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.uk1 Introdu
tionIn the past de
ade there has been a variety of results showing de
idability ofbisimulation equivalen
e between in�nite state systems. The initial result, dueto Baeten, Bergstra and Klop [1℄, proved de
idability for normed BPA pro-
esses, des
ribed using irredundant 
ontext-free grammars. This was extendedto all BPA pro
esses and then to pushdown automata [5, 16, 14℄. De
idability ofbisimilarity was also shown for Basi
 Parallel (BP) pro
esses, a restri
ted subsetof Petri nets, [4℄. For full Petri nets Jan�
ar proved that bisimulation equivalen
eis unde
idable [11℄.An open question is the dividing line between de
idability and unde
idabil-ity of bisimilarity in the 
ase of \sequential" systems. For instan
e, is bisimula-tion equivalen
e de
idable for the general 
lass of pre�x-re
ognisable transitiongraphs introdu
ed by Cau
al [2℄? A poignant problem is that these graphs ex-hibit in�nite bran
hing. Families of in�nite state systems for whi
h bisimilarityis known to be de
idable are �nitely bran
hing. For ea
h label a and for ea
h
on�guration the set of its a-su

essors is �nite and easily 
omputable. Thereforeif two systems are not bisimulation equivalent then there is a least approximantn > 0 su
h that they are not equivalent at level n, and for ea
h n the equivalen
eat level n is de
idable. But if pro
esses are in�nite bran
hing then inequivalen
emay be manifested at higher ordinals, and therefore a new te
hnique is requiredto establish semide
idability of inequivalen
e.Instead of examining ri
her families of in�nite state systems one 
an lookat the problem of de
iding weak bisimulation equivalen
e for restri
ted 
lasses.Weak bisimilarity abstra
ts from silent a
tivity, with the 
onsequen
e that BPAand BP pro
esses are in�nitely bran
hing. Weak bisimulation inequivalen
e isthen generally not �nitely approximable.In this paper we examine the de
ision problem of weak bisimilarity for normedBP pro
esses. Esparza [6℄ observes that weak bisimilarity is semide
idable, be-
ause a positive witness is semilinear. De
idability was proved for a restri
tedsub
lass, the totally normed pro
esses, by Hirshfeld [7℄. And Jan�
ar, Ku�
eraand Mayr show de
idability of weak bisimilarity between general (PA) pro
esseswhi
h in
ludes BP pro
esses and �nite state pro
esses [12℄. However in both these
ases inequivalen
e is �nitely approximable. In this paper we prove de
idability



of weak bisimilarity for a subset of normed BP pro
esses for whi
h inequivalen
eneed not be �nitely approximable. Underpinning this result is a �nite symboli

