also assume a standard de�nition of order :the order of 0 is 1 and the order of A1 ! : : :! An ! 0 is k + 1 where k is themaximum of the orders of the Ais.Terms are built from a 
ountable set of variables x; y; : : : and 
onstants,a; f; : : :: ea
h variable and 
onstant is assumed to have a unique type. The setof simply typed terms is the smallest set T su
h that if x (f) has type A thenx : A 2 T (f : A 2 T ), if t : B 2 T and x : A 2 T , then �x:t : A! B 2 T , and ift : A! B 2 T and u : A 2 T then tu : B 2 T . The order of a typed term is theorder of its type. A typed term is 
losed if it does not 
ontain free variables.A mat
hing problem has the form v = u where v; u : A for some type A, andu is 
losed. The order of the problem is the maximum of the orders of the freevariables x1; : : : ; xn in v. A solution of a mat
hing problem is a sequen
e of termst1; : : : ; tn su
h that vft1=x1; : : : ; tn=xng =� � u. The de
ision question is: givena mat
hing problem, does it have a solution? The problem is 
onje
tured to bede
idable in [3℄. However, if it is de
idable then its 
omplexity is non-elementary[9, 11℄. De
idability has been proven for the general problem up to order 4 andfor various spe
ial 
ases [5, 6, 8℄. Loader proved that the mat
hing problem isunde
idable for the variant de�nition of solution that uses just �-equality [4℄.An ex
ellent sour
e of information about the problem is [2℄.Throughout, we slightly 
hange the syntax of terms and types. The typeA1 ! : : : ! An ! 0 is rewritten (A1; : : : ; An) ! 0 and we assume that allterms in normal form are in �-long form. That is, if t : 0 then it either has theform u : 0 where u is a 
onstant or a variable, or has the form u(t1; : : : ; tk)where u : (B1; : : : ; Bk) ! 0 is either a 
onstant or a variable and ea
h ti : Bi



is in �-long form. And if t : (A1; : : : ; An) ! 0 then t has the form �y1 : : : yn:t0where t0 : 0 is a term in �-long form. A term is well-named if ea
h o

urren
eof a variable y within a � abstra
tion is unique.An interpolation equation has the form x(v1; : : : ; vn) = u where ea
h vi is a
losed term in normal form and u : 0 is also in normal form. The type of theequation is the type of the free variable x, whi
h has the form (A1; : : : ; An)! 0where vi : Ai. An interpolation problem P is a �nite family of interpolationequations x(vi1; : : : ; vin) = ui, i : 1 � i � m, all with the same free variable x.The type of P is the type A of the variable x and the order of P is the order ofA. A solution of P of type A is a 
losed term t : A su
h that t(vi1; : : : ; vin) =� uifor ea
h i. We write t j= P if the 
losed term t solves the problem P .An interpolation problem redu
es to mat
hing: there is the equivalent prob-lem f(x(v11 ; : : : ; v1n); : : : ; x(vm1 ; : : : ; vmn )) = f(u1; : : : ; um), when f : 0m ! 0.S
hubert shows the 
onverse, that a mat
hing problem of order n is redu
ible toan interpolation problem of order at most n+ 2 [7℄. A dual interpolation prob-lem in
ludes inequations x(vi1; : : : ; vin) 6= ui. Padovani proved that a mat
hingproblem of order n is redu
ible to dual interpolation of the same order [6℄. In thefollowing we 
on
entrate on the interpolation problem for orders greater than 1.If P has order 1 then it has the form x = ui, 1 � i � m. Consequently, P onlyhas a solution if ui = uj for ea
h i and j.In the following we develop a game-theoreti
 
hara
terisation of t j= P . Theidea is inspired by model-
he
king games (su
h as in [10℄) where a stru
ture, atransition graph, is navigated relative to a property and players make 
hoi
esat appropriate positions. In se
tion 2 we de�ne some preliminary notions and inse
tion 3 we present the term 
he
king game and prove its 
orre
tness. Unliketransition graphs, terms t involve binding whi
h results in moves that jumparound t. The main virtue of using games is that they allow one to understandlittle \pie
es" of a solution term t in terms of subplays and how they thereby
ontribute to solving P . In se
tion 4 we identify regions of a term t that we 
all\tiles" and de�ne their subplays. In se
tion 5 we introdu
e four transformationson tiles that preserve a solution term: these transformations are justi�ed byanalysing subplays. In se
tion 6 we then show that the transformations providesimple proofs of de
idability for known instan
es of the interpolation problemvia the small model property: if t j= P then t0 j= P for some small term t0.2 PRELIMINARIESA right term u of an interpolation equation may 
ontain bound variables: anexample is f(a; �x1 : : : x4:x1(x1(x2))). Let X = fx1; : : : ; xkg be the set of boundvariables in u. Assume a fresh set of 
onstants C = f
1; : : : ; 
kg su
h that ea
h
i has the same type as xi.De�nition 1 The ground 
losure of a 
losed term w, whose bound variablesbelong to X , with respe
t to C, written Cl(w;X;C), is de�ned indu
tively:1. if w = a : 0, then Cl(w;X;C) = fag



2. if w = f(w1; : : : ; wn), then Cl(w;X;C) = fwg [SCl(wi; X;C)3. if w = �xj1 : : : xjn :u, then Cl(w;X;C) = Cl(uf
j1=xj1 ; : : : ; 
jn=xjng; X;C)The ground 
losure of u = f(a; �x1 : : : x4:x1(x1(x2))) with respe
t to f
1; : : : ; 
4gis the set of ground terms fu; a; 
1(
1(
2)); 
1(
2); 
2g.Next, we wish to identify subterms of the left-hand terms vj of an interpola-tion equation relative to a �nite set of 
onstants C.De�nition 2 The subterms of w relative to C, written Sub(w;C), is de�nedindu
tively using an auxiliary set Sub0(w;C):1. if w is a variable or a 
onstant, then Sub(w;C) = Sub0(w;C) = fwg2. if w is x(w1; : : : ; wn) then Sub(w;C) = Sub0(w;C) = fwg [S Sub(wi; C)3. if w is f(w1; : : : ; wn), then Sub(w;C) = Sub0(w;C) = fwg [S Sub0(wi; C)4. if w is �y1 : : : yn:v, then Sub(w;C) = fwg [ Sub(v; C)5. if w is �y1 : : : yn:v, then Sub0(w;C) = S Sub(vf
i1=y1; : : : ; 
in=yng; C) whereea
h 
ij 2 C has the same type as yjFor the remainder of the paper we assume a �xed interpolation problem Pof type A whose order is greater than 1. P has the form x(vi1; : : : ; vin) = ui,1 � i � m, where ea
h vij and ui are in long normal form. We also assume thatterms vij and ui are well-named and that no pair share bound variables. Forea
h i, let Xi be the (possibly empty) set of bound variables in ui and let Cibe a 
orresponding set of new 
onstants (that do not o

