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Abstract term because of binding. The principal virtue of the game
is that small pieces of a solution term can be understood in
Higher-order matching is the problem giver- « where terms of their subplays and how they, thereby, contribute to
t,u are terms of simply typed-calculus andu is closed, solving the problemP. Simple transformations on terms
is there a substitutiod such thatt¢ andu have the same are defined and combinatorial properties shown. Decidabil-
normal form with respect t@n-equality: cant be pattern ity of matching follows from thesmall model propertyif
matched tou? This paper considers the question: can we there is a solution to a problem then there is a small solu-
characterize the set of all solution terms to a matching prob tion to it. The proof of this property uses “unfolding”)a
lem? We provide an automata-theoretic account that is rel- term with respect to game playing, analogous to unravelling
ative to resource: given a matching problem and a finite a transition system in modal logic, followed by refolding.
set of variables and constants, the (possibly infinite) et o
terms that are built from those components and that solve
the problem is regular. The characterization uses standard
bottom-up tree automata.

In this paper our interest is with a different, although re-
lated, question: can we independently characterize thaf set
all solution terms to an interpolation problem? Part of the
hope is that this may lead to a simpler proof of decidability
of matching. Again, we start with the term checking game.

. However, we slightly reformulate it and show that it under-
1. Introduction pins an automata-theoretic characterization relativesto
source given a problen®, a finite set of variables and con-

Higher-order matching is the problem givea- « where stants the (possibly infinite) set of terms that are builtfro
t,u are terms of simply typed-calculus andu is closed, those components and that solvds regular. The charac-
is there a substitutiof such thattd and« have the same terization uses standard bottom-up tree automata. Thesstat
normal form with respect t@n-equality: cant be pattern  of the automaton are built from abstractions of sequences
matched tou? The problem was conjectured to be decid- of moves in the game. The automaton construction works
able by Huet [5]. Loader showed that it is undecidable when for all orders. Comon and Jurski define tree automata that
(B-equality is the same normal form by encoding the unde- characterize all solutions to 4th-order problem [2]. The
cidable problem of-definability as matching [8]: also see states of their automata appeal to Padovani’s observationa
[6] for a proof that using the halting problem. equivalence classes of terms [10]. To define the states of

In previous work, we confirm Huet’s conjecture [17]: a their automata at higher-orders, one would need to solve
full (and very complicated) proof is in the long version of the problem of how to quotient the potentially infinite set of
[17] whichis notyet published. Itfirst appeals to Padowvani’ terms into their respective finite observational equivaéen
and Schubert’s reduction of matching to the conceptually classes: however, as Padovani shows this problemis, in fact
simpler (dual) interpolation problem [12, 10]. Itis then in  equivalent to the matching problem itself. Ong shows de-
spired by model-checking games (such as in [15]) where acidability of monadic second-order logic of the tree gener-
model, a transition graph, is traversed relative to a prigper ated by an arbitrary higher-order scheme [9]. The proof uses
and players make choices at appropriate positions. We de-a game-semantic characterization of a scheme as an infinite
fine a game where the model is a closeterm¢ and play A-term. A property, expressed as an alternating parity tree
moves around it relative to a (dual) interpolation problem automaton, of the tree has to be transferred to the infinite
P. The game captures the dynamics@®feduction ont term. A key ingredient of the transition from game to au-
without changing it (using substitution). Unlike standard tomaton is Ong’s abstraction “variable profile” that captur
model-checking games, play may arbitrarily jump around a a sequence of back-and-forth play jumping in a term which



is also central here.

order ofx. A solution ofP of typeA is a closed ternt : A

In Section 2 we describe matching and how it reduces toin normal form such thatv, ... v, =g u. We writet = P
the interpolation problem. In Section 3 we introduce tree if ¢ is a solution ofP.

automata and how they may be used to define well-formed
A-terms. The interpolation game is defined in Section 4 and
the automata-theoretic account with the main result is pre-
sented in Section 5. Finally, there are concluding comment

in Section 6.

2 Matching and interpolation

S.

Conceptually, interpolation is simpler than matching be-
cause of its single variable. if = « is a matching problem
with free variables; : A4, ..., z, : A, wherev andu are
in normal form, then itassociatednterpolation problem is
x(Azy ... zp.v) = uwherez : ((A1,...,A,,0),0). This
appears to raise order Byas with the reduction of matching
to pairs of interpolation equations in Schubert [12]. How-
ever, we only need to consider potential solution terms (in

Assume simple types that are generated from a singlenormal form with the right typepz.zt; ... t,, where each

base typed using the binary— operator. A type i or
A — B where A and B are types. IfA # 0 then it has
the formA; — ... — A, — 0, assuming— associates
to the right, written( A4, ..., A,,, 0) following Ong [9]. A
standard definition obrder is: the order of0 is 1 and the
order of(A4, ..., A,,0) is k + 1 wherek is the maximum
of the orders of thed;s.

Terms of the simply typed\-calculus are built from
a countable set of typed variablesy, ... and constants

t; : A; is closed and so cannot contain we say that
such terms areanonical Padovani provides a reduction
of matching todual interpolationthat exactly preserves or-
der [10]. A dual interpolation problem consists of a finite
family of interpolation equationsvi . .. v} = u; and a fi-
nite family of disequationsvy ... v}, # wj, all with the
same free variable: a solution is a term in normal form
such that for each equatidn? ... v} =z u; and for each

disequatiortv{ ... v} #3 u;. Dual interpolation underpins

a, f, ... (each variable and constant has a unique type). Thea notion of observational quivalence on terms that is used

smallest sef” of simply typed terms is: if: (f) has typed
thenz: AeT (f: AeT)ift:BeTandz: AcT
then\zt: A—- BeT;ift:A—-BeTandu:AeT
thentu : B € T. Theorder of a typed term is the order
of its type. A typed term iglosedif it does not contain

by Padovani to solvéth-order matching [10].

