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Language Theory and Infinite Graphs

Colin Stirling
School of Informatics, University of Edinburgh, UK

Abstract. Automata and language theory study finitely presented mechanisms for
generating languages. A language is a family of words. A slight shift in focus
is very revealing. Instead of grammars and automata as language generators, one
views them as propagators of possibly infinite labelled transition graphs. This is
our starting point for pushdown automata.

The main goal is to report on a proof of decidability of language equivalence for
deterministic pushdown automata that uses both graph theoretic and combinatorial
arguments.
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1. Pushdown Automata

The following four finite sets are ingredients of a pushdown automaton (PDA): statesP, stack symbolsS, alphabetA and basic transitionsT. A basic transition has the formpX a�! q� wherep; q 2 P, X 2 S, a 2 A [ f�g and� 2 S�.
A configurationp� of a PDA consists of a state and a sequence of stack symbols.

The transitions of a configuration are defined by the following prefix rule whereÆ 2 S�:
PRE if pX a�! q� 2 T thenpXÆ a�! q�Æ. On inputa the configurationpXÆ in
statep with X at the top of the stack changes to stateq and� replacesX . Alternatively,
with respect to a generational or process calculus perspective the configurationpXÆ
generates, or performs,a and becomesq�Æ. If a = � then configurationpXÆ may change
to q�Æ without reading an input orpXÆ may becomeq�Æ silently without performing an
observable action.

Throughout, we assume the following disjointness condition onT.If pX ��! q� 2 T and pX a�! r� 2 T then a = �
A configuration isunstable, only has�-transitions, orstable, has no�-transitions.

Thetransition graphG(p�) is generated by deriving all possible transitions fromp�
and every configuration reachable from it by repeated application of the rule PRE.

Example 1AssumeP = fpg, S = fXg, A = fag andT = fpX a�! pXXg. G(pX)
is: pX a�! pXX a�! pXXX a�! : : :. The transitionpXXX a�! pXXXX follows
by applying PRE topX a�! pXX 2 T with Æ = XX . 2
Example 2 Let P = fpg, S = fX;A;Bg andA = fa; bg. The basic transitions arepX a�! pAX , pA a�! pAA, pB a�! pAB, pX b�! pBX , pA b�! pBA andpB b�! pBB. The graphG(pX) is the full binary tree. 2
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Figure 1. Collapsed graphG
(pX)
Example 3Let P = fp; q; rg, S = fXg, A = fa; bg. T is pX a�! pXX , pX b�! r�,rX ��! r�, pX b�! q� andqX b�! q�. The graphG(pX) isq� b � qX b � qXX b � : : :" b " b " bpX a�! pXX a�! pXXX a�! : : :# b # b # br� � � rX � � rXX � � : : :
We use� both as a transition label and for the empty stack sequence. 2

A PDA is presentable in normal form, up to isomorphism of transition graphs, where
for each transitionpX a�! q� 2 T, the length of�, j�j, is at most2. A transition graphG(p�) has both bounded in and out degree. The out degree of a terminal configurationp� is 0 and the out degree of a configurationpX� is bounded by the number of basic
transitions inT which have the the formpX a�! q�. The in degree of a configurationp� is bounded by the number of basic transitions inT which have the formqY a�! p�0,
when�0 is a prefix of�.

1.1. Collapsed graphs

A natural extension of transitions is to wordsw 2 A�. The extended transitionp� w�! q�
represents that there is aw-path from configurationp� to configurationq�. For instance,pXX ab�! r� in the case of example 3. To capture word transitions, thecollapsedgraph
of a PDA, which abstracts from�-transitions, is defined. Consider just thestablecon-
figurations of example 3 above and transitions

a�!, a 2 A, between them. This is the
collapsed graph, without�-transitions. For instance, its collapsed transition graph with
stable rootpX , written G
(pX), is depicted in figure 1. In a collapsed graph unstable
configurations are removed, andp� a�! q� if p� a�! r
( ��!)�q�. If a PDA does not
contain�-transitions thenG(p�) is the same graph asG
(p�).

A collapsed transition graph may have infinite in or out degree. The configurationr�
in figure 1 has infinite in degree because there are infinitely many transitions into it.

Example 4 AssumeT is rX a�! pX , pX ��! pXX , pX ��! q� andqX b�! q�. The
graphG(rX) is
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Figure 2. The collapsed graphG
(rX)rX a�! pX ��! pXX ��! pXXX ��! : : :# � # � # �q� b � qX b � qXX b � : : :
The stable configurations in this graph arefrX; qXn : n � 0g, and the collapsed
graphG
(rX) is presented in figure 2. Infinite out degree, as illustrated by this example,
depends on nondeterminism in the basic�-transitions. 2
1.2. Subclasses of pushdown automata

The following are some important subclasses of pushdown automata.� Real-time: there are no�-transitions, so graphsG(p�) andG
(p�) coincide.� Single-state: the set of statesP is a singleton set.� �-deterministic: ifpX ��! q�; pX ��! r
 2 T thenq = r and� = 
.� A-deterministic: ifpX a�! q�; pX a�! r
 2 T, a 6= �, thenq = r and� = 
.� Deterministic: if the PDA is both�-deterministic andA-deterministic.� Normed (or without redundancy): for any configurationq� of a graphG(p�) there
is a wordu 2 A� and a stater such thatq� u�! r�.

There is anormal formin the case a PDA is�-deterministic that�-transitions only
pop the stack: ifpX ��! q� then� = �. By equivalent we mean that their collapsed
graphs are isomorphic. Therefore, this is a normal form for aDPDA (deterministicpush-
down automaton).

1.3. Decision questions

There are various decision questions that one can ask about PDA. One kind of decision
question ismodel checking. The rooted graphsG(p�) (for a real-time PDA) andG
(q�)
can be viewed as models with respect to which logical formulae are defined. A classical
instance ismonadic second-orderlogic which is first-order logic over these graphs (con-
taining equality and an atomic binary predicateEa for eacha 2 A with interpretationa�!) together with quantification over sets of vertices. Given a(collapsed) PDA graph
and a formula�(x) with one free variable, the decision question is whether�(x) is true
at the root of the graph. There is a significant history associated with this problem. In
effect, Büchi showed that this question is decidable for example 1 earlier of a PDA [3]
and Rabin showed that it is decidable for example 2 [23]. The graphsG(p�) for real-
time PDA exhibit a “regular” structure, as originally defined by Muller and Schupp [21].
From this they showed using Rabin’s result that the questionis decidable for any real-
time PDA graph. Finally, Caucal [9] extended the result to any collapsed graphG(p�) of
a PDA. Standard temporal logics, LTL, CTL, CTL� and modal�-calculus, are sublogics
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of monadic second-order logic, so model checking them on these infinite-state transition
graphs is decidable. In practice, model checking these temporal logics appeal directly to
automata (instead of monadic second-order logic).

Caucal also provided other characterisations of the graphsof pushdown automata.
First he showed that the graphs of real-time PDA can be definedin terms of “pattern
graphs” using deterministic graph grammars [7]. Secondly they are isomorphic to the
transition graphs generated by Type0 grammars under prefix rewriting. Assume a finite
family of nonterminalsN and a finite alphabetA. A Type0 grammar under prefix rewrit-
ing is given by a finite family of basic transitions of the form� a�! � where� and�
belong toN�. The transition graph generated by a configurationÆ 2 N� is determined
by the basic transitions together with the prefix rule if� a�! � then�
 a�! �
 for any
 2 N�. He also defined a more general class of graphs, theprefix-recognisablegraphs
[9], where the finite set of basic transitions are given by more general rulesE a�! F
whereE andF are regular expressions over the alphabet of nonterminals.It turns out
that these graphs coincide with the collapsed graphs of PDA.For instance, the graph of

figure 2 is (isomorphic to)G(X) whenX a�! Y � andY b�! �.
A third kind of decision question deals withequivalence checking. Classically, for-

mal language theory views the language generable from a configuration as paramount.
Therefore, the language equivalence problem is: given two configurations of a PDA1 do
they recognise the same language?

Definition 1 Thelanguageof p�, L(p�) = fw 2 A� : p� w�! q� for someq 2 Pg.
When recognising any such word the stack is thereby emptied.For instance,L(pX) in
the case of example 3 is the set of wordsfanbn+1 : n � 0g [ fanb : n � 0g. This is
calledempty stack acceptance. A wordw 2 A� is inL(p�) if there is aw-path fromp�
to a terminal stateq� for someq in thecollapsedgraphG
(p�).