hara
terisation of the in�nite bran
hing of normed BP pro
esses. Indeed webelieve that the te
hnique will establish de
idability of weak bisimilarity for allnormed BP pro
esses, but the 
ombinatori
s be
ome awesome.In se
tion 2 we de�ne normed Basi
 Parallel pro
esses and weak bisimulationequivalen
e. Se
tion 3 is devoted to the �nite 
hara
terisation of the in�nitetransition relations. Then in se
tion 4 we utilise the 
hara
terisation to provethe de
idability result using the tableau method. Proofs of two 
ru
ial lemmasare given in se
tion 5.2 Normed Basi
 Parallel pro
essesIngredients of Basi
 Parallel (BP) pro
esses are a �nite set � = fX1; : : : ; Xngof atoms, a �nite set A = fa1; : : : ; akg of a
tions and a �nite set T of basi
transitions, ea
h of the form X a�! � where X is an atom, a 2 A [ f�g and �is a multiset of atoms whose size is at most 2. A BP pro
ess, or 
on�guration,is a parallel 
omposition of atoms. We let �, �, : : : range over su
h pro
esses.A pro
ess therefore has the form Xk11 : : :Xknn , whi
h is the parallel 
ompositionof k1 
opies of X1, : : : and kn 
opies of Xn where ea
h ki � 0. We let � be theempty 
omposition, where ea
h ki = 0. If � and � are two pro
esses then �� istheir multiset union (and we often write X� or �X as an abbreviation for themultiset union of fXg and �). The behaviour of a BP pro
ess is determined bythe following extension rule: if X a�! � 2 T then X� a�! ��. The silent a
tion� 62 A is in
luded as a possible a
tion. We assume the usual expansion of thetransition relation to words, � w�! � where w 2 (A [ f�g)�.Example 1 The atoms � are fA; Y; Zg and A is the singleton set fag. The basi
transitions are A a�! �, Y a�! A, Z a�! A, Y ��! Y A, Z a�! Z, Z ��! ZA.ZA3 has the following transitions, ZA3 a�! A4, ZA3 a�! ZA2, ZA3 a�! ZA3and ZA3 ��! ZA4. 2Example 2 The atoms are fC;D;U; V g, A = f
; dg and the basi
 transitionsare U ��! UD, U 
�! �, U 
�! C, U 
�! U , V ��! V D, V 
�! �, V 
�! C,C 
�! C, C 
�! �, D d�! �, D ��! �. For ea
h n � 0 there is the extendedtransition U �n
�! UDn. 2BP pro
esses are 
ommuni
ation free Petri nets, where the pla
es are theatoms, and transition X a�! � is a �ring rule. A 
on�guration Xk11 : : :Xknnrepresents the marking when there are ki tokens on pla
e Xi. They are 
ommu-ni
ation free be
ause ea
h transition requires just one pla
e to �re. As is usualin pro
ess 
al
uli when there are silent transitions, the weak transition relations�=) and a=) for a 2 A are de�ned as follows.� �=) � i� 9n � 0: � �n�! � � a=) � i� 9�1; �1: � �=) �1 a�! �1 �=) �



There 
an be in�nite bran
hing with respe
t to these transition relations, asillustrated by Examples 1 and 2, Y �=) Y An and V 
=) CDn for all n � 0.An atom X is normed if there is a word w 2 A� su
h that X w=) �. A BPde�nition is normed if all its atoms are normed. Both Examples 1 and 2 arenormed. The norm of atom X , written N(X), is the length of a shortest wordw su
h that X w=) �. N(Y ) = 2 and N(D) = 0 where Y and D are from theexamples above. Norm extends to 
on�gurations �, written N(�), whi
h is thelength of a shortest word w su
h that � w=) �. If a BP de�nition is normed thenso is any pro
ess � = Xk11 : : : Xknn and N(�) isP1�i�n(ki�N(Xi)). A subset ofnormed BP pro
esses is the totally normed pro
esses, as introdu
ed by H�utteland examined by Hirshfeld [9, 7℄. A BP pro
ess de�nition is totally normed ifall its atoms are normed and have norm greater than 0. Example 1 is totallynormed but Example 2 is not be
ause N(D) = 0.Our interest is with de
iding when two normed BP pro
esses are weak bisim-ulation equivalent. There is more than one way to de�ne this equivalen
e. Firstwe start with the natural (and \symmetri
") version.De�nition 1 A binary relation B between BP pro
esses is a weak bisimulationrelation provided that whenever �B� and a 2 (A [ f�g)if � a=) �0 then there is a �0 su
h that � a=) �0 and �0B�0if � a=) �0 then there is an �0 su
h that � a=) �0 and �0B�0Two pro
esses � and � are weakly bisimilar, written � � �, if there is a weakbisimulation relationB su
h that �B�. Important properties of weak equivalen
eare that it is a 
ongruen
e for BP pro
esses, see [7℄ for instan
e, and that itpreserves norm.Fa
t 1 If � � � then �Æ � �Æ and N(�) = N(�).An alternative (and equivalent) basis for the de�nition of weak bisimilarity is asfollows, where if a 2 A then â is a and if a = � then â is �, [13℄.De�nition 2 A binary relation B between BP pro
esses is a wb relation pro-vided that whenever �B� and a 2 (A [ f�g)if � a�! �0 then there is a �0 su
h that � â=) �0 and �0B�0if � a�! �0 then there is an �0 su
h that � â=) �0 and �0B�0Fa
t 2 B is a wb relation i� B is a weak bisimulation relation.To establish that � � � it therefore suÆ
es to exhibit a binary relation
ontaining � and � and prove that it is a wb relation. In general su
h a relationwill be in�nite. The relation f(Y An; ZAn); (An; An) : n � 0g over pro
esses ofExample 1 is a wb relation, whi
h proves that Y � Z.The \symmetri
" de�nition of equivalen
e supports weak bisimulation ap-proximants, �o for any ordinal o, whi
h are themselves equivalen
e relations.De�nition 3 The relations �o for ordinals o are de�ned indu
tively as follows,where we assume that l is a limit ordinal (su
h as !).



