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Abstract

A determinisitic decision procedure for deciding equivalence of determin-
isitic context-free languages is presented. An upper bound on the com-
plexity of the procedure is given that is primitive recursive.

1 Introduction

The DPDA equivalence problem was posed in 1966 [4]: is there an effective pro-
cedure for deciding whether two configurations of a deterministic pushdown au-
tomaton (a DPDA) accept the same language? The problem is whether language
equivalence is decidable for deterministic context-free languages. Despite inten-
sive work throughout the late 1960s and 1970s, the problem remained unsolved
until 1997 when Sénizergues announced a positive solution [12]. It seems that
the notation of pushdown configurations, although simple, is not rich enough
to sustain a proof. Deeper algebraic structure needs to be exposed. The full
proof by Sénizergues, in journal form, appeared in [13]. It exposes structure
within a DPDA by representing configurations as boolean rational series, and he
develops an algebraic theory of their linear combinations. Equivalence between
configurations is captured within a deduction system. The equations within the
proof system have associated weights. Higher level strategies (transformations)
are defined which guide proof. A novel feature is that these strategies depend
upon differences between weights of their associated equations. Decidability is
achieved by showing that two configurations are equivalent if, and only if, there
is a finite proof of this fact.



I produced a different proof of decidability that is essentially a simplification
of Sénizergues’s proof [16], and see [14]. It is based on a mixture of techniques
developed in concurrency theory and language theory. The first step is to view
the DPDA problem as a bisimulation equivalence problem for a process calculus
whose expressions generate infinite state transition systems. The process calculus
is built from determinising strict grammars: strict grammars were introduced by
Harrison and Havel [5] because they are equivalent to DPDA. Tableaux proof
systems have been used to show decidability of bisimulation equivalence between
infinite state processes, see, for instance, [9, 2]. T use this method for the DPDA
problem. However, the tableau proof system uses conditional proof rules that in-
volve distances between premises. Essentially this is Sénizergues’s use of weights,
and the idea was developed from trying to understand his proof.

The proof of decidability is very complex because the proof of termination
uses a mechanism for “decomposition” that in [16] is based on unifiers and aux-
iliary recursive nonterminals (from [3, 15]). Sénizuergues uses a more intricate
mechanism. This means that the syntax of the starting process calculus has to be
extended in [16] with auxiliary symbols. It also introduces nondeterminism into
tableaux with the consequence that the decision procedure (in both [13, 16]) is
two semi-decision procedures. The result is that there is no known upper bound
on complexity. This is also the case with proofs of decidability in restricted cases,
such as for DPDA without e-transitions that was first shown in 1980, [11].

In this paper I describe a simpler decision procedure that is deterministic and
that avoids the decomposition mechanism for termination (the rule CUT in [16]
and the transformation Ty in [13]). Instead, there is a new and simpler analysis
of termination, centred on a combinatorial result, “the extension theorem”. One
consequence is that the syntax of the starting process calculus is not extended.
Another consequence is a primitive recursive upper bound on the complexity of
the procedure. Section 2 introduces the DPDA problem and Section 3 recasts it
as a bisimulation equivalence problem for a particular process calculus. Section 4
describes some features of the process calculus in more detail. The deterministic
decision procedure is described in Section 5. Section 6 contains a proof of the ex-
tension theorem and Section 7 contains proofs of the correctness of the procedure
and of the complexity upper bound.

2 Deterministic pushdown automata

A deterministic pushdown automaton, a DPDA, consists of finite sets of states
P, stack symbols S, terminals A and basic transitions T. A basic transition is
pS -+ ga where p, g are states in P, a € AU {e}, S is a stack symbol in S and
« is a sequence of stack symbols in S*. Basic transitions are restricted.

if pS -5 qga € TandpS > rBecTandac AU{e},then g=7r and a = 3
if pS = qgaeTand pS - rBeTthena=¢
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A configuration of a DPDA has the form pd where p € P is a state and § € S*
is a sequence of stack symbols. The transitions of a configuration are determined
by the following prefix rule, assuming that § € S*.

if pS - ga € T, then pSB —= qaf3

On input a, the configuration pSf in state p with S at the top of the stack changes
to state ¢ and « replaces S, so the new configuration is qa/3. Alternatively,
with respect to a generational, or process calculus, perspective the configuration
pS[3 generates, or performs, a and becomes gaf. In both these accounts e-
transitions have a special status. If a is € then configuration pS( may change
to qaf without reading an input, or pS/3 may silently evolve to gaf8 without
performing an observable action in A. A configuration pa either is “stable” and
has no e-transitions or is “unstable” and has a single e-transition (and no other
transition).

The transition relation ——, a € AU {e}, between configurations is extended
to words —, w € A*. First, pan — Pnltn, if Pn =P and o, = « or there is a
sequence of tran81t10ns pa — poy — ... == pya,. If w = av € A", then
pa — qf if pao = p'o/ % ¢ 5 - ¢p.

Fact 1 If poe — ¢ and pac — r6 and g3 and ré are stable configurations, then
g=r and 3 =9.

The language accepted, or generated, by a configuration pd, L(pd), is the set of
words {w € A* : Jq € P.pd — qe}. Acceptance is by empty stack and not by
final state. A configuration pa is redundant, if L(pa) = 0.

The DPDA problem is whether L(pa) = L(gf3). Clearly, it is sufficient to re-
strict the problem to stable configurations that are not redundant. Moreover, one
can assume that the DPDA is in normal form that obeys the following constraints.

o if pS % ga € T, then the length of a, |al, is at most 2
o if pS — qa e T, then a=¢

Enforcement of the normal form is easy to achieve. In the case of the first
constraint, assume that the maximum length of a sequence of stack symbols « in
any transition pX —% qa € T is n > 2. New stack symbols [3] are introduced to
achieve this normal form for sequences of stack symbols § whose length is at most
n. The concrete construction is best illustrated by example. If the transitions T
are pX —— pX1XoX3Xy, pXi — pe, pXo — pX1 X3 Xy, pX5 — pXi1 X1 X1 Xy
and pX4 — pXi, then the largest size of a sequence of stack symbols introduced
by a transition is 4. Therefore, extra stack elements [] are introduced whenever
(3 has length at most 4. The transition pX —— pX;[X2X3X,] involving the
new stack symbol [X,X3Xy] replaces the transition pX —— pX; X>X3X,. With
respect to this initial transition, which obeys the normal form, other transitions



and other new stack symbols are introduced: p[XsX3X,] —— p[X; X3X4][X3X4],
P[X1X5Xy]) -5 p[XsXy], p[XsXy] - p[X1 XX X4] X, that introduces a new
stack symbol of length 4, p[ XX, X, X,] - p[X1 X1 X4], p[X1X1X4] -5 p[ X1 X4]
and p[ X7 X4] — pX,. Transitions for pX; and pX, are as in T.

The second constraint is that an e-transition “pops” the top of the stack.
Consider any sequence of e-transitions from an unstable configuration pX. There
are three cases to examine. If pX —— p; Xj01 — paXoas — ..., then for any
o, L(pXa) = 0. Therefore, the transition pX —— p;Xjoq € T is uesless, and
can be removed from T. If pX —— p;Xja; — ... = p,X,, and the final
configuration is stable, then the initial transition pX —— p;Xiaq is removed
from T and for each transition p,X, — ¢B € T, the transition pX - ¢Ba,
is added to T. If pX —— ;X104 —— ... == ppe, then the initial e-transition
pX —— p1Xj0q is removed from T and the new transition pX —— pye is added
to T.

The motivation for providing a positive solution to the decision question,
whether two configurations of a DPDA accept the same language, is to establish
decidability of language equivalence between deterministic context-free languages.
However, DPDAs which have empty stack acceptance can only recognise the sub-
set of deterministic context-free languages that are prefix-free: a language L is
prefix-free if w € L, then no proper prefix of w is also in L. Clearly, if pa — ge,
then it is not possible that pa. — re for a proper prefix v of w. However, DPDAs
whose acceptance is by final state! do recognise all deterministic context-free lan-
guages. For any deterministic context-free language L, there is a configuration of
a DPDA with empty stack acceptance that accepts the language {w$ : w € L}
where $ is a new alphabet symbol, an end marker?. Therefore, a decision pro-
cedure for language equivalence between configurations of a DPDA with empty
stack acceptance establishes decidability of language equivalence between deter-
ministic context-free languages.

Example 1 Let P={p,r},S={X,Y} and A = {a,b, c}. The basic transitions
T are as follows.

pX - pX  pX L>pe pX = pX X - pe
pY - pe oY e pY S pYY  rY —Sre

This example of a DPDA is in normal form. The configuration pY' Y X has the

LA DPDA with acceptance by final state has an extra component F' C P that is the subset
of accepting states: in which case, L(pa) is the set of words {w : pa = ¢f and ¢ € F}.

2To see this, first include a new bottom of the stack symbol B in a DPDA with final state
acceptance: so, poe — 3 where ¢ is a final state if, and only if, pa B — ¢3B in the amended
DPDA. Next, for each final state ¢ and stack element S, introduce a basic transition pS B e
where e is a new state whose role is to erase all stack elements, so eS — ec for all S. Clearly,
paB — ¢AB in the amended DPDA with final state acceptance if, and only if, paB 8, eein
the DPDA that accepts with empty stack acceptance.
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Figure 1: G(pY X)
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PYX — = pYYX — = pYYYX

Figure 2: The graph G¢(pY X)

c-transition pYY X —— pYYY X that is derived from pY —— pYY € T using
the prefix rule when § =Y X. O

If pa is a DPDA configuration, then G(pa) is the possibly infinite state tran-
sition graph generated by deriving all possible transitions from pa, and deriv-
ing all transitions from every reachable configuration from pa, using the prefix
rule. In G(pa) no special status is accorded to e-transitions. Figure 1 depicts
the transition graph G(pY X) where pY X is a configuration from Example 1.
To capture word transitions, the “collapsed” graph of a pushdown automaton,
which abstracts from e-transitions and from redundant configurations, is defined.
Consider the stable configurations of Example 1, those of the form pa, and tran-
sitions ——, @ € A, between them. This is the collapsed graph, without basic
e-transitions (because there are no redundant configurations). For instance, the
collapsed transition graph with stable root pY X, written G¢(pY X), is pictured
in Figure 2. In a collapsed graph pa —— ¢3 if pa —% ry —— ¢B. G(pa) is
possibly an infinite state deterministic transition graph that may have infinite
in-degree, as illustrated by the configuration pe in Figure 2. If a pushdown au-
tomaton does not contain e-transitions and redundant configurations, then G¢(p«)
is the same graph as G(pa) for any of its configurations pa. There is a path
pa 5 prag 2 0% pue in GS(pa) if, and only if, a; ... a, € L(pa). Because
collapsed graphs are deterministic and do not contain redundant configurations,



language equivalence coincides with bisimulation equivalence.