ur in P ), the forbidden
onstants. We are interested in when t j= P and t does not 
ontain forbidden
onstants.De�nition 3 Assume P : A is the �xed interpolation problem:1. T is the set of subtypes of A and the subtypes of subterms of ui2. for ea
h i, the right subterms are Ri = Cl(ui; Xi; Ci)3. for ea
h i, the left subterms are Li = S Sub(vij ; Ci) [ Ci3 TREE-CHECKING GAMESUsing ideas suggested by model-
he
king we present a 
hara
terisation of inter-polation. This is not the �rst time that su
h te
hniques have been applied tohigher-order mat
hing. Comon and Jurski de�ne (bottom-up) tree automata forthe 4th-order 
ase that 
hara
terise all solutions to a problem [1℄. The statesof the automata essentially depend on Padovani's representation of the observa-tional equivalen
e 
lasses of terms up to 4th-order [6℄. The existen
e of su
h anautomaton not only guarantees de
idability, but also shows that the set of allsolutions is regular.We now introdu
e a game-theoreti
 
hara
terisation of interpolation for allorders. The idea is inspired by model-
he
king games where a model (a transitiongraph) is traversed relative to a property and players make 
hoi
es at appropriatepositions. Similarly, in the following game the model is a putative solution term



t that is traversed relative to the interpolation problem. However, be
ause ofbinding play may jump here and there in t. Consequently, our games la
k thesimple 
ontrol stru
ture of Comon and Jurski's automata where 
ow starts atthe leaves of t and pro
eeds to its root. Moreover, the existen
e of the game doesnot assure de
idability. Its purpose is to provide a me
hanism for understandinghow small pie
es of a solution term 
ontribute to solving the problem.A. tm = �y1 : : : yj and tm #1 t0 and qm = q[(l1; : : : ; lj); r℄. So, tm+1 = t0 and �m+1 =�mfl1�m=y1; : : : ; lj�m=yjg and qm+1 and �m+1 are by 
ases on tm+1.1. a : 0. So, �m+1 = �m. If r = a then qm+1 = q[ 9 ℄ else qm+1 = q[ 8 ℄.2. f : (B1; : : : ; Bk) ! 0. So, �m+1 = �m. If r = f(s1; : : : ; sk) then qm+1 = qmelse qm+1 = q[ 8 ℄.3. y : B. If �m+1(y) = l�i, then qm+1 = q[l; r℄ and �m+1 = �i.B. tm = f : (B1; : : : ; Bk) ! 0 and qm = q[(l1; : : : ; lj); f(s1; : : : ; sk)℄. So, �m+1 = �mand �m+1 = �m and qm+1 and tm+1 are de
ided as follows.1. 8 
hooses a dire
tion i0 : 1 � i0 � k and tm #i0 t0. So, tm+1 = t0.If si0 : 0, then qm+1 = q[( ); si0 ℄. If si0 is �xi1 : : : xin :s then qm+1 =q[(
i1 ; : : : ; 
in); sf
i1=xi1 ; : : : ; 
in=xing℄.C. tm = y and qm = q[l; r℄. If l = �z1 : : : zj :w and tm #i t0i, 1 � i � j, then �m+1 =�mft01�m=z1; : : : ; t0j�m=zjg else �m+1 = �m. The remaining 
omponents tm+1, qm+1and �m+1 are by 
ases on l.1. a : 0 or �z:a. So, tm+1 = tm and �m+1 = �m. If r = a then qm+1 = q[ 9 ℄ elseqm+1 = q[ 8 ℄.2. 
 : (B1; : : : ; Bk) ! 0. So, �m+1 = �m. If r 6= 
(s1; : : : ; sk) then tm+1 = tm andqm+1 = q[ 8 ℄. If r = 
(s1; : : : ; sk) then 8 
hooses a dire
tion i0 : 1 � i0 � k andtm #i0 t0. So, tm+1 = t0. If si0 : 0, then qm+1 = q[( ); si0 ℄. If si0 is �xi1 : : : xin :sthen qm+1 = q[(
i1 ; : : : ; 
in); sf
i1=xi1 ; : : : ; 
in=xing℄.3. f(w1; : : : ; wk) or �z:f(w1; : : : ; wk). So, tm+1 = tm and �m+1 = �m. If r 6=f(s1; : : : ; sk), then qm+1 = q[ 8 ℄. If r = f(s1; : : : ; sk) then 8 
hooses a dire
tioni0 : 1 � i0 � k. If si0 : 0 then qm+1 = q[wi0 ; si0 ℄. If wi0 = �z01 : : : z0n:w and si0 =�xi1 : : : xin :s, then qm+1 = q[wf
i1=z01; : : : ; 
in=z0ng; sf
i1=xi1 ; : : : ; 
in=xing℄.4. z0(l1; : : : ; lk) or �z:z0(l1; : : : ; lk). If �m+1(z0) = t0�i then �m+1 = �i and tm+1 =t0 and qm+1 = q[(l1; : : : ; lk); r℄.Fig. 1. Game movesWe assume that a potential solution term t for P has the right type, is inlong normal form, is well-named (with variables that are disjoint from variablesin P ) and does not 
ontain forbidden 
onstants. The term t is represented as atree, tree(t). If t is y : 0 or a : 0 then tree(t) is the single node labelled with t.In the 
ase of u(v1; : : : ; vk) when u is a variable or a 
onstant, we assume thata dummy � with the empty sequen
e of variables is pla
ed before any subtermvi : 0 in the tree representation. With this understanding, if t is u(v1; : : : ; vn),then tree(t) 
onsists of the root node labelled u and n-su

essor nodes labelledwith tree(vi). We use the notation u #i t0 to represent that tree t0 is the ith



su

essor of the node u. If t is �y:v, where y is a possibly empty sequen
e ofvariables y1 : : : yn, then tree(t) 
onsists of the root node labelled �y and a singlesu