The class of languages recognised by PDA is the context-freelanguages. It was
shown in the 1960s that the language equivalence problem is undecidable (even for real-
time single-state PDA). It was also shown that the language containment problem is
undecidable for real-time single state DPDA. (Visibly pushdown automata are real-time
PDA that obey the following constraint: for everya 2 A, if pX a�! q� 2 T andp0Z a�! q0� 2 T thenj�j = j�j. The language containment problem is decidable for
such PDA [1]).

1.4. Bisimulation equivalence

Language based equivalences are not the only notion of equivalence between configura-
tions of pushdown automata. There are proposals for finer equivalences in concurrency
theory, where the behaviour of a process is presented as a labelled transition graph. There
is a need for more intensional equivalences because language equivalence is not pre-
served by communicating automata. A pivotal notion, due to Park and Milner, is bisim-
ulation equivalence.

Bisimulation equivalence is based on the existence of a relation between vertices of
a transition graph which is preserved by transitions.

1As the disjoint union of two PDAs is a single PDA, we can restrict equivalence problems to configurations
of a single PDA.
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Definition 2 A binary relationR between vertices of transition graphs is abisimulation
relation provided that whenever(E;F ) 2 R, for all a 2 A,if E a�! E0 then there is an F 0: F a�! F 0 and (E0; F 0) 2 R;if F a�! F 0 then there is an E0: E a�! E0 and (E0; F 0) 2 R:
Definition 3 E is bisimulation equivalenttoF ,E � F , if there is a bisimulation relation
containing(E;F ).
There is also a notion of approximation associated with bisimulation equivalence.

Definition 4 The familyf�n : n � 0g between vertices of transition graphs is defined
inductively as follows.E �0 F for all verti
es E;FE �n+1 F i� for all a 2 Aif E a�! E0 then there is an F 0: F a�! F 0 and E0 �n F 0; andif F a�! F 0 then there is an E0: E a�! E0 and E0 �n F 0
Fact 1 If p� � q� then for alln � 0. p� �n q�.

The converse of fact 1 is not in general true for collapsed graphsG
(p�). However, it
does hold for graphs which have finite out degree.

Fact 2 If the transition graphs containingE andF have finite out degree and for alln � 0. E �n F thenE � F .

Baeten, Bergstra and Klop showed in 1987 that bisimulation equivalence is decidable
for normed, single-state real-time PDA [2]. This was extended to all single-state real-time
PDA [11] and then to all real-time PDA and to the collapsed graphs of�-deterministic
PDA [25]. However, the problem is undecidable for arbitrarycollapsed graphs of PDA
(a result that is a consequence of [28]).

1.5. The DPDA equivalence problem

A more classical definition of a PDA includes an extra component: F � P which are
final states. The language of a configuration is then the set of wordsw 2 A� such thatp� w�! q� whereq 2 F. This is calledfinal state acceptance.

For pushdown automata, in general, the languages recognised under final state ac-
ceptance coincide with those recognised under empty stack acceptance. However, this is
not true in the case of DPDA. The languages recognised by DPDAunder final state ac-
ceptance are thedeterministic context-freelanguages. The languages accepted under fi-
nal state acceptance is a proper subset of these deterministic languages. However, we still
work with empty stack acceptance because of the following. For any languageL accepted
by a DPDA configuration under final state acceptance, there isa DPDA configuration that
acceptsL$ where$ 62 A is an end of word marker: the languageL$ = fw$ : w 2 Lg.

The DPDA equivalence problem was posed in the 1960s [12]: given two con-
figurationsp�, q� of a DPDA, is there an effective procedure for deciding whetherL(p�) = L(q�)? It was a celebrated open problem until it was solved positively by Ger-
aud Sénizergues [24,26]. It seems that the notation of pushdown configurations, although
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simple, is not rich enough to sustain a proof. Deeper algebraic structure needs to be ex-
posed. Sénizergues’s proof is primarily algebraic. This proof was simplified in [29,27].
However, these solutions to the problem involve two semi-decision procedures: one to
show inequivalence (“find a smallest distinguishing word”)the other to show equivalence
(basically, using anondeterministicproof procedure). Therefore, there is no complexity
bound on the decision procedure.

A simplerdeterminisiticdecision procedure with a primitive recursive upper bound
on its complexity was presented in [30]. It is this proof thatis the main topic of these
notes. The proof technique is based on thebisimulation equivalence problemfor de-
terminisitic graphsG
(p�). However, essential elements of Sénizergues’s proof are still
present in the decision procedure.

2. Decidability of Equivalence of Simple Grammars

Surprisingly, the key to understanding the DPDA equivalence problem arepushdown
grammars(PDGs) which are real-time single state PDA. A PDG has finite set ingredients
stack symbolsS, alphabetA and basic transitionsT. A basic transition has the formX a�! � whereX 2 S, a 2 A and� 2 S�. A configuration� is a sequence of stack
symbols. The prefix rule is: ifX a�! � 2 T thenXÆ a�! �Æ.

We assume that a PDG is in normal form. First, any transitionX a�! � 2 T has the
property thatj�j � 2. Second, a PDG isnormed: for everyX 2 S there is a wordu such
thatu 2 L(X). We now show how to ensure this assuming a fixed total ordering< onA.

Definition 1 The wordu is “smaller” thanv, if juj < jvj or juj = jvj andu is lexico-
graphically less thanv with respect to the ordering onA: that is, if juj = jvj, u = waw0
andv = wbv0 thena < b.
Definition 2 For each stack symbolX , if L(X) 6= ; thenw(X) is thesmallestword infu : X u�! �g. Thenormof X is the length ofw(X), jw(X)j.

It is easy to computew(X), if it exists, for each stack symbolX . Initially, stack
symbolsX with norm1 are identified, andw(X) is then defined, and then stack symbols
with norm2, and so on, until eitherw(X) is calculated for each stack symbolX or X
can not have a norm: the current largest norm isk and no stack symbol has norm betweenk and2k + 1.

If this procedure leavesX unnormed then it is deleted fromS, and all transitionsZ a�! � 2 T with X = Z or� containingX are deleted fromT. The result is a normed
PDG that preserves language equivalence (for configurations� such thatL(�) 6= ;).

An important measure of a PDG (in normal form) is its maximum norm M.

Definition 3 M =max fjw(X)j : X 2 Sg.
In the worst case, M is exponential injSj. The definition of norm extends to configura-
tions of a PDG.

Definition 4 For each configuration�, the wordw(�) is the unique smallest wordv
such that� v�! �. The norm of� is jw(�)j.
Clearly,w(�) = � andjw(�)j = 0. Moreover,w(X�) = w(X)w(�).
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Figure 3. G(X) andG(A)
As a first step towards solving the DPDA equivalence problem,we prove decidability

of language equivalence for simple grammars, which was firstshown by Korenjak and
Hopcroft in 1966 using a method which is similar to that presented here [20].

2.1. Simple grammars

A simple grammar is a deterministic PDG. The key restrictionis� Determinism: ifX a�! � 2 T andX a�! � 2 T then� = �
The recognition power of simple grammars is less than that ofDPDA. For example, the
languageL = fanbn : n > 0g [ fan
 : n > 0g is generable by a DPDA configuration
but not by a configuration of a simple grammar.

Example 1Let T beX a�! Y X , X b�! �, Y b�! X , A a�! C, A b�! � andC b�!AA. The transition graphsG(X) andG(A) are pictured in figure 3. Here,w(X) = b
andw(A) = b. Because of the transitionY b�! X , the symbolY has norm2 andw(Y ) = bb. The symbolC has norm3 becauseC b�! AA, sow(C) = bbb. So the
maximum normM = 3. 2

Configurations of a simple grammar are sequences of stack symbols. An extra con-
figuration, the deadlocked configuration;, is added for the purpose of a useful notation2,

2; has an important role later when configurations are extendedto sets of sequences of stack symbolsf�1; : : : ; �ng, and it is then genuinely the emptyset.
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“� after the wordu,” written � � u. The configuration� � u is either the configuration� such that� u�! � or it is the deadlocked configuration;. The configuration; is un-
normed, its size,j;j, is 0 andL(;) = ;. It is assumed that;� = ; = �;. The inclusion
of ; guarantees that(� � u) is always defined, and is unique because simple grammars
are deterministic. In example 1, above,(Y X � bab) = XXX and(AA � aa) = ;. Some
obvious properties of “after” are now listed.

Fact 1 If (��u) = ; then(��uv) = ;. If (��u) = � then(��ua) = ;.maxf0; j�j�jujg �j(� � u)j � j�j + juj. (� � uv) = (� � u) � v. (�� � w(�)) = �. If juj � jw(�)j then(�� � u) = (� � u)�.

The language of a configurationL(�) is prefix-freebecause of determinism: if a
word belongs toL(�), then no proper prefix belongs to it.