There is not an obvious relation between the lengths of stacks of equivalent
configurations®: in the case of Example 1, L(pY"X) = L(pY™X) for every m and
n. Techniques for proving decidability of bisimulation equivalence, as developed
in the 1990s [1], use decomposition and congruence that allows substitutivity of
subexpressions in configurations. However, L(pY™) = L(pY™) only if n = m.
Moreover, the operation of stack extension is not a congruence: if pa and ¢f
accept the same language, then this does not imply that pad and ¢3¢ also accept
the same language. An important step is to provide a syntactic representation of
stable DPDA configurations that dispenses with e-transitions and that supports
congruence, a process calculus that can directly generate transition graphs such
as GS(pY X). The key is nondeterministic pushdown automata with a single state
and without e-transitions.

3 Strict deterministic grammars

Strict deterministic grammars were introduced by Harrison and Havel [6], and
further studied in [5, 7]. They generate exactly the same languages as DPDA
with empty stack acceptance. An attractive feature is that these grammars do
not involve e-productions. However, here they are introduced not as grammars,
but as pushdown automata over a single state.

Because the state is redundant, a configuration of a pushdown automaton with
a single state is a sequence of stack symbols. Ingredients of such an automaton
without e-transitions, an SDA, are a finite set of stack symbols S, a finite alphabet
A and a finite set of basic transitions T. Kach basic transition has the form
S - a where a € A, S is a stack symbol and « is a sequence of stack symbols.

A configuration of an SDA is a sequence of stack symbols whose transitions
are determined by the prefix rule, assuming 3 € S*: if S % o € T, then
S %5 aB. The language L(a) accepted, or generated, by a configuration a
is the set {w € A* : @ — €}, so acceptance is again by empty stack. Unlike
pushdown automata with multiple states, language equivalence is a congruence
with respect to stacking: if L(a) = L(3), then L(ad) = L(59). We assume that
an SDA is in normal form: if S %+ a € T, then |a| < 2 and no element of S is
redundant (that is, accepts the language ().

Any context-free language (different from )) that does not contain the empty
word ¢ is generable by an SDA, so the decision problem, whether two configu-
rations generate the same language, is undecidable. However, if the SDA is de-
terministic, then the decision problem is decidable. A deterministic SDA, more
commonly known as a “simple grammar”, has restricted basic transitions: if

3A main attack on the decision problem in the 1970s examined differences between stack
lengths and potentially equivalent configurations that eventually resulted in a proof of decid-
ability for real-time DPDAs, that have no e-transitions, [11].
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Figure 3: G(X) and G(A)

S aeTand S % B €T, then o = 3. Decidability of language equiva-
lence between configurations of deterministic SDA was proved by Korenjak and
Hopcroft in 1966 [10]. However, the languages generable by deterministic SDA
are strictly contained in the languages generable by DPDA with empty stack
acceptance: for instance, {a"0"*! : n > 0} U{a"c : n > 0} is not generable by
a deterministic SDA.

Instead of assuming determinism, Harrison and Havel included an extra com-
ponent, =, an equivalence relation on the stack symbols S, in the definition of
an SDA. The relation, =, partitions S into disjoint subsets Sy, ..., S, so that for
each i, and pair of stack symbols X,Y €S;,, X =Y.

Example 1 The following SDA has alphabet A = {a, b} and stack symbols S =
{A,C, X,Y}. The partition of S is {{A}, {C},{X},{Y}}. The basic transitions

T are as follows.
X-“Syx X-2e v-Xx
A Alse 0% oaAA

This SDA is deterministic. The transition graphs G(X) and G(A), pictured in
Figure 3, are isomorphic, showing how the same transition graph can be generated
using different, albeit similar, stack symbols. O

Example 2 Theset S={X,Y,Z}, A={a,b,c} and T is below.
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Figure 4: The graph G(X) and G(Z)
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The partition of S is {{ X'},{Y, Z}} which means that, for example, Y = Z. The
graphs of X and Z are illustrated in Figure 4. In particular, G(Z) is nondeter-
ministic because there are two c-transitions from Z. a

The relation, =, on S is extended to an equivalence relation between sequences
of stack symbols, and the same relation, =, is used for the extension.

Definition 1 «o = § if, either « = 3, or a = 0Xa’ and § =Y and X =Y
and X #Y.

Consequently, o = f3 if these sequences are the same or they have a common prefix
followed by different stack symbols belonging to the same equivalence class. An
instance of equivalent sequences, from Example 2, above, is XXYY = XXZ
because Y = Z. Some simple properties of = are listed below.

Fact 1
1. af = « if, and only if, § = e.
2. a = fif, and only if, oo = 5.
3. Ifa=p and v =4, then ay = 3.
4. If a = 0 and o # 3, then ay = (39.
5. If ay = (36 and |a| = |f], then a = 5.

Definition 2 The relation = on S is strict when the following two conditions

hold.
I.IfX=Yand X - cand Y -5 3, then a = 3
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2.IfX=Yand X S aandY % o, then X =Y

An SDA with partition = is strict deterministic (or, just strict) if the relation =
on S is strict*. Examples 1 and 2, above, are strict. In the case of Example 1, each
partition is a singleton set and hence by condition 1 of Definition 2 this implies
determinism. In this extreme case, it follows that o = ( if, and only if, a« = (8
and, therefore, an SDA is then a simple grammar. If the partition involves larger
sets, as is the case in Example 2, then constrained nondeterminism is allowed:
for example, Z — Z and Z = Y Z, however, Z =Y Z because Y = Z.

Some properties of strict SDA are now examined (that are also shown in [7]).
First, as the following result implies, the strictness conditions generalise to words
w € A*.

Proposition 1
1. Ifa =o' and B — ' and a = 3 then o/ = 3.
2. Ifa = o and f — o' and o = 3 then o = f3.

Proof: In both cases the proof is by induction on |w|. For the base case of 1
lw| = 0. In which case @ — o and 3 —— (3 and by assumption o = 3. For
the inductive step, assume w = aw’ and o — oy o and 8- 5 -, .
Therefore o« = X§ and X —— 6; and a; = 66 and f = Yy and ¥ - ~
and B, = 71y. Because X0 = Y it follows from Fact 1.5 that X = Y and
therefore 9; = v, by the first condition of the definition of strictness. There are
two cases to consider. First, §; = 1, and therefore by condition 2 of being strict
X =Y and therefore because X6 = Yy it follows from Fact 1.2 that 6 =
and therefore 6;0 = v17y from Fact 1.3. Now the required result, o/ = [, follows
by the induction hypothesis because oy = (31 and |w'| < |w|. Second, §; # 71,
and therefore because d; = v it now follows from Fact 1.4 that 6,6 = v;y. The
required result now follows as in the first case.

The base case for 2 is |w| = 0. Therefore o = a and o = [ and therefore

. . a w’
a = (. For the inductive step assume w = aw’ and « — a3 — o and

8- 5 ', of. As in the case of the proof of 1, @ = X§ and X —— ¢, and
a1 =d60and f=YyandY - v, and 3; = v17. We can use the same argument
as above to show that oy = (31 and therefore by the induction hypothesis because

oy ', o and By — o it follows that oy = (3;. Therefore §;6 = ;7. However
01 = 1. By Fact 1.1 it is not possible for « = aX\. Therefore §; = 7, and
§ =~. But also X % §; and Y —% 7, and so by the second condition of being
strict X =Y. O

4More generally, an SDA without a partition is strict deterministic if there exists a strict
partition of its stack symbols. Harrison and Havel show that it is decidable (in polynomial
time) whether an SDA is strict deterministic [6].



The next result shows that if & = 3 then their languages are prefix disjoint
and also, if a # 3 then their languages are disjoint.

Proposition 2

1. Ifa=p and w € L(«), then for all words v, and a € A, wav & L(3)

2. Ifa = and a # (3, then L(a) NL(B) =0

Proof: To show 1 assume that &« — € and a = (. If 3 —% 5 then by
Proposition 1.1 € = 7, so, by Proposition 1.2 o = 3. Therefore, it is not possible
that 3 2% ¢. Part 2 is now an immediate corollary. a

An alternative characterisation of the collapsed graphs of DPDA is developed
using strict SDA. A configuration of a strict SDA is a sequence of stack symbols.
The definition of configuration is extended to sets of sequences of stack symbols,
{aq,...,a,}, written in sum form a;+. . .+a,,. Two sum configurations are equal,
written using =, if they are the same set. A degenerate case is the empty sum,
written (). The language of a sum configuration is the union of the languages of
the components: L(ay+...+a,) = U{L(aw) : 1 <i <n}. Therefore, L(D) = 0.

Only a subset of sum configurations are interesting.

Definition 3 A sum configuration 5 + ...+ 3, is admissible, if 3; = 3, for each
pair of components, and 3; # 3; when i # j.

The empty sum, (), is therefore admissible. In [7] admissible configurations are
called “associates”. Some example admissible configurations of Example 2, above,
are XX, ZZZ+Z2Y, YX+Z, Z+YZand Z+YZ+YYZ. An example of a
configuration that is not admissible is X +Y because X # Y. A simple corollary
of Proposition 1 is that admissibility is preserved by word transitions.

Fact 2 If {Bi,..., 3.} is admissible, then {3 : B — (', 1 < i < n} is
admissible, for any word w € A*.

A strict SDA can be determinised, by determinising the basic transitions T
to T9. For each stack symbol X and a € A, the family of transitions X —— oy,
..., X % @, in T is changed to the single transition X —— g + ...+ a,
in TY. (The emptysum configuration is ().) The sum configuration a; + ...+
a,, is admissible. The prefix rule for generating transitions is also extended to
admissible configurations.

o If X108, + ...+ X,,Bm is admissible and X; — Yoy € T9 for each 4, then
Xibr+ oo+ X == Db+ o+ 3 B

By Fact 2, the resulting configuration is admissible.
Given a determinised strict SDA and an admissible configuration a;+. ..+,
the graph G4(a;+. . .+ay,) is the transition graph generated by a;+. . .+, except
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Figure 5: The graph G¢(Y X + Z)

that useless transitions 41 +. ..+ 8 — 0, involving the empty set configuration,
are omitted.

Example 3 In the case of Example 2, above, T¢ is the following set.
X-5X Y-S« 7 250
xHe v2oo z-be
X-5X Y-SYY Z-5YZ+Z
The graph GY(Y X + Z) is pictured in Figure 5. It is not by accident that, in

fact, this graph is similar to the graph of Figure 2. Two example transitions of
Figure 5, and their derivation from the extended prefix rule, are listed.