� �0 �� �o+1 � i� for a 2 (A [ f�g)if � a=) �0 then 9�0: � a=) �0 and �0 �o �0if � a=) �0 then 9�0: � a=) �0 and �0 �o �0� �l � i� 8o < l: � �o �Fa
t 3 � � � i� for all ordinals o. � �o �.Example 2 illustrates the need for ordinals beyond !. Although U 6� V for anyn � 0, U �n V . The inequivalen
e is due to the transition U 
=) U . Pro
essV does not have a similar transition. However for any n � 0, V 
=) CDn andU �n CDn but U 6�n+1 CDn be
ause of the transition U d=) UDn. Thereforeit follows that U 6�!+1 V . It is 
onje
tured by St�r��brn�a [15℄ that one only needsordinals whi
h are less than ! � 2 to establish inequivalen
e between all BPpro
esses, in
luding the unnormed. She proves this in the spe
ial 
ase whenthere are no atoms of norm 0 and A is a singleton set. And in the 
ase of totallynormed pro
esses she shows that the 
losure ordinal is !: if � 6� � then for somen � 0, � 6�n �.Esparza observes that a wb relation whi
h witnesses the equivalen
e � � �is semilinear [6℄, whi
h establishes semide
idability of weak bisimilarity for allBP pro
esses (and therefore de
idability for totally normed pro
esses). But theproblem is establishing semide
idability of inequivalen
e.A new approa
h to de
iding weak equivalen
e is now developed. First we�nitely 
hara
terise the in�nite bran
hing of a normed BP pro
ess, and thenwe use the 
hara
terisation to show that equivalen
e and inequivalen
e 
an be
aptured by examining only boundedly many transitions. However we are onlyable to prove de
idability for a subset of normed BP pro
esses whi
h in
ludesthe totally normed pro
esses. The family also in
ludes Example 2 where inequiv-alen
e is not �nitely approximable. The subset is given by a te
hni
al restri
tion,whose notation is now developed.3 Strati�
ation and generatorsIn this se
tion we symboli
ally 
hara
terise the weak transition relations ofnormed BP pro
esses. Assume a �xed normed BP pro
ess de�nition with atoms� , a
tion set A and transitions T. The initial step is to stratify the basi
 tran-sitions in T, by in
luding a numeri
al index on the transition relation whi
hrepresents the 
hange in norm produ
ed by the transition. If X a�! � 2 T thenwe re-write it as X a�!n � where n = N(�) � N(X). The index n is bounded,�1 � n � 2M, where M is the maximum norm of any atom in � . Either atransition is norm redu
ing, but then by at most 1, or it is nonde
reasing andbe
ause j�j � 2 the in
rease in norm is at most 2M. An important, but simple,observation is that for a strati�ed � -transition, X ��!n �, the index n mustbe nonde
reasing, n � 0. A sele
tion of strati�ed transitions from Examples 1