Fact 2 If u 2 L(�), then for anyv 2 A+, uv 62 L(�).
The decision problem for simple grammars is: given configurations �; � 2 S�,

is L(�) = L(�)? Because simple grammars are deterministic (and normed) language
equivalence coincides with bismulation equivalence.

Fact 3L(�) = L(�) iff � � �.

Example 2 L(A) = L(X) whereX andA are from example 1, soA � X . However,
the bisimulationR justifying equivalence is infinite.R = f(Xn; An) : n � 0g [ f(Y Xn+1; CAn) : n � 0gR obeys the hereditary conditions for being a bisimulation. 2

Example 2 illustrates that a justifying bisimulation relation may be infinite, so it is
necessary to supply a more sophisticated technique than merely exhibiting a bisimulation
witness if we wish to solve the decision problem for simple grammars.

2.2. Tableau proof rules

The decision procedure for simple grammars is atableau proof system, consisting of
proof rules which allow goals to be reduced to subgoals. Goals and subgoals are all of
the form� �= �, “is � � �?”, where� and� are configurations of a simple grammar.

The initial tableau proof rule is UNF (unfold) in figure 4. Thegoal,� �= � reduces
to the subgoal(� � a) �= (� � a) for eacha 2 A. The application of this simple rule is
both “complete” and “sound”. Completeness is the property that if the goal,� �= �, is
true then so are all the subgoals,(� � ai) �= (� � ai).
Fact 4 If � � �, then for alla 2 A, (� � a) � (� � a).
Soundness is the converse, that if all the subgoals are true then so is the goal which is
equivalent to, if the goal is false,� 6� �, then so is at least one of the subgoals. However,
there is a finer account that uses approximants.

Fact 5 If � �n � and� 6�n+1 �, then for somea 2 A, (� � a) 6�n (� � a).
Repeated applications of UNF continually reduce goals. Forinstance, the following

tree of applications of UNF starts with goalA �= X from example 1.
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UNF� �= �(� � a1) �= (� � a1) : : : (� � ak) �= (� � ak) A = fa1; : : : ; akg
BAL(L) and BAL(R)X� �= � � �= X�

... C
... C�0� �= �0 �0 �= �0��0(� � w(X)) �= �0 �0 �= �0(� � w(X))

where C is the condition

1. j�j > 0 andj�0j > 0, and
2. there are preciselyjw(X)j consecutive applications of UNF between the top goal,X� �= � (� �= X�), and the bottom goal,�0� �= �0 (�0 �= �0�), and no applications

of any other rule.

CUT�Æ �= �Æ� �= � Æ 6= �
Figure 4. Tableau proof rulesA �= X

UNFC �= Y X
UNF; �= ; AA �= XX

UNFCA �= Y XX A �= X � �= �
In each application of UNF, the left subgoal is the result after a and the right subgoal
is the result afterb. If �0 �= �0 is a subgoal which is the result ofm consecutive appli-
cations of UNF from the goal� �= �, then there is a wordu such thatjuj = m and�0 = (� � u) and�0 = (� � u). The wordu is then said to be the associated word with
this sequence of applications. In the example, above,CA �= Y XX is the result of3
consecutive applications of UNF fromA �= X . The associated word isaba.

A key idea is reduction of a goal to a “balanced” subgoal, and this is the role of the
rules BAL(L), balance left, and BAL(R), balance right, in figure 4. Balance rules were
introduced by Sénizergues [26] for the more general DPDA equivalence problem3: in his
framework, they are the transformationsTB. The imbalance of a goal� �= � is the length
of the largest prefix of� or � before they have a common tail. If� = �1Æ and� = �1Æ
and the only common suffix of�1 and�1 is the empty sequence, then the imbalance

3We shall use the more general rules later.
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between� and� is maxfj�1j; j�1jg. If the imbalance between� and� is 0, then� = �,
so� � �.

Assume a goal� �= X�, the initial goal of a BAL(R), and assume that� = Y1 : : : Yn
andn � M + 1. Also, assume that there arejw(X)j consecutive applications of UNF
between this goal and the goal�0 �= �0�, andj�0j > 0. Therefore, there is a wordu
of size jw(X)j associated with this sequence of applications of UNF, and(� � u) =�0 and (X� � u) = �0� = (X � u)� becausejuj = jw(X)j. Clearly, juj � M, so(� � u) = (Y1 : : : YM � u)YM+1 : : : Yn. An application of BAL(R) to�0 �= �0� has result�0 �= �0(� � w(X)) which is therefore the goal(Y1 : : : YM � u)YM+1 : : : Yn �= �0(Y1 : : : YM � w(X))YM+1 : : : Yn:
However,j(Y1 : : : YM�u)j � 2M, j�0j = j(X �u)j � M+1 andj(Y1 : : : YM�w(X))j � 2M
and therefore, the maximum imbalance of the subgoal is3M+ 1.

Completeness of an application of BAL depends on the following two properties.

Fact 6 If X� � � then � � (� � w(X)). If � � � then Æ� � Æ�.

Therefore, ifX� � � and�0� � �0 then�0(� � w(X)) � �0. Soundness utilises the
following properties.

Proposition 1 If X� �n � andn � jw(X)j then � �n�jw(X)j (� �w(X)). If � �n �
andjÆj � k then Æ� �n+k Æ�.

Proof: If X� �n � andn > jw(X)j thenX� w(X)�! � and therefore� w(X)�! �0 and� �n�jw(X)j �0. By definition�0 = � �w(X). For the second, consider any wordu such
thatjuj � n+ k. AssumeÆ� � u is defined. We therefore need to show thatÆ� � u is also
defined. There are two cases. FirstÆ� � u = (Æ � u)�, and soÆ� � u = (Æ � u)�. Secondu = vw andÆ � v = �, but thenjvj � k and sojwj � n. ConsequentlyÆ� � u is � � w
which is defined because� �n �. 2
In fact soundness is subtle. We need to bear in mind “global” soundness of the tableau
construction. The main idea, as we shall see, is that if thereis a successful tableau whose
root is false then there is an offending path of false goals. This idea is refined using
approximants. If a a goal
 �= Æ is false then there is a leastn such that
 6�n Æ. The
falsity index decreases through an application of UNF, as shown by fact 5 . Consequently,
if a successful tableau has a false root then there is an offending path of goals whose
“falsity” index is decreasing whenever UNF is applied.

Consider the circumstance when the initial goal of an application of BAL is false,X� 6� �. There is a leastn + 1 such thatX� 6�n+1 � andX� �n �. Assume thatm = jw(X)j. For soundness of an application of BAL we are only interested in the case
when there is an offending path of false goals whose falsity index decreases as UNF is
applied which passes through the main goal of the application, and son � m. In which
case it follows that�1� 6�(n+1)�m �0 because there are exactlym applications of BAL
between these goals. The soundness property we wish to show is that this falsity index is
preserved by the application of the rule.

Fact 7 If X� �n � and jw(X)j = m andn > m and�0� 6�(n+1)�m �0 and j�0j > 0
then�0(� � w(X)) 6�(n+1)�m �0.
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Successful final goals� �= �
... UNF at least on
e� �= � � �= �

Unsuccessful final goals� �= � (exactly one of�; � is ;)
Figure 5. Final goals

The final rule in figure 4, CUT, allows common tails to be “cut” from a goal. Com-
pleteness and soundness of this rule follow from the next results.

Fact 8 If �Æ � �Æ then� � �.

Proposition 2 If �Æ 6�n �Æ then� 6�n �.

Proof: We show its equivalent, if� �n � then�Æ �n �Æ by induction onn. The base
casen = 0 is clear. Assume it holds forn < k and considern = k. Assume� �n � and�Æ a�! �0. If � = � andÆ a�! �0 then eithern = 0 and the result already follows or� = � and therefore�Æ a�! �0 and clearly�0 �n�1 �0. If � a�! �1 and�0 = �1Æ then� a�! �1 and�1 �n�1 �1 and therefore by the induction hypothesis�1Æ �n�1 �1Æ.
The symmetric case�Æ a�! �0 is similar. 2
2.3. Successful tableaux

A missing ingredient in the tableau description is when a current goal is final. Final goals
are eithersuccessfulor unsuccessful, and are presented in figure 5. A successful final
goal is either an identity or a repeat goal with at least one application of UNF between
the repetition. An identity is clearly true: for the argument why a repeat is successful see
theorem 2. An unsuccessful final goal� �= � is clearly false.

The tableau procedure starts with an initial goal,� �= �, “is � � �?”, and one then
builds a proof tree by applying the tableau rules. Goals are thereby reduced to subgoals.
Rules are not applied to final goals.

Definition 5 A successfultableau for� �= � is a finite proof tree with root� �= � and all
of whose leaves are successful final goals. Otherwise a tableau isunsuccessful.