1. YX+ 7 -% X because Y — ¢ and Z —= ().

2 YX+7Z -5YYX+YZ+ZbecauseY —YY and Z Y Z + Z.

All the sum configurations in this graph are admissible. a

There is a standard transformation of a pushdown automaton into a language
equivalent SDA or context-free grammar: see, for instance, [5, 8]. Assume a
DPDA in normal form with state set P, stack symbols S, alphabet A and tran-
sitions T. An SDA in normal form with stack symbols S; and transitions T; is
constructed, in stages, as follows.

1. For every pair of states p, ¢ € P and stack symbol X € S, introduce a stack
symbol [pXgq| € S;.

2. For transitions, the initial step is to define the following whenever a € A.
(a) If pX % qe € T, then [pXq] - e € T\.
(b) If pX —% qY € T, then [pXr] % [¢Yr] € T, for each r € P.

(c) If pX -2 qY Z € T, then [pXr] - [¢Yp|[p'Zr] € T, for each r and
p in P.
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3. A stack symbol [pX¢q| € S is an e-symbol, if pX —— ge € T. All e-symbols
are erased from the right hand side of any transition in T;.

4. Next, the SDA is normalised by deleting all redundant stack symbols from
S; (and all useless transitions in T; with a redundant stack symbol on its
right hand side).

The following result captures essential features of the the SDA that is con-
structed from a DPDA.

Fact 3

1. If w € A* and pX is stable in the DPDA, then pX — qe if, and only if,
[pXq] — ¢ in the SDA.

2. The following relation = on Sy is strict: [pSq] = [rXt] if, and only if, p =r
and S = X.

Harrison and Havel also prove the converse, that any strict SDA can be trans-
formed into a DPDA [6].

The transformation of a DPDA into a strict SDA does not preserve deter-
minism. However, if the SDA is determinised, then it is is preserved. Moreover,
any configuration pX;Xs ... X, of the DPDA is transformed into the admissible
configuration sum(pa) = > [pX1p1][p1Xops] - - - [Pn_1Xnpn] where the summation
is over all p; € P, for 1 < ¢ < n after all e-symbols are erased, and summands
involving redundant stack symbols are removed.

Fact 4 L(pa) = L(sum(pa))

Moreover, the transition graph G¢(pa) is almost isomorphic to® G4(sum(pa)).
There can be |P| co-roots, vertices of the form ge, in G¢(pa) in contrast with the
single co-root, €, in G¥(sum(pa)).

Example 4 An example is the conversion of the DPDA of Example 1, of the
previous section. The stack symbols S; is the set

{lpXp], [pXr], [pYp, [pYr], [r Xp], [r Xr], [rYpl, [rYr]}

The transitions in T are then converted.

[pXp] = [pXp] [pXr] — [pX7] pXp] - €

[pXp] — [pXp] [pXr] — [pXr]

pYp] % € pYr] 2 e pY p] —= [pYpl[pY ]
[pYp] == pY7r)rYp]  [pYr] == [pYpllpYr]  [pYr] = [pYr][rYr]

5In fact, is bisimulation equivalent to.
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There are two e-stack symbols, [rXp| and [rYr]. These are erased from the right
hand side of any transition: the transition [pYr] —— [pY7r][rYr] is changed to
[pYr] = [pYr]. The stack symbols [pXr|, [rYp], [rXp], [rXr] and [rY7r] are
redundant and are removed. This reduces S; to the set {[pXp], [pYp], [pY 7]}, and
the transitions T, to the following set

pXp] = [pX 7] pXp] - € pXp) — [pXp]
pYp] 2 € pYr] > € pYp] —= [pY pl[pY ]
[pY'r] LN [pY p|[pYr] [pY'r] LN [pY'r]

The partition is into the sets {{[pXp]}, {[pYp], [pYr]}}. Finally, the transitions
T, are determinised: the two c-transitions from [pYr| are replaced by the single
transition [pYr] — [pYr] + [pYp][pYr]. The resulting strict SDA is Example 2,
above, when X = [pXp|, Y = [pYp| and Z = [pYr]. The configuration pY'Y X of
the DPDA becomes the admissible configuration [pY p|[pY p|[pXp]+ [pY p|[pY r] +
[pY'r] of the SDA, that generates the same language. O

The DPDA decision problem is, therefore, equivalent to deciding whether
admissible configurations of a determinised strict SDA in normal form generate
the same language (or, equivalently, are bisimulation equivalent). In the following
this problem is solved and a complexity upper bound is given. A DPDA in normal
form with stack size s and state size p is transformed into a strict SDA whose
stack size at most s x p? and where the size of each element of the partition of the
stack symbols is at most p. Two configurations pa and g3 of a DPDA in normal
form, whose stack lengths are at most n, become admissible configurations of the
strict SDA that contain stack sequences whose length is bounded by n.

4 Heads, tails and extensions

Assume a fixed determinised strict SDA in normal form with ingredients S, A,
T4 and =. Let < be a total ordering on the alphabet A: for each a,b € A, if
a # b then either a < b or b < a. Relative to <, a total ordering on words
u € A* is defined and the same symbol < is employed: u < v if |u| < |v| or
lu| = |v| and wu is lexicographically smaller® than v. If 4 < v, then u is said to
be shorter than v. Assume that «, 3, ... range over sequences of stack symbols.
An admissible configuration is a set {3, ..., 3,} where for each i and j, §; = f3;,
that is usually written in sum form 3; + ...+ (,. Let E, F, GG, ... range over
admissible configurations, and recall that £ = F' if they are the same set of
sequences. Two special cases of sum configurations are (), the empty set, and ¢,
the singleton set {e}. The size of an admissible configuration £ = 31 + ...+ (,,
written |E|, is the length of its longest sequence, max{|3;| : 1 < j < n}. It is

6That is, u = wau’ and v = whv’ and, with respect to A, a < b.
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assumed that || = 0. Clearly, for each n > 0, there are only boundedly many
different admissible configurations of size at most n.

A useful notation is “the configuration E after the word u”, written E-u, that
is the unique configuration F' such that £ —— F, which can be (). This is unique,
and admissible, using Fact 2 of the previous section. Some obvious properties of
E - u are listed, below.

Fact 1
1. (E-¢)=E.
2. (E-w) = (E-u) v
3. If (E-u) =0, then (E - uv) = 0.

4. If (E -u) = ¢, then for any a € A, (E - ua) = (.

Proposition 1
L |E-u| <|E|+ |ul.
2. If |B] = |ul and (8-u) # 0, then |B] — u| < |3~ u| < [B]+ |ul.

Proof: Because the SDA is in normal form, if X — E € Ty, then 0 < |E| < 2,
and, therefore the results follow. O

The language accepted by configuration E, L(E), is {u : (E-u) = €}. Two
configurations E and F' are language equivalent, written £ ~ F'. if they accept the
same language, L(E) = L(F'). Language equivalence can also be approximated. If
n > 0, then F and F' are n-equivalent, written £ ~,, F', provided that they reject
the same words whose length is at most n: for all words w such that |w| < n,
(E - w) =0 if, and only if, (F - w) = (). Given n, it is clearly decidable whether
E ~, F by exhaustive enumeration.

Fact 2
1. B~ F if, and only if, for alln >0, E ~, F.

2. If E & F and E,F # (), then there is an n > 0 such that E ~, F and
E Ay F.

3. E ~ F if, and only if, for all w € A*, (E -u) ~ (F - u).
4. E ~, F if, and only if, for all u € A* where |u| < n, (E-u) ~p_jy (F-u).
5. If E~, Fand 0 <m <n, then £ ~,, F.

6. If E~, F and F +#, G, then E &, G.
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Definition 1 For each stack symbol X, the word w(X) is the shortest word in
the set {u : (X -u) = €}. The norm of X is |w(X)|, the length of w(X).

It is easy to compute w(X) for each stack symbol X. Initially, stack symbols in
S with norm 1 are identified by examining transitions in T4 of the form X —% ¢,
and their shortest words are defined. There must be at least one stack symbol
with norm 1. Next, stack symbols with norm 2 are identified. X has norm
2 if X does not have norm 1 and X - Z 4+ E € T4 and Z has norm 1.
It is possible that there are no such stack symbols. A stack symbol X has
norm 3 if it does not have norm 1 or norm 2, and either X 2. Z+FE €Ty
and Z has norm 2 or X — YZ + E € T4 and both Y and Z have norm 1.
Identification of norm is iterated, until w(X) is calculated for each stack symbol
X. In the case of example 3 of the previous section each stack symbol has norm
L, w(X)=b=w(Z)and w(Y) = a. An important measure of an SDA, in normal
form, is its maximum norm.

Definition 2 The maximum norm M of an SDA in normal form whose stack
symbols are S is, max {|w(X)| : X € S}.

In the worst case, M is exponential in the number of stack symbols. Let S =

{Xy,...,X,} and let T4 be
Xn L € anl L Xan Xn72 L> anIanl e X1 L X2X2.

Consequently, w(X,_;) = a¥. The notion of norm extends to configurations:
w(FE) is the shortest word v such that (E -v) =¢e. (The norm of () is assumed to
be 00.)

A feature of the decision procedure is repeating patterns within admissible
configurations. An admissible configuration is written in sum form G, + ...+ 3,
where each [(3; is distinct. The operation + can be extended: if F and F are
admissible and EUF is admissible and E, F are disjoint, ENF = (), then E+ F is
the admissible configuration FUF'. The operation + on admissible configurations
is partial. Sequential composition, written as juxtaposition, is also used: if £ and
F are admissible, then EF' is the configuration {8y : § € E and vy € F'}, that is
admissible using Fact 1.3 of the previous section.

Proposition 2
1. If E+ F is admissible and w € L(E), then uv € L(F).
2. If E + F is admissible, then L(E) N L(F) = 0.
3. L(EF)={uv:uel(F)andv e L(F)}.

Proof: Parts 1 and 2 are immediate corollaries of Proposition 2 of the previous
section, and Part 3 follows from the definition of sequential composition. O
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With respect to language acceptance, the partial operation + on admissible con-
figurations is, therefore, a disjoint union.

Fact 3
L. E4+0=E=0+FE
2. E0=0=0
3. be=FE=¢k

&=

4. (E+ F)G=EG+FG
5. G(E+F)=GE +GF

Admissible configurations can have different “shapes”, using + and sequential
composition. If £ = {Xjy1,..., X}, v}, then for each i and j, X = X}: see
Definition 1 of the previous section. Assume that the different stack symbols in
{X1],..., X!} are X1,...,X,. Therefore, £ = X,G; + ...+ X, G, where each
Gi={v; + Xj = X;}. Clearly, Xi +... 4+ X, is admissible and each G; # 0) is
also admissible (by Fact 1 of the previous section). In this presentation, E is in
1-head form. Head form can be generalised.

