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Abstract. Automata and language theory study finitely presented nmesime for
generating languages. A language is a family of words. Ahslghift in focus
is very revealing. Instead of grammars and automata as égggenerators, one
views them as propagators of possibly infinite labelled diteon graphs. This is
our starting point for pushdown automata.

The main goal is to report on a proof of decidability of langeaquivalence for
deterministic pushdown automata that uses both graphdtieand combinatorial
arguments.
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1. Pushdown Automata

The following four finite sets are ingredients of a pushdowtoanaton (PDA): states
P, stack symbol$, alphabe® and basic transition$. A basic transition has the form
pX - qa wherep,qg € P, X €S,a € AU {e} anda € S*.

A configurationpg of a PDA consists of a state and a sequence of stack symbols.
The transitions of a configuration are defined by the follaypmefix rule where) € S*:
PRE if pX - ga € T thenpXé§ - gad. On inputa the configuratiorp X4 in
statep with X at the top of the stack changes to standa replacesX . Alternatively,
with respect to a generational or process calculus perispeitte configuratiorp.X§
generates, or performsand becomegad. If a = e then configuratiopX § may change
to gad without reading an input X 6 may becomeasd silently without performing an
observable action.

Throughout, we assume the following disjointness conditin T.

If pX g8 ecTandpX S rXcTthena=e

A configuration isunstable only hase-transitions, ostable has nce-transitions.
Thetransition graphG(pg3) is generated by deriving all possible transitions frafn
and every configuration reachable from it by repeated agfitin of the rule PRE.
Example 1AssumeP = {p},S = {X}, A = {a} andT = {pX - pX X}. G(pX)
is: pX -5 pXX 5 pXXX -5 ... The transitiopX X X —% pX X X X follows
by applying PRE tpX —% pX X € T with 6 = X X. 0
Example 2 LetP = {p}, S = {X, A, B} andA = {a,b}. The basic transitions are
pX -5 pAX, pA 5 pAA, pB 5 pAB, pX BN pBX, pA BN pBA and
pB LN pBB. The graphG(pX) is the full binary tree. |
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Figure 1. Collapsed grapl&¢(pX)

Example 3LetP = {p,q.7},S = {X}, A = {a,b}. TispX - pX X, pX - re,
rX - re, pX LN ge andgX LN ge. The graphG(pX) is

qe & qX & qgXX PN

) b )
pX S pXX S pXXX 5 .
b b b

re +— rX +— rXX ...

We user both as a transition label and for the empty stack sequence. a

A PDA is presentable in normal form, up to isomorphism of sigion graphs, where
for each transitiopX =+ ga € T, the length ofy, |/, is at mos®. A transition graph
G(pa) has both bounded in and out degree. The out degree of a térooinfiguration
pa is 0 and the out degree of a configuratipX « is bounded by the number of basic
transitions inT which have the the forrppX —— ¢43. The in degree of a configuration
pa is bounded by the number of basic transition iwhich have the forngY” —= pa/,
whenq' is a prefix ofa.

1.1. Collapsed graphs

A natural extension of transitions is to wordse A*. The extended transitignn. —» ¢/3
represents that there isiapath from configuratiopa to configurationy3. For instance,

pX X % re in the case of example 3. To capture word transitionsctilapsedgraph
of a PDA, which abstracts frorttransitions, is defined. Consider just thblecon-
figurations of example 3 above and transiticds, a € A, between them. This is the
collapsed graph, withouttransitions. For instance, its collapsed transition graith
stable rootp X, written G¢(pX ), is depicted in figure 1. In a collapsed graph unstable
configurations are removed, apd —= ¢4 if pa = ry(—=)*¢p. If a PDA does not
containe-transitions therG(pa) is the same graph & (pa).

A collapsed transition graph may have infinite in or out degfighe configuratione
in figure 1 has infinite in degree because there are infinitegyrransitions into it.

Example 4 AssumeT is rX % pX, pX - pX X, pX —= ge andgX —2 ge. The
graphG(rX) is
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The stable configurations in this graph dreX,¢X™ : n > 0}, and the collapsed
graphG¢(r X) is presented in figure 2. Infinite out degree, as illustratethis example,
depends on nondeterminism in the bastcansitions. O

1.2. Subclasses of pushdown automata

The following are some important subclasses of pushdowonaatia.

Real-time: there are netransitions, so graphs(pa) andG¢ (pa) coincide.
Single-state: the set of statRds a singleton set.

e-deterministic: ifpX — ¢f, pX — ry € T theng = r andp = .
A-deterministic: ifpX —— g3, pX — ry € T,a # ¢, theng = r andj = ~.
Deterministic: if the PDA is botla-deterministic and\-deterministic.

Normed (or without redundancy): for any configuratighof a graphG(p«) there
is a wordu € A* and a state such thay3 — re.

There is anormal formin the case a PDA is-deterministic that-transitions only
pop the stack: ipX —— ¢f thenp = e. By equivalent we mean that their collapsed
graphs are isomorphic. Therefore, this is a normal form foPDA (deterministigoush-
down automaton).

1.3. Decision questions

There are various decision questions that one can ask ab#ut®ne kind of decision
question ignodel checkingThe rooted graph&(p«a) (for a real-time PDA) an&<(¢3)
can be viewed as models with respect to which logical formala defined. A classical
instance isnonadic second-ordédogic which is first-order logic over these graphs (con-
taining equality and an atomic binary predicdtg for eacha € A with interpretation
—%3) together with quantification over sets of vertices. Givefealapsed) PDA graph
and a formulab(x) with one free variable, the decision question is whethgt) is true
at the root of the graph. There is a significant history asgedi with this problem. In
effect, Buichi showed that this question is decidable fongpia 1 earlier of a PDA [3]
and Rabin showed that it is decidable for example 2 [23]. TiaplasG(pa) for real-
time PDA exhibit a “regular” structure, as originally defahby Muller and Schupp [21].
From this they showed using Rabin’s result that the quessiatecidable for any real-
time PDA graph. Finally, Caucal [9] extended the result tp emllapsed graple (pa) of

a PDA. Standard temporal logics, LTL, CTL, CThand modal:-calculus, are sublogics
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of monadic second-order logic, so model checking them osetirinite-state transition
graphs is decidable. In practice, model checking thesedeahfpgics appeal directly to
automata (instead of monadic second-order logic).

Caucal also provided other characterisations of the graplpsishdown automata.
First he showed that the graphs of real-time PDA can be definéerms of “pattern
graphs” using deterministic graph grammars [7]. Seconkgytare isomorphic to the
transition graphs generated by Typpgrammars under prefix rewriting. Assume a finite
family of nonterminals\ and a finite alphabet. A Type0 grammar under prefix rewrit-
ing is given by a finite family of basic transitions of the form—— 3 wherea and g
belong toN*. The transition graph generated by a configuration N* is determined
by the basic transitions together with the prefix rule it~ 3 thenay - B~ for any
~ € N*. He also defined a more general class of graphsptéfix-recognisablgraphs
[9], where the finite set of basic transitions are given by engeneral rulef % F
where E and F' are regular expressions over the alphabet of nontermilidlsins out
that these graphs coincide with the collapsed graphs of FDAinstance, the graph of
figure 2 is (isomorphic tof (X ) whenX - Y* andY e

A third kind of decision question deals wilquivalence checkinglassically, for-
mal language theory views the language generable from agroafion as paramount.
Therefore, the language equivalence problem is: given twiigurations of a PDAdo
they recognise the same language?

Definition 1 Thelanguageof pa, L(pa) = {w € A* : pa % ge for someq € P}.

When recognising any such word the stack is thereby emdfedinstanceL(pX) in
the case of example 3 is the set of wofdgb" ™! : n > 0} U {a"b : n > 0}. Thisis
calledempty stack acceptanck word w € A* isin L(pa) if there is aw-path frompa
to a terminal statge for someg in the collapsedgraphGe (pa).

The class of languages recognised by PDA is the contextl@mguages. It was
shown in the 1960s that the language equivalence problendisaidable (even for real-
time single-state PDA). It was also shown that the languaggatnment problem is
undecidable for real-time single state DPDA. (Visibly pdetvnh automata are real-time
PDA that obey the following constraint: for eveny € A, if pX - ¢ga € T and
p'Z % ¢'B € T then|a| = |B|. The language containment problem is decidable for
such PDA [1]).