Fact 1. A matching problem has a solution iff its associated
interpolation problem has a canonical solution.

Consequently, the higher-order matching problem is

free variables. Throughout, we assume the definitions Ofequivalent to the decision question: given an associated in

a-equivalence andn-reduction.

Definition 1. A matching problem is an equatian= u
wherev,u :

0 and u is closed. The order of the prob-

terpolation problemP, is there a canonical termn |= P?
In the following we, therefore, concentrate on solutions to
interpolation problems.

lem is the maximum of the orders of the free variables Example 1. r1(Az.x1(\2.za)) = a from [2] is a

r1,...,Z, inv. Asolution is a sequence of (closed) terms 4th-order matching problem where, 2’

t1,...,t, such that eacht; has the same type as and
v{ti/z, .. ta/an} =gn w.

Given a matching problem = «, the decision question is
whether it has a solution: canbe pattern matched t@?

In the following we assume that all termsrinrmal form
are inn-long form if ¢ : 0 thent is« : 0 whereu is a con-
stant or a variable, o ¢; ... ¢, whereu : (By,..., By, 0)
is a constant or a variable and eagh: B; is in n-long
form; if ¢ : (Ay,...,A,,0) thent is Ay; ...y,.t" where
eachy; : A; andt’ : 0is in n-long form. Throughout,
we write A\zq ...z, for Az1 ... \z,. A term iswell-named
if each occurrence of a variable within a A-abstraction
is unique. Because of normal form§;equality ands »-
equality coincide.

Definition 2. Assume: : 0 and eachv; : 4;,1 < ¢ < n,
is a closed term in normal form and : (A4,...,A,,0).
An interpolation problemP has the formzv; ... v, = .
The type of problen® is that ofz and the order ofP is the

(0,0) and
1 : (((0,0),0),0). Its associated interpolation
problem is z(Az1.x1(Az.21 (A2’ .2a))) = a with z
(((((0,0),0),0),0),0). A canonical solution has the form
Az.z(Ay.y(Ayil ... y(Ayf.w)...)) wherew is the constant
a or one of the variableg{, 1 < j < k.

Example 2. z(Ay1y2.y1)(Ays.fysys) = faa from
[2] is an interpolation problem of order3 with z
((0,0,0),(0,0),0) and eachy; : 0.

Example 3. z(Az.z) = w where w =
f(xiabah.xi(25))a also has order3 where z has
type ((0,0),0) and f : (((0,0),0,0,0),0,0) assuming
xb 1 0.

Example 4. z(Ay1y2.y1 (Ays.y2(y1(Aya.ys))) = u where
u = h(g(h(ha))), due to Luke Ong, isth-order withz :

((((0,0),0),(0,0),0),0).

Example 3 illustrates that a right termof an interpo-
lation problem may contain bound variables. Lét =



{z),...,z},} be the set of bound variables in and let
C = {Cl, ..
¢; has the same type as$.

Definition 3. The ground closure of a closed term
w, whose bound variables belong t&’, with respect

to C, written Clw,X’,C), is defined inductively as
follows: if w = a 0 then Clw,X’,C)
{a}; if w fwi...w, then Clw,X’,C)
{w} U UCl(w;, X', C); if w = Ao ...2% u then
Cl(w, X', C) Cl(u{cy, /2% 5.0y, /25 3, X!, )

wherez’; € X"andc;, € C is the corresponding constant.

The ground closure ofv of Example 3 with respect to
{c1,c2,c3} 1s {w, c1(cs3),c3,a}. The ground closure of

., ¢} be a fresh set of constants where each

@
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Figure 1. An interpolation tree

w; : 0in its tree representation. With this understanding,
if ¢’ isuws ... w then tre€t’) consists of the root node la-
belledu andk-successor nodes labelled with tteg). We
use the notation. |; t' to represent that tre€ is theith
successor of the node If ¢’ is A\y.v, wherey is possibly
the empty sequence of variables, thentrgeonsists of the

of Example 4 with respect to the empty set is its subterms 00t node labelled; and a single successor node tree

{u, g(h(h(a))), h(h(a)), h(a), a}.

Definition 4. Given the problem P with equation
xv1 ... v, = u, let X, be the (possibly empty) set of bound
variables inu and C'p be a corresponding set of new con-
stants (that do not occur iP?), the forbidden constants. The
right subterms ar&kp = Cl(u, X5, Cp).

We are interested in the set of closed teriis normal
form such that = P andt¢ does not contain forbidden
constants (belonging t6p).

In the literature there are slight variant definitions of

Ay |1 tree(v). Inthe following we use’ to be the\-term¢’,

its A-tree or the label (a constant, variable, initialor \y)

at its root node. For instance, the tree of the equation of Ex-
ample 2 with solution termazy x2.21 (z2(z1(x1ab)b) )b and
without explicit indices on edges is depicted in Figure 2: fo
instance(2) |; (3) and(2) |2 (15).

Given problemP, zv;...v, = u, ideally we would
like there to be dree automatorthat accepts exactly all
instances ot in Figure 1 that solve’: that is, we want an
automaton that accept&v; . .. v, if, and only if,t = P.

Definition 5. Assume. is a finite graded alphabet where

matching. Statman describes the problem as a range probeach element € ¥ has an arity ats) > 0. A X-treeis a

lem [14]: givenv : (A4,..., A,, B) andu : B where both
w andv are closed, are theretermis: A, ...,t, : A, such
thatvty ...t, =g, u? If B = (A41,..., A, 0)is of higher
type thenu in normal form isAz) ... 2}, .w. Therefore, we
can consider the matching problém; ...z, )c1 ... ¢ =
wi{eci /2, ..., em /2, } Where thee;’s are forbidden con-

stants (and cannot occur in a solution term). In [10] a match-

ing problem is a family of equations, = uy,...,v, =
u,, to be solved uniformly: therefore, they reduce to a sin-
gle equatioryv; ... v, = fu;...u,, wheref is a constant

of the appropriate type.