Definition 3 Assume k& > 1 and E = {3]01,...,0,,0,} and |5!| = k, or |B}]| < k
and §; = ¢, foreach i : 1 < ¢ < m. If B,...,03, are the distinct elements
in {@],...,08, and Hy = {d; : B; = i} foreach [ : 1 < I < n, then F =
G1Hy + ...+ B3,H, is in k-head form.

Fact 4 If E = 0,G1 + ...+ 8,G, is in k-head form, then (1 + ...+ B, is
admissible and each G; is admissible and different from ().

Proposition 3 Assume E = $,Gy + ... + 3,G, is in k-head form, and each

1. If (B - u) =€, then for each j # i, (B; -u) =0 and (E-u) = G;.

2. If (Biu) = Xjn...X,iZ_, then (E-u) = E\Gy+. ..+ E,G, where E; = (5;-u)
and for j # i, either E; = () or E; = X%...ng and X ... X2 | is the

same sequence as Xi... X! .

Proof: Part 1 follows from Proposition 1 of the previous section. 51 +...+ 3, is
admissible and 3; # (8; when i # j. If (3;-u) = € and §; — F, then F = ¢ and,
therefore, §; = ;. Therefore, (5; - u) =0 and (E - u) = (f; - u)G; = G;. Similar

observations establish part 2. a

Head forms are instances of a more general head/tail form.

Definition 4 F = E,G1+. ..+ E,G), is in head /tail form, if the head Ey+. . .+ E,
is admissible and at least one FE; # (), and each tail G; # 0.
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Example 1 £ = YYYX +YYZ +YZ + Z is an admissible configuration
of Example 3 of the previous section. The partition of the stack symbols is
{{X},{Y.Z}}. E has 1-head form, YG; + ZG,, where G, =YY X +YZ + Z
and Gy = €. Also, F has 2-head form, YY H1+Y ZHy+Z Hs, where H; = Y X+7
and Hy=Hy=¢. (E-c¢)is

(YY o) Hi+(YZ - ¢)Hy+ (Z - ¢)Hy =YYYH, + YYZHy + (YZ + Z)Hs.

E cannot be presented as YY G| + YYG, + YG4 + ZG): this is not a valid
head/tail form because the head YY +YY +Y + Z is not admissible (YY # Y)
and it is not disjoint (Y'Y + Y'Y is not a proper sum). O

In the following, if a configuration F is presented as F1G1 + ...+ E,G,, then
assume that it fulfills the conditions of Definition 4 of a head/tail form. The fol-
lowing result lists some properties of head/tail forms. Language equivalence and
its approximants are congruences with respect to + and sequential composition.
In particular, head/tail forms allow substitutivity of equivalent subexpressions
into tails (because admissibility is preserved).

Proposition 4 Assume £ = E1G1 + ...+ E,G,.
1. If (E; - u) =€, then for all j # i, (E; -u) =0 and (E - u) = G;.
2. If (B;-u) #0, then (E-u) = (Ey-u)G1+ ...+ (E, - u)G,.
3. If H;# 0 foralli:1<1i<mn, then EyH,+ ...+ E,H, is a head/tail form.

4. If each H; # 0 and each E; # ¢ and for each j such that E; # 0, H; ~,, G;,
then B ~ma1 E1H1 + ...+ Ean

5. If each H; # 0 and for each j such that E; # 0, H; ~ G;, then E ~
E\Hi+ ...+ E,H,.

Proof: Part 1 is a simple generalisation of Proposition 3.1 and is proved in
the same way. Part 2 follows from it. E1G; + ...+ E,G, is a head/tail form,
and, therefore, by Definition 4 each G; # () and E; + ... + E, is admissible.
Therefore, if each H; # (), then EyHy + ...+ E,H, is a head/tail form. For 4
assume F'= E1H, + ...+ E,H, and FE o,,,1 F. F and F have the same heads
Ei+ ...+ E, and each E; # ¢. Therefore, using Proposition 4, there must be a
word u with 0 < |u| < m+1and (E-u) = G; and (F-u) = H; and G; %mi1)—ju Hi
which is a contradiction. The final part uses a similar argument. O

Two configurations may have the same heads and different tails, or may have
the same tails and different heads. If E has the head/tail form E Gy + ... +
E,G, and F has a similar head/tail form F1G; + ...+ F,G, involving the same
tails”, then the imbalance between E and F, relative to this presentation, is

" Any pair of configurations F and F have a head/tail form involving the same tails: £ = EG
and F' = FG when G =¢.
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max { |E;|, |[F;| : 1 < i < n}. If the imbalance is 0, then they are the same
configurations. The next result establishes a key property of a combination of
such configurations.

Proposition 5 Assume the following configurations.

F =FG +...+E,G, F =FKG +...+ F,G,
F=FEH +...+E,H, F=FH +...+F,H,

If E ~,, F and E' ¢, F', then there is a word u, |u| < m, and an i such that
either 1 or 2.

1. (F'-u)=H; and (F'-u) = (Fy-u)Hy + ...+ (F,-u)H, and (F'-u) #
and (E' - ) gy (F' - u),

2. (F"-w)=H; and (E'-u) = (Ey-u)H,+ ...+ (E,-u)H, and (E'-u) # 0
and (E" - w) dbpm_ju (F" - ).

Proof: Assume E ~,, F' and E’' +£,, F'. Therefore, there is a word u, |u| = m,
and, without loss of generality, (E'-u) = () and (F”-u) # 0, by definition of ~,,.
However, (E-u) = 0 if, and only if, (F-u) = (). Therefore, there must be a smallest
prefix v of u such that either (E’-v) = H; and (F'-v) = (Fy-v)Hy+...+(F,-v)H,,
or (F"-v) = Hyand (E'-v) = (Ey-v)H +.. . +(E,-v)H,, and (E'-v) gy (F'-0).
And now the result follows because (E - v) ~p_j| (F - v) and E has the same
head as F’ and F has the same head as F’ and because G;, H; # () this implies
that (E' - v), (F"-v) # 0. O

Proposition 5 will be particularly useful when the tails H; are “extensions” of
the tails G;.

Definition 5 If £ = E\G, + ...+ E,G,, and F = F1H, + ...+ F,,H,,,, then F
in its head/tail form is a tail extension of E in its head/tail form provided that
each H; = KiGy+...+ K!G,, 1 <i<m. If F is a tail extension of E, then the
associated extension e is the m-tuple (Ki +...+ K} ... K" +4...4+ K™) without
the Gjs, and the size of e, written |e|, is max{|K}| : 1 <i <nand 1< j <m}
and the width of e is m, and F' is said to extend E by e.

Extensions are matrices, written in a linear notation, and can be composed,
multiplied, as the following result shows.

Proposition 6 If £ = E\G, + ...+ EG, and F' = EIG} + ...+ E|,G., and
E"=FE/G|+.. +E!G" and E' extends E bye = (J{+...+J}, ..., J"+...+J"™)
and E" extends E' by f = (K{ +...+ KL,...,K'+ ...+ K"), then E" extends
Ebyef=(H+...+H,...,H!+ ...+ H) where H, = K{J} + ...+ K} J"
and lef| < e[ +[f]-

Proof: Assume that E” extends E’ by f and E’ extends E by e. Therefore,
G! = KiG) + ...+ K{, G, and G}, = JFGy + ... + JFG;. Consequently, G =
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Ci+ ...+ C,, where C; = K} JIGy + ... + K} J!G;. Reorganising the expression,
G! = HiGy + ...+ HG, where H, = K{J!' + KiJ? + ...+ K J™, as required.
Clearly |ef] < |e| + |f]. O

Example 2 The following uses Example 3 of Section 3.

E=YG, + 272G, where G; = X and Gy = ¢
E' =YG,+ZG, where G\ =YX+ Z and G, =¢
E'"=YG|+ZG) where GY =YYX+YZ+Zand G =¢

E extends Eby e = (Y +Z,0+¢) and E” extends E' by f =e= (Y +Z,0+¢).
Therefore, E” extends E by ef = (YY +(YZ + Z),0 +¢). O

A special case of an extension is when the tails are the same. If £ = F1G; +
...+ E,G, and F = ;G| + ...+ F,G,, then F extends Fbye= (e +0+ ...+
0,....,0+0+...4¢). This extension e is abbreviated to the identity (¢).

5 The decision procedure

The procedure for deciding £ ~ F' is to build a goal directed proof tree, a
tableau, with initial goal F = F, “is E ~ F7”, using proof rules that reduce
goals to subgoals. There are just three rules, presented in Figure 6. UNF, for
“unfold”, reduces a goal E = F to subgoals (E-a) = (F'-a) for each a. Because it
is intended that there is a unique tableau associated with any goal, the subgoals
are ordered by the ordering on A, so a; < as < ... < ag. UNF is complete
and sound. If the goal is true, then so are all the subgoals (see Fact 2.3 of the
previous section). Soundness is the converse. A finer version, part 2 of Fact 1,
uses approximants: if the goal fails at level m + 1, then at least one subgoal fails
at level m (see Fact 2.4 of the previous section).

Fact 1 [Completeness and soundness of UNF]
1. If E~F anda €A, then (E-a) ~ (F -a).

2. If E bpiq F, then for some a € A, (E - a) &y, (F -a).

Example 1 Below is an application of UNF where X, Y and Z are from Ex-
ample 3 of Section 3.

YX+Z=YYX+YZ+Z
X=YX+7 e=e YYXH+YZ+Z=YYYXH+YYZ+YZ+Z

The three subgoals are the result after a, b and ¢ (assuming a < b < ¢). O

If ' = F' is a subgoal that is a result of m consecutive applications of UNF
(and no other rule) to E = F, then there is a word u such that |u| = m and
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UNF

E=F
_ _ A={a,..., a1}
(E-a1)=(F-ay) (E-ay) = (F - ag)
BAL(R)
F = X\H +...+ X.H;.
: C
' = EH +...+E.H,
F' = E(F -wX1))+...+ E(F-w(Xy))
BAL(L)
X H +..+XH, = F
: C
EH,+...+E.H, = F
E((F-w(Xy)+...+ Exy(F-w(Xy) = F

where C is the condition
1. Each F; # ¢ and at least one H; # €.

2. There are precisely max{ |w(X;)| : E; # 0 for 1 < i < k} applications of
UNF between the top goal and the bottom goal, and no application of any
other rule.

3. If w is the word associated with the sequence of UNFs, then E; = (X - u)
foreachi:1 <4<k,

Figure 6: The tableau proof rules
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E'=(F-u)and F' = (F - u). In this circumstance, u is the word “associated”
with the sequence of applications of UNF.

Fact 2 If E' = F’ is a subgoal that is a result of m consecutive applications of
UNF (and no other rule) to E = F, then |E'| < |E|+m and |F'| < |F|+ m.