1.4. Bisimulation equivalence

Language based equivalences are not the only notion of @lguise between configura-
tions of pushdown automata. There are proposals for fineiwalgmces in concurrency
theory, where the behaviour of a process is presented asléeldiransition graph. There
is a need for more intensional equivalences because largmgvalence is not pre-
served by communicating automata. A pivotal notion, dueaxk Rnd Milner, is bisim-
ulation equivalence.

Bisimulation equivalence is based on the existence of gioelaetween vertices of
a transition graph which is preserved by transitions.

1As the disjoint union of two PDAs is a single PDA, we can resteiquivalence problems to configurations
of a single PDA.
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Definition 2 A binary relationR between vertices of transition graphs ibisimulation
relation provided that whenevéE, F') € R, foralla € A,

if £ %+ E' then thereisan F'. F -% F' and (E', F') € R,
if F -5 F'then thereis an E'. E -+ E' and (E', F') € R.

Definition 3 E is bisimulation equivalenb F', E ~ F, if there is a bisimulation relation
containing(E, F).

There is also a notion of approximation associated withigation equivalence.

Definition 4 The family{~,,: n > 0} between vertices of transition graphs is defined
inductively as follows.

E ~g F for all vertices E, F’

E ~, 1 Fiffforalla € A
if E 5 E' then thereisan F'. F - F' and E' ~,, F’, and
if F -2 F' then thereisan E'. E -% E' and E' ~,, F'

Fact 1If pa ~ ¢f then for alln > 0. pa ~,, ¢f.

The converse of fact 1 is not in general true for collapseglgs&® (pa). However, it
does hold for graphs which have finite out degree.

Fact 2 If the transition graphs containing’ and F' have finite out degree and for all
n>0.FE~, FthenE ~ F.

Baeten, Bergstra and Klop showed in 1987 that bisimulatipivalence is decidable
for normed, single-state real-time PDA [2]. This was extahtb all single-state real-time
PDA [11] and then to all real-time PDA and to the collapsedobsaofe-deterministic
PDA [25]. However, the problem is undecidable for arbitraoflapsed graphs of PDA
(aresult that is a consequence of [28]).

1.5. The DPDA equivalence problem

A more classical definition of a PDA includes an extra compdnie C P which are
final states. The language of a configuration is then the set ofsword A* such that
pa — g whereg € F. This is callediinal state acceptance

For pushdown automata, in general, the languages recapuister final state ac-
ceptance coincide with those recognised under empty stawptance. However, this is
not true in the case of DPDA. The languages recognised by D&xidler final state ac-
ceptance are theeterministic context-frelanguages. The languages accepted under fi-
nal state acceptance is a proper subset of these deteimliamguages. However, we still
work with empty stack acceptance because of the followingaRy languagé accepted
by a DPDA configuration under final state acceptance, ther®BDA configuration that
acceptsL$ where$ ¢ A is an end of word marker: the languagé = {w$ : w € L}.

The DPDA equivalence problem was posed in the 1960s [12fprgiwo con-
figurationspa, g8 of a DPDA, is there an effective procedure for deciding wketh
L(pa) = L(gf)? It was a celebrated open problem until it was solved paditivy Ger-
aud Sénizergues [24,26]. It seems that the notation of pyahdonfigurations, although
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simple, is not rich enough to sustain a proof. Deeper algelteucture needs to be ex-
posed. Sénizergues’s proof is primarily algebraic. Thmopwas simplified in [29,27].
However, these solutions to the problem involve two seniglen procedures: one to
show inequivalence (“find a smallest distinguishing worti§ other to show equivalence
(basically, using amondeterministigroof procedure). Therefore, there is no complexity
bound on the decision procedure.

A simplerdeterminisiticdecision procedure with a primitive recursive upper bound
on its complexity was presented in [30]. It is this proof tieathe main topic of these
notes. The proof technique is based on lii®mulation equivalence problefior de-
terminisitic graphsz¢(pa). However, essential elements of Sénizergues’s proof dre st
present in the decision procedure.

2. Decidability of Equivalence of Simple Grammars

Surprisingly, the key to understanding the DPDA equivadepmoblem argushdown
grammargPDGs) which are real-time single state PDA. A PDG has firdtégyredients
stack symbolsS, alphabetA and basic transition3. A basic transition has the form
X % awhereX €S,a € Aanda € S*. A configurations is a sequence of stack
symbols. The prefix rule is: ik — a € T thenX§ = .

We assume that a PDG is in normal form. First, any transiior’s o € T has the
property thaja| < 2. Second, a PDG isormed for every X € S there is a word: such
thatu € L(X). We now show how to ensure this assuming a fixed total ordetirogm
A.

Definition 1 The wordu is “smaller” thanv, if |u| < |v| or |u| = |v| andu is lexico-
graphically less tham with respect to the ordering ok: that is, if ju| = |v|, u = waw'
andv = wbv' thena < b.

Definition 2 For each stack symbd{, if L(X) # 0 thenw(X) is thesmallesiword in
{u : X - €}. Thenormof X is the length ofu(X), |w(X)|.

It is easy to computev(X), if it exists, for each stack symbdl. Initially, stack
symbolsX with norm1 are identified, ana(X) is then defined, and then stack symbols
with norm2, and so on, until eithew(X) is calculated for each stack symhulor X
can not have a norm: the current largest norimdsnd no stack symbol has norm between
kand2k + 1.

If this procedure leaveX unnormed then it is deleted froy and all transitions
7 %5 a € Twith X = Z ora containingX are deleted fronT. The result is a normed
PDG that preserves language equivalence (for configustiguch thatl(a) # 0).

An important measure of a PDG (in normal form) is its maximusnm M.

Definition 3 M = max {|w(X)| : X € S}.

In the worst case, M is exponential [§]. The definition of norm extends to configura-
tions of a PDG.

Definition 4 For each configuration, the wordw(a) is the unique smallest word
such thatx — €. The norm ofa is [w(a)|.

Clearly,w(e) = e and|w(e)| = 0. Moreoverw(X a) = w(X) w(a).
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Figure 3. G(X) andG(A)

As a first step towards solving the DPDA equivalence probieeprove decidability
of language equivalence for simple grammars, which wasdretvn by Korenjak and
Hopcroft in 1966 using a method which is similar to that preed here [20].

2.1. Simple grammars

A simple grammar is a deterministic PDG. The key restrict®n
e Determinism: ifX - a € TandX - 3 € T thena =3
The recognition power of simple grammars is less than th&RIDA. For example, the

languagel = {a™b™ : n > 0} U {a™c : n > 0} is generable by a DPDA configuration
but not by a configuration of a simple grammar.

Example 1LetTheX -5 VX, X 5 e,V -5 X, 4 -5 C, 4 -5 candC -5
AA. The transition graph&(X) andG(A) are pictured in figure 3. Herey(X) = b

andw(A) = b. Because of the transitiol -5 X, the symbolY” has norm2 and
w(Y) = bb. The symbolC has norm3 because” Ly 44, sow(C') = bbb. So the
maximum normVl = 3. |

Configurations of a simple grammar are sequences of stack@gimAn extra con-
figuration, the deadlocked configuratipnis added for the purpose of a useful notafion

2( has an important role later when configurations are exterideskts of sequences of stack symbols
{ai1,...,an}, and itis then genuinely the emptyset.
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“« after the wordu,” written « - u. The configurationy - « is either the configuration

4 such thatr —= 3 or it is the deadlocked configuratidh The configuratiorf is un-
normed, its sizelf)|, is 0 and L(0) = 0. Itis assumed thdta = ) = af. The inclusion

of () guarantees thdt - u) is always defined, and is unique because simple grammars
are deterministic. In example 1, aboy® X - bab) = X X X and(AA - aa) = (). Some
obvious properties of “after” are now listed.

Factl If (au) = @ then(a-uv) = §.If (a-u) = ethen(a-ua) = . max{0, |a|—|u|} <
(e w)| < |a| + |u]. (@ uv) = (@ u)-v. (af - w(a)) = B.If |u| < |w(a)| then
(@B - u) = (a-u)B.