3 Interpolation trees and tree automata

Given a potential solution termin normal form to the
interpolation problemP, xv; ...v, = u, there is the tree
in Figure 1. Ifz : (44,..., A,,0) then the explicit appli-
cation operato@ : ((4i,...,4,,0),4;,...,A,,0) has
its expected meaningtv; ... v, = tvy...v,. The terms
t andv;, 1 < j < n, do not contain forbidden constants.
These terms¢ are represented as labelled trees, (t@elf ¢/
isy : 0ora : 0thentre¢t') is the single node labelled with
t’. In the case ofiw; ...w; whenwu is a variable, a con-
stant or the initial@, we assume that a dummlywith the

finite tree where each node is labelled with an elemet.of
If noden in t is labelled withs and ar(s) = k thenn has
preciselyk successors ih. Let Ty, be the set oE-trees.

Definition 6. A 3-tree automato\ = (Q, X, F, A) where
Q is a finite set of states, is the finite alphabetF’ C @
is the set of final states anl is a finite set of transition
rulessq; ...qr, = g wherek > 0, s € X, ar(s) = k and
Q- qk,q € Q.

Definition 7. Arun of A = (Q,X,F,A)ont € Ty isa
labelling oft with elements of) that is defined bottom-up,
starting from the leaves df If a noden of ¢ is labelleds €
Y,ar(s) =k >0,8q1...qs = q € A andgqs . ..q label
the k successors of (in correct order) them is labelledg.

A accepts the:-treet iff there is a run ofA ont such that
the root node of is labelled with a final statey € F'. Let
Tx(A) be the set oE-trees accepted b.

A X-tree automatom involves a finite set of state@
and transitiong\ (which can be nondeterministic). A run
of A on theX-treet is a labelling of it with elements of
Q that starts from the leaves. #fin ¢ is a leaf then it is
labelled with ans € ¥ where afs) = 0: A may contain
a transition of the forns = ¢, son can be labelled with
g. States may then percolate throughising A: If n is

empty sequence of variables is placed before any subtermabelleds andsq; ...qx = ¢ € A andgq; ... g label the
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Figure 2. Example 2 with solution term

k successors af (in correct order) them can be labelled
g. This is repeated until no further nodes can be labelled. A
run is then accepting if the root ofis labelled with a final
stateg € F.

We state some pertinent properties of tree automata [1].

Proposition 1. The emptiness problem, givertatree au-
tomatonA is Ty (A) = ()?, is decidable in linear time. For
each¥-tree automatorA there is aA such thatTs(A) =
Tx—Tx(A). For X-tree automata\, A, there is anA with
TZ(A) = TE(Al) n Tz(Ag)

Consider a potential solution termo Example 2 such

as the term rooted at (1) in Figure 2. Updeequivalence,

t is Axyze.w with z; : (0,0,0) andz, : (0,0). What are

its possible components (represented as a tree with dummy
lambdas)? First there can be occurrences,;olvith arity 2
andxs with arity 1. There can also be constant occurrences
a : 0, of arity 0, f of arity 2 and other constants. It suffices
just to allow one other constaht: 0 (because constants
other thanf anda cannot contribute to a solution of this
interpolation problerf). Therefore, any possiblez; zo.w
(with this restriction on constant occurrences) as a tree be
longs toTy, whenX = {Ax129, 21,29, A, f, a, b}.

There areX-trees, such as; (Az1z2.22)a, that are not
the trees of well-formed terms IA. However, it is straight-
forward to define a tree automaton that accepts exactly
the well-formed typed\-terms (trees) oveE of the form
Ar1xo.w. The idea is to internalize the finite alphahet
as states. The automatdnis @ = {[s]|s € X}, F =
{[Az122]} and A consists ofz = [a], b = [b], A[s] = [A]
foranys € ¥ — {\ Ax1z2}, Az1a2[s] = [Azixs] for
anys < Q — {A,)\.IlIQ}, xl[/\] [A] = [Il], IQ[A] = [CCQ],
fIAI[A] = [f]. The automaton could be extended to recog-
nise all well-formed instances of the interpolation eqomti
such as Figure 2, by adding the elemeats\y, vy, y1, Ays,
ys 1o 2.

The5th-order equation in Example 4 has a solution term
in Figure 3. A potential solution has the forix.w with
z : (((0,0),0),(0,0),0). Consider its possible compo-
nents. For constants, we haveh, g andh (the latter two of
arity 1). A z component has two successars , Az where
27 : (0,0) andz?, : 0 which may bind variable occurrences
] with arity 1 and #, with arity 0. The problem is that
the set of well-formed terms requires an infinite alphabet
Y (even up toa-equivalence) because of the family
Aez(Azt.z(Aa?. o z(Oab et (22 2F (wo)))uk) - - Dw
of terms ask increases: this is also described in [2].

If we cannot define a tree automaton that accepts the
well-formed terms of typed of order5 and above (mod-
ulo the restriction on constants) then it is extremely ugliik

1This can be exactly formalised using the game-theoreticacherisa-
tion of interpolation of Section 4.



that we could define an automaton that accepts just the solu-
tions to an interpolation problem of typé Although there

is active research extending automata on words and trees to
infinite alphabets which preserve “good” properties, sieh a
decidability of non-emptiness, see [11] for a recent survey
the results do not apply to the case caused by higher-order
binding.

Therefore, we restrict the overall goal of seeking an au-
tomaton that can accept the solutions to a problem P. First,
it is clear that given a typd and the finite alphabéi, there
is a tree automaton that accepts the well-formeterms.
Similarly for matching, we take as input not on/but also
the finite alphabeE. The main result, Theorem 2, is that
there is a tree automaton that accepts exactly the set of well
formedX-terms that solvé®. Therefore, relative to a finite
alphabet:, the set of solutions to a problemis regular.