The other two rules in Figure 6 are conditional that involve two premises:
the second premise goal reduces to the subgoal beneath it provided that the first
premise is above it (on the path back to the root goal). They are BAL rules,
for “balance”, involving substitution of subexpressions, that allow a goal to be
reduced to a balanced subgoal where the imbalance between the configurations
is bounded.

Example 2 An illustration of an application of BAL(L) uses Example 1 of
Section 3, that involves the stack symbols A, C'; X and Y.

XXXXXX =AAAAAA
YXXXXXX =CAAAAA
YXAAAAA = CAAAAA

UNF
BAL(L)

The second goal is the result of UNF when the label is a (and the other subgoal
for b is omitted). w(X) = b, so m = 1. Therefore, BAL(L) applies to the second
goal: X1 =X, H = XXXXX,Ei=YXand F = AAAAAA. So H, is replaced
with (F'-b) = AAAAA. The imbalance between configurations of the last goal

is 2. There is the same bound on imbalance if the starting goal is X" = A", for
any n > 0. O

Definition 1 An application of BAL is said to use F if F' is the configuration
in the initial goal of the rule, as in Figure 6.

Example 2 illustrates how a particular application of BAL bounds imbalance.
Proposition 1.2, below, captures precisely the bounds of imbalance: the result is
stated for BAL(L), and the symmetric version holds for BAL(R).

Proposition 1 Assume E' = F’ is the result of BAL(L) using F.
L. |E'| <|F|+2M +1 and |F'| < |F|+ M.

2. If F = 01G1 + ... 4+ B.G, is in m-head form and m > M, then E' =
E\Gi+...+E,G, and each |E;| < m+2M+1 and F' = F1G1+...+ F,G,
and |F;| < m + M.

Proof: Part 1 is straightforward, and uses Fact 2, above, and Proposition 1.1 of
the previous section. For part 2 assume an application of BAL(L) with initial goal
X H+...+ X.H, = F. Let F be presented in m-head form, 5,G1+ ...+ 3,G,,
where m > M. Assume that u, |u| < M, is the word associated with the sequence
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of applications of UNF before BAL(L) is applied, so |u| = max{|w(X;)| : (X; -
u) # (}. The result of BAL(L), E' = F”, is the following goal.

(X1 u)(F - w(X) + oo+ (X w)(F - w(Xp) = (510G + ..+ (By - )G

Because |w(X;)| < m and F is in m-head form, the left configuration has the
matrix form

(X1 u)(F-w(Xy)) = (X1 u)(Br - w(X1)Gr+ - 4+ (X1 w)(Bn - w(X1))Gr

(Xp - ) (F - w(X0) = (Xe-0)(Br - w(Xe))Gr + -+ (X1 - 0) (B - 0(X5)) G

The heads X;+...+ Xy and B +. ..+ (3, are admissible, so (X1 -u)+. ..+ (X -u)
and (01 - w(X;)) + ...+ (B, - w(X;)) are also admissible. Let E; be the sum of
the heads of the ith column, without the tail Gj,

(X1 w) (8- w(Xy)) + - 4 (X - w) (B w(Xi)).

Therefore each F; is admissible and E; + ... + E,, is admissible. Consequently,
E\Gi1+...+E,G, is avalid head /tail form. Let F; = (f;-u) foreachi: 1 <i <mn.
Therefore, the result of BAL(L) is F1Gy + ...+ E,G, = F1G1+ ...+ F,G,, that
has bounded imbalance, using Proposition 1.1, of the previous section, |F;| <
m+2M + 1 and |F;| < m + M. O

The BAL rules are sound and complete. Completeness of an application
of BAL is straightforward, part 1 of Proposition 2 below, if the two goals are
true, then the subgoal is also true. Soundness of an application of BAL is more
intricate. First, “global” soundness of the proof system is explained. If there is a
successful tableau whose root is false, then there is a branch of the tableau within
which each subgoal is false. The idea is refined using approximants. If the root
is false then there is an offending branch (of false goals) in the tableau within
which the approximant indices decrease whenever rule UNF has been applied by
Fact 1.2, above. Soundness of an application of BAL is that if the two premise
goals belong to an offending branch, then the subgoal preserves the level of falsity
of the second premise goal.

Proposition 2 [Completeness and soundness of BAL]

L If X\H, + ...+ XoH, ~ F and E\H, + ... + E,Hy ~ F', then Ey(F -
W(X)) + ..+ Bo(F - w(Xy)) ~ F.

2. If Xi1H1+ ...+ Xy Hy, ~pym F and E1Hy + ...+ EyHy, o4y F' and each
w(Xe)) s £
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Proof: Let E be X 1H; + ...+ Xy H; and assume F ~ F. By Proposition 3.1
of the previous section, (F - w(X;)) = H;, so H; ~ (F - w(X;)), by Fact 2.3
of the previous section. By assumption of head/tail form, each H; # () and,
therefore, each (F-w(X;)) # (). Consequently, by Proposition 4.5 of the previous
section By (F - w(Xy)) + ... + Ex(F - w(Xy)) ~ E1Hy + ... + ExHy and the
result thereby follows. For part 2, assume X1H; + ... + XpHp ~pi F and
E\Hy + ...+ ExHy /1 F' and each E; # ¢. If E; # (), then |E;| > 0. Because
(X1Hy + ...+ XpHy) - w(X;) = H; and |w(X;)| < m, (F-w(X;)) ~, H;, so by
Proposition 4.4 of the previous section, Ey(F-w(X1))+...+ E,(F-w(X,)) ~ni1
E\H, + ...+ E,H,, and now the result follows using Fact 2.6 of the previous
section. O

In Example 2, above, BAL(L) is applied after UNF. However, the other two
rules UNF and BAL(R) also apply. It is intended that there be a unique tableau
associated with any initial goal. So restrictions will be placed on which rule is to
be applied when. First, there is an issue as to the initial premise of an application
of BAL. It is possible that BAL applies to a goal, but with respect to more than
one initial premise; see Example 3 below. In any choice of initial premise, there
can be only one premise that does not occur above the others in the proof tree:
it is this premise that will be assumed. That is, the initial premise of a BAL
is the one that is “closest” to the goal and, therefore, the one that involves the
least number of applications of UNF. To resolve which rule should be applied,
the following priority order is assumed.

1. If BAL(L) is permitted, then apply BAL(L)
2. If BAL(R) is permitted, then apply BAL(R)
3. Otherwise, apply UNF

However, whether an application of BAL is permitted involves more than ful-
fillment of the side condition. It also depends on the previous application of a
BAL.

Initially, either BAL is permitted provided that its side condition is true. If
an application of BAL uses F', then the resulting goal contains the configuration
Ei(F-w(Xy))+ ...+ Ex(F-w(Xg)). E;isa “top” of the application of BAL
and (F-w(X;)) is a “bottom”. Assume an application of BAL(L). A subsequent
application of BAL(L) is permitted provided the side condition of the rule is
fulfilled. However, BAL(R) is not permitted until a bottom of the previous ap-
plication of BAL(L) is exposed and the side condition of the rule is true. Between
the application of BAL(L) that uses F' and the goal G; = H; in Figure 7, there
are no other applications of BAL(L), and G; is a bottom, (F - w(X;)), of the
application of BAL(L). BAL(R) is now permitted provided it uses configuration
G;, i > 1, and the side condition holds. BAL(R) is not permitted using a config-
uration from a goal above GG; = H;, even when the side condition is true. The
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F
BAL(L)
Ey(F-w(X) + ...+ Ey(F-w(Xy) = H

: UNF's

Gy = Hy
Figure 7: A potential switch from BAL(L) to BAL(R)

strategy is to apply a BAL rule whenever it is permitted, and if both BAL rules
are permitted, then priority lies with BAL(L). If BAL(R) is applied, then the
strategy is to repeatedly apply BAL(R), and to use UNF otherwise. BAL(L) is
only permitted once a bottom of the previous application of BAL(R) becomes
the right hand configuration of a goal and the side condition holds.

For the purpose of exposition, the tableaux proof rules have been presented
in two stages: first, as rules and then with a priority order. However, the priority
order could be formalised as side conditions of the rules®. The consequence is
that when building a tableau proof tree, there is just one choice of which rule to
apply next to any subgoal.

A branch of a tableau from a subgoal ¢g(0) is a sequence of goals that start

from ¢(0). The following result motivates the restriction on the application of a
BAL rule.

Proposition 3 If there are consecutive applications of BAL in a branch that use
F and F', then there is a word u such that F' = (F - u).

Proof: Assume consecutive applications of BAL that use I’ and F”’, and without
loss of generality assume that the application using F' is BAL(L). There are two
possibilities, that the application using F” is again BAL(L), shown on the left in
Figure 8, and that it is BAL(R), shown on the right in Figure 8. In both cases,
E, = F; is the result of BAL using F and E, = F; is the result of BAL using
F'. Consider the first case. There are only applications of UNF between F' and
the goal ' = F| immediately before F, = F}. Therefore, there is a word u; such
that (F - u;) = F;. Between E; = F; and the goal containing F” there are only
applications of UNF, and, therefore, there is a word wus such that (Fj - uy) = F".
Therefore, F' = (F' - ujus). For the second case, there are only applications of

8For instance, the additional side condition of a BAL(R) is that BAL(L) does not apply
and either there is no previous application of a BAL, or the previous application of a BAL is a
BAL(R), or the previous application of a BAL is a BAL(L) and a bottom configuration occurs
at, or above, the initial premise.
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BAL(L) . BAL(L)
b = F b = I
F (F' - w(Xy))
BAL(L) :
b, = Fy ot
: BAL(R)

Ey = Fy

Figure 8: Proof of Proposition 3

UNF between the goal with left configuration (F' - w(X;)) and the goal with left
configuration F’. Therefore, there is a word us such that (F - w(X;)ug) = F'. O

Corollary 1 If Fy, F, ..., F, are successive configurations used in applications
of BAL in a branch, then there are words uy, ..., u, such that F; = (Fy-uy ... u;).

Example 3 An initial part of the tableau, continuing on from Example 2 above,
is below.