The language of a configuratiai(a) is prefix-freebecause of determinism: if a
word belongs td.(«), then no proper prefix belongs to it.

Fact2 If u € L(a), then foranyw € At, uv € L(«).

The decision problem for simple grammars is: given configons o, 5 € S*,
is L(a) = L(B)? Because simple grammars are deterministic (and normedyéage
equivalence coincides with bismulation equivalence.

Fact3 L(a) = L(B) iff a ~ 3.

Example 2 L(A) = L(X) whereX and A are from example 1, sd ~ X. However,
the bisimulationR justifying equivalence is infinite.

R={(X", A" : n>0}U{(Y X", CA") : n >0}

R obeys the hereditary conditions for being a bisimulation. |

Example 2 illustrates that a justifying bisimulation réat may be infinite, so it is
necessary to supply a more sophisticated technique thalymexhibiting a bisimulation
witness if we wish to solve the decision problem for simplargmars.

2.2. Tableau proof rules

The decision procedure for simple grammars igbleau proof systeptonsisting of
proof rules which allow goals to be reduced to subgoals. &aatl subgoals are all of
the forma = 3, “is a ~ 3?”, wherea andg are configurations of a simple grammar.

The initial tableau proof rule is UNF (unfold) in figure 4. Theal,a = 3 reduces
to the subgoala - a) = (3 - a) for eacha € A. The application of this simple rule is
both “complete” and “sound”. Completeness is the propdréat if the goala = 8, is
true then so are all the subgodls,- a;) = (8 - a;).

Fact4If a ~ 3, thenforalla € A, (a-a) ~ (B - a).

Soundness is the converse, that if all the subgoals arehrredo is the goal which is
equivalent to, if the goal is false, £ 3, then so is at least one of the subgoals. However,
there is a finer account that uses approximants.

Fact51f a ~, 8 anda #£,4+1 8, then forsome € A, (a - a) 4, (8- a).

Repeated applications of UNF continually reduce goalsiisiance, the following
tree of applications of UNF starts with godl= X from example 1.
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UNF
a=4
(a-a;)=B a1) ... (a-ar) = (B ax)
BAL(L) and BAL(R)

A:{ala"'aak}

Xa = 8 B8 = Xa
: C : C
da = f g = da
o(BwX) = B Bo= d(BrwX))

where C is the condition

1. |a| > 0 and|a’| > 0, and

2. there are preciseljw(X)| consecutive applications of UNF between the top goal,
Xa = (8 = Xa), and the bottom goalty'a = 8’ (8’ = a'a), and no applications
of any other rule.

CUT
ad = 36

a=

0 Fe

Figure 4. Tableau proof rules

CA=YXX A=X

In each application of UNF, the left subgoal is the resuléiadt and the right subgoal
is the result afteb. If o/ = B’ is a subgoal which is the result of consecutive appli-
cations of UNF from the goak = £, then there is a wora such thafu| = m and

o' = (a-u)andp’ = (B - u). The wordu is then said to be the associated word with
this sequence of applications. In the example, ab6ié,= Y X X is the result of3
consecutive applications of UNF fromh = X. The associated word igha.

A key idea is reduction of a goal to a “balanced” subgoal, #glis the role of the
rules BAL(L), balance left, and BAL(R), balance right, indig 4. Balance rules were
introduced by Sénizergues [26] for the more general DPDAwadgnce problerfi in his
framework, they are the transformatidfis. The imbalance of a goal = 3 is the length
of the largest prefix ofx or 3 before they have a common tail.df= a6 andg = 8,9
and the only common suffix af; andj; is the empty sequence, then the imbalance

3We shall use the more general rules later.
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betweem: andg is max{ |« |, |41|}. If the imbalance betweemandg is 0, thena = 3,
soa ~ (3.

Assume a goa# = X «, the initial goal of a BAL(R), and assume that=Y; ... Y,
andn > M + 1. Also, assume that there aje(X)| consecutive applications of UNF
between this goal and the godl = o'«, and|a’| > 0. Therefore, there is a word
of size |w(X)| associated with this sequence of applications of UNF, @hdu) =
B and (Xa - u) = ¢'a = (X - u)a becauséu| = |w(X)|. Clearly, |u| < M, so
(B-u)=(Y1...YM - u)Yyu1 ... Y, An application of BAL(R) to3’ = o'« has result
B =o' (B - w(X)) which is therefore the goal

(Yl...YM 'U)YM-H Yn = Oz/(Yl...YM -w(X))YM+1...Yn.

However) (Y] ... Ym-u)| < 2M,|o'| = [(X-u)] < M+1land|(Y; ... Yy-w(X)) <2M
and therefore, the maximum imbalance of the subgo@Mist 1.
Completeness of an application of BAL depends on the foloytivo properties.

Fact6 If Xa~ g thena ~ (8- w(X)).If a~ gthenda ~ 0.

Therefore, ifXa ~ § anda’a ~ 8’ thend' (8 - w(X)) ~ B'. Soundness utilises the
following properties.

Proposition 1 If Xa ~, gandn > |w(X)| thena ~,_j,x) (B-w(X)).If a~, 3
and|d| > k then da ~, 41 05.

Proof: If Xa ~, S8 andn > |w(X)| thenXa w(—X>) a and therefores w(—X>) B and

a ~p_jw(x)| B'. By definitions’ = 3-w(X). For the second, consider any warduch
that|u| < n+ k. Assumea - u is defined. We therefore need to show théat u is also
defined. There are two cases. Fifst- u = (§ - u)a, and s@j - u = (J - u) 3. Second
u = vw andd - v = ¢, but then|v| > &k and sojw| < n. Consequentlys - uis 8 - w
which is defined becaugse~,, 5. O

In fact soundness is subtle. We need to bear in mind “globmalhsgness of the tableau
construction. The main idea, as we shall see, is that if issaesuccessful tableau whose
root is false then there is an offending path of false goalss Tdea is refined using
approximants. If a a goal = 4 is false then there is a leastsuch thaty £,, §. The
falsity index decreases through an application of UNF, asvsiby fact 5 . Consequently,
if a successful tableau has a false root then there is andiffgrpath of goals whose
“falsity” index is decreasing whenever UNF is applied.

Consider the circumstance when the initial goal of an apfitim of BAL is false,
Xa # B. Thereis a least + 1 such thatXa #£,,1 S andXa ~, . Assume that
m = |w(X)|. For soundness of an application of BAL we are only interdgtehe case
when there is an offending path of false goals whose falsitfex decreases as UNF is
applied which passes through the main goal of the applicaiod so» > m. In which
case it follows thatv; o #(,41)—n B’ because there are exactlyapplications of BAL
between these goals. The soundness property we wish to shbatithis falsity index is
preserved by the application of the rule.

Fact7 If Xa ~, g andjw(X)| = mandn > m anda'a #(,11)—pn B andja’| > 0
thena' (8 - w(X)) #(ny1)—m B
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Successful final goals

a=24;
: UNF at least once
a=a a=4

Unsuccessful final goals

a = 3 (exactly one ofy, 3 is ()

Figure 5. Final goals

The final rule in figure 4, CUT, allows common tails to be “cutdin a goal. Com-
pleteness and soundness of this rule follow from the nexttes

Fact 8 If ad ~ 86 thena ~ S.

Proposition 2 If aé +#£,, 85 thena £, 3.

Proof: We show its equivalent, it ~,, 8 thenad ~,, 3§ by induction onn. The base
casen = 0 is clear. Assume it holds for < k and considen = k. Assumex ~,, 5 and
ad = o If a = eandd —— o' then eithem = 0 and the result already follows or
B = e and thereforggd - o' and clearlya’ ~,_; o'. If a = «; anda’ = a; 6 then
6 - By anda; ~,_; B and therefore by the induction hypothesisd ~,_1 514.
The symmetric casgd — ' is similar. |

2.3. Successful tableaux

A missing ingredient in the tableau description is when aenirgoal is final. Final goals
are eithersuccessfubr unsuccessfuland are presented in figure 5. A successful final
goal is either an identity or a repeat goal with at least or@iegtion of UNF between
the repetition. An identity is clearly true: for the argunberiny a repeat is successful see
theorem 2. An unsuccessful final geak 3 is clearly false.