essor node tree(v): in this 
ase we assume �y #1 tree(v). We also assume thatea
h node labelled with an o

urren
e of a variable yj has a ba
kward arrow "jto the �y that binds it: the index j tells us whi
h element is yj in y.The tree representation of �y1y2:f(f(y2; y2); y1(y2)) is tantamount to thesyntax tree of �y1y2:f(� :f(� :y2; � :y2); � :y1(� :y2)). In the following we use t tobe the �-term t, or its �-tree or the label (a 
onstant, variable or �y) at its rootnode.The tree-
he
king game G(t; P ) is played by one parti
ipant, player 8, therefuter who attempts to show that t is not a solution of P . The game appeals to a�nite set of states involving elements of Li and Ri. There are three kinds of states:argument, value and �nal states. Argument states have the form q[(l1; : : : ; lk); r℄where ea
h lj 2 Li (and k 
an be 0) and r 2 Ri. Value states have the form q[l; r℄where l 2 Li and r 2 Ri. A �nal state is either q[8 ℄, the winning state for 8, orq[ 9 ℄, the losing state for 8.The game appeals to a sequen
e of supplementary look-up tables �j and �j ,j � 1: �j is a partial map from variables in t to elements w�k where w 2 Li andk < j, and �j is a partial map from variables in Li to elements t0�k where t0 is anode of the tree t and k < j. The initial elements �1 and �1 are both the emptytable.A play of G(t; P ) is a sequen
e of positions t1q1�1�1; : : : ; tnqn�n�n where ea
hti is a node of t and t1 = �y is the root of t, and ea
h qi is a state, and qn isa �nal state. A node t0 of the tree t may repeatedly o

ur in a play. The initialstate is de
ided as follows: 8 
hooses an equation x(vi1; : : : ; vin) = ui from P andq1 = q[(vi1; : : : ; vin); ui℄. If the 
urrent position is tmqm�m�m and qm is not a �nalstate, then the next position tm+1qm+1�m+1�m+1 is determined by a move ofFigure 1.Moves are divided into three groups that depend on tm. Group A 
overs the
ase when tm = �y, group B when tm = f and group C when tm = y. Weassume standard updating notation for �m+1 and �m+1: �f�1=y1; : : : ; �m=ymgis the fun
tion similar to � ex
ept that �(yi) = �i. Moreover, in the 
ase of rulesB1, C2 and C3 we assume that the 
onstants 
ij belong to the forbidden sets Ci.The look-up tables are used in rules A3 and C4. If tm = �y and tm #1 tm+1 = y,then �m+1 and qm+1 are determined by the entry for y in �m+1: if the entry isl�i, then l is the left element of qm+1 and �m+1 = �i. In the 
ase of C4, if tm = yand qm = q[l; r℄ and l = z0(l1; : : : ; lk) or �z:z0(l1; : : : ; lk), then �m+1 and tm+1are determined by the entry for z0 in the table �m+1: if the entry is t0�i thentm+1 = t0 and �m+1 = �i. It is this rule that allows the next move to be a jumparound the term tree (to a node labelled with a �). The moves A1-A3, B1 andC2 traverse down the term tree while C1 and C3 remain at the 
urrent node.Example 1 Let P be the problem x(v) = u where v = �z:z and u = f(�x:x).Let X = fxg and C = f
g and let t be the term �y:y(y(f(�y1:y1))) and so,tree(t) is(t1)�y #1 (t2)y #1 (t3)� #1 (t4)y #1 (t5)� #1 (t6)f # (t7)�y1 #1 (t8)y1



There is just one play of G(t; P ), as follows.t1 q[(�z:z); f(�x:x)℄ �1 �1t2 q[�z:z; f(�x:x)℄ �2�2 �2 = �1f(�z:z)�1=yg �2 = �1 A3t3 q[( ); f(�x:x)℄ �3�3 �3 = �2 �3 = �2ft3�2=zg C4t4 q[�z:z; f(�x:x)℄ �4�4 �4 = �3 �4 = �1 A3t5 q[( ); f(�z:z)℄ �5 �5 �5 = �4 �5 = �4ft5�4=zg C4t6 q[( ); f(�z:z)℄ �6 �6 �6 = �5 �6 = �5 A2t7 q[(
); 
℄ �7 �7 �7 = �6 �7 = �6 B1t8 q[
; 
℄ �8 �8 �8 = �7f
�7=y1g �8 = �7 A3t8 q[ 9 ℄ �9 �9 �9 = �8 �9 = �8 C1The game rule applied to produ
e a move is also given. 2A partial play of G(t; P ) �nishes when a �nal state, q[8 ℄ or q[ 9 ℄, o

urs.Player 8 loses a play if the �nal state is q[ 9 ℄ and 8 loses the game G(t; P ) if sheloses every play. The following result provides a 
hara
terisation of t j= P .Theorem 1 8 loses G(t; P ) if, and only if, t j= P .Proof. For any position tiqi�i�i of a play of G(t; P ) we say that it m-holds (m-fails) if q = q[ 9 ℄ (q = q[8 ℄) and when qi is not �nal, by 
ases on ti and qi (andlook-up tables be
ome delayed substitutions){ if ti = �y and qi = q[(l1; : : : ; lk); r℄ and t0 is (ti�i)(l1�i; : : : ; lk�i) then t0 = r(t0 6= r) and t0 normalises with m �-redu
tions{ if ti = f and qi = q[(l1; : : : ; lk); r℄ and t0 is ti�i then t0 = r (t0 6= r) and t0normalises with m �-redu
tions{ if ti = z and qi = q[l; r℄ and ti #j t0j and t0 is l�i(t01�i; : : : ; t0k�i) then t0 = r(t0 6= r) and t0 normalises with m �-redu
tions.The following are easy to show by 
ase analysis.1. if tiqi�i�i m-holds then qi = q[ 9 ℄ or for any next position ti+1qi+1�i+1�i+1it m0-holds, m0 < m, or it m0-holds, m0 � m+ 1, and the right-term in qi+1is smaller than in qi2. if tiqi�i�i m-fails then qi = q[8 ℄ or there is a next position ti+1qi+1�i+1�i+1and it m0-fails, m0 < m, or it m0-fails, m0 � m + 1, and the right-term inqi+1 is smaller than in qiFor instan
e, assume tiqi�i�i m-holds and ti = �y1 : : : yk and ti #1 ti+1 = y andti+1 #j t0j and qi = q[(l1; : : : ; lk); r℄. So, �i+1 = �iflj�i=yjg and qi+1 = q[l; r℄ if�i+1(y) = l�n and �i+1 = �n. So, ti = �y1 : : : yk:y(t01; : : : ; t0m) and by assumption(ti�i)(l1�i; : : : ; lk�i) = r. With a �-redu
tion we get �i+1(y)(t01�i+1; : : : ; t0m�i+1)whi
h is (l�i+1)(t01�i+1; : : : ; t0m�i+1) and so position ti+1qi+1�i+1�i+1 (m � 1)-holds. Next, assume tiqi�i�i m-holds, ti = f , qi = q[(l1; : : : ; lj); f(s1; : : : ; sk)℄ andti #j t0j . By assumption, f(t01: : : : ; t0k)�i = f(s1; : : : ; sk). So, t0j�i = sj . Considerany 
hoi
e of next position. If sj : 0 then qi+1 = q[( ); sj ℄, ti+1 = t0j and �i+1 = �i.Therefore, t0j�i+1 = sj and so this next position either m0-holds, m0 < m or m-holds and sj is smaller than f(s1; : : : ; sk). Alternatively, sj = �x:s. Therefore,