XX° = AA°
YXX5=CA® X5 = A5

: BAL(L)

(1) YXAS =CA°
D=0 (2) XXA® = AA®

(x) YXXA® = CAS XA> = AS
: BAL(L)
YXAS = CAS

UNF

UNF

UNF

At goal (x), BAL(L) is applied. Either of the premises (1) and (2) could be the
initial premise for the application: however, by the discussion above it is the lower
premise (2). The first application of BAL(L) uses Fy = AA® and the second uses
F1:AA6 and Flz(Fo-ab). O

Example 4 Below is the initial part of the tableau for Example 1, above.
N YX+Z=YYX+YZ+Z

(1) e=e¢ YYX+YZ+Z=YYYX+YYZ+YZ+Z
YYYX+YYZ+YZ+Z=YYYX+YYZ+YZ+Z

UNF

AL(L)
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where (1) is the subtableau

(xx) X =YX + 7
UNF

X=X e=c¢ X=YYX+YZ+Z
: BAL(R)
X=YYX+YZ+Z
X=YX+7 e=¢ X=YYYX+YYZ+YZ+Z
X=YYX+YZ+Z

UNF
BAL(R)

The premise (x) is the initial premise for the application of BAL(L), and ()
is the initial premise for the first BAL(R). The leaf goals are either identities
or repeats. In fact, it will turn out that this partial tableau is the completed
successful tableau that establishes that L(pY X) = L(pYY X) of Example 1 of
Section 2. a

For the tableau construction to be a decision procedure, a notion of final goal
is needed so that a tableau can be terminated. The tableau proof rules are locally
complete, if a goal is true then so are subgoals. Consequently, if an obviously
false subgoal is reached, then the root goal is also false. So the criterion for being
an unsuccessful final goal is that it is obviously false. This occurs when the goal
has the form () = F or E = () and E # (°. The tableau proof rules are also locally
sound, if all the subgoals are true then so is the goal. Therefore, if an obviously
true subgoal, £ = FE, is reached then it should count as a successful final leaf.
However, the tableau proof rules are sound in a finer version. In the case of UNF,
if the goal is false at level m+1, E +,,.1 F, then at least one subgoal fails at level
m, (E-a) %, (F-a). And, as shown above, applications of BAL preserve the
falsity index. Consequently, if a subgoal ' = F' is repeated in a branch, and there
is at least one application of UNF between them, then the second occurrence of
E = F can also count as a successful final goal. If the root of the tableau is
false, then there is an offending path of false goals in the tableau within which
the approximant indices decrease whenever UNF is applied. Consider the branch
with E = F occurring twice: if this were an offending branch, then at the first
occurrence, by Fact 2.2 of the previous section, there is a least n > 0 such that
E ~, Fand E 1 F'. Therefore, at the second occurrence E 7, 1)—; I where
k is the number of applications of UNF between the two; this is a contradiction
when k > 1.

A repeat is an instance of a more general situation where goals may be growing
in size, formally captured below by the “extension theorem”. Roughly speaking,
in a branch if there are goals where the rates of change of tails are repeating,
then there is a successful final goal. A repeat is an instance when the rate of
change is zero. In a long enough branch with multiple applications of BAL, by

9Clearly, L(E) # L(() because w(E) € L(E).
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Proposition 1.2 above, there must be goals within the branch that have the same
heads. The idea is to discern patterns of relations between the tails.
Definition 5 of the previous section of extension is lifted to goals.

Definition 2 Assume F = F i H, + ...+ E,H,, FF = FiH, + ...+ F,H,,
E' =FEGi+...+E G, and F' = F/G1+...+ F! G, and goal h is E = F and
goal g is E' = F'. Goal h extends ¢ by extension e, if F extends E’ by e (and F
extends F’ by e).

The main combinatorial insight, “the extension theorem”, below, will un-
derpin when a subgoal counts as a successful final goal. It involves families of
extensions with the same heads. In this theorem, a goal £ = F is true at level m,
if £ ~,, F. Toillustrate it, consider n = 3. Assume that there are goals g(i), h(7),
i:1 < i< 8and each goal g(i) has the form F G\ +.. +E3Gi = Fi1Gi+. . +F3G}
and each goal h(i) has the form FiHj + ...+ E3Gy = F1H} + ...+ F3H}. They
all have the same heads. Assume extensions e, e, and e3 as follows (where, for
example, ¢g(2) extends ¢g(1) by e; and g(5) extends g(4) by e3).

€3
€9 €9
€1 €1 €1 €1
g1 92 93 94 95 Ggs gr U8

And assume the same extensions for the goals h(i). The theorem says that if
each g(7), 1 < i <8, is true at level m and each h(i), 1 < i < 8, is true at level
m, then h(8) is also true at level m.

Theorem 1 [The extension theorem| Assume there are two families of goals g(i),
h(i), 1 <14 < 2", and each goal g(i) has the form E\G'+. . +E,G', = F\Gi+.. .+
F,G" and each goal h(i) has the form EyHi + ...+ E,H: = FyH! + ...+ F,H!.
Assume extensions ey, . .., e, such that for each e; and i > 0

g(29i + 2771 + 1) extends g(27i + 2771) by e;
h(27i 4 2771 + 1) extends h(27i + 2/71) by e;.

If each goal g(7) is true at level m, i : 1 < i < 2", and each goal h(j), j:1 <7<
2" is true at level m, then h(2") is true at level m.

The proof of this result is delayed until the next section. A simple instance is
now explained. Consider the tree of Example 3, above. There is a branch where
the goals are expanding as follows.

YXA>=CA® .. [YXAS=CAS ... YXAT=CA",. ..
And between these goals there is at least one application of UNF. To instantiate
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the extension theorem n = 1. The families of goals are as follows.

(1) YXG'=CG' Gl=A°
g(2)=h(l) YXG*=CG? G?=AS
h(2) YXH?=CH? H?=AT

The extension is (A): ¢(2) extends g(1) by (A) and h(2) extends h(1) by (A).
The theorem provides the following result: for any m, if Y XA® ~,, C A5 and
YXA® ~,, CAS then YXA" ~,, CA". This justifies that the subgoal Y X A" =
CA" is a successful final goal. The argument is the same as for a repeating goal,
above!?,

Definition 3 Assume a branch of goals d(0),...,d(l). The goal d(l), E1H; +
...+ E,H, = F{H, + ...+ F,H,, obeys the extension theorem if the following
hold

1. There are families of goals g(i), h(7), 1 < i < 2" belonging to {d(0),...d(0)},
and each goal g(i) has the form F\GY + ...+ E,G!, = [1G} + ...+ F,G,
and each goal h(i) has the form E\H! + ...+ E,H: = F{H! + ...+ F,H".

2. The goal h(2") is d(I) and there is at least one application of UNF between
goal h(2™ — 1) and d(l).

3. There are extensions ey, ..., e, such that for each e; and i > 0

g(27 + 2971 + 1) extends g(2/i +2/71) by ¢;
h(27i + 2771 + 1) extends h(27i + 2771) by e;.

The second occurrence of a repeating goal in a branch obeys the extension
theorem provided that there is at least one application of UNF between the
repeating goals. Assume it has the form /G +...+ E,G!, = F1\G' +.. .+ F,G¢.
Except for h(2"), the goals ¢(i) and h(7) are the first occurrence of the repeating
goal, and each extension is the identity, (€¢). All three conditions of Definition 3
are thereby satisfied.

Definition 4 Assume a branch of goals ¢g(0),...,g(n) where g(0) is the root
goal. The goal g(n) is a final goal in the following circumstances.

1. If g(n) is an identity E = E, then g(n) is a successful final goal

10 Assume that the branch involving the goals g(1), g(2), and h(2) is an offending branch,
then there are mq, mg and mg with m; > mo > mg such that g(1) is true at level m; and false
at level my + 1, g(2) is true at level mo and false at level mg 4+ 1 and h(2) is true at ms and
false at m3 + 1. But, this leads to a contradiction, let m = ms3 + 1, both g(1) and g(2) are true
at level m and, therefore, by the extension theorem, so is h(2).
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2. If g(n) obeys the extension theorem, then g(n) is a successful final goal

3. If g(n) has the form E = () or ) = E and E # (), then g(n) is an unsuccessful
final goal.

The deterministic procedure that decides whether E ~ F'is straightforward,
and is defined iteratively.

1. Stage 0: start with the root goal ¢(0), E = F, that becomes a frontier node
of the branch ¢(0).

2. Stage n + 1: if a current frontier node g(n) of branch ¢(0),...,g(n) is
an unsuccessful final goal, then halt and return “unsuccessful tableau”; if
each frontier node g(n) of branch ¢(0),...,g(n) is a successful final goal,
then return “successful tableau”; otherwise, for each frontier node g(n) of
branch ¢(0),...,g(n) that is not a final goal, apply the next rule to it,
and the subgoals that result are the new frontier nodes of the extended
branches.

The main results of the paper are the following that prove decidability of DPDA
equivalence and establish a complexity upper bound that is primitive recursive.
Their proofs are presented in Section 7.

Theorem 2 [Soundness and completeness of decision procedure]
1. If E A F, then the decision procedure terminates with “unsuccessful tableau”.

2. If E ~ F, then the decision procedure terminates with “successful tableau”.

From Section 3, a DPDA with s; stack symbols and p states is transformed into
an SDA with at most s = s; x p? stack symbols and whose largest partition is at
most p. Moreover, a configuration pa of the DPDA where |a| < n is transformed
into an SDA configuration sum(pa) where |sum(pa)| < n. For the complexity
upper bound, some basis functions are introduced assuming a fixed SDA with
s stack symbols and largest partition p. Let goal(h) be the number of different
goals F = F such that |E|,|F| < h. The function width(h) is the maximum n of
an admissible configuration 3; + ...+ 3, such that |3;| < h (so, width(h) < ph).
The function ext(d,w) is the number of different extensions e such that |e| < d
and e has width at most w (so, ext(d,w) < 2°*"). The other measure used is
the maximum norm M that is bounded by 2°. Some auxiliary functions are now
defined from the basis functions.

Definition 5

1. The function fi(k) = M(k + 1 + M2 + 2M) + goal(M).
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2. The function fs[d, h, w](n) is defined recursively.

f2[da h,w](O) = goal(h)
f2[d7 hvw](] + 1) = eXt(f2[d7 hvw](]) X d7w> X f2[d7 hvw](])

3. Let d = M? + 2M, h = M? + 5M + 2, w = width(h) and b = f,[d, h, w](w).
Then, f(n) =n x d* x fi(n+ bd).

Theorem 3 If |E|,|F| < n, then the decision procedure with root E = F' termi-
nates within f(n) stages.

Corollary 2 If |E|,|F| <n, then E ~ F if, and only if, E ~qu) F.
Alternatively, this result can be directly stated for DPDA.
Corollary 3 If |al, |3] <n, then pa ~ qf3 if, and only if, pa ~ ¢y qf.

The bound f(n) is elementary with respect to n, the size of the starting
goal, but it is only primitive recursive with respect to the size of the DPDA (or,
SDA) and, in particular, with respect to the number of states of the DPDA.
Much more work is needed to check if this bound is anywhere near optimal. The
explosiveness of f has some intuitive basis when considering application of the
extension theorem to a branch. If the stack size of a DPDA increases, the width,
width(h), remains the same and so does the maximum number of different goals
needed to apply the extension theorem. If the state size of a DPDA increases
by 1, then so does the width and the maximum number of different goals needed
for an application of the extension theorem quadruples. A special case is simple
grammars for which there is a polynomial time algorithm, see [1]. In this case the
extension theorem is not necessary because ad ~ (39 if, and only, if a ~ §, and,
therefore, after an application of BAL the common tail can be cut. The analysis in
this paper using the extension theorem is exponential, and not optimal. However,
the result here, effectively, covers bisimulation equivalence of “unnormed” simple
grammars (that may involve redundant stack symbols), and it is not known if
it is decidable in polynomial time. In the unnormed case, if @d ~ 36, then this
does not imply that a ~ . However, the extension theorem does hold.