The tableau procedure starts with an initial geak= 3, “is a ~ 3?”, and one then
builds a proof tree by applying the tableau rules. Goalslesby reduced to subgoals.
Rules are not applied to final goals.

Definition 5 A successfulableau for = £ is a finite proof tree with root = 3 and all
of whose leaves are successful final goals. Otherwise aatalidensuccessful

Example 3 We proved thatd ~ X in example 2. Below is a successful tableau for
A = X.The annotation explains which rules are applied. ThedhitbalA = X reduces

to the subgoaléA - a) = (X -a) and(A - b) = (X - b). The second of these goals is
a final successful goat, = €. There are two further applications of UNF to the first of
these goals. The right subgoél= X is a successful final goal because it is a repeat and
there is at least one application of UNF between the repatiBAL(L) is applied to the
goalCA = Y XX with initial premiseAA = X X. This fulfills the conditions of the
application of BAL(L),w(A) = band sow(Y")| = 1 and there is precisellyapplication

of UNF between the two premises and no other rule is applibd.l&ft configuration has
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changed frond A to C'A in the second goal, and therefore the rule sanctions repiece
of the final occurrence aoft with (X X - w(A)) which is X. CUT is then applicable

A=X
: — UNF

C=YX €E=¢€

—  UNF

AA=XX

: : UNF
CA=YXX A=X
—  BAL(L)
CX=YXX
— CUT
C=YX

to the goalC’ X = Y X X and the result is a final successful géak Y X because it is
arepeat. m|

In example 3 there is an application of BAL(L) to the géall = Y X X. However
BAL(R) also applies to this goal. The rules allow tableauatttio not terminate, for
instance, by only applying UNF. A simple grammar is deteiistio, and therefore we
would prefer that there is just one tableau for any goal. Ta@@ uniqueness of tableau,
we appeal to the ordering okthat in an application of UNF, the subgoals are ordered
relative to this ordering. In example 3 we assume that b.

Next we provide a strategy for applying tableau proof ruldse important issue is
when to apply the BAL rules and with respect to which premi¥és assume that a BAL
rule applies to a goal using the premise above which is theesko We then place the
following priority on the tableau rules.

1. Apply BAL(L) followed immediately, if applicable, by CUDr
2. Apply BAL(R) followed immediately, if applicable, by CU®r
3. Apply UNF

Given a goal one tries first to apply BAL(L), and if it is not digpble then one tries to
apply BAL(R). Only if one of the BAL rules does not apply doeseapply UNF. CUT
is only applied after a BAL. The tableau of example 3 followgststrategy, and it is
therefore the unique tableau for the initial goE X.

2.4. Correctness of tableaux

Theorem 1 There is a unique boundedly finite tableau for gaat 3.

Proof: Given a goal and using the strategy for building a tableaudtear that it must be
unique. The main part of the proof is to show that any tableaa fstarting goak = 3
has a bounded size. M is the maximum norm assoociated witlirétmemar. The size of
agoaly = § in atableau is maj~|,|d|}. Now we make a number of observations which
prove the result. The first observation is straightforwgid.For anym > 0 there are
only boundedly many different goals whose size is at masf2) After an application of
BAL followed by CUT the size of the resulting subgoal is no mtinan3M + 1. Hence
any branch of a tableau contains only boundedly many apgjgita of BAL, because
otherwise goals will be repeated and a repeated goal is final.
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A goal is small if its size is less thaiM? + M). Clearly there are only boundedly
many small goals. Hence any branch of a tableau involving emiall goals and only
applications of UNF must be boundedly finite. If a goal is moad, we say it is “large”.
The final property is to show that any branch in a tableau wtrexee are only applica-
tions of UNF and no applications of BAL, but which containgyka goals must be de-
clining in size. More precisely, assume a large geat 3 and without loss of general-
ity assume thaln| > |5]. The following property holds. (3) If there is a branch of the
tableau starting from the large gaal= 3 which containgvi?> + M applications of UNF
and no application of other rules, then there is a goal inliléeich whose size is strictly
smaller than that ofe = 3. O

Theorem 2 [Soundness]If the tableau forn = 3 is successful then ~ 3.

Proof: Suppose there is a successful tableaudfot= 3 buta £ S. By theorem 1
this tableau is finite. There is a least approximamsuch thatx «£,, 5. We construct an
offending path of false goals through the tableau withinchitthe approximant indices
decrease whenever UNF is applied (by fact 5). The other (BA&& and CUT) preserve
the falsity indices. Because the tableau is finite and ssbakthis means that the path
of false goals must conclude with a final goal. But this is isgible. Clearly it is not
possible to reach a final goal of the form= ~ with v £ v. Moreover it is not possible
to reach a final goal which is a repeat. At the first instanceetliea least such that
v i 6 and as there is at least one application of UNF between this ¢fua would
imply thaty £, 4, which is a contradiction. |

Theorem 3 [Completeness]if a ~ 3 then the tableau forx = 3 is successful

Proof: One just builds the tableau fer = 3. The application of any rule preserves
truth. Therefore it is not possible to reach an unsucceéisfall goal, and by theorem 1
above the tableau far = § is finite, and therefore successful. |

This is not an optimal decision procedure for simple gramansee [6].

3. A Deeper Normal Form for DPDA

What are the key features that underpin decidability of leage equivalence for simple
grammars? First, language (or bisimulation) equivalescadongruencevith respect
to stack prefixing: ifL(a) = L(B) thenL(éa) = L(68). Second, language (or bisim-
ulation) equivalence supportancellationof postfixed stacks: iL(ad) = L(84) then
L(a) = L(p). Congruence allows us to tear apart a configuratiom and replace its
tail with a potentially equivalent configuratighwith overall resulta’ 3, as used in the
BAL rules. Cancellation, as used in CUT, has the consequiiratgoals have bounded
size. (Soundness of congruence and cancellation dependabiversions that employ
approximants.)

We might try to extend the tableau proof rules to goals thailire DPDA configura-
tions. The rule UNF works fostableconfigurations: the goala = ¢/ involving stable
configurations reduces to subgodis: - a;) = (¢f8 - a;), a; € A, that involve stable
configurations. The problem is the other rules. How can we apart DPDA (stable)
configurations and replace parts with parts? Indeed, whep#st of a configuration?
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Dx pYX — = pYYX ———=pYYYX — ...

Figure 6. The graphG¢(pY X)

A configuration has a state as well as a stack. Cledilyn) = L(¢3) does not, in
general, implyL(pda) = L(¢dB). Also, L(pad) = L(gBd) does not, in general, imply
L(pa) = L(gp).

Example 1Consider the DPDA with transitionsY - pX, pX — pe, pX - pX,

rX — pe, pY - pe, pY LN re, pY — pY'Y andrY — re. The collapsed graph
G°(pY X) is pictured in figure 6. Althougti.(pY " X) = L(pY™X) for everym andn,
L(pY™) = L(pY™) only if n = m. m|

This example also illustrates that there is not an obviolagiom between the lengths of
stacks of equivalent configurations.

Many of these problems disappear with pushdown grammaspienondetermin-
ism, stacking is a congruence with respect to pre and pastfidr language and bisim-
ulation equivalence and both equivalences support pre asifixed cancellation.

Factl L(a) = L(B) iff L(Aad) = L(A3J). a ~ B iff Aad ~ \36.

Deterministic PDGs, as we have seen, are too restricteahritrast, arbitrary PDGs are
too rich (as they generate all the non-empty context-freguages). What is needed is a
mechanism for constraining nondeterminismin a PDG.

3.1. Strict deterministic grammars

Strict deterministic grammars were introduced by Harriaod Havel [15], and further
studied in [14,16]. They generate exactly the same languag®PDA with empty stack
acceptance.

A SDG, strict deterministic grammar, is a PDG with an extrenponent, an equiva-
lence relatior= onS. The relation= partitions the stack symboSsinto disjoint subsets
Si1,...,Sg: for eachi, and pair of stack symbol¥,Y € S;, X = Y. We extend= onS
to a relation orb* using the same notation.