Example 3 We proved thatA � X in example 2. Below is a successful tableau forA �= X . The annotation explains which rules are applied. The initial goalA �= X reduces
to the subgoals(A � a) �= (X � a) and(A � b) �= (X � b). The second of these goals is
a final successful goal,� �= �. There are two further applications of UNF to the first of
these goals. The right subgoalA �= X is a successful final goal because it is a repeat and
there is at least one application of UNF between the repetition. BAL(L) is applied to the
goalCA �= Y XX with initial premiseAA �= XX . This fulfills the conditions of the
application of BAL(L),w(A) = b and sojw(Y )j = 1 and there is precisely1 application
of UNF between the two premises and no other rule is applied. The left configuration has
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changed fromAA toCA in the second goal, and therefore the rule sanctions replacement
of the final occurrence ofA with (XX � w(A)) which isX . CUT is then applicableA �= X

UNFC �= Y X
UNFAA �= XX

UNFCA �= Y XX
BAL(L)CX �= Y XX
CUTC �= Y X A �= X � �= �

to the goalCX �= Y XX and the result is a final successful goalC �= Y X because it is
a repeat. 2

In example 3 there is an application of BAL(L) to the goalCA �= Y XX . However
BAL(R) also applies to this goal. The rules allow tableaux that do not terminate, for
instance, by only applying UNF. A simple grammar is deterministic, and therefore we
would prefer that there is just one tableau for any goal. To achieve uniqueness of tableau,
we appeal to the ordering onA that in an application of UNF, the subgoals are ordered
relative to this ordering. In example 3 we assume thata < b.

Next we provide a strategy for applying tableau proof rules.The important issue is
when to apply the BAL rules and with respect to which premises. We assume that a BAL
rule applies to a goal using the premise above which is the closest. We then place the
following priority on the tableau rules.

1. Apply BAL(L) followed immediately, if applicable, by CUT, or
2. Apply BAL(R) followed immediately, if applicable, by CUT, or
3. Apply UNF

Given a goal one tries first to apply BAL(L), and if it is not applicable then one tries to
apply BAL(R). Only if one of the BAL rules does not apply does one apply UNF. CUT
is only applied after a BAL. The tableau of example 3 follows this strategy, and it is
therefore the unique tableau for the initial goalA �= X .

2.4. Correctness of tableaux

Theorem 1 There is a unique boundedly finite tableau for goal� �= �.

Proof: Given a goal and using the strategy for building a tableau it is clear that it must be
unique. The main part of the proof is to show that any tableau for a starting goal� �= �
has a bounded size. M is the maximum norm assoociated with thegrammar. The size of
a goal
 �= Æ in a tableau is maxfj
j; jÆjg. Now we make a number of observations which
prove the result. The first observation is straightforward.(1) For anym � 0 there are
only boundedly many different goals whose size is at mostm. (2) After an application of
BAL followed by CUT the size of the resulting subgoal is no more than3M+ 1. Hence
any branch of a tableau contains only boundedly many applications of BAL, because
otherwise goals will be repeated and a repeated goal is final.
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A goal is small if its size is less than(M2 +M). Clearly there are only boundedly
many small goals. Hence any branch of a tableau involving only small goals and only
applications of UNF must be boundedly finite. If a goal is not small, we say it is “large”.
The final property is to show that any branch in a tableau wherethere are only applica-
tions of UNF and no applications of BAL, but which contains large goals must be de-
clining in size. More precisely, assume a large goal� �= � and without loss of general-
ity assume thatj�j � j�j. The following property holds. (3) If there is a branch of the
tableau starting from the large goal� �= � which containsM2 +M applications of UNF
and no application of other rules, then there is a goal in thisbranch whose size is strictly
smaller than that of� �= �. 2
Theorem 2 [Soundness]If the tableau for� �= � is successful then� � �.

Proof: Suppose there is a successful tableau for� �= � but � 6� �. By theorem 1
this tableau is finite. There is a least approximantn such that� 6�n �. We construct an
offending path of false goals through the tableau within which the approximant indices
decrease whenever UNF is applied (by fact 5). The other rules(BAL and CUT) preserve
the falsity indices. Because the tableau is finite and successful this means that the path
of false goals must conclude with a final goal. But this is impossible. Clearly it is not
possible to reach a final goal of the form
 �= 
 with 
 6�k 
. Moreover it is not possible
to reach a final goal which is a repeat. At the first instance there is a leastk such that
 6�k Æ and as there is at least one application of UNF between the goals this would
imply that
 6�k�1 Æ, which is a contradiction. 2
Theorem 3 [Completeness]If � � � then the tableau for� �= � is successful.

Proof: One just builds the tableau for� �= �. The application of any rule preserves
truth. Therefore it is not possible to reach an unsuccessfulfinal goal, and by theorem 1
above the tableau for� �= � is finite, and therefore successful. 2

This is not an optimal decision procedure for simple grammars, see [6].

3. A Deeper Normal Form for DPDA

What are the key features that underpin decidability of language equivalence for simple
grammars? First, language (or bisimulation) equivalence is acongruencewith respect
to stack prefixing: ifL(�) = L(�) thenL(Æ�) = L(Æ�). Second, language (or bisim-
ulation) equivalence supportscancellationof postfixed stacks: ifL(�Æ) = L(�Æ) thenL(�) = L(�). Congruence allows us to tear apart a configuration�0� and replace its
tail with a potentially equivalent configuration� with overall result�0�, as used in the
BAL rules. Cancellation, as used in CUT, has the consequencethat goals have bounded
size. (Soundness of congruence and cancellation depend on dual versions that employ
approximants.)

We might try to extend the tableau proof rules to goals that involve DPDA configura-
tions. The rule UNF works forstableconfigurations: the goalp� �= q� involving stable
configurations reduces to subgoals(p� � ai) �= (q� � ai), ai 2 A, that involve stable
configurations. The problem is the other rules. How can we tear apart DPDA (stable)
configurations and replace parts with parts? Indeed, what isa part of a configuration?
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pX pYX pYYX pYYYX
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. . .
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b b b
. . . .

Figure 6. The graphG
(pY X)
A configuration has a state as well as a stack. Clearly,L(p�) = L(q�) does not, in

general, implyL(pÆ�) = L(qÆ�). Also,L(p�Æ) = L(q�Æ) does not, in general, implyL(p�) = L(q�).
Example 1Consider the DPDA with transitionspX a�! pX , pX b�! p�, pX 
�! pX ,rX ��! p�, pY a�! p�, pY b�! r�, pY 
�! pY Y andrY ��! r�. The collapsed graphG
(pY X) is pictured in figure 6. AlthoughL(pY nX) = L(pY mX) for everym andn,L(pY n) = L(pY m) only if n = m. 2
This example also illustrates that there is not an obvious relation between the lengths of
stacks of equivalent configurations.

Many of these problems disappear with pushdown grammars. Despite nondetermin-
ism, stacking is a congruence with respect to pre and postfixing for language and bisim-
ulation equivalence and both equivalences support pre and postfixed cancellation.

Fact 1 L(�) = L(�) iff L(��Æ) = L(��Æ). � � � iff ��Æ � ��Æ.
Deterministic PDGs, as we have seen, are too restricted. In contrast, arbitrary PDGs are
too rich (as they generate all the non-empty context-free languages). What is needed is a
mechanism for constraining nondeterminism in a PDG.

3.1. Strict deterministic grammars

Strict deterministic grammars were introduced by Harrisonand Havel [15], and further
studied in [14,16]. They generate exactly the same languages as DPDA with empty stack
acceptance.

A SDG, strict deterministic grammar, is a PDG with an extra component, an equiva-
lence relation� onS. The relation� partitions the stack symbolsS into disjoint subsetsS1; : : : ; Sk: for eachi, and pair of stack symbolsX;Y 2 Si, X � Y . We extend� onS
to a relation onS� using the same notation.

Definition 1 � � � iff � = �, or there is aÆ 2 S�, � = ÆX�0, � = ÆY �0, X � Y andX 6= Y .

Consequently,� � � if they are the same or if they have a common prefix followed by
different stack symbols belonging to the same equivalence class. For instance, ifY � Z
thenXY � � XZ for any�. (The relation� on stacks isnot an equivalence relation.)

Fact 2�� � � iff � = �. � � � iff Æ� � Æ�. If � � � and
 � Æ then�
 � �Æ. If� � � and� 6= � then�
 � �Æ. If �
 � �Æ andj�j = j�j then� � �.
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X Z YZ YYZ                  . . .
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Figure 7. The graphG(X) andG(Z)
Definition 2 The relation� onS is strict if the following two conditions hold forX �Y . (1) If X a�! � 2 T andY a�! � 2 T, then� � �. (2) If X a�! � 2 T andY a�! � 2 T thenX = Y . An enhanced PDG is astrict determinisitic grammar, SDG,
if its relation� is strict.