6 Proof of the extension theorem

The extension theorem, Theorem 1 of the previous section, is a corollary of a
more general result.

Definition 1 Assume a family of goals 1G5+ ...+ E,G% = F1G5 + ...+ F,G?
with the same heads where s € I.

1. A “known” at level m is either

30



(a) Gi ~p G for some j < i and for all s € I, or
(b) Gf ~,, 1G5+ ...+ J,G? for all s € I and each Jj, # ¢.

2. Two knowns G} ~,, Hi and G} ~,, H; are distinct, if 1 # j.

Theorem 1 [The generalised extension theorem| Assume there are two families
of goals g(i), h(i), 1 <i < 2"* and each goal g(i) has the form E\G% + ...+
E,G! = F,Gi+...+ F,G! and each goal h(i) has the form EyHi+ ...+ E,H =
FiHi+.. +F,H, and k is the number of distinct knowns for the family g(i)Uh(z)
at level m. Assume extensions ey, ..., e,_y such that for each e; and i > 0

g(27i + 2771 + 1) extends ¢(27i + 2971) by e;
h(27i 4 2771 + 1) extends h(27i + 2/71) by e;.

If each goal g(i) is true at level m, i : 1 < i < 2" and each goal h(j), j: 1 <
j < 2"F s true at level m, then h(2"%) is true at level m.
Proof: The proof is by induction on n — k. For the base case assume n —k = 0.
Assume that there are two goals ¢(1), E1G1 + ...+ E, G, = F1G1 + ...+ F,G,,
abbreviated to £ = F, and h(1), E1H, + ...+ E,H, = F1H, + ... + F,H,,
abbreviated to E' = F’, and n distinct knowns for {g(1), h(1)} at level m. That
is, for each 7 : 1 < ¢ < n either G; ~,, G; and H; ~,, H; and j < 4, or
G ~m JIG1+ ...+ J,G, and H; ~,, J1H, + ...+ J,H, where J; # . We prove
that if g(1) is true at level m, E' ~,,, F', then h(1) is also true at level m, E' ~,, F".
Suppose not. Then, without loss of generality, by Proposition 5 of Section 4 there
is a word u, |u| < m, and (E'-u) = H; and (F'-u) = (Fy-u)H +...+ (F,-u)H,
and (F'-u) # 0 and (B’ - u) oy (F' - u). However, because E ~,, F it
follows that G; ~p_jy (F1 - u)G1 + ...+ (F, - u)G,. The first case is that
G; ~nm G and H; ~,, H; where j < i. Therefore, using Fact 2 of Section 4,
This can only be repeated finitely many times, G; ~,, G and H; ~,,, H;/, and
j’ < j. Hence, the second case must then occur, G; ~,, J1Gy + ...+ J,G,
and H; ~,, JJHy + ...+ J,H, and no J; = . Using Fact 2 of Section 4,
S G+ TG~y (Fr-uw)Gr+ . 4 (Fy - u)Gy and JyHyi 4.+ T Hy gb
(Fy-u)Hy + ...+ (F, -u)H,. Now Proposition 5 of Section 4 is applied again.
Therefore, by repeating this argument a contradiction will be obtained.

For the general step, assume that it holds for n —k < ¢t and consider n—k = t¢.
So, there are two families of goals g(i), h(i), 1 <i < 2"7% and each goal g(i) has
the form E\G{ + ... + E,G: = F1G} + ... + F,G% and each goal h(i) has the
form EyHi + ...+ E,H! = FyHi + ...+ F,H! and k is the number of distinct
knowns for the family ¢(i) Uh(i) at level m. Assume extensions ey, ..., e, such
that for each e; and ¢ > 0

g(27i + 2771 + 1) extends ¢(27i + 2971) by e;
h(27i + 27971 + 1) extends h(27i + 2771) by e;.
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Assume that each goal g(i) is true at level m, i : 1 < i < 2" % and each
goal h(j), j : 1 < j < 2% is true at level m. The aim is to show that
h(2"7%) is also true at level m. Suppose not. Let ¢ = 2"*. Therefore, FyH} +
..+ EH? %, FFH] + ...+ F,H? and E,\GY + ...+ E,G? ~,, 1G]+ ... +
F,G%. Without loss of generality, by Proposition 5 of Section 4 there is a word
u, lu| < m, and (E4H{ + ...+ E,H?-u) = H! and (FiH] + ... + F,HI - u)
= (Fy-wH{ + ...+ (F, - u)H? and H} oy (Fy-w)H + ...+ (F, - w)HS
and for all j : 1 < j < ¢q, GJ ~m—ful (F1 - WG + ...+ (F, - )G and for
all j : 1 <j < gq H ~pju (Fr-wH] + ...+ (F, - u)Hj. There are two
cases. First is that each Gg and Hij, 1 <j < g, is a known at level m. The
proof proceeds as in the base case, but here with respect to the whole family of
goals. Therefore, at some point the second case happens, that Gf and H f are not
knowns. However, each even goal g(2j) and h(27) extends the previous goal g(2j-
1) and h(2j — 1) by e;. Therefore, each G ~m—fu] (F1 - WGP 4. 4 (F,-u)G¥
becomes J,GY 4. +J,GH 1 ~ il FIGY ™ 4. 4+ F/G%~! by substituting in
the entries of ey, and JyH? ' +. . +.J, HY ! ~mlul F/HY 'y 4+ F H%"! when
j<(g—1)and JTH{ "+ 4+ JHI oy FIHI .. 4+ FLHI. Let these
goals be ¢'(i), h'(i), 1 <4 < 2=+ and consider the extensions e/, ..  Ch (ht)
where e} = eje;;1. It follows, using Proposition 6 of Section 4, that for each ¢}
and i > 0, ¢'(2/i + 2/ 4 1) extends ¢'(2/i + 2/~") by ¢} and the same for the
h'(i)s. Moreover, the number of knowns is now (k + 1) because the previous k
knowns at level m remain knowns at level m — |u| and there is the new known
at level m — |u| because for each j, G ~y,_ju (Fiy - w)G] + ...+ (F, - u)GY and
H/ ~nefu] (F1 -u)H] +...4 (F,-u)HJ. Therefore, by the induction hypothesis if
every goal ¢'(i), 1 <i < 2"~ *+1 ig true at level m — |u| and every goal h'(i), 1 <
i < 2"~ *+D) s true at level m — |ul, then /(27 *+1) is also true at level m — |ul,
which contradicts that JyH{ " +... 4+ J,HI ™" Ay o FIHI 4.+ FLHI'. O

7 Correctness of the decision procedure

In this section Theorems 2 and 3 of Section 5 are shown. Part 1 of Theorem 2 is
straightforward.

Theorem 1 If E 4 F, then the decision procedure terminates with “unsuccessful
tableau”.

Proof: Assume E « F. If one of E, F' is () and the other isnt, then the decision
procedure terminates at stage 0 with “unsuccessful tableau”. Otherwise, both E
and F are not (), and there is a least n such that F £, F by Fact 2.2 of Section 4.
The proof rules are sound by Fact 1.2 and Proposition 2.2 of Section 5. Therefore,
at each stage of the decision procedure there is at least one offending branch of
false goals such that the falsity index decreases by one each time UNF is applied.
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At some stage, m > n — 1, there is a frontier goal E,, ¢ F,, and UNF is applied
to it. For some a either (FE,, - a) = 0 and (F,, - a) # 0, or (F,, -a) = 0 and
(E,,-a) # 0, so there is an unsuccessful final goal at stage m+ 1, and the decision
procedure returns “unsuccessful tableau”. O

Part 2 of Theorem 2 is more intricate. Assume that £ ~ F. The decision
procedure needs to output “successful tableau”. The tableau proof rules preserve
truth, see Fact 1.1 and Proposition 2.1 of Section 5, so at each stage of the
decision procedure every frontier goal is true. Therefore, it is not possible to
have an unsuccessful final goal. It is also not possible to become stuck because
UNF can always apply. The only issue is that the construction goes on forever. If
it does, then there is an infinite branch of goals, ¢(0),...,g(n),... where g(0) is
the root goal E = F. A careful analysis of sequences of goals in a branch is now

presented that shows that this is impossible. In the following result, symmetric
properties hold if BAL(R) replaces BAL(L) in parts 2 and 4.

Proposition 1 Assume that g(0),...,g(n) is a sequence of goals in a branch of
a tableau and g(0) is E = F.

1. If g(0) is the root goal and E = 51G1+. . .+ BnGm and F = 6 H 1 +. . .+6,H,
are in k-head form and |E|,|F| > k, and there is no application of BAL
between g(0) and g(kM), then there are goals g(i) and g(j), 1 <i,7 < kM,
such that g(i) is Gy = F' and g(j) is E' = Hj for some i’ and j'.

2. If g(0) is a result of BAL(L) using F' and there is no application of a BAL
between g(0) and g(k) where k = M?* +M and E = E;(F' - w(Xy)) + ... +
Er(F" - w(Xy)), then there is a goal g(i), i : 1 < i < k, that has the form
(F"-w(X;)) = F".

3. If g(0) is a result of BAL using F' and the next application of BAL is g(k)
using F", then |F"| < |F'| + M? + 2M.

4. If g(0) is a result of BAL(L) using F' and the next application of BAL is
g(k) using F" and k > M3 + 3M? + 3M, then |F"| < |F|.