Definition 1 a = S iff a = 8, orthereisa € S*,a = 6Xa', 8 =6V, X =Y and

X #£Y.

Consequentlyy = 3 if they are the same or if they have a common prefix followed by
different stack symbols belonging to the same equivalelasscFor instance, if = Z
thenXYa = X Z for anya. (The relatiore on stacks ismotan equivalence relation.)
Fact2af = aiff f = e.a = piff da = §5. If « = g andy = § thenay = §4. If

a = fanda # 8 thenay = 6. If ay = §6 and|a| = |§| thena = 5.
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Figure 7. The graphG(X) andG(Z)

Definition 2 The relation= on S is strict if the following two conditions hold foX =
V.)IFX S aecTandyY 5 g e T, thena =42 If X - a € Tand
Y -4 o € TthenX =Y. An enhanced PDG isstrict determinisitic grammarSDG,
if its relation= is strict.

Example 2 S = {X,Y, Z}, A = {a,b,c} andT comprisesY % X, X -5 ¢, X -
X,V S eY -SYY,Z-5 e Z -5 ZandZ - YZ. The graphs ofY and
Z are pictured in figure 7G(Z) is nondeterministic because there are twansitions
from Z. Consider the following partition &: {{ X}, {Y, Z}}. This enhanced PDG is an
SDG. An examination of its transitions reveals that onlyditian 1 of strictness needs

to be checked for each pair of the three transitibns— YY, Z — ZandZ — Y Z.
HoweverYY =Z,YY =Y ZandZ =Y Z. O

We now examine some features of an SDG. If each set in theiparis a singleton,
soonly X = X for eachX, then the SDG igleterministi¢ and is therefore a simple
grammar. In this extreme case = j iff a = §. Example 2 illustrate that when the
partition involves larger sets then the SDG may exhibit resadminism. However, non-
determinism is “constrained”. For example Xf —~ ¢ € TandX = Y andX # Y,
then there is not an-transitionY” —— 3 € T. The strictness conditions generalise to all
wordsw € A* and to stack sequences.

Proposition 1 If &« — o' and3 — 3’ anda = B thena' = f'. If @ = &' and
8 - o' anda = S thena = 8.
Proof: The proof in both cases is by a routine induction/an O

3.2. Sum configurations

A configuration of a SDG is a sequence of stack symhwold)Ve extend the notion of
a configuration to sets of sequences of stack symbals,. . ., a,, }. However, we shall
write a set as a sumay; + ... + «, without repeated elements. Two sum configurations
a1 +...+a,, andp; +...+ 8, are identical if they are the same set. A degenerate case
is the empty sum, which we write #s The language of a sum configuration is just the
union of the languages of the componetit&y; +. .. +a,) = J{L(a;) : 1 <i < n}.
Therefore,L(§) = 0. L(X + Z), whereX + Z is from example 2, iSa™b : n >
0} U {c"c™a™b : n,m > 0}.

Only a subset of sum configurations are interesting.

Definition 3 f; + ...+ 3, isadmissibleif §; = 3; for eachi andj.
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N/\/\

a,c YX+Z — o YYX+YZ+Z

Figure 8. The graphG4(Y X + %)

The empty sumf), is therefore admissible. In [16] admissible configuratiane called
“associates”. Admissible configurations from example 2ude: XX, ZZZ + ZZY,
YX+Z,Z4+YZ, Z+YZ+YYZ. The last example is admissible becadse Y Z,
Z=YYZandYZ =YY Z. The sumX + Z is notadmissible.

An important property of admissible configurations is tHaéy are preserved by
transitions (which follows from proposition 1).

Fact3 If as +...+a, is admissible thed3}! : a1 — Bl IU...U{B : a, — B}
is admissible for any word) € A*.

An application of fact 3 isleterminizatiorof a SDG whereT is replaced byT®. For
eachX € S anda € A, the family of transitionsY —= a4, ..., X - a, € Tis
determinized by replacing them with the single transitlon-— a; + ... + a, € T9.
The sum configuratiomy; + ... + «a, is admissible. For eaclX anda there is a
unigque transitionX LN S a; € T if there is not ana transition for X in T then
X % ¢ € TY. The prefix rule PRE for generating transitions is geneedlitd cover
admissible configurations: iX; LN ol + ..+ o ,for eachi : 1 < i < m then
XiBi+ oot XpnBm — (a}Br + ... + a1 B+ 4 (@B A+ -+ Al B).
If the antedecent sum configuration of PRE is adm|SS|bIe Hoein the consequent con-
figuration. The determinized transition gragi(a; + ... + ) is generated from the
admissible configuration; + ... + a, using the determinized transitio$ and the
extended prefix rule.

Example 3 We reconsider example 2 whefe= {X.,Y,Z}, A = {a,b,c} and the
partition ofS = {{X},{Y, Z}}. T comprises¥ —% X,V - ¢, Z -5 §, X -2 ¢,
Y 50,25 6 X -5 X,V -5 YYandZ -5 YZ + Z. The graptGé (VX + 2)
is pictured in figure 8. It is not an accident that this grapts@norphic to the graph of

figure 6, as we shall see latdfX + Z — YY X + Y Z + Z becaus& X —— YY X
andZ - Y Z + Z. All sum configurations in the graph are admissible. a

3.3. Characterising DPDA

There is a standard transformation of a pushdown automatorailanguage equivalent
context-free grammar: see, for instance, [14,17]. Assurd®BA in normal form with
component®, S, A andT. A SDG in normal form with componenfs, A, T, and= is
constructed, in stages.

1. Foreveryp,q € PandX € S, introduce a stack symb@Xgq] € S;.
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2. For transitions, the initial step is to define the follog/tnansitions fom € A.

(@) IfpX %5 ge € T, then[pXq] - e € Ty.
(b) If pX -4 ¢V € T, then[pXr] - [¢Yr] € T, for eachr € P.
() If pX 25 qY' Z € T, then[pXr] - [qVp'][p' Z7r] € T, for eachr,p’ € P.

3. A stack symbo[pXg] € S; is ane-symbol, if pX —= ge € T. All e-symbols
are erased from the right hand side of any transitiom;n

4. Next, the SDG is normalised by removing all unnormed s&ckbols and use-
less transitions.

5. Finally, for elements o8, if p = r then[pSq] = [rSt] for anygq, t.

Fact 4 If w € A* and pX is stable in the DPDA, thepX —= ge if, and only if,
[pX q] - ¢ in the SDG The relation= onS, is an equivalence relation and is strict

Harrison and Havel also prove the converse, that any sti& San be transformed into
a DPDA [15].

The transformation of a DPDA does not preserve determintitowever, if the SDG
is determinized, then it is is preserved. A configuratioty X, ... X,, of the DPDA is
translated into supa) = > [pX1p1][p1 X2p2] - - . [Pn—1 Xnpn] Where the summation is
over allp; € P, for1 < i < n after alle-symbols are erased, and summands involving
redundant stack symbols are removed: §um) is admissible.

Fact5 L(pa) = L(sum(pa))

Moreover, the transition grapkf (pa) is almost isomorphic thG¢(sum(pa)). There can
be|P| co-roots, vertices of the forme, in G°(pa) in contrast with the single co-roat,
in G4 (sum(pa)).