t0j = �z:t0 and t0�if
i=zig = sf
i=xig where the 
is are new,m0-holds form0 � m.And so t0j�i(
1; : : : ; 
n) = sf
i=xig (m0 + 1)-holds, as required. Assume tiqi�i�im-holds and ti = y, qi = q[l; r℄, l = �z1 : : : zk:w, w = z(l1; : : : ; lm), ti #j t0j andti+1�i+1 = �i+1(z). By assumption, (�z1 : : : zk:w)�i(t01�i; : : : ; t0k�i) = r. With one�-redu
tion �i+1(z)(l1�i+1; : : : ; lm�i+1) = r, that is t0i+1�i+1((l1�i+1; : : : ; lm�i+1)= r and so the next position (m � 1)-holds. All other 
ases of 1 are similar toone of these three, and the proof of 2 is also very similar.The result follows from 1 and 2: if t j= P then for ea
h initial position thereis an m su
h that it m-holds and if t 6j= P then there is an initial position thatm-fails. 2The tree 
he
king game 
an be easily extended to 
hara
terise dual inter-polation by in
luding a se
ond player 9 who is responsible for 
hoi
es involvinginequations.Assume that t0 j= P , so 8 loses the game G(t0; P ). The number of plays isthe number of bran
hes in the right terms of P . We 
an index ea
h play withi� when � is a bran
h of the right-term of the ith equation of P 
ontainingforbidden 
onstants: �i� is the play where all 8 
hoi
es are di
tated by �. Thismeans that two plays �i�, �i� have a 
ommon pre�x and di�er after a positioninvolving a 8 
hoi
e, when the bran
hes � and � diverge.We also allow � to range over subplays whi
h are 
onse
utive subsequen
es ofpositions of any play of G(t0; P ). The length of �, j�j, is the number of positionsin �. We let �(i) be the ith position of �, �(i; j) be the interval �(i); : : : ; �(j)and �i be its ith suÆx, the interval �(i; j�j). For ease of notation, we writet 2 �(i), q 2 �(i), � 2 �(i) and � 2 �(i) if �(i) = tq�� and t 62 �(i) means that�(i) = t0q�� and t 6= t0. If q = q[(l1; : : : ; lk); r℄ or q[l; r℄ then its right-term is r.De�nition 1 A subplay � is ri, right-term invariant, if q 2 �(1) and q0 2 �(j�j)share the same right-term r.De�nition 2 Table �0 extends � if for all y 2 dom(�), �0(y) = �(y). Similarly, �0extends � if for all z 2 dom(�), �0(z) = �(z).We widen the usage of \extends" to positions: �(j) �-extends �(i) if �0 2 �(j)extends � 2 �(i), �(j) �-extends �(i) if �0 2 �(j) extends � 2 �(i) and �(j)extends �(i) if �(j) �-extends and �-extends �(i).If �(i)'s look-up table is 
alled when move A3 or C4 produ
es �(j) then �(j)is a 
hild of �(i).De�nition 3 Assume � 2 G(t0; P ). If �(i) = t q[(l1; : : : ; lk); r℄ � �, �(j) =t0q[lm; r0℄�0�, �0(t0) = lm� and t0 "m t, then �(j) is a 
hild of �(i). If �(i) =y q[�z1 : : : �zk:w; r℄ � �, �(j � 1) = y0 q[l; r0℄ �0 �0, l = �x:zm(l) or �x:zm or zm(l)or zm and �0(zm) = t0� and y #m t0, then �(j) is a 
hild of �(i).Fa
t 1 If �(j) is a 
hild of �(i) then �(j) extends �(i).



4 TILES AND SUBPLAYSAssume that t0 j= P . We would like to identify regions of the tree t0. For thispurpose, we de�ne tiles that are partial trees.De�nition 1 Assume B = (B1; : : : ; Bk)! 0 2 T.1. � is an atomi
 leaf of type 02. if xj : Bj then �x1 : : : xk is an atomi
 leaf of type B3. a : 0 is a 
onstant tile4. if f : B and tj : Bj are atomi
 leaves then f(t1; : : : ; tk) is a 
onstant tile5. y : 0 is a simple tile6. if y : B and tj : Bj are atomi
 leaves then y(t1; : : : ; tk) is a simple tileA region of t0 
an be identi�ed with a 
onstant or simple tile. A leaf u : 0of t0 is the tile u. If B 6= 0 then an o