Example 2 S = fX;Y; Zg,A = fa; b; 
g andT comprisesX a�! X ,X b�! �, X 
�!X , Y a�! �, Y 
�! Y Y , Z b�! �, Z 
�! Z andZ 
�! Y Z. The graphs ofX andZ are pictured in figure 7.G(Z) is nondeterministic because there are two
-transitions
fromZ. Consider the following partition ofS: ffXg; fY; Zgg. This enhanced PDG is an
SDG. An examination of its transitions reveals that only condition 1 of strictness needs
to be checked for each pair of the three transitionsY 
�! Y Y ,Z 
�! Z andZ 
�! Y Z.
However,Y Y � Z, Y Y � Y Z andZ � Y Z. 2

We now examine some features of an SDG. If each set in the partition is a singleton,
so onlyX � X for eachX , then the SDG isdeterministic, and is therefore a simple
grammar. In this extreme case� � � iff � = �. Example 2 illustrate that when the
partition involves larger sets then the SDG may exhibit nondeterminism. However, non-
determinism is “constrained”. For example, ifX a�! � 2 T andX � Y andX 6= Y ,
then there is not ana-transitionY a�! � 2 T. The strictness conditions generalise to all
wordsw 2 A� and to stack sequences.

Proposition 1 If � w�! �0 and� w�! �0 and� � � then�0 � �0. If � w�! �0 and� w�! �0 and� � � then� = �.

Proof: The proof in both cases is by a routine induction onjwj. 2
3.2. Sum configurations

A configuration of a SDG is a sequence of stack symbols,�. We extend the notion of
a configuration to sets of sequences of stack symbols,f�1; : : : ; �ng. However, we shall
write a set as a sum,�1 + : : :+ �n without repeated elements. Two sum configurations�1+ : : :+�n, and�1+ : : :+�m are identical if they are the same set. A degenerate case
is the empty sum, which we write as;. The language of a sum configuration is just the
union of the languages of the components:L(�1+ : : :+�n) =S fL(�i) : 1 � i � ng.
Therefore,L(;) = ;. L(X + Z), whereX + Z is from example 2, isfanb : n �0g [ f
n
mamb : n;m � 0g.

Only a subset of sum configurations are interesting.

Definition 3 �1 + : : :+ �n is admissible, if �i � �j for eachi andj.
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X YX + Z YYX + YZ + Z                     ...

ε

a,c

a a a

c c

b b b . . . 

Figure 8. The graphGd(Y X + Z)
The empty sum,;, is therefore admissible. In [16] admissible configurations are called
“associates”. Admissible configurations from example 2 include:XX , ZZZ + ZZY ,Y X +Z,Z +Y Z,Z + Y Z +Y Y Z. The last example is admissible becauseZ � Y Z,Z � Y Y Z andY Z � Y Y Z. The sumX + Z is not admissible.

An important property of admissible configurations is that they are preserved by
transitions (which follows from proposition 1).

Fact 3 If �1+ : : :+�n is admissible thenf�1i : �1 w�! �1i g[ : : :[f�ni : �n w�! �ni g
is admissible for any wordw 2 A�.

An application of fact 3 isdeterminizationof a SDG whereT is replaced byTd. For
eachX 2 S anda 2 A, the family of transitionsX a�! �1; : : : ; X a�! �n 2 T is
determinized by replacing them with the single transitionX a�! �1 + : : : + �n 2 Td.
The sum configuration�1 + : : : + �n is admissible. For eachX and a there is a
unique transitionX a�! P�i 2 Td: if there is not ana transition forX in T thenX a�! ; 2 Td. The prefix rule PRE for generating transitions is generalised to cover
admissible configurations: ifXi a�! �i1 + : : : + �ini for eachi : 1 � i � m thenX1�1 + : : : + Xm�m a�! (�11�1 + : : : + �1n1�1) + : : : + (�m1 �m + : : : + �mnm�m).
If the antedecent sum configuration of PRE is admissible thenso is the consequent con-
figuration. The determinized transition graphGd(�1 + : : : + �n) is generated from the
admissible configuration�1 + : : : + �n using the determinized transitionsTd and the
extended prefix rule.

Example 3 We reconsider example 2 whereS = fX;Y; Zg, A = fa; b; 
g and the

partition ofS = ffXg; fY; Zgg.Td comprisesX a�! X , Y a�! �, Z a�! ;, X b�! �,Y b�! ;,Z b�! �,X 
�! X , Y 
�! Y Y andZ 
�! Y Z+Z. The graphGd(Y X+Z)
is pictured in figure 8. It is not an accident that this graph isisomorphic to the graph of
figure 6, as we shall see later.Y X + Z 
�! Y Y X + Y Z + Z becauseY X 
�! Y Y X
andZ 
�! Y Z + Z. All sum configurations in the graph are admissible. 2
3.3. Characterising DPDA

There is a standard transformation of a pushdown automaton into a language equivalent
context-free grammar: see, for instance, [14,17]. Assume aDPDA in normal form with
componentsP, S, A andT. A SDG in normal form with componentsS1, A, T1 and� is
constructed, in stages.

1. For everyp; q 2 P andX 2 S, introduce a stack symbol[pXq℄ 2 S1.
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2. For transitions, the initial step is to define the following transitions fora 2 A.

(a) If pX a�! q� 2 T, then[pXq℄ a�! � 2 T1.
(b) If pX a�! qY 2 T, then[pXr℄ a�! [qY r℄ 2 T1 for eachr 2 P.
(c) If pX a�! qY Z 2 T, then[pXr℄ a�! [qY p0℄[p0Zr℄ 2 T1 for eachr; p0 2 P.

3. A stack symbol[pXq℄ 2 S1 is an"-symbol, if pX ��! q� 2 T. All "-symbols
are erased from the right hand side of any transition inT1.

4. Next, the SDG is normalised by removing all unnormed stacksymbols and use-
less transitions.

5. Finally, for elements ofS1, if p = r then[pSq℄ � [rSt℄ for anyq; t.
Fact 4 If w 2 A� and pX is stable in the DPDA, thenpX w�! q� if, and only if,[pXq℄ w�! " in the SDG. The relation� onS1 is an equivalence relation and is strict.

Harrison and Havel also prove the converse, that any strict SDG can be transformed into
a DPDA [15].

The transformation of a DPDA does not preserve determinism.However, if the SDG
is determinized, then it is is preserved. A configurationpX1X2 : : : Xn of the DPDA is
translated into sum(p�) =P[pX1p1℄[p1X2p2℄ : : : [pn�1Xnpn℄ where the summation is
over allpi 2 P, for 1 � i � n after all�-symbols are erased, and summands involving
redundant stack symbols are removed: sum(p�) is admissible.

Fact 5 L(p�) = L(sum(p�))
Moreover, the transition graphG
(p�) is almost isomorphic to4 Gd(sum(p�)). There can
be jPj co-roots, vertices of the formq", in G
(p�) in contrast with the single co-root,",
in Gd(sum(p�)).
Example 4 An example is the conversion of the DPDA of example 1. The stack symbolsS1 is f[pXp℄; [pXr℄; [pY p℄; [pY r℄; [rXp℄; [rXr℄; [rY p℄; [rY r℄g. The transitions inT are
then converted.[pXp℄ a�! [pXp℄ [pXr℄ a�! [pXr℄ [pXp℄ b�! �[pXp℄ 
�! [pXp℄ [pXr℄ 
�! [pXr℄[pY p℄ a�! � [pY r℄ b�! � [pY p℄ 
�! [pY p℄[pY p℄[pY p℄ 
�! [pY r℄[rY p℄ [pY r℄ 
�! [pY p℄[pY r℄ [pY r℄ 
�! [pY r℄[rY r℄
There are two�-stack symbols,[rXp℄ and[rY r℄. These are erased from the right hand
side of any transition: the transition[pY r℄ 
�! [pY r℄[rY r℄ is changed to[pY r℄ 
�![pY r℄. The stack symbols[pXr℄, [rY p℄, [rXp℄, [rXr℄ and[rY r℄ are redundant and are
removed. This reducesS1 to the setf[pXp℄; [pY p℄; [pY r℄g, and the transitionsT1 to the
following set[pXp℄ a�! [pXp℄ [pXp℄ b�! � [pXp℄ 
�! [pXp℄[pY p℄ a�! � [pY r℄ b�! � [pY p℄ 
�! [pY p℄[pY p℄[pY r℄ 
�! [pY p℄[pY r℄ [pY r℄ 
�! [pY r℄

4In fact, is bisimulation equivalent to.
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The partition is into the setsff[pXp℄g; f[pY p℄; [pY r℄gg. Finally, the transitionsT1 are
determinised: the two
-transitions from[pY r℄ are replaced by the single transition[pY r℄ 
�! [pY r℄ + [pY p℄[pY r℄. The SDG is example 3 whenX = [pXp℄, Y = [pY p℄
andZ = [pY r℄. The configurationpY Y X of the DPDA becomes the admissible con-
figuration[pY p℄[pY p℄[pXp℄ + [pY p℄[pY r℄ + [pY r℄ of the SDG, that generates the same
language. 2

The DPDA equivalence problem reduces to deciding whether two admissible con-
figurations of a determinized SDG are bisimulation equivalent. The problem is a natu-
ral generalisation of the decision question for simple grammars,� � �?, that includes
summation�1 + : : :+ �n � �1 + : : :+ �m?