Example 4 An example is the conversion of the DPDA of example 1. Thekstgmbols
Sy is{[pXp], [pXr], [pY D], [pY ], [r Xp], [r X 7], [rY p], [rY r]}. The transitions ifT are
then converted.

pXp] - [pXp] pXr] - [pXr] pXp] = €
[pXp] — [pXp] [pXr] — [pXT]
pYp] % € pYr] - € Y p] —= [pY pl[pY p]

[pYp] = [pYr]lrYp]  [pYr] — [pYpllpYr]  [pYr] — [pY7][rY7]

There are twa-stack symbolsr X p] and[rY'r]. These are erased from the right hand
side of any transition: the transitidpYr] —— [pYr][rY'r] is changed tdpYr] ——
[pYr]. The stack symbolpXr], [rYp], [r Xp], [rXr] and[rY r] are redundant and are
removed. This reduces to the set{[pXp], [pY p|, [pY r]}, and the transition$ to the
following set

[pXp] - [pXp] pXpl e [pXp] -5 [pXp)
[pYp] = € [pYr] 25 [pY p] == [pY pl[pY p]
[pYr] LN [pYpllpYr] [pYTr] LN [pYr]

4In fact, is bisimulation equivalent to.
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The partition is into the set§{[pXp]}, {[pYp], [pY r]}}. Finally, the transition§’; are
determinised: the twea-transitions from[pY'r] are replaced by the single transition
[pYr] == [pYr] + [pY p][pY r]. The SDG is example 3 whel = [pXp], Y = [pYp]
andZ = [pY'r]. The configuratiopY'Y X of the DPDA becomes the admissible con-
figuration[pY p][pY p][pXp] + [pY p|[pY r] + [pY r] of the SDG, that generates the same
language. m|

The DPDA equivalence problem reduces to deciding whetheragmissible con-
figurations of a determinized SDG are bisimulation equinval&he problem is a natu-
ral generalisation of the decision question for simple grears,a ~ 37, that includes
summatiomy; + ...+ a, ~ 1+ ...+ Bn?

3.4. Heads, tails and extensions

LetE, F, G, ... range over admissible configurations.

Definition 4 Thesizeof an admissible configuratiofl = 8; + ... + 3,, written |E|, is
the length of its longest sequence, igk| : 1 < j < n}. And|}| = 0.

For eachn > 0, there are only boundedly many different admissible coméitjons of
size at most.

An admissible configuration is writtefy + ... + 3, where eacls; is distinct. The
operator+ can be extended: i and F' are admissibleE U F' is admissible £ and F'
are disjoint,EN F' = @, thenE + F is the admissible configuratiddU F'. The operator
+ on admissible configurations artial. We also use sequential composition, written
as juxtaposition: if and F' are admissible, the® F' is the admissible configuration
{By : B € E and v € F}. The following are easy consequences of the properties of
being admissible.

Fact6 If E + F is admissible and € L(E), then for any, uv ¢ L(F). If E + F'is
admissible, thed(E) N L(F) = 0. L(EF) ={uv : u € L(E)andv € L(F)}.

Admissible configurations can have different “shapes’ngst and sequential
composition. IfE = {X{y,...,X],vm}, then for eachi and j, X; = X;. As-
sume that the different stack symbols {X1,..., X/ } are Xi,...,X,. Therefore,

E=X,Gi+...+ X,G, where eaclt?; = {v; : X} = X;}.Clearly,X; + ...+ X,
is admissible and eacH; is admissible. In this presentatiofi,is in 1-head form

Definition 5 Assumek > 1 andE = {8{d1,...,3,,0m} and|g}| = k, or|5}| < k and
d; = e, foreachi : 1 < i <m.If y,..., 0, are the distinct elements §3],...,5.,}

andH; = {0; : B; = i} foreachl : 1 <1 < n,thenE = 1Hy + ... + B, Hyisin
k-head form.

Fact7 If E = 5:Gq + ...+ B8,G, isin k-head form, them, + ... + 3, is admissible
and each’7; is admissible and different frofh

Definition6 E = E,G; + ...+ E,G,, is in head/tail form if the headE; + ... + E,,
is admissible and at least oitg # (), and each tail¥; # 0.

Example 5FE = YYYX+YYZ+YZ+ Z is an admissible configuration of example 3.
The partition of the stack symbols{§ X'}, {Y, Z}}. E hasl-head formY G, + ZGa,
whereGy = YYX +YZ + Z andGs = e. Also, E has2-head form,YY H; +
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YZH, + ZH3, whereH, = YX + Z andH, = H; = . E cannot be presented as
YYG) + YYG, + YGY + Z@G): this is not a valid head/tail form because the head
YY+YY +Y + ZisnotadmissibleXY # Y) and itis notdisjointY'Y + Y'Y is not

a proper sum). a

In the following, if a configuratior® is written £1 G4 + . . . + E,,G,,, then we assume
that it fulfills the conditions of definition 6 of a head/tadrm.

A key definition, used in the decision procedure later, ismvbre configuratiotail
extendsanother. Consider first configurations of a simple grammgar= §;vy, as =
BaAy andas = [36\y. Eacha; has possibly differing heads; and differing tails.
Howeveras's tail extendsy; 's (with ) andas’s extendsys's with 6. Thereforeqs’s tall
extendsy; s tail with the composition ok andd. We now extend the idea to admissible
configurations.

Definiton 7 If £ = £1G1 + ...+ E,G,, F = FH, + ...+ F,,H,, thenF in
its head/tail form is aail extensionof E in its head/tail form provided that for each
i:1<i<mH =KiG +...+ K;Gn. If F'is a tail extension off, then the
associated extensianis them-tuple (K] + ... + K},..., K" + ... + K™) without
theG;s, and the size of, written |e], is ma>{|K;ﬁ\ :1<i<nandl1<j<m}and
the width ofe is m, andF' is said to extend with e.

Extensions are matrices, written in a linear notation. Astance of extension is when
the tails coincide. i = E,G,1 + ... + E,,G,, andF = F1G; + ...+ F,G,, thenE
extendsF'bye = (e +0+...+0,...,0+0+...4¢). This extensior is abbreviated
to the identity(e). Extensions can be composed.

Proposition 2If E = E\G; + ...+ EiG; andE' = E|G| + ...+ E,, G, and
E" = E{G{+...+E!G" andE' extendsE bye = (Ji +...+J}, ..., J"+...+J")
andE" extends=' by f = (K} +...+ K.,..., K + ...+ K), thenE" extends
byef=(H| +...+ H},...,H'+ ...+ H") whereH! = K{J} +...+ K},J™ and
ef| < Jel + £

Proof: Assume thatE” extendsE’ by f and E' extendsE by e. Therefore,G! =
KiG\+...+ K. G, andG} = JfG1+...+J}G,. ConsequenthG! = C1 +...+Cy,
whereC; = K}JIGi + ... + K] J!G,. Reorganising the expressiofi; = H,Gy +
...+ H G whereH; = KiJ! + KiJ? + ...+ K J". Clearlylef| < le| +|f]. O

We are especially interested in tail extensions when cordigpns have the same
heads.

Example 6 The following uses example 3. Lét = YG + ZG, whereG, = X and
Gy =¢e.E' =YG|+ZGywhereG] =YX+ ZandG, =¢. E" = YGY{+ZGY where
Gy =YYX+YZ+ZandGy =c. E' extendsF bye = (Y + Z,(0+¢) andE" extends
E'byf=e=(Y+Z,0+¢).So,E" extendsE byef = (YY+(YZ+Z),0+¢).0

3.5. Dynamic properties of head and tail forms

We adopt notation from section 2. For ea¥he S, w(X) is the unique shortest word
v € At such thatX — e. w(E) is the unique shortest word for configuratiéh M
is the maximum norm of the SD@ after u, written E - u, is the uniqueF' such that
E-%F.
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Fact8(a; + ...+ an) - u=(as -u)+ ...+ (a, - u)

Proposition 3 AssumeE = $:G; + ... + (8,G,, is in k-head form, and eachl; =
X{ ... X}, ()If (B -u) = e, then for eacly # i, (8; - u) = D and(E - u) = G;. (2)
If (8;-u) =X}, ...X}  then(E-u) = E\Gy + ...+ E,G, whereE; = (§; - u) and
for j # i, eitherEB; = § or E; = XJ,... X{ andX{...Xj,_, is the same sequence
asXi... X .
Proof: Part 1 follows from the definition of admissibility; + ... + 3, is admissible
andp; # 3; wheni # j. If (B; -u) = e andB; — F, thenF = ¢ and, therefore,
Bi = Bj. Therefore(B3; - u) = § and(E - u) = (3; - u)G; = G;. Similar observations
establish part 2. ]

Bisimulation equivalence and its approximants are congrae with respect te-
and sequential composition. In particular, head/tail featiow substitutivity of equiva-
lent subexpressions into tails (because admissibilityésgrved).