Example 5. In the case of Example 4 we can de-
fine a tree automaton that recognises the set of well-
formed terms (trees) of the ford.w wheny is the set
{Az, Az1, Aza, Ax1, Ao, A, 2, 21, 22, X1, X2, a, b, g, h} with
arities as in Figure 3 and2; is {z, z1, 22, x1,22}. The

a finite memory as to which binders are still outstanding.
Q = {[s,9]]s € £,5 C 31}, F = {[\2,0]} and A
contains rules such aszy = [x2,{z2}] (representing
that having seen:, there is an outstandingzs binder),

z [/\21,51] [)\22, SQ] = [Z,Sl U Sy U {Z}], /\IQ[S, S] =
[Aza, S —{xzo}]fors € {z, 21, 29, 21, 22, a, b, g, h}. Again,

we can extend the automaton to accept all well-formed in-
stances of the interpolation problem in Figure 3 by extend-
ing 3.

Comon and Jurski define tree automata that character-
ize all solutions to atth-order problem [2]. In Section 8
of their paper they make it clear that there are two prob-
lems with extending their automata beyond the 4th-order
case. The first is that the states of the automaton are con-
structed out of observational equivalence classes of terms
due to Padovani [10]. Up to a 4th-order problem, one only
needs to consider finitely many terms. Wiith and higher
orders, this is no longer true and one needs to quotient the
potentially infinite terms into their respective observatl
equivalence classes in order to define only finitely many
states: however as Padovani shows this procedure is, in fact
equivalent to the matching problem itself [10]. The second
problem they mention and illustrate with an example is that
fifth-order terms may (essentially) contain infinitely many
different variables as discussed here. We are able to over-
come the first problem but not the second. Our solution is
indirect and proceeds via a game-theoretic charactenisati
of matching, Theorem 1. It underlies a more elementary un-
derstanding of--reduction in terms of families of sequences
of moves which can then be abstracted into structures that
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Figure 3. A 5th order example



will become states of an automaton.

4 Interpolation games

We are going to define a game on interpolation trees such
as Figure 1 which is now tharena Games have been a
key ingredient in our previous work on matching [16, 17].
The aim is to account for the dynamigsyreduction, with-
out changing terms by using substitution. It turns out that
it could also be described using game-semantics following
Ong [9]. Indeed, we slightly reformulate previous versions
of the game so that it is closer to game-semantics. However,
as in [17], we avoid questions, answers and their justifica-
tion pointers by appealing to look-up tables.

AssumeP is the problemzv; ...v, = wu, tis a po-
tential solution term and assume the sBts= Rp and
C = Cp. We define the gamé(t, P) played by one par-
ticipant, playew, therefuterwho attempts to show thais
not a solution ofP.

Definition 8. N is the set of nodes of the interpolation tree
Qtvy...v,, Sistheset{[z] : z € RU{V,3}} of game-
states.[V] and[3] are the final game-stated/ is the set
of variables that occur int and inwvq,...,v,. For each

1 > 1, the set of look-up table®; is iteratively defined:
©; = {0} whered; = () and©,,, is the set of partial
mapsV — (N x J,;;©;) UC.

Definition 9. A play ofG(¢, P) is a finite sequence of posi
tionst;qq164,...,t,q.0, Where eacht; € N, eachg; € S
andgq, is final and eacl#; € O, is a look-up table. For the
initial positiont; = @ where@ is the root of the interpola-
tion tree,q; = [u] whereu is the right term ofP and6; is
the empty look-up table. Play&rloses the play if the final
state is[ 3], otherwise she wins the play.

The central feature of a play @(¢, P) is that control
jumps from nodes of to nodes of the);'s and back again
repeatedly. The game appeals to a finite set of stages
comprising goal statgs- |, » € R, andfinal states[ V], win-
ning for the refuter, anfi3], losing for the refuter. As play
proceeds by moving aboutand thewv;’s of Figure 1 one
needs an account of the meaning of the current free vari-
ables. A free variable in a subtree fofs either associated
with a subtree of a; or with a forbidden constant. Sim-
ilarly, a free variable in a subtree ef; is associated with
a subtree of or with a forbidden constant. So, the game
appeals to the look-up tablés € Oy, k > 1: 0 is a par-
tial map from variables to forbidden constantor to pairs

2The presentation of the game in [17] starts from the assamptiat
only ¢ is the common structure for a dual interpolation problBrthat may
involve multiple equations and disequations. So, therg iglalways int.
Jumping in and out of the respectivg’s is coded in the states, as play
traverseg.

A.

tm = Q: A A= ((41,...,4,,0),A1,...,A,,0),
for ¢ 1 < i < n+1,t, |; tandt]
Axy...x,. Thent,i1 = t), ¢gmi1 = gm and
Oms1 = Om{t50m /@1, ...t 1 O0m/Tn}.

B. t,, = Xy andt,, |1 t'. Thent,,i1 = t/, gma1 = gm

C.

D.

.t =y : 0andf,,(y)

it =y

andf,, 11 = 0,,.

tm = a: 0. Thent,, 1 = t,, andb,, 41 = O, If
gm = [a] thengn, 1 = [3] elseqy 1 = [V].

tm = f : (A1,...,4,,0), n > 0 and for each
i1 <i<mn ity it Ifgn # [ fwr...w,] then
tm+1 = tm, gm+1 = [V] andby, 1 = 0,,. Otherwise
V chooses a directiofn : 1 < j < n andt,,+1 = t;-.

If Aj =0 thenqu = [U)J] and9m+1 = 0,,. Oth-

erwise,w; = Ar; ...x; w andt,, 41 = Az1... 2.

SO, qm+1 = [wicy, /w}, ... ¢ /x; Y] andOy, 1 =

em{Ci] /2’1, ceey Cik/zik}-

ctm =y : 0andb,,(y) = t'0;. Thent,,41 = ¢,

dm+1 = qm and9m+1 = 91€.