urren
e of u : B in t0, u = f or y,with its immediate 
hildren �x1; : : : ; �xk, where xi may be empty, is the tileu(�x1; : : : ; �xk) in t0.Tiles in t0 indu
e subplays of G(t0; P ). A play on t = f(�x1; : : : ; �xk) is a pairof positions �(i; i + 1) with t 2 �(i): q[(l1; : : : ; lm); r℄ 2 �(i), r = f(s1; : : : ; sk),�xj 2 �(i+1) is a leaf of t and q[( ); sj ℄ or q[(
1; : : : ; 
n); sjf
i0=zi0g℄ is the statein �(i+ 1), depending on the type of sj .De�nition 2 A subplay � is a play on y(�x1; : : : ; �xk) in t0 if y 2 �(1) and�(j�j) is a 
hild of �(1). It is a j-play if �xj 2 �(j�j).A play � on y(�x1; : : : ; �xk) in t0 
an have arbitrary length. It starts at y and�nishes at a leaf �xi. In between, 
ow of 
ontrol 
an be almost anywhere int0 (in
luding y). Cru
ially, �(j�j) extends �(1): the free variables in the sub-tree of t0 rooted at y preserve their values, and the free variables in w whenq[�z1 : : : zk:w; r℄ 2 �(1) also preserve their values. If � 2 G(t0; P ) and y 2 �(i)then there 
an be numerous plays �(i; j) on y(�x1; : : : ; �xk) in t0, in
luding noplays at all. We now examine some pertinent properties of playsProposition 1 Assume � 2 G(t0; P ), �(i;m) and �(i; n), n > m, are plays ony(�x1; : : : ; �xk) and �xj 2 �(m).1. There is a position �(m0), m0 < n, that is a 
hild of �(m).2. If �(m0) is the �rst position that is a 
hild of �(m), t0 2 �(m0), y1 o

urs onthe bran
h between �xj and t0, t0 is an i0-des
endent of y1 and y1 #i0 �zi0 ,then there is an i0-play �(m1; n1) on y1(�z1; : : : ; �zk0) su
h that m < m1and n1 < m0.3. If �(m+m0) is the �rst position that is a 
hild of �(m), �(m;m+m0) is riand �(i; n) is a j-play then �(n +m0) is the �rst position that is a 
hild of�(n), �(n; n+m0) is ri and for all n0 � m0, t 2 �(m+ n0) i� t 2 �(n+ n0).4. If �(m +m0) is the �rst position that is a 
hild of �(m), �(m;m +m0) isnot ri and �(i; n) is a j-play then there is a �0 2 G(t0; P ) with �0(n) = �(n),�0(n +m0) is the �rst position that is a 
hild of �0(n), �0(n; n +m0) is notri and for all n0 � m0, t 2 �(m+ n0) i� t 2 �0(n+ n0).



Proof. 1. Assume �(i) = y q[�z1 : : : zk:w; r℄ � �i and �(i;m), �(i; n) are playson y(�x1; : : : ; �xk) with �xj 2 �(m). The table � = �if�x1�=z1; : : : ; �xk�=zkgbelongs to �(i + 1) and positions �(m � 1), �(n � 1) both �-extend �(i + 1).be
ause �(m), �(n) are 
hildren of �(i). No look-up table �l 2 �(l), l < i + 1,has these entries �(zi0) = �xi0�. Consider the �rst position �(m1) after �(m)that is at a variable y1 2 �(m1). Clearly, y1 is a des
endent of �xj in t0. Ify1 is bound by �xj then �(m1) is a 
hild of �(m) and the result is proved.Otherwise, there are two 
ases �(m1) is a 
hild of �(l), l < i, and, so, by moveA3 its look-up table �0 
annot extend �. Play may jump anywhere in t0 by moveC4. If there is not a play �(m1; n1) on the simple tile headed with y1 then forall later positions �(m2), m2 > m1, �(m2) 
annot �-extend �(i + 1) whi
h isa 
ontradi
tion. Therefore, play must 
ontinue with a position �(n1) that is a
hild of �(m1). Se
ondly, y1 is bound by a �y that is below �xj . But then y1 isbound to a leaf of a 
onstant tile that o

urs between �xj and y1 and so moveC3 must apply and play pro
eeds to a 
hild of y1. This argument is now repeatedfor the next position after �(n1) that is at a variable y2 2 �(m2): y2 must be ades
endent of �xj . The argument pro
eeds as above, ex
ept there is the new 
asethat �(m2) is a 
hild of �(n1). However, by move A3, �(m2) 
annot �-extend�(i+ 1). Therefore, eventually play must rea
h a 
hild of �(m).2. This follows from the proof of 1.3. Assume �(m+m0) is the �rst position that is a 
hild of �(m), �(m;m+m0)is ri and �(i; n) is a j-play. Consequently, �(m) = �xj q � � and �(n) = �xj q0 � �0and both �-extend �(i + 1) be
ause they are both 
hildren of �(i). Considerpositions �(m + 1), �(n + 1). If m0 = 1 the result follows. Otherwise, by moveA3, �(m + 1) = y1 q[l; r℄ �1 �1 and �(n + 1) = y1 q[l; r0℄ �01 �1. These positionshave the same look-up table �1, the same left-terms in their state, and �1, �01only di�er in their values for the variables that are bound by �xj . Therefore,play must 
ontinue from both positions in the same way until a 
hild of �(m)and �(n) is rea
hed.4. Assume � = �i�. The argument is similar to 3 ex
ept that the same 8
hoi
es in the non ri play �(m;m+m0) need to be made. Therefore, there mustbe a �0 = �i� su
h that �0(n) = �(n) and the same 8 
hoi
es are made in�0(n; n+m0). 2Tiles 
an be 
omposed to form 
omposite tiles. A (possibly 
omposite) tileis a partial tree whi
h 
an be extended at any atomi
 leaf. If t(�x) is a tile withleaf �x and t0 is a 
onstant or simple tile, then t(�x:t0) is the 
omposite tile thatis the result of pla
ing t0 dire
tly beneath �x in t. Throughout, we assume thattiles are well-named. We now de�ne a salient kind of simple or 
omposite tile.De�nition 3 A tile is basi
 if it 
ontains one o

urren
e of a free variable anddoes not 
ontain any 
onstants. A tile is an (extended) 
onstant tile if it 
ontainsone o

urren
e of a 
onstant and no o

urren
es of a free variable.The single o

urren
e of a free variable in a basi
 tile must be its head variableand the single o

urren
e of a 
onstant in a 
onstant tile must be its heado

urren
e.