Proposition 4 Assumet = E1Gy + ...+ E,G,. (1) If (E; - u) = ¢, then for allj # i,
(Ej -u)=0and(E -u) = G;. Q) If (E; -u) # 0, then(E - u) = (Ey - u)G1 + ... +
(B, -u)G,. QN H; #Bforalli:1<i<n,thenEH, + ...+ E,H, is a head/all
form. (4) If eachH; # () and eachE; # ¢ and for eachyj such thatt; # 0, H; ~., Gj,
thenE ~,,41 E1Hy +...+ E, H,. (5)If eachH; # () and for eacly such thattl; # (,
Hj ~ Gj, thenE ~ EFH, +...+E,H,.

Proof: Part 1 is a simple generalisation of proposition 3 (1) and@ved in the same
way. Part 2 follows from itE, G, + ... + E,G, is a head/tail form, and, therefore, by
definition eachG; # 0§ andE; + ...+ E, is admissible. Therefore, if eadl; # 0, then
E\H, + ...+ E,H, is a head/tail form. For 4 assunié= E,H; + ...+ E, H,, and
E #,,+1 F. E andF have the same head + ... + E,, and eachF; # ¢. Therefore,
there must be aword with 0 < |u| < m + 1 and(E - u) = G; and(F - u) = H; and
Gi #(m+1)-|u| Hi Which is a contradiction. The final part uses a similar argoimeX

Two configurations may have the same heads and differest tailmay have the
same tails and different heads Hfthas the head/tail for®, G +. . .+ E,,G,, andF has
a similar head/tail forn#, G, +. . .+ F,,G,, involving the same taifs then the imbalance
betweenE and F, relative to this presentation, is m@xg;|, |F;| : 1 < i < n}. If the
imbalance i9), then they are the same. The next result establishes a kpgnyof a
combination of such configurations.

Proposition 5 Assume the following configuratian® = E1Gy + ... + E,G,, F =
Gy +... +FnGnv E = FEH + ...+ E,H, andF' = FiH{ + ...+ F,H,. If
E ~,, FandE' #,, F', then there is a word, |u| < m, and ani such that eithe(1)
or (2).(1) (E'-u) = H;and(F'-u) = (Fy-u)Hy+. ..+ (F,-u)H, and(F'-u) # @ and
(E'-u) Fm—|ul (F'-u).(2)(F"-u) = H;and(E' -u) = (B, -u)Hy +...+ (E, u)H,
and(E'-u) # 0 and(E" - u) oy (F' - u).

Proof: AssumeE ~,, F andE’ «,, F'. Therefore, there is a word, |u| = m, and,
without loss of generality,E’ - u) = @ and(F" - u) # §, by definition of~,,,. However,
(E -u) = (if, and only if, (F - u) = (). Therefore, there must be a smallest prefix

5Any pair of configurationsZ and F have a head/tail form involving the same tais:= EG andF = FG
whenG = e.
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UNF

E=F
(E-a1)=(F-a1) ... (B-ag)=(F- ag)

A:{ala"'aak}

BAL(R)
F = X\H +...+X.H,
: C
F' = E/H +...+E;H,
F’ = El(F-w(Xl)) —I—...—l—Ek(F-w(Xk))
BAL(L)
X\ H +...+X;H, = F
: C
EH +...+EH, = F

El(F-w(Xl)) + ...—l—Ek(F-w(Xk))

|
g

where C is the condition

1. EachE; # ¢ and at least oné&l; # .

2. There are preciselyax{ |w(X;)| : E; # @ for 1 < i < k} applications of UNF
between the top goal and the bottom goal, and no applicatianyother rule.

3. If u is the word associated with the sequence of UNFs, fier (X; - u) for each
i:1<i<k.

Figure 9. The tableau proof rules

of u such that eithe(E’ - v) = H; and(F' -v) = (Fy -v)Hy + ...+ (F, - v)Hy, or
(F'-v) = Hyand(E'-v) = (Ey-v)Hi +...+ (Ey-v)Hp, and(E'"-v) o,y (F'-0).
The result follows becaus& - v) ~,,_,| (F'-v) andE has the same head &S andF’
has the same head &% and becaus€';, H; # 0, (E' - v), (F' - v) # (. O

4. Decidability of DPDA Equivalence

The procedure for deciding ~ F'is a tableau proof system as in section 2. The proof
rules, in figure 9, are generalisations of the unfold andrixadaules for simple grammars.
UNF reduces a godl = F to subgoal§E - a) = (F - a) for eacha € A. Because it is
intended that there is a unique tableau associated with@alytpe subgoals are ordered
by the ordering or. It is complete and sound.

Fact1If E ~ Fanda € A, then(E -a) ~ (F -a). f E ~,, FandE #,,+1 F, then
forsomen € A, (E - a) %4, (F - a).

Example 1 Below is an application of UNF using example 3 of section 3.
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YX+Z=YYX+YZ+Z
X=YX+Z e=eYYXHYZ+Z=YYYX+YYZ+YZ+2Z

The three subgoals are the result afteb andc. a

As in section 2, ifE’ = F' is a subgoal given by: consecutive applications of UNF
(and no other rule) td& = F, then there is aassociatedvord « such thafu| = m and
E'=(E-u)andF' = (F - u).

Fact 2 If E' = F' is a subgoal that is a result ofi consecutive applications of UNF
(and no other rule) ta& = F', then|E'| < |E| + m and |F'| < |F| 4+ m.

Definition 1 An application of BALuseF' if F'is the configuration in the initial goal of
the rule, as in figure 9.

Fact 3 captures precisely the bounds of imbalance: thenstéateis for BAL(L), and
its symmetric version covers BAL(R).

Fact 3 AssumeFE’ = F' is the result of BAL(L) using’. |E'| < |F| + 2M + 1 and
\F'| < |F|+M.If F = 3Gy + ... + pnG,, is inm-head form andn > M, then
E'=E G +...+E,G,andeachE;| <m+2M+1andF' = FiG, +...+ F,G,
and|F;| <m + M.

The BAL rules are sound and complete (compare section 2).

Fact4If XyH, + ...+ Xy H;, ~ FandE\H, + ...+ ExH, ~ F', thenE,(F -
w(Xl)) +...+ Ek(F . w(Xk)) ~F . f X H +...+ Xy H ~pom FandE, Hy +
..+ ExHy #n41 F' and eachE; # ¢ andm > max{|w(X;)| : E; # 0}, then
E\(F-w(X1)+ ...+ Ex(F-w(Xy)) fngr F'.

There is no rule corresponding to CUT. Indeed, it is not cleaw this rule for simple
grammars could be generalised to admissible configurations

It is intended that there be a unique tableau associatedanithnitial goal. So re-
strictions will be placed on which rule is to be applied whiginst, as in section 2, the ini-
tial premise of a BAL is the one that is closest to the goal #melefore, the one that in-
volves the least number of applications of UNF. To resolveetviule should be applied,
the following priority order is assumed: if BAL(L) is perntd, then apply BAL(L), if
BAL(R) is permitted, then apply BAL(R) and otherwise, appl}¥F. However, whether
an application of BAL is permitted involves more than futfiknt of the side condition.
It also depends on the previous application of a BAL.

Initially, either BAL is permitted provided that its side mdition is true. If an appli-
cation of BAL used’, then the resulting goal contains the configurafigf 7 -w (X)) +
..+ Ep(F-w(Xy)). E; is a“top” of the application of BAL andF - w(X;)) is a “bot-
tom”. Assume an application of BAL(L). A subsequent appimaof BAL(L) is permit-
ted provided the side condition of the rule is fulfilled. Hoxee BAL(R) is not permitted
until a bottom of the previous application of BAL(L) is exakand the side condition of
the rule is true. Between the application of BAL(L) that ugeand the goaf?; = H; in
figure 10, there are no other applications of BAL(L), a#rdis a bottom(F - w(X;)), of
the application of BAL(L). BAL(R) is now permitted providetluses configuratiof;,

i > 1, and the side condition holds. BAL(R) is not permitted usingpnfiguration from
a goal aboveé?; = H;, even when the side condition is true. The strategy is toyaapl
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F

: BAL(L)
E\(F-w(Xi)+...+ Ex(F-w(Xy) = H

: UNFs

Gr = Hy,
Figure 10. A potential switch from BAL(L) to BAL(R)

X X% = AA°
YXX5 = CA X5 = A5
. BAL(L)
(1) Y X A5 = CA°
0=0 (2) XX A5 = AAS
(x) Y XX A% = C A X A5 = AS
: BAL(L)
VX A5 = C A

UNF

UNF

UNF

Figure 11. Part of a tableau

BAL rule whenever it is permitted, and if both BAL rules aremétted, then priority lies
with BAL(L). If BAL(R) is applied, then the strategy is to reptedly apply BAL(R), and
to use UNF otherwise. BAL(L) is only permitted once a bottofritee previous appli-
cation of BAL(R) becomes the right hand configuration of algmal the side condition
holds.