3.4. Heads, tails and extensions

LetE, F , G, : : : range over admissible configurations.

Definition 4 Thesizeof an admissible configurationE = �1 + : : :+ �n, written jEj, is
the length of its longest sequence, maxfj�jj : 1 � j � ng. And j;j = 0.

For eachn � 0, there are only boundedly many different admissible configurations of
size at mostn.

An admissible configuration is written�1 + : : :+ �n where each�i is distinct. The
operator+ can be extended: ifE andF are admissible,E [ F is admissible,E andF
are disjoint,E \F = ;, thenE+F is the admissible configurationE [F . The operator+ on admissible configurations ispartial. We also use sequential composition, written
as juxtaposition: ifE andF are admissible, thenEF is the admissible configurationf�
 : � 2 E and 
 2 Fg. The following are easy consequences of the properties of
being admissible.

Fact 6 If E + F is admissible andu 2 L(E), then for anyv, uv 62 L(F ). If E + F is
admissible, thenL(E) \ L(F ) = ;. L(EF ) = fuv : u 2 L(E) andv 2 L(F )g.

Admissible configurations can have different “shapes”, using + and sequential
composition. IfE = fX 01
1; : : : ; X 0m
mg, then for eachi and j, Xi � Xj . As-
sume that the different stack symbols infX 01; : : : ; X 0mg areX1; : : : ; Xn. Therefore,E = X1G1 + : : :+XnGn where eachGi = f
j : X 0j = Xig. Clearly,X1 + : : :+Xn
is admissible and eachGi is admissible. In this presentation,E is in 1-head form.

Definition 5 Assumek � 1 andE = f�01Æ1; : : : ; �0mÆmg andj�0ij = k, or j�0ij < k andÆi = ", for eachi : 1 � i � m. If �1; : : : ; �n are the distinct elements inf�01; : : : ; �0mg
andHl = fÆj : �0j = �lg for eachl : 1 � l � n, thenE = �1H1 + : : : + �nHn is ink-head form.

Fact 7 If E = �1G1 + : : :+ �nGn is in k-head form, then�1 + : : :+ �n is admissible
and eachGi is admissible and different from;.
Definition 6 E = E1G1 + : : :+EnGn is in head/tail form, if the headE1 + : : :+En
is admissible and at least oneEi 6= ;, and each tailGi 6= ;.
Example 5E = Y Y Y X+Y Y Z+Y Z+Z is an admissible configuration of example 3.
The partition of the stack symbols isffXg; fY; Zgg.E has1-head form,Y G1 + ZG2,
whereG1 = Y Y X + Y Z + Z andG2 = ". Also, E has2-head form,Y Y H1 +



Colin Stirling / Language Theory and Infinite Graphs 19Y ZH2 + ZH3, whereH1 = Y X + Z andH2 = H3 = ". E cannot be presented asY Y G01 + Y Y G02 + Y G03 + ZG04: this is not a valid head/tail form because the headY Y +Y Y +Y +Z is not admissible (Y Y 6� Y ) and it is not disjoint (Y Y +Y Y is not
a proper sum). 2

In the following, if a configurationE is writtenE1G1+: : :+EnGn, then we assume
that it fulfills the conditions of definition 6 of a head/tail form.

A key definition, used in the decision procedure later, is when one configurationtail
extendsanother. Consider first configurations of a simple grammar�1 = �1
, �2 =�2�
 and�3 = �3Æ�
. Each�i has possibly differing heads�i and differing tails.
However,�2’s tail extends�1’s (with �) and�3’s extends�2’s with Æ. Therefore,�3’s tail
extends�1’s tail with the composition of� andÆ. We now extend the idea to admissible
configurations.

Definition 7 If E = E1G1 + : : : + EnGn, F = F1H1 + : : : + FmHm thenF in
its head/tail form is atail extensionof E in its head/tail form provided that for eachi : 1 � i � m, Hi = Ki1G1 + : : : + KinGn. If F is a tail extension ofE, then the
associated extensione is them-tuple(K11 + : : : +K1n; : : : ;Km1 + : : : +Kmn ) without
theGis, and the size ofe, written jej, is maxfjKijj : 1 � i � n and 1 � j � mg and
the width ofe ism, andF is said to extendE with e.
Extensions are matrices, written in a linear notation. An instance of extension is when
the tails coincide. IfE = E1G1 + : : : + EnGn andF = F1G1 + : : : + FnGn, thenE
extendsF by e = ("+ ;+ : : :+ ;; : : : ; ;+ ;+ : : :+ "). This extensione is abbreviated
to the identity("). Extensions can be composed.

Proposition 2 If E = E1G1 + : : : + ElGl and E0 = E01G01 + : : : + E0mG0m andE00 = E001G001+: : :+E00nG00n andE0 extendsE bye = (J11+: : :+J1l ; : : : ; Jm1 +: : :+Jml )
andE00 extendsE0 byf = (K11 + : : :+K1m; : : : ;Kn1 + : : :+Knm), thenE00 extendsE
byef = (H11 + : : :+H1l ; : : : ; Hn1 + : : :+Hnl ) whereH ij = Ki1J1j + : : :+KimJmj andjef j � jej+ jf j.
Proof: Assume thatE00 extendsE0 by f andE0 extendsE by e. Therefore,G00i =Ki1G01+: : :+KimG0m andG0k = Jk1G1+: : :+Jkl Gl. Consequently,G00i = C1+: : :+Cm
whereCt = KitJ t1G1 + : : : + KitJ tlGl. Reorganising the expression,G00i = H1G1 +: : :+HlGl whereHt = Ki1J1t +Ki2J2t + : : :+KimJmt . Clearlyjef j � jej+ jf j. 2

We are especially interested in tail extensions when configurations have the same
heads.

Example 6 The following uses example 3. LetE = Y G1 + ZG2 whereG1 = X andG2 = ".E0 = Y G01+ZG02 whereG01 = Y X+Z andG02 = ".E00 = Y G001+ZG002 whereG001 = Y Y X+Y Z+Z andG002 = ".E0 extendsE by e = (Y +Z; ;+") andE00 extendsE0 by f = e = (Y +Z; ;+ "). So,E00 extendsE by ef = (Y Y +(Y Z +Z); ;+ ").2
3.5. Dynamic properties of head and tail forms

We adopt notation from section 2. For eachX 2 S, w(X) is the unique shortest wordv 2 A+ such thatX v�! �. w(E) is the unique shortest word for configurationE. M
is the maximum norm of the SDG.E after u, writtenE � u, is the uniqueF such thatE u�! F .
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Fact 8 (�1 + : : :+ �n) � u = (�1 � u) + : : :+ (�n � u)
Proposition 3 AssumeE = �1G1 + : : : + �nGn is in k-head form, and each�j =Xj1 : : : Xjkj . (1) If (�i � u) = ", then for eachj 6= i, (�j � u) = ; and(E � u) = Gi. (2)

If (�i � u) = X im : : : X iki , then(E � u) = E1G1 + : : :+EnGn whereEi = (�i � u) and

for j 6= i, eitherEj = ; or Ej = Xjm : : : Xjkj andXj1 : : : Xjm�1 is the same sequence

asX i1 : : : X im�1.
Proof: Part 1 follows from the definition of admissibility.�1 + : : : + �n is admissible
and�i 6= �j wheni 6= j. If (�i � u) = " and�j u�! F , thenF � " and, therefore,�i = �j . Therefore,(�j � u) = ; and(E � u) = (�i � u)Gi = Gi. Similar observations
establish part 2. 2

Bisimulation equivalence and its approximants are congruences with respect to+
and sequential composition. In particular, head/tail forms allow substitutivity of equiva-
lent subexpressions into tails (because admissibility is preserved).