= ¢. Thent,,41 = t,,, and
Omi1 = O If g [¢] theng,,+1 = [3] else

m+1 = [V]

=y : (A1,...,4,,0), n > 0, O, (y) = t'0,
= Az1...z, and for eachi 1 < i <
Li ti. Thent, i1 = t', gmyr = @m aNdby, 44
kit10m /21, oyt 0m /) 20}

(A1,...,4,,0),n >0, 0,(y) = cand for
eachi : 1 < i < m,ty it If @ # [cwr ... wy]
thent,,i 1 = tm, ¢m+1 = [V] andb,,41 = O
OtherwiseV chooses a directiof : 1 < j < n and
tm41 = t;. If Aj = Othenqm+1 = [wj] and9m+1 =
0. Otherwise,w; = Az} ...z w andt,; =
A2y 2k SO, qmar = [w{c, /2) ... i /), }]
and9m+1 = Hm{cil /Zl, - ,cik/zik}.

n,

m
’
m

t
t
t
0

Figure 4. Game moves



t'0; wheret’ is a subtree and; a previous look-up table, so
j < k. Avariabley in t (orv) may be associated with a sub-
treet’ of v; (or t) which itself may contain free variables:
hence, the need fak, (y) to be a pait’d; asd; records the
values of the free variables ihat the earlier position.

Definition 10. If the current position irG(¢, P) iS t,,Gm 0m
and g, is not final then the next positioh, +1¢m+10m+1
is determined by a unique move in Figure 4.

At the initial @, play proceeds to the first successor sub-
tree Az ...z, and the look-up table is updated accord-
ingly (each of the other successor subtrégs with the
empty look-up table#; is associated with;: if later play
reaches a variable occurrenge : A; then it jumps to
ti.1 + Ag). We assume standard updating notation for
Om+1: v{01/y1,...,0m/ym} is the partial function simi-
lar to v except thaty(y;) = ¢;. If play is at\y, wherey can
be empty, then it descends the tree. At a constan, the
refuter loses if the goal state g | and wins otherwise. At
a constanif with arity more thar0, v immediately wins if
the goal state is not of the forfrfw . .. w,, ]. Otherwisev
chooses a successpand play moves to thg¢th successor
of (the node labelledy, thet’ such thatf |; ¢'. If w; : O
then the goal state ijsw; |. However, ifw; is higher-order

then forbidden constants are introduced and the look-up ta

ble is updated accordingly. If play is at a variable 0
and its entry in the current look-up tableti9, then play
jumps tot’ and 8, becomes the look-up table. If the en-
try for y is a forbidden constant then a final state will be
reached. Ify is higher-order and its entry 86, where

t' = Az1...z, then play jumps tad’ and the look-up ta-
ble is 6, together with the association ¢f,,, for z; when

y Li t;, wherei : 1 < i < n: this illustrates how back-and-
forth play jumping captureg-reduction as the occurrence
of y is associated witlf, and, therefore, occurrences of free
z; beneatht’ are associated with's ith successor. The final
case is wheny is higher-order and its entry in the look-up
table is a forbidden constant: again, there is the possibili
that further forbidden constants will be introduced. Playe

v can only exercise choice at a higher-order constant Whosenumber of different plays is at most

arity is more than one (rules D and H) thereby carving out
a branch of the right term (modulo introduction of forbid-
den constants).

Definition 11. PlayerV loses the gamé&(¢, P) if she loses
every play and otherwise she wins the game.

The gamesharacterizesnterpolation which essentially fol-
lows from [16, 17].

Theorem 1. PlayerY losesG(t, P) if, and only if,t = P.

Example 6. A solution to Example 2 is depicted in Figure 2

The play initially proceeds as follows.

@[faa]91 (1)[faa]92 = 91{(17)91/:617 (19)91/$2}
(2)[ faalds =02 (17)[ faa]0s = 0:1{(3)0s/y1, (15)03/y2}
(18)[ faa]0s = 04 (3)[ faalbs = 03

(4] faalor =06  (19)[ faal0s = 01{(5)07/ys}

(20)[ faa )by = 05

Play starts at nodé& with goal state] faa | and descends

to node (1) with the subtree at (17) associated witrand

the subtree at (19) witlry. After play descends to (2), it
jumps to (17) and then the subtree at node (3) is associated
with y; and the subtree at (15) with,. So play descends to
(18) and jumps to (3). The move to (4) results in a jump to
(19) and then to (20). At which point there i¥ahoice, as

to (21) or (23), both with the same reduced goal sfaté

If the first choice is chosen then play continues as follows.

(21)[@]910 = 99 (22)[@]911 = 910
(5)[a]f12 = 07 (6)[a]b13 = b12
(17)[a]014 = 01{(7)013/y1, (13)013/y2} (18)[albrs = 014
(7)]a)016 = 013 (8)[a]b17 = 616
(A7)[albrs = 01{(9)017/y1, (11)017/y2}  (18)[a]Oro = 15
(9)[al]f20 = 017 (10)[a]f21 = 20
(10)[3]021 = O20

The other choice is similar as both choices lead to play
returning to node (5) with the godk |. Play then descends
to (6) and, therefore, jumps again to (17) but now with (7)

“associated withy; and (13) withy,. From (18) it jumps

to (7). Similarly, at (8) it jumps to (17) and returns to (9)
without changing statpa ]. Consequently, play ends at (10)
andV loses.

Example 7. AssumeP is Example 4 with a solution term

t all depicted in Figure 3. The single play f&(¢, P), pre-
sented in Figure 5, is quite intricate with significant jump-
ing in the interpolation tree. For instance, at move 3 when
at node (2) play jumps to (21), descends to (22) and jumps
to (3) and then later at move 11 when at node (6) jumps
to (23). Even later at move 61 at node (10) which like (6)
is also bound by (3), play again returns to (23). Player
eventually loses when play reaches (12).