A 
ontiguous region of t0 
an be identi�ed with a basi
 or 
onstant tile: anode y with its 
hildren and some, or all, of their 
hildren and so on (as longas 
hildren of a variable y0 : B 6= 0 are in
luded) is a larger region that is abasi
 tile if y is its only free variable and it 
ontains no 
onstants. We writet(�x1; : : : ; �xk) if t is a basi
 tile with atomi
 leaves �x1; : : : ; �xk. A basi
 or
onstant tile in t0 indu
es subplays of G(t0; P ) that are 
ompositions of plays ofits 
omponent tiles.De�nition 4 A subplay � is a play on t(�x1; : : : ; �xk) in t0 if t 2 �(1), for somei, �xi 2 �(j�j), there is the bran
h t = y1 #j1 �x1j1 #1 y2 : : : yn #jn �xnjn = �xiand � 
an be split into plays �(im; jm) on ym(�xm1 ; : : : �xmkm) where i1 = 1,im+1 = jm + 1 and jn = j�j. It is a j-play if �xj 2 �(j�j).The de�nition for 
onstant tiles is similar. Properties of plays of simple tiles liftto plays of basi
 tiles.Corollary 1 Assume � 2 G(t0; P ), �(i;m0) and �(i; n0), n0 > m0, are plays ont(�x1; : : : ; �xk) and �xj 2 �(m0), t = y1 #j1 �x1j1 #1 y2 : : : yn #jn �xnjn = �xjand �(i;m0) is split into plays �(im; jm) on ym(�xm1 ; : : : �xmkm) where i1 = i,im+1 = jm + 1 and jn = m0.1. �(m0) extends �(i).2. There is a position �(m1), m0 < m1 < n0, that is a 
hild of �(ji) for some i.3. If �(m1) is the �rst position that is a 
hild of �(ji) for some i, t0 2 �(m1),y0 o

urs on the bran
h between �xj and t0, t0 is an i0-des
endent of y0 andy0 #i0 �zi0 , then there is an i0-play �(m2; n2) on y0(�z1; : : : ; �zk0) su
h thatm0 < m2 and n2 < m1.4. If �(m0 + m1) is the �rst position that is a 
hild of �(ji), for some i,�(m0;m0+m1) is ri and �(i; n0) is a j-play then �(n0+m1) is the �rst positionthat is a 
hild of any position �(n00) su
h that �xiji 2 �(n00), �(n0; n0 +m1)is ri and for all n1 � m1, t 2 �(m0 + n1) i� t 2 �(n0 + n1).5. If �(m0 + m1) is the �rst position that is a 
hild of �(ji), for some i,�(m0;m0 + m1) is not ri and �(i; n0) is a j-play then then there is a �0 2G(t0; P ) with �0(n0) = �(n0) and �0(n0 +m1) is the �rst position that is a
hild of any position �0(n00) su
h that �xiji 2 �0(n00), �0(n0; n0 +m1) is notri and for all n1 � m1, t 2 �(m0 + n1) i� t 2 �0(n0 + n1).De�nition 5 Assume � is a j-play (play) on t. It is a shortest j-play (play) ifno proper pre�x of � is a j-play (play) and it is an ri j-play (play) if � is alsori. It is a 
anoni
al j-play (play) if ea
h t0 2 �(i) is a node of t. Two plays � and�0 on t are independent if one is not 
ontained in the other: that is, � 6= �1�0�2and �0 6= �1��2.De�nition 6 Two basi
 tiles t and t0 in t0 are equivalent, written t � t0 if theyare the same basi
 tiles with the same free variable y (bound to the same �y).A tile t0 is a j-des
endent of t(�x1; : : : ; �xk) in t0 if there is a bran
h in t0 from�xj to t0.De�nition 7 The tile t(�x1; : : : ; �xk) is j-end in t0, if every free variable below�xj in t0 is bound above t. It is an end tile if it is j-end for all j. The tile



t(�x1; : : : ; �xk) is a top tile in t0 if its free variable y is bound by the initiallambda �y of t0.A shortest play on a top tile is 
anoni
al. The following is a simple 
onsequen
eof Corollary 1.Fa
t 1 If � 2 G(t0; P ) and t is a j-end tile and t 2 �(i), then there is at mostone j-play �(i;m) on t.We also want to 
lassify tiles a

ording to their plays.De�nition 8 The tile t(�x1; : : : ; �xk) is sri if every shortest play on t is ri. It isj-ri if every shortest j-play on it is ri.De�nition 9 Assume t(�x1; : : : ; �xk) is a basi
 tile in t0 and � is a subplay. Weindu
tively de�ne when t is j-dire
ted in �1. if t 62 �(i) for all i, then t is j-dire
ted in �2. if �(i) is the �rst position with t 2 �(i) and there is a shortest j-play �(i;m)on t and �(i;m) is ri and t is j-dire
ted in �m+1, then t is j-dire
ted in �.De�nition 10 Tile t is j-dire
ted in t0 if it is j-dire
ted in every � 2 G(t0; P ).If t is j-dire
ted in t0 then � 2 G(t0; P ) is partitioned uniquely into a sequen
eof ri inner regions �(ik;mk) whi
h are shortest j-plays on t.�(1) : : : �(i1) : : : �(m1) : : : �(in) : : : �(mn) : : : �(j�j)t �xj t �xjBy de�nition, t 
annot o

ur outside these regions. If � = �i� then any play�i� will have the same intervals �i�(ik;mk) until the point that �i�, �i� diverge(whi
h is outside a region). A tile 
an be j-dire
ted in t0 for multiple j.We now pi
k out an interesting feature about embedded end tiles.Proposition 2 If t1 � t2 are end tiles in t0 and t2 is a j-des
endent of t1, theneither t2 is j-dire
ted in t0 or there are �; �0 2 G(t0; P ) and j-plays �(m1; n1)on t1, �0(m2; n2) on t2 that are not ri and m2 > n1.Proof. Assume t1 � t2 are end tiles and t2 is a j-des
endent of t1. Both t1and t2 have the same head variable bound to the same �y above t1 in t0. Let� 2 G(t0; P ). Consider the �rst position t2 2 �(m). There must be an earlierposition t1 2 �(i) su
h that �(m) extends �(i) and a j-play �(i; i+ k) on t1. Ifthis play is ri then be
ause t1 � t2 are end tiles there is the same j-play on t2,�(m;m+ k). This argument is repeated for subsequent plays or until the j-playon t1 is not ri. If the play on t1 is not ri then for some play �0 with �0(m) = �(m)there is the same j-play �0(m;m+ k) on t2. 25 TRANSFORMATIONSIn this se
tion we de�ne four transformations. A transformation T 
hanges atree s into a tree t, written sT t. Ea
h transformation preserves the 
ru
ial