Proposition 4AssumeE = E1G1 + : : :+EnGn. (1) If (Ei � u) = �, then for allj 6= i,(Ej � u) = ; and(E � u) = Gi. (2) If (Ei � u) 6= ;, then(E � u) = (E1 � u)G1 + : : : +(En � u)Gn. (3)If Hi 6= ; for all i : 1 � i � n, thenE1H1 + : : :+EnHn is a head/tail
form. (4) If eachHi 6= ; and eachEi 6= " and for eachj such thatEj 6= ;,Hj �m Gj ,
thenE �m+1 E1H1+ : : :+EnHn. (5) If eachHi 6= ; and for eachj such thatEj 6= ;,Hj � Gj , thenE � E1H1 + : : :+EnHn.

Proof: Part 1 is a simple generalisation of proposition 3 (1) and is proved in the same
way. Part 2 follows from it.E1G1 + : : : + EnGn is a head/tail form, and, therefore, by
definition eachGi 6= ; andE1+ : : :+En is admissible. Therefore, if eachHi 6= ;, thenE1H1 + : : : + EnHn is a head/tail form. For 4 assumeF = E1H1 + : : :+ EnHn andE 6�m+1 F . E andF have the same headsE1 + : : :+ En and eachEi 6= ". Therefore,
there must be a wordu with 0 < juj � m + 1 and(E � u) = Gi and(F � u) = Hi andGi 6�(m+1)�juj Hi which is a contradiction. The final part uses a similar argument. 2

Two configurations may have the same heads and different tails, or may have the
same tails and different heads. IfE has the head/tail formE1G1+ : : :+EnGn andF has
a similar head/tail formF1G1+: : :+FnGn involving the same tails5, then the imbalance
betweenE andF , relative to this presentation, is maxf jEij; jFij : 1 � i � ng. If the
imbalance is0, then they are the same. The next result establishes a key property of a
combination of such configurations.

Proposition 5 Assume the following configurations. E = E1G1 + : : : + EnGn, F =F1G1 + : : : + FnGn, E0 = E1H1 + : : : + EnHn andF 0 = F1H1 + : : : + FnHn. IfE �m F andE0 6�m F 0, then there is a wordu, juj � m, and ani such that either(1)
or (2). (1) (E0 �u) = Hi and(F 0 �u) = (F1 �u)H1+: : :+(Fn �u)Hn and(F 0 �u) 6= ; and(E0 �u) 6�m�juj (F 0 �u). (2) (F 0 �u) = Hi and(E0 �u) = (E1 �u)H1+ : : :+(En �u)Hn
and(E0 � u) 6= ; and(E0 � u) 6�m�juj (F 0 � u).
Proof: AssumeE �m F andE0 6�m F 0. Therefore, there is a wordu, juj = m, and,
without loss of generality,(E0 � u) = ; and(F 0 � u) 6= ;, by definition of�m. However,(E � u) = ; if, and only if, (F � u) = ;. Therefore, there must be a smallest prefixv

5Any pair of configurationsE andF have a head/tail form involving the same tails:E = EG andF = FG
whenG = ".
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UNFE �= F(E � a1) �= (F � a1) : : : (E � ak) �= (F � ak) A = fa1; : : : ; akg
BAL(R)F �= X1H1 + : : :+XkHk

... CF 0 �= E1H1 + : : :+EkHkF 0 �= E1(F � w(X1)) + : : :+Ek(F � w(Xk))
BAL(L)X1H1 + : : :+XkHk �= F

... CE1H1 + : : :+EkHk �= F 0E1(F � w(X1)) + : : :+Ek(F � w(Xk)) �= F 0
where C is the condition

1. EachEi 6= " and at least oneHi 6= ".
2. There are preciselymaxf jw(Xi)j : Ei 6= ; for 1 � i � kg applications of UNF

between the top goal and the bottom goal, and no application of any other rule.
3. If u is the word associated with the sequence of UNFs, thenEi = (Xi � u) for eachi : 1 � i � k.

Figure 9. The tableau proof rules

of u such that either(E0 � v) = Hi and(F 0 � v) = (F1 � v)H1 + : : : + (Fn � v)Hn, or(F 0 �v) = Hi and(E0 �v) = (E1 �v)H1+ : : :+(En �v)Hn, and(E0 �v) 6�m�jvj (F 0 �v).
The result follows because(E � v) �m�jvj (F � v) andE has the same head asE0 andF
has the same head asF 0 and becauseGi; Hi 6= ;, (E0 � v); (F 0 � v) 6= ;. 2
4. Decidability of DPDA Equivalence

The procedure for decidingE � F is a tableau proof system as in section 2. The proof
rules, in figure 9, are generalisations of the unfold and balance rules for simple grammars.
UNF reduces a goalE �= F to subgoals(E � a) �= (F � a) for eacha 2 A. Because it is
intended that there is a unique tableau associated with any goal, the subgoals are ordered
by the ordering onA. It is complete and sound.

Fact 1 If E � F anda 2 A, then(E � a) � (F � a). If E �m F andE 6�m+1 F , then
for somea 2 A, (E � a) 6�m (F � a).
Example 1 Below is an application of UNF using example 3 of section 3.
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The three subgoals are the result aftera, b and
. 2

As in section 2, ifE0 �= F 0 is a subgoal given bym consecutive applications of UNF
(and no other rule) toE �= F , then there is anassociatedwordu such thatjuj = m andE0 = (E � u) andF 0 = (F � u).
Fact 2 If E0 �= F 0 is a subgoal that is a result ofm consecutive applications of UNF
(and no other rule) toE �= F , thenjE0j � jEj+m andjF 0j � jF j+m.

Definition 1 An application of BALuseF if F is the configuration in the initial goal of
the rule, as in figure 9.

Fact 3 captures precisely the bounds of imbalance: the statement is for BAL(L), and
its symmetric version covers BAL(R).

Fact 3 AssumeE0 �= F 0 is the result of BAL(L) usingF . jE0j � jF j + 2M + 1 andjF 0j � jF j + M. If F = �1G1 + : : : + �nGn is in m-head form andm � M, thenE0 = E1G1+ : : :+EnGn and eachjEij � m+2M+1 andF 0 = F1G1+ : : :+FnGn
andjFij � m+M.

The BAL rules are sound and complete (compare section 2).

Fact 4 If X1H1 + : : : + XkHk � F andE1H1 + : : : + EkHk � F 0, thenE1(F �w(X1)) + : : :+Ek(F � w(Xk)) � F 0. If X1H1 + : : :+XkHk �n+m F andE1H1 +: : : + EkHk 6�n+1 F 0 and eachEi 6= " andm � maxfjw(Xi)j : Ei 6= ;g, thenE1(F � w(X1)) + : : :+Ek(F � w(Xk)) 6�n+1 F 0.
There is no rule corresponding to CUT. Indeed, it is not clearhow this rule for simple
grammars could be generalised to admissible configurations.

It is intended that there be a unique tableau associated withany initial goal. So re-
strictions will be placed on which rule is to be applied when.First, as in section 2, the ini-
tial premise of a BAL is the one that is closest to the goal and,therefore, the one that in-
volves the least number of applications of UNF. To resolve which rule should be applied,
the following priority order is assumed: if BAL(L) is permitted, then apply BAL(L), if
BAL(R) is permitted, then apply BAL(R) and otherwise, applyUNF. However, whether
an application of BAL is permitted involves more than fulfillment of the side condition.
It also depends on the previous application of a BAL.

Initially, either BAL is permitted provided that its side condition is true. If an appli-
cation of BAL usesF , then the resulting goal contains the configurationE1(F �w(X1))+: : :+Ek(F �w(Xk)). Ei is a “top” of the application of BAL and(F �w(Xi)) is a “bot-
tom”. Assume an application of BAL(L). A subsequent application of BAL(L) is permit-
ted provided the side condition of the rule is fulfilled. However, BAL(R) is not permitted
until a bottom of the previous application of BAL(L) is exposed and the side condition of
the rule is true. Between the application of BAL(L) that usesF and the goalG1 �= H1 in
figure 10, there are no other applications of BAL(L), andG1 is a bottom,(F �w(Xi)), of
the application of BAL(L). BAL(R) is now permitted providedit uses configurationGi,i � 1, and the side condition holds. BAL(R) is not permitted usinga configuration from
a goal aboveG1 �= H1, even when the side condition is true. The strategy is to apply a
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... BAL(L)E1(F � w(X1)) + : : :+Ek(F � w(Xk)) �= H

...
... UNFs(F � w(Xi)) = G1 �= H1

...
...Gk �=Hk

Figure 10. A potential switch from BAL(L) to BAL(R)XX5 �= AA5
UNFY XX5 �= CA5

BAL(L)(1) Y XA5 �= CA5
UNF; �= ; (2) XXA5 �= AA6

UNF(�) Y XXA5 �= CA6
BAL(L)Y XA6 �= CA6 XA5 �= A6 X5 �= A5

Figure 11. Part of a tableau

BAL rule whenever it is permitted, and if both BAL rules are permitted, then priority lies
with BAL(L). If BAL(R) is applied, then the strategy is to repeatedly apply BAL(R), and
to use UNF otherwise. BAL(L) is only permitted once a bottom of the previous appli-
cation of BAL(R) becomes the right hand configuration of a goal and the side condition
holds.