Proof: For 1, assume ¢(0) is the root goal E = F and there is no application of
BAL between ¢(0) and g(kM). Both BAL rules are permitted provided their side
conditions are fulfilled. Let £ = X,G} +...+ X,,G. and F = Y H{ +...+ Y, H}
be in 1-head form. Within M steps there must be a goal E; = G}, for some 7/,
otherwise BAL(L) can apply, and a goal F; = H}, for some j', otherwise BAL(R)
can apply. The argument is now repeated for these goals on G}, and H ]1, in 1-head
form and a further M steps, and so on upto k. For 2, assume ¢(0), E = F, is
the result of BAL(L) using F' and F = E\(F' - w(X1)) + ... + Ep(F' - w(Xy))
and there is no application of a BAL between ¢(0) and g(k) where k = M? + M.
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BAL(L) is permitted throughout this branch provided its side condition holds.
Each |E;| < M+1 because there are at most M applications of UNF between the
goal with F”" and ¢(0). Hence, using the argument from part 1, within M? + M
steps there is a goal g(7) whose left configuration has the form (F”-w(X})) for some
j. In the case of 3, assume ¢(0), E = F, is the result of BAL using F”’. Without
loss of generality, assume it is an application of BAL(L), so |F| < |F'| + M.
Suppose the next application of BAL uses F”. BAL(L) is permitted provided
the side condition holds, but BAL(R) is not permitted until a bottom of the
application of BAL(L) occurs and the side condition holds. By part 2 a bottom
will occur within M? + M steps. Therefore, if BAL(L) is not applied, the goal
g(i) with a bottom has the form (F’-w(X;)) = F; and |F;| < |F'|+M?+2M and
|(F" - w(X;))| < |F'| + M. Assume that the next BAL is BAL(L). If F” is F”, or
occurs above F’, then the result follows. Moreover, if it is below F’, then using
part 1 above the result follows. Otherwise, the next BAL is a BAL(R) and so
F" must be (F' - w(Xj)) or occur below it, in which case the result also follows.
Part 4 extends part 3. Assume ¢(0) is a result of BAL(L) using F” and the next
application of BAL is g(k) using F” and k > M3 4+ 3M? 4+ 3M. Within M? + M
steps there is a goal g (i) with a bottom (F"-w(X;)) = F; and |F}| < |F'|+M?*+42M
and (F'-w(Xj;))| < |F'|+M. By part 1, if there is no application of BAL within
a further M3 4 2M? + M steps then there are goals g(i), E, = F} and |F!| < |F'|,
and g(j), £} = Fj and |E}| < [F"]. The result now follows. O

Lemma 1 Assume that g(0),...,g(n) is a sequence of goals in a branch and g(0)
is E = F and there are no applications of BAL in this branch. If |E|,|F| < k,
and n > f1(k), then the branch contains a successful final goal.

Proof: Assume that g(0),...,g(n) is a sequence of goals in a branch and ¢(0)
is E = F and |E|,|F| < k and there are no applications of BAL in this branch.
By Proposition 1.2 within at most M? + M steps both BAL rules are permitted
provided that their side conditions hold and at that stage the goal E' = F” has the
property that |E'|, |F’| < (k +M? + M). Using Proposition 1.1, within a further
M(k + M2 + M) steps there are goals ¢(i), E; = F; where |E;| = 1, and g(j),
E; = F; where |F;| = 1. Without loss of generality assume j > i. Within any
interval g(j')...g(5' + M), j/ > j, there must be goals E;» = Fy with |Ex| = 1
and E;» = Fju with |Fj«| = 1: otherwise, BAL can apply. Therefore, every goal
g(3"), E;y = Fj, ' > 7, has the property |E;| < M and |F;| < M. Therefore,
within goal(M) steps there must be a repeat goal, so there must be a successful
final goal. Overall, within f;(k) steps, see Definition 1 of Section 5, there is a
successful final goal. a

Lemma 1 establishes termination of the decision procedure for a sufficiently
long branch of goals that does not involve applications of BAL. An analysis is
now developed for branches that involve repeated applications of BAL.
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Definition 1 Assume Fy, F7, ..., F; are successive configurations used in applica-
tions of BAL in a branch and assume words uy, . .., u; such that F; = (Fo-uy ... u;)
(by Corollary 1 of Section 5). Let F; = £1G1 + ... + 5,G, be in m-head form,
m > 1. Fj is m-low in the interval F;Fj ... Fjix, j > 1 and j + k < ¢, if there
is a prefix v of wj 1 ...ujqy such that (F;- w41 ...uv) = G, for some [, and F; is
then said to be m-low with ; using v in this interval. The definition is extended
to O-low: Fj is O0-low with F} using € in the interval F;Fj;, ... Fjij provided that
J =1 and F; is not m-low for any m > 0 in this interval.

Proposition 2 Assume Fy, Fy, ..., F; are successive configurations used in ap-
plications of BAL in a branch and assume words uy,...,u; such that F; =
(Fo - uy...u;). Assume F; is my-low in F;Fjiq, mqy > 0 and j > i with G
using v, and F; is not m/-low for any m}y > my in FjFjq ... F,. Assume Fjiq is
mo-low in F1F4,, j+1<1<t, and my > 0, with G' and Fj4, is not mb-low in
FiFiiq for any my > m.

1. If G = XqHy + ... + Xy Hy, is in 1-head form and w41 = vv', then for all
prefivzes w of v'ujyq ... uy, (G-w) = (Xy-w)H + ...+ (Xi - w)H.

2. |Fipa| < |G|+ (M2 + 2M) and ms < (M2 + 2M).

3. If G = 051Gy + ... 4+ B,G, is in M + 1-head form, then the goal that is
the result of BAL using Fj1 has the head/tail form E\Gy + ...+ E,G, =
FiGy + ...+ F,G,, where |E;|, |F;] < M? + 5M + 2.

4. If G =G+ ...+ 5,G, and G' = 6,G) + ...+ 6,G, are in M + 1-head
form, then in these forms G’ is an extension of G with extension e and
le| < M? + 2M.

Proof: For part 1, if there is a prefix w such that (G-w) = Hj, then F; is (m;+1)-
low in Fj ... F}, contrary to assumption. Part 2 follows from Proposition 1.3 and
the observation that |F;| > |G|. For part 3, assume without loss of generality
that it is an application of BAL(L) that uses Fj;;, and the resulting goal is
Ei(Fjy1 - w(X1)) + ...+ Ep(Fi1 - w(Xy)) = F'. Using parts 1 and 2, Fj;; =
(B1-0)G1+.. .4 (B,0")Gy and | (B;-0')] < M2+3M+1 and so |E;(Fjq-w(X;))| <
M? + 5M + 2 and |F’| < M? 4+ 4M + 1. Part 4 follows from parts 1 and 2. O

Lemma 2 Assume that there is a subsequence of goals in a branch g(i), EiGY +
L+ E.G,. =FG +...+FG, . i:0<i<tand each g(j + 1) extends
9(j) by e; where |e;| < d and each head |Ei|,|Fj| < h. If w = width(h) and
t > fold, h,w]|(w), then there is a successful final goal in the branch.

Proof: It is shown that the extension theorem must apply in this branch, so there
is a successful final goal. Each head |Ej|,|F}| is bounded by h. Therefore, the
number of goals with different heads is bounded by goal(h) and the maximum
width of a goal, n;, is bounded by w = width(h). Moreover, the number of
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different extensions, e; where |e;| < d, is also bounded by ext(d, w). Therefore,
within ¢(0), ..., g(f2[d, h,w](0)) there are two goals with the same heads because
fald, h, w](0) = goal(h), and by Proposition 6 of Section 4 the second goal is an
extension of the first with extension bounded by goal(h) x d. Therefore, within
9(0),...,9(fo[d, h,w](1)) there must be four goals with the same heads, ¢'(7),
E\Git.. +E,G = RGit.. +F,Gi 1<i<2 and (i), BiHi+.. +E,Hi =
FiH{+...+ F,H,1<1i<2 and ¢'(2) extends ¢’(1) by e; and 1/(2) extends
R'(1) by e; and |e;| < goal(h) x d. The argument is now iterated. Within
9(0),...,g(f2[d, h,w](w)) there are 2* goals ¢'(i) and 2* goals h'(i) that jointly
obey the extension theorem. a

Using the above results, part 2 of Theorem 2 and Theorem 3 of Section 5 are
now proved.

Theorem 2
1. If E ~ F, then the decision procedure terminates with “successful” tableau.

2. If |E|,|F| < n, then the decision procedure with root E = F terminates
within f(n) steps.

Proof: Assume that £ ~ F. The tableau for F = F'is built using the rules of the
proof system. By completeness of rule application at each stage each frontier goal
is true. Therefore, it is not possible to to reach an unsuccessful final goal. It is also
not possible to become stuck because UNF can always apply. Hence the only issue
is that the decision procedure doesnt terminate. Assume that there is an infinite
branch of goals g(0),...,g(n),... where ¢g(0) is the root goal F = F that does
not contain a successful final goal. If there are only finitely many applications of
BAL, then there is an infinite suffix of goals ¢(7),...,g(n),... and there are no
applications of BAL. However, by Lemma 1 there must be a successful final goal.
Otherwise there are infinitely many applications of BAL. Let Fj, F} ... be the
successive configurations used in applications of BAL. Start with Fjy and find the
largest mg and the first interval F;, 1 F;, such that F{ is mgp-low in this interval.
By assumption, Fy is not m/-low, for any m’ > mg in any later interval. Next,
consider Fj,. Find the largest m; and the first interval F;, 1 F;,, 7o > 71, such that
Fi is my-low in this interval. Using Proposition 2, the application of BAL using
F;,, the goal g(ky), has a head/tail form E|G{ + ...+ E} G, = FIGi +...+
F} G} and the application of BAL using F,, the goal g(k,), has head/tail form
EYGY+.. .+ ELG}, = FIGi+...+ F.,G}, where |El|, |F}| < h = M?+5M+2
and g(ks) extends g(k;) by e; where |e;| < d = M? + 2M. The argument is now
repeated giving an infinite subsequence of goals g(k1), g(k2),...,g(k,),... such
that each g(k;;1) is an extension of g(k;) by e; with |e;| < d, and the heads have
bounded size no more than h. Therefore, by Lemma 2 there is a successful final
goal within this subsequence.
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For part 2, the argument above is refined. Assume a branch ¢(0), ..., g(t)
where ¢(0) is the root E = F, and |E|,|F| < n and ¢t > f(n). If there are no
applications of BAL, then by Lemma 1 there is a successful final goal within f;(n)
steps and fi(n) < f(n). Let Fy, Fi,..., F} be successive configurations used in
applications of BAL. Let d and h be as defined above and let w = width(h) and let
b = fo[d, h, w](w). Via Proposition 2, if no F; has a low point that is greater than
0, then for [ < b the goals that are the result of these applications of BAL obey
Lemma 2. By Proposition 1, |Fi;1| < |F;| + d. Hence, it follows that the largest
F; is bounded by u = n + bd. Moreover, it follows that the maximum number of
steps between F; and Fj,; is at most fi(u) (because, otherwise there must be a
successful final goal using Lemma 1). For the general case let f'(b) be the number
of successive configurations used in applications of BAL such that there is a
subsequence of length b such that the goals that are the result of these applications
of BAL obey Lemma 2. Fj may have n low points. Therefore, f'(b) = nx f'(b—1).
Subsequent F; have only d low points, so f'(b—1) =d x f'(b—2). The overall
bound is therefore n x d°. The maximum number of steps between F; and Fj;
is again at most fi(u). Therefore, within f(n) steps it follows that the decision
procedure must terminate. |
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