property: if sT t and s j= P then t j= P whi
h is proved using the game-theoreti
 
hara
terisation. The �rst transformation is easy. Let t0 be a subtreeof t0 whose root node is a variable y or a 
onstant f : B 6= 0. G(t0; P ) avoids t0if t0 62 �(i) for all positions and plays � 2 G(t0; P ). Let t0[a=t0℄ be the result ofrepla
ing t0 in t0 with the 
onstant a : 0.T1 If G(t0; P ) avoids t0 then transform t0 to t0[a=t0℄Assume that t0 j= P . The other transformations involve basi
 tiles. If a j-endtile is j-dire
ted then it is redundant and 
an be removed from t0.T2 Assume t(�x1; : : : ; �xk) is a j-dire
ted, j-end tile in t0 and t0 is the subtreeof t0 rooted at t. If tj is the subtree dire
tly beneath �xj then transform t0 tot0[tj=t0℄.The next transformation separates plays.De�nition 1 Assume t = t(�x1; : : : ; �xk) is a basi
 sri tile in t0 that is not anend tile. Tile t is a separator if there are two independent shortest plays thatend at di�erent leaves of t.T3 If t(�x1; : : : ; �xk) is a separator in t0 and t0 is the subtree of t0 rooted at tthen transform t0 to t0[t(�x1:t0; : : : ; �xk:t0=t0℄.Here, we have added an extra 
opy of t dire
tly below ea
h �xj : we assumethat the head variable of this 
opy of t is bound by the �y that binds the headvariable of the original t and we assume that all variables below �xj that arebound in t in t0 are now bound in the 
opy of t: this means that the original tbe
omes an end tile.The next transformation, in e�e
t, allows tiles to be \lowered" in t0.De�nition 2 Assume t(�x1; : : : ; �xk) is j-ri and not j-end in t0 and dire
tlybelow �xj is the 
onstant or basi
 tile u(�z1; : : : ; �zm) whose head variable, ifthere is one, is not bound in t. Tile t is j-permutable with u in t0 if whenever�(i;m) is a shortest j-play on t then either (1) there are no other j-plays �(i;m0)on t or (2) �(m+ 1; n) is a shortest play on u and it is ri and u is an end tile.T4 Assume t(�x1; : : : ; �xk) is j-permutable with u(�z1; : : : ; �zm) in t0 and t0is the subtree rooted at u in t0. If ti and t0i are the subtrees of t0 dire
tlybelow �xi and �zi then transform t0 to t0[u(�z1:w1; : : : ; �zm:wm)=t0℄ where wi =t(�x1:t1; : : : ; �xj�1:tj�1; �xj :t0i; �xj+1:tj+1; : : : ; �xk:tk).The tile t is 
opied below u: however, in the 
opy of t below �zi of u t0i (and notti) o

urs below �xj of t. We assume that the free variables of ti and t0i retaintheir binders in the transformed term and that the 
opies of t below u bind thefree xj .Consider the 
ase when the j-ri tile t is not j-permutable with the 
onstanttile f(�z1; : : : ; �zm). There is a shortest j-play �(i;m) on t and another j-play�(i; n) on t.



�(i) : : : �(m) �(m+ 1) : : : �(n) �(n+ 1)t �xj f �xj fConsequently, permuting t with f is not permitted: the transformed term wouldex
lude the extra play on f .In an appli
ation of T4, if t is a top j-ri tile and every shortest j-play is
anoni
al then after its appli
ation t will be j-end and j-dire
ted, and therefore
an be removed by T2. In this 
ase, the tile t does per
olate down the term treet0. We now show that the four transformations preserve interpolation.Proposition 1 For 1 � i � 4, if sTi t and s j= P then t j= P .Proof. This is 
lear when i = 1. Consider i = 2. Assume t(�x1; : : : ; �xk) isa j-dire
ted, j-end tile in t0, t0 is the subtree of t0 rooted at t and tj is thesubtree dire
tly beneath �xj , t00 = t0[tj=t0℄ and t0 j= P . We shall 
onvert � =�i� 2 G(t0; P ) into the play � = �i� 2 G(t00; P ) that 8 loses. The play � is splituniquely into regions.�(1) : : : �(i1) : : : �(m1) : : : �(i2) : : : �(m2) : : : �(in) : : : �(mn) : : : �(j�j)t �xj t �xj t �xjThe play � is just the outer subplays (modulo minor 
hanges to the look-uptables) be
ause ea
h �(mk) extends �(ik).�(1) : : : �(i1 � 1)�(m1 + 1) : : : �(in � 1)�(mn + 1) : : : �(j�j)We show, using a similar argument as is used in Proposition 1.1 of Se
tion 4,that if s is a node in t or is a des
endent of a leaf �xm, m 6= j, of t then s
annot o

ur in any outer subplay of �. If s were to appear in an outer subplaythen move C4 must have applied: there is then a variable y and a position in anouter subplay y 2 �(n) and � 2 �(n) and �(y) = l� and there is a free variablez in l su
h that �(z) = s�0. However, this is impossible. Consider �1 2 �(i1):
learly, there is no free variable in the subtree rooted at t with this property.When play rea
hes �(m1) be
ause t is a j-end tile and be
ause �(m1) extends�(i1) there 
annot be a free variable in the subtree tj with this property either.This argument is now repeated for subsequent positions �(ik) and �(mk).Let i = 3. Assume t(�x1; : : : ; �xk) is a separator in t0, t0 is the subtree oft0 rooted at t and t00 = t0[t(�x1:t0; : : : ; �xk:t0)=t0℄. We shall 
onvert � = �i� 2G(t0; P ) into � = �i� 2 G(t00; P ) that 8 loses. Consider any shortest play on t in�i�, �(m; k) and assume it is a j-play. By de�nition this play is ri. Therefore,this interval is transformed into the following interval for t00.�(m) : : : �(k) �(m) : : : �(k)t �xj t �xjwhere the se
ond t is the 
opy of t dire
tly beneath �xj in t00.