For the purpose of exposition, the tableaux proof rules havebeen presented in two
stages: first, as rules and then with a priority order. However, the priority order could
be formalised as side conditions of the rules. The consequence is that when building a
tableau proof tree, there is just one choice of which rule to apply next to any subgoal.

A branch of a tableau from a subgoalg(0) is a sequence of goals that start fromg(0).
The following result motivates the restriction on the application of a BAL rule.

Fact 5 If there are consecutive applications of BAL in a branch thatuseF andF 0, then
there is a wordu such thatF 0 = (F � u).
Corollary 1 If F0; F1; : : : ; Fn are successive configurations used in applications of BAL
in a branch, then there are wordsu1; : : : ; un such thatFi = (F0 � u1 : : : ui).
Example 2 An initial part of the tableau, using the simple grammar of example 1 of
section 2, is in figure 11. At goal(�), BAL(L) is applied. Either of the premises(1) and(2) could be the initial premise for the application: however, by the discussion above it
is the lower premise(2). The first application of BAL(L) usesF0 = AA5 and the second
usesF1 = AA6 andF1 = (F0 � ab). 2
Example 3 The initial part of the tableau for example 1, above is in figure 12. The



24 Colin Stirling / Language Theory and Infinite Graphs(�) Y X + Z �= Y Y X + Y Z + Z
UNF(1) � �= � Y Y X + Y Z + Z �= Y Y Y X + Y Y Z + Y Z + Z

BAL(L)Y Y Y X + Y Y Z + Y Z + Z �= Y Y Y X + Y Y Z + Y Z + Z
where(1) is the subtableau(��)X �= Y X + Z

UNFX �= X � �= � X �= Y Y X + Y Z + Z
BAL(R)X �= Y Y X + Y Z + Z

UNFX �= Y X + Z � �= � X �= Y Y Y X + Y Y Z + Y Z + Z
BAL(R)X �= Y Y X + Y Z + Z

Figure 12. Part of a tableau

Unsuccessful final goalsE �= F (exactly one ofE;F is ;)
Figure 13. Unsuccessful final goals

premise(�) is the initial premise for the application of BAL(L), and(��) is the initial
premise for the first BAL(R). The leaf goals are either identities or repeats. In fact, it will
turn out that this partial tableau is the completed successful tableau that establishes thatpY X � pY Y X . 2
4.1. Successful tableaux

The missing ingredient in the tableau description is when a current goal is final. As in
section 2, final goals are eithersuccessfulor unsuccessful. The definition of unsuccessful
final goal is the same as for simple grammars and is presented in figure 13. The definition
of successful goal in figure 5 is an identity goal or a goal thatis repeated (with at least one
least one application of UNF between the two occurrences). The definition of success
works for simple grammars in the presence of the rule CUT. However, without CUT, as
example 2 illustrates, goals in a branch may continually increase their size.

Instead, success will be defined for the last element of a sequence of goals that have
the same heads and are related by a finite family of tail extensions. A repeating goal
is a special case where the extension is the identity(�). So, the definition ofextension,
definition 7 of section 3, is enlarged to goals.

Definition 2 AssumeE = E1H1 + : : : + EnHn, F = F1H1 + : : : + FnHn, E0 =E01G1 + : : : + E0mGm andF 0 = F 01G1 + : : : + F 0mGm. Assume goalh is E �= F and
goalg isE0 �= F 0. Goalh extendsg by extensione, if E extendsE0 by e (andF extendsF 0 by e).
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The main combinatorial insight, “the extension theorem”, below, will underpin when
a subgoal counts as a successful final goal. It involves families of extensions with the
same heads. In this theorem, a goalE �= F is true at levelm, if E �m F . To illustrate
it, considern = 3. Assume that there are goalsg(i), h(i), i : 1 � i � 8 and each goalg(i) has the formE1Gi1 + : : : + E3Gi3 �= F1Gi1 + : : : + F3Gi3 and each goalh(i) has
the formE1H i1 + : : : + E3Gi3 �= F1H i1 + : : : + F3H i3. They all have the same heads.
Assume extensionse1, e2 ande3 as follows (where, for example,g(2) extendsg(1) bye1 andg(5) extendsg(4) by e3).e3e2 e2e1 e1 e1 e1g1 g2 g3 g4 g5 g6 g7 g8
And assume the same extensions for the goalsh(i). The theorem says that if eachg(i),1 � i � 8, is true at levelm and eachh(i), 1 � i < 8, is true at levelm, thenh(8) is
also true at levelm.

Proposition 1[The extension theorem]Assume there are two families of goalsg(i),h(i),1 � i � 2n, and each goalg(i) has the formE1Gi1+ : : :+EnGin �= F1Gi1+ : : :+FnGin
and each goalh(i) has the formE1H i1 + : : :+EnH in �= F1H i1 + : : :+ FnH in. Assume
extensionse1; : : : ; en such that for eachej andi � 0g(2ji+ 2j�1 + 1) extendsg(2ji+ 2j�1) by ejh(2ji+ 2j�1 + 1) extendsh(2ji+ 2j�1) by ej :
If each goalg(i) is true at levelm, i : 1 � i � 2n, and each goalh(j), j : 1 � j < 2n,
is true at levelm, thenh(2n) is true at levelm.

The proof of this result is inductive and is not presented here. A simple instance is
now explained. Consider the tree of example 2. There is a branch where the goals are
increasing in size:Y XA5 �= CA5, : : :, Y XA6 �= CA6, : : :, Y XA7 �= CA7, : : :. And
between these goals there is at least one application of UNF.To instantiate the extension
theoremn = 1. The families of goals are:g(1) is Y XG1 �= CG1 whereG1 = A5,g(2) = h(1) which isY XG2 �= CG2 whereG2 = A6 andh(2) is Y XH2 �= CH2
whereH2 = A7. The extension is(A): g(2) extendsg(1) by (A) andh(2) extendsh(1) by (A). The theorem provides the following result: for anym, if Y XA5 �m CA5
andY XA6 �m CA6, thenY XA7 �m CA7 which justifies thatY XA7 �= CA7 is a
successful final goal. The argument is similar to theorem 2 ofsection 2.5 for a repeat
goal.

Definition 3 Assume a branch of goalsd(0); : : : ; d(l). The goald(l), E1H1 + : : : +EnHn �= F1H1 + : : :+ FnHn, obeys the extension theorem if the following hold

1. There are families of goalsg(i), h(i), 1 � i � 2n belonging tofd(0); : : : d(l)g,
and each goalg(i) has the formE1Gi1+ : : :+EnGin �= F1Gi1+ : : :+FnGin and
each goalh(i) has the formE1H i1 + : : :+ EnH in �= F1H i1 + : : :+ FnH in.

2. The goalh(2n) is d(l) and there is at least one application of UNF between goalh(2n � 1) andd(l).
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Successful final goalsE1 �= F1 the root goal
... En �= Fn obeys extension theoremE �= E En �= Fn

Figure 14. Successful final goals

3. There are extensionse1; : : : ; en such that for eachej andi � 0g(2ji+ 2j�1 + 1) extendsg(2ji+ 2j�1) by ejh(2ji+ 2j�1 + 1) extendsh(2ji+ 2j�1) by ej :
The second occurrence of a repeat goal in a branch obeys the extension theorem

provided that there is at least one application of UNF between the two occurrences.
Assume it has the formE1Gi1 + : : :+EnGin �= F1Gi1 + : : :+FnGin. Except forh(2n),
the goalsg(i) andh(i) are its first occurrence and each extension is the identity,(�). All
three conditions of definition 2 are thereby satisfied.

The definition of successful final goal is given in figure 14. The following results are
similar to those in section 2.

Theorem 1There is a unique boundedly finite tableau for goalE �= F .

Theorem 2 [Soundness]If the tableau forE �= F is successful thenE � F .

Theorem 3 [Completeness]If E � F then the tableau forE �= F is successful.

The bound on the size of the tableau forE �= F is only primitive recursive with
respect to the size of the DPDA (or, SDG) and, in particular, with respect to the number
of states of the DPDA. Much more work is needed to check if thisbound is anywhere
near optimal.
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