For the purpose of exposition, the tableaux proof rules tmen presented in two
stages: first, as rules and then with a priority order. Howetree priority order could
be formalised as side conditions of the rules. The consemuisnthat when building a
tableau proof tree, there is just one choice of which rulepiolyanext to any subgoal.

A branch of a tableau from a subggdD) is a sequence of goals that start frg(0).
The following result motivates the restriction on the apation of a BAL rule.

Fact 5 If there are consecutive applications of BAL in a branch the¢F' and F”, then
there is a wordu such thatF"’ = (F - u).

Corollary 1 If Fy, F1, ..., F, are successive configurations used in applications of BAL
in a branch, then there are words, . .. , u,, such thatF; = (Fy - uy ... u;).

Example 2 An initial part of the tableau, using the simple grammar ofmple 1 of
section 2, is in figure 11. At godk), BAL(L) is applied. Either of the premisgd) and
(2) could be the initial premise for the application: howevarthe discussion above it
is the lower premis€2). The first application of BAL(L) uses, = AA° and the second
usesFy = AAS andF; = (Fy - ab). |

Example 3 The initial part of the tableau for example 1, above is in fga2. The
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NYX+Z=YYX+YZ+Z
(1) e=¢ YYX+YZ+Z=YYYX+YYZ+YZ+Z
YYYX+AYYZ+AYZ+Z=YYYX+YYZ+YZ+Z

UNF

BAL(L)

where(1) is the subtableau

() X=YX+2Z

, _ , UNF
X=X e=c¢ XZYYX+YZ+Z
. BAL(R)
XZYYX+YZ+Z
, , , UNF
XZVYX+Z e=¢ X=YYYX+YYZ+YZ+Z
BAL(R)

X=YYX+YZ+2Z

Figure 12. Part of a tableau

Unsuccessful final goals

E = F (exactly one off}, F'is ()

Figure 13. Unsuccessful final goals

premise(x) is the initial premise for the application of BAL(L), aréx) is the initial
premise for the first BAL(R). The leaf goals are either idéesi or repeats. In fact, it will
turn out that this partial tableau is the completed succéssbleau that establishes that
pY X ~pYYX. O

4.1. Successful tableaux

The missing ingredient in the tableau description is whenraent goal is final. As in
section 2, final goals are eithsnccessfubr unsuccessfullhe definition of unsuccessful
final goal is the same as for simple grammars and is presemfiggire 13. The definition
of successful goal in figure 5 is an identity goal or a goal ihegpeated (with at least one
least one application of UNF between the two occurrences. definition of success
works for simple grammars in the presence of the rule CUT. el without CUT, as
example 2 illustrates, goals in a branch may continuallygase their size.

Instead, success will be defined for the last element of aesemuof goals that have
the same heads and are related by a finite family of tail eidaesA repeating goal
is a special case where the extension is the ideftitySo, the definition okxtension
definition 7 of section 3, is enlarged to goals.

Definition 2 AssumeE = E,H, +...+ E,H,, F = H, + ...+ F,H,, E' =

EiGi+ ...+ E/ G, andF' = F{Gy + ... + F!,G,,. Assume goah is E = F and
goalgis E' = F'. Goalh extendsy by extension, if E extendsE’ by e (andF extends
F'bye).
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The main combinatorial insight, “the extension theorenglplv, will underpin when
a subgoal counts as a successful final goal. It involves fasndf extensions with the
same heads. In this theorem, a géak F is true at leveln, if E ~,,, F. To illustrate
it, considern = 3. Assume that there are goajl§), h(i), i : 1 <1 < 8 and each goal
g(i) has the formE, Gi + ... + E3GE = FiGY + ... + F3G% and each goah(i) has
the formE H! + ... + E3G% = FiH! + ...+ F3H}. They all have the same heads.
Assume extensions, e; andes as follows (where, for examplg(2) extendsy(1) by
e1 andg(5) extendsgy(4) by e3).

€3
€2 €2
€1 €1 €1 €1
g 92 93 94 95 9 gr 98

And assume the same extensions for the gh@ls The theorem says that if eaglu),
1 <4 < 8, istrue at leveln and eachh(i), 1 < i < 8, is true at leveln, thenh(8) is
also true at levetn.

Proposition 1[The extension theoremssume there are two families of goals), h(7),
1 <4 <27, and each goa(i) has the formE, G +.. .+ E,G' = F,G' +...+ F,G",
and each goah(i) has the formE, Hi + ... + E,H. = FiH} + ... + F,H}. Assume
extensions, .. ., e, such that for eacle; andi > 0

g(27i + 2771 4 1) extendsgy(27i + 27~1) by e;
h(27i +27~1 4 1) extendsh(27i + 27~1) by e;.

If each goalg(i) is true at leveln, i : 1 <i < 2", and each goah(j),j:1 < j < 2,
is true at leveln, thenh(2") is true at leveln.

The proof of this result is inductive and is not presentedhérsimple instance is
now explained. Consider the tree of example 2. There is achrarhere the goals are
increasing in sizeY X A° = CA®, ..., YXAS = CAS, .., YXA" = CA",.... And
between these goals there is at least one application of UNiRstantiate the extension
theoremn = 1. The families of goals argy(1) is Y XG! = CG' whereG' = A5,
g(2) = h(1) which isYXG? = CG? whereG? = A% andh(2) isYXH? = CH?
where H? = A”. The extension i§A): g(2) extendsg(1) by (4) andh(2) extends
h(1) by (A). The theorem provides the following result: for amy if Y X A5 ~,,, C A®
andY X A% ~,, CAS, thenY X A" ~,, CA” which justifies tha X A7 = CA" is a
successful final goal. The argument is similar to theorem 2eation 2.5 for a repeat
goal.

Definition 3 Assume a branch of goal§0),...,d(l). The goald(l), E1Hy + ... +
E.H, = F H, +...+ F,H,, obeys the extension theorem if the following hold

1. There are families of goalg(i), h(i), 1 < i < 2™ belonging to{d(0),...d(])},
and each gogj(i) has the formE, G + ... + E,Gi, = FiGi +...+ F,G¢ and
each goah(i) has the formE, H! + ...+ E,H! = F{H! + ...+ F,H}.

2. The goah(2™) is d(1) and there is at least one application of UNF between goal
h(2™ — 1) andd(l).
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Successful final goals

E, = F; the root goal

E, = F, obeys extension theorem

Figure 14. Successful final goals

3. There are extensions, . . ., e, such that for each; andi > 0

g(27i + 2971 + 1) extendgy (277 + 277 1) by e;
h(29i + 2771 + 1) extendsh(27i + 277 1) by e;.

The second occurrence of a repeat goal in a branch obeys thes®on theorem
provided that there is at least one application of UNF betwie two occurrences.
Assume it has the for, G4 + ... + E,Gi = FiG} + ...+ F,G,. Except forh(2"),
the goalg (i) andh(i) are its first occurrence and each extension is the idefityAll
three conditions of definition 2 are thereby satisfied.

The definition of successful final goal is given in figure 14eTbllowing results are
similar to those in section 2.

Theorem 1There is a unique boundedly finite tableau for géar F.
Theorem 2 [Soundness]f the tableau forE = F is successful theR ~ F'.
Theorem 3 [Completenesslf E ~ F' then the tableau foE? = F is successful

The bound on the size of the tableau #8r= F is only primitive recursive with
respect to the size of the DPDA (or, SDG) and, in particulath wespect to the number
of states of the DPDA. Much more work is needed to check if tlwisnd is anywhere
near optimal.
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