Finally, i = 4. Assume t(�x1; : : : ; �xk) is j-permutable with u(�z1; : : : ; �zm)in t0, t0 is the subtree rooted at u in t0, ti and t0i are the subtrees of t0 dire
tlybelow �xi and �zi and t00 = t0[u(�z1:w1; : : : ; �zm:wm)=t0℄ where wi is as in T4.We shall 
onvert � = �i� 2 G(t0; P ) into � = �i� 2 G(t00; P ) that 8 loses. Theplay � 
an be divided into non-overlapping regions �(ik;mk).�(1) : : : �(i1) : : : �(m1) �(m1 + 1) : : : �(in) : : : �(mn) �(mn + 1) : : : �(j�j)t �xj u t �xj uwhere �(ik;mk) are shortest j-plays: su
h a region may also 
ontain other short-est j-plays on t: : : : �(ik) : : : �(i0) : : : �(m0) : : : �(mk) : : :t t �xj �xjIf u = f(�z1; : : : ; �zn) is a 
onstant tile then (1) of De�nition 2 applies: soea
h �(ik;mk) only 
ontains a single o

urren
e of �xj be
ause the play is ri.Moreover, there are no further j-plays �(ik;m0) on t. Therefore, � in
ludes thefollowing 
hange to � for ea
h interval �(ik ;mk) where we ignore the minor
hanges to look-up tables�(ik) : : : �(mk) �(mk + 1) �(mk + 2) �(ik) : : : �(mk) �(mk + 3) : : :t �xj f �zki t �xj t0kiwhere t0ki 2 �(ik) is the 
opy of t dire
tly beneath �zki in t00.Next, let u be a basi
 tile. To obtain � we iteratively do additions and dele-tions to � starting with �(i1;m1) and then re
ursively transforming inner j-playson t within this region. Let � be the result of the 
hanges to the initial � for theintervals �(ij ;mj), j < k. Consider the interval �(ik;mk). Consider 
ase (1) ofDe�nition 2. Let �(mk + 1; nik) be all plays on u 2 �(mk + 1). If there are noplays then � is initially un
hanged. Otherwise, � has the following stru
ture:: : : �(ik) : : : �(mk) �(mk + 1) : : : �(nik) �(nik + 1) : : :t �xj u �zki t0kiTo obtain the new �, we do the following addition for ea
h i�(ik) : : : �(mk) �(mk + 1) : : : �(n1k) : : : �(nik) �(ik) : : : �(mk) �(nik + 1) : : :t �xj u �zk1 �zki t �xj t0kiwhere t immediately after �(nik) is its 
opy in t00 dire
tly beneath �zki .Finally, we 
onsider the 
ase that u is an end tile. Let �(mk +1;mk + n) bethe unique play on u with �zi 2 �(mk + n). Consider all j-plays �(ik;mik) ont 2 �(ik) where m1k = mk:�(ik) : : : �(m1k) : : : �(mik) �(mik + 1) : : : �(mik + n) �(mik + n+ 1) : : :t �xj �xj u �zi t0i



There must be the same play on u at ea
h �(mik + 1) be
ause the value of thehead variable of u is always the same and u is an end tile. So initially we do thefollowing addition�(ik) : : : �(m1k) �(m1k + 1) : : : �(m1k + n) �(ik) : : : �(m1k) �(m1k + n+ 1)t �xj u �zi t �xj t0iwhere the se
ond t 2 �(ik) is the 
opy of t dire
tly below �zi in t00, and for subse-quent i > 1 we delete the ri region �(mik+1;mik+n). To 
omplete the argument,we re
ursively apply this te
hnique to shortest j-plays on t within �(ik;m1k): notethat j-plays on t below �zi within �(ik;m1k) will in
lude additional ri plays onon t and on u. 26 DECIDABLE INSTANCESWe now brie
y sket
h how the the game-theoreti
 
hara
terisation of mat
hingprovides uniform de
idability proofs for two instan
es of interpolation that areknown to be de
idable, the 4th-order problem and the atoms 
ase where in ea
hequation x(v1; : : : ; vn) = u the term u is a 
onstant a : 0 [5, 6℄. In both 
asesthe proof establishes the small model property (if t0 j= P then there is a smallt j= P ) via the transformations of the previous se
tion. In neither 
ase do weneed to appeal to observational equivalen
e.Figure 2 presents the algorithm for both 
ases. The pro
edure is initiatedby marking all leaves of t0 and re
ursively pro
eeds towards its root. At ea
hstage, a lowest marked node u is examined for transformations: the algorithmhas, therefore, already as
ended all bran
hes below u.Assume t0 j= P1. mark all leaves u : 0 of t02. 
hoose a marked node u su
h that no des
endent of u is marked3. if t0T1t0 at u then t0 = t0 and unmark all nodes and return to 14. identify basi
 or 
onstant tile t = t(�x1; : : : ; �xk) rooted at u5. if t0Tit0 at t for i 2 f2; 3g then t0 = t0 and unmark all nodes and return to 16. identify su

essor basi
 or 
onstant tiles ti below �xi7. if t0T4t0 at t and a su

essor then t0 = t0 and unmark all nodes and return to 1.8. if u0 #i1 �y #1 u then unmark u and mark u0 and return to 29. �nish Fig. 2. The algorithmClearly, the pro
edure must terminate with t0 j= P and where no transfor-mation applies anywhere in t0. Assume t0 is su
h a term.Proposition 1 If t0 is a subterm of t0 su
h that t0 only 
ontains sri tiles, leavesy : 0 and a : 0 then t0 
onsists of sri end tiles and leaves a : 0.



Proof. By a simple indu
tion. A leaf u may be a 
onstant or a variable. Consideru0 su
h that u0 #i1 �y #1 u. By repeating the argument for other dire
tions ijfrom u0, the tile rooted at u0 will be an end tile. Consider the �rst time that atile isnt an end tile. Either T3 or T4 must apply, whi
h is a 
ontradi
tion.Hen
e for the atoms 
ase, as all tiles are sri, every end tile is also a top tile.There 
an be at most m separators where m is the number of equations. Finally,Proposition 2 of Se
tion 4 provides a simple upper bound both on the sizeof an end tile in t0 and the number of embedded end tiles. The details arestraightforward.Next we 
onsider the 4th-order 
ase. The term t0 
onsists of top tiles, leavesand 
onstant tiles. Shortest plays on a top tile are 
anoni
al. The number oftop tiles that are not sri is bounded (by the sum of the sizes of the sets Ri ofse
tion 2). Again there 
an be at mostm separators. Now, the 
ru
ial property isthat given a sequen
e of sri top tiles ti(�xi1; : : : ; �xiki) su
h that for ea
h i, ti+1 isdire
tly below �xiji then most of the tiles ti are ni-end and ni-dire
ted for someni whi
h follows easily from Proposition 1 of Se
tion 4. (If a shortest ri j-playon ti, �(k;m), is su
h that there is a 
hild �(m0) of �(m), so y : 0 2 �(m0), thenevery j-play �(k; n) of ti is su
h that there is a 
hild �(n0) of �(n) and y 2 �(n0)or �(k;m0) is not ri and for some n0, �(k; n0) is also not ri.)Referen
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