If ¢t = P, soV loses the gam&(¢, P), then the total
the number of branches
in the right termu of P. There are many interesting com-
binatorial properties of plays, some of which are briefly de-
scribed in [17, 16]. For the proof of the main result, Theo-
rem 2, the main feature is understanding the back-and-forth

play jumping.

5 Interpolation tree automata

In this section we define tree automata for an interpola-
tion problemP relative to the finite alphabét. Assume
a fixed problemP, zv; ...v, = u, andX with R = Rp,
C=Cp.



@[ hghha]6; (1)[hghha )6y = 01{(21)01/2} (z, hghha, {  (y1,hghha,{ (z1,hghha,{ (y3,ghha, 0)})
(2)[ hghha]O3 = 02 (21)[ hghha]0y = 01{(3)03/y1, (17)03/y2} (21, hha, { (y3, ha, 0)})
(22)[ hghha b5 = 04 (3)[hghha]0g = 03{(23)05/21} (21, ha, { (y3,a, M)}
(9)[hghhalb7 = 0¢ (21)[ hghha]0g = 61{(5)07 /y1, (13)07/y2} (y1, ghha, { (21, ghha, ”)})

(22)[ hghha 09 = Og (5)[hghha]01g = 67{(23)0g/x1} (y1, ha, { (21, ha, 0}
(6)[hghhal6y1 = 010 (23)[ hghha]61p = 05{(7)011/vy3} (y1,a,{ (21, a 0}

(24)[ hghha]013 = 012 (17)[hghhal614 = 03{(25)013/22} (y2, hghha, { (22, ghha, 0}

(18)[ hghha 1015 = 614 (19)[ ghha]616 = 01 (y2, hha, { (22, ha, 0}

(20)[ ghhalby7 = 016 (25)[ ghha 618 = 013 (y2, ha, { (22, a, 0OBHH

(26)[ ghhalf1g = 618 (3)[ghha]O30 = 03{(27)019/21}

(D[
(22)
(6)[
(28)
(8)[
(24)
(14)
(16)
(26)
(6)[
(24)
(18)

ghhallay = 639
[ghhalba3 = 029
ghhalOs = 624
[ghhalba7 = 026
ghhalOag = 633
ghhall3y = 639
ghhalfgs = 632
hhalO3s = 634
hhalbz7 = 636
hhal03g = 038
hhalbgy = 040
hhalby3 = 642

(21)[ ghhalb22 = 61{(5)021 /y1, (13)021 /y2}
(5)[ ghhal]Oaq = 021{(23)023/=1}
(27)[ ghha )26 = 019{(7)025/va}
(7)[ghha]6ag = 011

(23)[ ghhalb30 = 09{(9)029/y3}
(13)[ghha]O33 = 67{(25)631 /@2}
(15)[ hha]034 = 033

(25)[ hhall3g = 637

(5)[hhalO3g = 07{(27)037 /x1}
(23)[hhalbsg = 05{(7)039/y3}
(17)[hhalOgn = 03{(25)041/22}
(19)[ ha]O4q = 043

Figure 6. A z assumption for Example 3

Definition 13. Given variables = V; U V4, right terms
R and constantsC, for eachz € V, I'(z) is the set

(20)[ ha]by5 = 644
(26)[ halOg7 = 646
(9)[halbgg = 048
(22)[ halb51 = 6050
(6)[ha]b53 = 052
(28)[ halbs5 = 054

(25)[ ha]O46 = 041

(3)[halOgg = 03{(27)047/21}

(21)[ha]O50 = 01{(5)049/v1,(13)049 /y2}

(5)[halOsa = 049{(23)0571 /x1}

(27)[ halO54 = 047{(7)053/y4}
(7)[halbs6 = 039

(8)[halbs7 = 056 (27)[ha 658 = 037{(9)057/ya}

(28)[ ha]b59 = 658 (9)[halbeo = 029

(10)[halbg1 = 660 (23)[ ha ]2 = 05{(11)061 /y3}

(24)[ ha]bg3 = 062 (17)[ ha]Ogq = 03{(25)063/22}

(18)[ halbgs = 064 (19)[a]6g6 = 065

(20)[a]0g7 = 066 (25)[a]Ogg = 063

(26)[a ]9 = 068 (3)[alo70 = 03{(27)069/21}

(D[alo7y = 079 (2D)[alO79 = 01{(5)071/v1, (13)071 /y2}

of z assumptions: ifz : A andz € V; thenI'(z) =
{(z,ry¢)|]c: Ae C};if z:0andz € Vz thenT'(z) =
{(z,7,0)|r € R}; if z : (A1,...,4,,0) andz € V5 then
P(Z) = {(Z’ T, F) | reRI'C Ulgigk Um:Aie\@ P(‘T)} A
mode is a pair(r, I') wherer € RandI’ C |, I'(2).

Although a variable assumption is defined indepen-

(22)[a 073 = 0 (5)[al074 = 071 {(28)073/x1} i i it is i

(22)(a 1075 = 072 (S)alizs = 671 (207301} dently of the interpolation game, it is mten_ded to be
(28)[a]077 = 076 (1)[alo7s = 061 an abstraction of subsequences of moves in the game
(12)[a]b79 = 078 (12)[3]080 = 679

G(t, P) for termst (whose syntax is restricted by).
Consider the play in Example 6 and the interpolation tree
of Figure 2. Ay, assumption becausg : 0 has the
form (y1,7’,0) which captures subsequences of length
in a play. For instance(y:, faa,) captures the move
(18) [faa) 5. An x; assumption has the forfx;,r, T)
wherel is a set ofy; andy, assumptions. The assump-
tion (x1, faa,{(y1, faa,D)}) represents the sequence of
moves (2)[faa)bs, (17)[faal04, (18)[faalbs, (3)[faa)bs

Figure 5. The play for Example 7

Definition 12. Assume an interpolation tree. Variable oc-
currencez (at noden) is an immediate descendentwofat
node m) if for somé, v |; AZ and Az binds z (at node
n). Variable occurrence is a descendent af if z is an

immediate descendent ofor variable occurrencey is an capturing the interaction betweenz; and ;.
immediate descendentwfindz is a descendent q@f Vari- There is abstraction here. because. for exam-
able occurrence is a descendent of a constantifthereisa ple, (3,4, {(y1,a,0)}) represents the two se-

constant occurrencg andz is a descendent of. quences (6)[a6:3, (17)[a]f14, (18)[a]014, (7)[a]f15 and

(8)[0,]917, (17) [a]@lg, (18)[0,]919, (9)[0,]920 A more elab-
Example 3. The single variable occurrences @indz, are ~ Orate assumption is in Figure 6 which represents the
descendents of the constafit In the interpolation game, ~ intéraction between nodes (2), (21), (22), (3), (6), (23),
entries for such variable occurrences in a look-up table are(24), (7), (10), (26), (27), (28) and (11) of Figure 3 in the
forbidden constants. Therefore, without loss of gengralit Play of Figure 5. _

we assume that the set of variablés- ¥ is partitioned into A mode is a pair(r,I') wherer € R and[ is a set of

V4 andVa: V; contains variables whose occurrences must variable assumptions. BecauBeis f|n|Fe andX is fixed,

be descendents of constants dactontains those that can-  there can only be boundedly many different moged”).

not be descendents of constants. We ensurstlantains VW& how come to the formal definition of the tree automaton
enough variables to guarantee this. whose states are sets of modes.

. In the game, play jumps around the interpqlatipn €€ 8S pefinition 14. AssumeP, xv; ...v, = u, ¥ and the vari-
|Ilustrated_|n_ Example§ 6 and 7. The question is hqw tp ablesV partitioned intoV; U V5. TheX-tree automaton for
capture this jumping Wlth _atree_ automaton. The_solu'u_on IS pisAp — (Q, %, F,A) whereQ is the set of sets of modes
based on Ong [9] (which is a different setting, with a fixed (1T, (s T L k> 0, F = {{(u,0)}} and the

infinite A-term and an aItgrnatmg parllty z?\utomaton). We transition relation A is defined on nodes of the-tree by
need to break apart theotion of jumping into and out of cases o

component$nto constituents. This we do usingriable
assumptionsOng calls them “variable profiles” in his set-
ting.

The termAy.y(y(fAzz122.2(y(22))a)) is a solution to

e a:0. Thena = A whereA C {(a,0)}.

e> : Oandz € V5. Thenz = A C



{(e1,{(z,c1,¢1)}), -, (e, {(2,chyck)})  fork > 0
andc; : 0,...,¢,:0€ C.

z : 0 and z € Vs, Thenz = A C
0

{(Tla {(Zv’rlv@)})v R (Tma {(Z,’I’m,m)})} form >

andry,...,mm € R.

f o (A1,...,A;,0). ThenfA;...Ar = A when
(1) and (2). (1). If(r,T") € Athenr = fw;...wg
and for eachi : 1 < i < k there is(r;,T';) €
A with wy = Aoj .o.ox) awi, mg > 0, f |
)\yzlyfnl, r, = wg{cil/xgl,...,cim/:c;m»} and
I'= Ulgigk(ri - Ulgjgmi F(CU;)) (2. 1f (ri, Ty) €
A;fori: 1 < i < kthenthereisfw; ... w,T) €
A with w; = )\xgl ...xémb.wg, m; > 0, f |;

M s T = wifen [T,y /x;m} and
(I — Ulgjgmi F(y;)) cr.

z: (A1,...,Ag,0)andz € V5. ThenzA; ... A, =
A when (1) and (2). (1). If(r,T) € A then
r = cw...wk, (z,r,¢) € T and for each
i 1 < ¢ < k there is (r;,I;) € A
with w; = /\acgl...x;mi.wg, m; > 0, z |;
)\yzly}n, ry = wg{cﬁ/x;l,...,cimi/xgmi} and

I = {(z,r0)} = U1§i§k(ri - Ulgjgmi I‘(y;))
(2) If (Ti,l—‘i) e A; for i 1 < i < k
then there is(r,I') € A withr = cw...w, and
(z,r,¢) € T, w; = )\x’il...:zrgml_.w;, m; > 0,
z 1 )\yiyfn?, ry = wg{ci]/x’il,...,cimi/:véml_}
and(T’; — U1§j§mi F(?J;)) cr.

z :+ (A1,...,4%,0) and z € V. Then
zZAi... Ay, = A when (1) and (2). (1). If
(r,I') € A then there is a(z,I') € T and

= {(y117T117F/11)7 R (ylmwrlmwl—‘/lml)v R
(W1, 761, 0h1)s s Uk s T s Dy, )} fOr my >0,
1 <i < kandeachy;; : A; and (rij,ng UXi;) € Ay
wherelJ; o, Ui <jcrm, Zij U{(z, 7, I")} =T (2). If
(r;, ;) € A; thenthereigr,T') € Aand(z,r,I") €
I and (y,r;,I") € TV, y : A; andT” C T, and
I,—-T"CT.

Ag. Then\y A = A for anyA.

(@ : ((Al,...,An,O),Al,...,An,O). Then
@QA1... A1 = {(u,0)} when (1). (). Ay =
{(v,T)} and if (z,7/,I') € T thenz = z; for
somei and (', I) € A;, and if (r;,T;) € A; then
(Zi,Ti,Fi) el.

R = {faa,a}. Amodeigr,T") wherer € RandI is a set
of variable assumptions. Next, we consider the transitions
first for constants.

e AC{(@0) b=0 f00=0

H(a,T1)} {(a,T2)} = {(faa,T1 UTy)}

The last rule allowsf to be labelled with the state
{(faa,T'; UT3)} when its descendents are labelled with
the states{(a,T'1)} and {(a,T'2)}. Next we examine the
rules for variableg); andys which are both of typ@.

Y1 = AC {(fCLCL, {(ylv faav @)}), (av {(ylv a, Q)})}

ys = A C {(a,{(y3,a,0)})}

Itis unnecessary to includg aa, {(ys, faa,)}) as a mode
because it could never appear within a state of an accepting
run of the automaton. The rules fay, and zo, are more
interesting. Letd(z1) = (z1, faa, {(y1, faa,0)}), A'(x1)

= (‘T17 a, {(yla a, 0)}) andA(xg) = (552’ faa7 {(y37 a, @)})
Assumd” is {A(x1), A'(x1), A(z2)}.

$1@®:>® I2®:>®

22{(a, 1)} = {(faa, TU{A(x2)})} T € {A'(x1)}
21 {(a, 1)} 0 = {(a, TU{A (x))} T € {A'(x1)}
21 {(faa, 1)} 0 = {(faa,TU{A(z1)})} T C T

A variable occurrencer; can be labelled with the state
{(faa,I'")} provided thatA(x;) € I and its first suc-
cessor is labelled(faa,T')} such thal”" U {A(z1)} =T".
There are the rules for th&#'s and Q.

A=A /\£61$2A2>A

Mo A=A dys A=A

Q {(faa, 1)} Ay Ay = {(faa, D)} if (1)

where (1) is: A(z1) € T iff (faa,{(y1, faa,0)}) € Ay,
A'(z1) € Tiff (a,{(y1,a,0)}) € Ay and A(z2) € T iff
(faa,{(ys,a,0)}) € As. Using these rules, it is easy to
show that the tree of Figure 2 is accepted. The rulesifor
allow “pumping” in the sense of [3]: the automaton accepts
any term\zyzo.21 (21 ... 1 (x2(21 . . . x10ab)b. . .) .. )b.

Example 8. Consider the automaton for Example 2.
A potential solution term such as the one depicted
in Figure 2 has the form Azjxo.w. So ¥ =
{a,b, f,x1,22,y1,Y3, A\, \ys3, A\y1y2, Ax122}.  The vari-
ablesV are {x1,z2,y1,y3}, V1 = 0 andV> = V. The set

The following is the main result of the paper.

Theorem 2. AssumeP, zv; ...v, = u, X and theX-tree
automatond p. For any well-formed:-termt, Ap accepts
the tree@tv; ... v, iff t = P.



6 Conclusion [6] Joly, T. Encoding of the halting problem into the monster
type and applicationd.ecture Notes in Computer Science

It is unclear whether we can generalize Theorem 2 with- 2701, 153-166, (2003).
out developing automata for languages with infinite alpha- [7] Jung, A. and Tiuryn, J. A new characterisation of lambda
bets. In fact, there is the more specific problem of how definability. Lecture Notes in Computer Sciené64, 245-
to define automata in the presence of higher-order binding. 257, (1993).
For 4th-order problems, there is an automaton that recog- [8] Loader, R. Higher-ordep-matching is undecidablé,ogic
nises its full set of solutions (up ta-equivalence) even Journal of the IGPL.11(1), 51-68, (2003).
though the syntax may be infinite. Comon and Jurski de- [9] Ong, C.-H. L.On model-checking trees generated by higher-
fine a special kind of automatal-automata, to achieve this order recursion scheme®rocs LICS 2006, 81-90. (Longer
[2]. The occurrence of a ledfl in a term tree represents version available from Ong’s web page, 42 pages preprint.)
any (syntactically correct) subtree. [A cannot contribute  [10] padovani, V. Decidability of fourth-order matchinitath-
to the solution of the matching problem. Givedta-order ematical Structures in Computer Sciend®(3), 361-372,
problemP, there is a finite alphabét such that every so- (2001).

lution ¢ is recognised by &l-automaton (wheréJs of the [11] Segoufin, L. Automata and logics for words and trees aver
correcttype replace subtreestaind all other nodes afare infinite alphabetLecture Notes in Computer Sciené@07,
labelled by elements of). In our framework, we can also 41-57, (2006).

achieve this. Play i%(¢, ) does not enter a subtree that s [12] Schubert, A. Linear interpolation for the higher-oraeatch-

replaced byJ. Consequt_ently, given the SE{ we can as- ing problem Lecture Notes in Computer Scient@14 441-
sume the extra schematic automaton rfle .. 9 = ¢ for 452, (1997).

allu gy, .
What about decidability of higher-order matching? A [13] Statman, R'.The typed-calcu[us I not elementary recur-
. . . sive. Theoretical Computer Scienc® 73-81, (1979).
corollary of Theorem 2 is that matching relativerésource o o
is decidable. Indeed this is also true fodefinability [7], ~ [14] Statman, R. Completeness, invariance andefinability.
even though without out this restriction the problem is un- The Journal of Symbolic Logie?7, 17-26, (1982).
decidable. For higher-order matching, a proof of the small [15] Stirling, C. Modal and Temporal Properties of Processes

model property is, therefore, still needed. However given Texts in Computer Science, Springer, (2001).

the property, there is now a more intelligent decision proce [16] Stirling, C. Higher-order matching and gamescture Notes
dure using non-emptiness of tree automata. Moreover, it is in Computer Scien¢8634 119-134, (2005).

possible that automata could underpin a more direct proof[17] stirling, C. A game-theoretic approach to decidingHg
of this property. The thought is that given an interpolation order matchingLecture Notes in Computer Sciene®52
equationzv; ...v, = u, x : A = (44,...,4,,0), there 348-359, (2006).

can only be finitely many “inequivalent; : A; variable
assumptions because of their bounded depth irrespective of
the number of different variables a tetm A may contain.
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