and 2 of the previous se
tion is A a�!�1 �, Z a�!0 Z, Y ��!1 Y A, U 
�!�1 �,D ��!0 �, V ��!0 V D.The de�nition of strati�
ation is extended to the weak transition relationsas follows.� �=)0 � i� 9m > 0: 9�1; : : : ; �m: � = �1 ��!0 : : : ��!0 �m = �� �=)n+1 � i� 9�0; �0: � �=)j �0 ��!k+1 �0 �=)l � where n = j + k + l� a=)n � i� 9�0; �0: � �=)j �0 a�!k �0 �=)l � where n = j + k + lFor instan
e, U �=)0 UD64 and U 
=)�1 D80 are strati�ed weak transitionsarising from Example 2 of the previous se
tion.Weak bisimulation equivalen
e 
an be rede�ned using the strati�ed weaktransition relations. Assume that K is the largest in
rease in norm of the BPpro
ess de�nition, maxfn : X a�!n � 2 Tg. For instan
e, K = 1 for Example 1of the previous se
tion.De�nition 1 A relation B between normed BP pro
esses is a strati�ed weakbisimulation relation provided that whenever �B� and n � K and a 2 (A[f�g)if � a=)n �0 then there is a �0 su
h that � a=)n �0 and �0B�0if � a=)n �0 then there is an �0 su
h that � a=)n �0 and �0B�0Proposition 1 B is a strati�ed weak bisimulation relation i� B is a wb relation.Hen
e � � � i� there is a strati�ed weak bisimulation relation B whi
h 
ontainsthe pair � and �. In the next se
tion we shall also de�ne asso
iated strati�edweak approximants.The 
ru
ial feature of totally normed pro
esses is that they are �nitelybran
hing with respe
t to the strati�ed weak transition relations.Fa
t 1 If � is totally normed then for all a and n fÆ : � a=)n Æg is �nite.This is not generally the 
ase for normed BP pro
esses. For instan
e V 
=)�1 Dnfor all n � 0. The 
ru
ial 
omponent of in�nite bran
hing is the relation �=)0,to whi
h we now dire
t our analysis. The following result is useful.Proposition 2 If � �=)0 � and � �=)0 Æ and � � Æ then � � �.Consequently if X �=)0 Y and Y �=)0 X then X � Y . In this 
ir
umstan
e, ifX 6= Y then we say that atom Y is redundant be
ause of X . A BP de�nition
an therefore be repla
ed with an equivalent de�nition whi
h does not 
ontainredundant atoms. If Y 2 � is redundant be
ause of X 2 � then we 
hange �to � � fY g and we repla
e all transitions Y a�! � 2 T with X a�! � and alltransitions Z a�! Y � 2 T with Z a�! X�. It is 
lear that this transformationof a BP de�nition preserves weak bisimulation equivalen
e. We therefore assumethat atoms of a BP de�nition adhere to the following 
ondition: (1) if X 6= Yand X �=)0 Y then not(Y �=)0 X).The reason that the transition relation �=)0 
an be in�nite bran
hing isbe
ause atoms 
an \generate" other atoms. If X �=)0 XA then we say that X



generates A. And for ea
h atom X , the set of atoms generated by X , writtenG(X), is fA : X �=)0 XAg. In Example 2 of the previous se
tion, G(D) = ;and G(U) = G(V ) = fDg.Proposition 31. If A 2 G(X) then N(A) = 02. If A 2 G(X) and A �=)0 B then B 2 G(X)3. If A 2 G(B) and B 2 G(X) then A 2 G(X)4. If � 2 G(X)� then X �=)0 X�5. If � 2 G(X)� then X � X�If A 2 G(X) then An+1X� � X�. Hen
e any 
on�guration � 
an be redu
edto an equivalent minimal normal form nf(�).De�nition 2 If � = Xk11 : : : Xknn then nf(�) = X l11 : : : X lnn where1. if j 6= i and Xj 2 G(Xi) and ki > 0 then lj = 0,2. if Xi 2 G(Xi) and ki > 0 and 8j 6= i: kj = 0 or Xi 62 G(Xj) then li = 1.3. if kj = 0 or for all i su
h that ki 6= 0, Xj 62 G(Xi) then lj = kj .Proposition 41. If X l11 : : : X lnn = nf(�) and Xj11 : : :Xjnn = nf(�) then li = ji for ea
h i2. � � nf(�)Assume a BP pro
ess de�nition whi
h obeys 
ondition (1) and let � 0 be the set ofgenerable atoms, fA 2 � : 9X:A 2 G(X)g. An \extended" 
on�guration eitherhas the form � where � = nf(�), or has the form �A�1 : : : A�k where � = nf(�)and ea
h Ai 2 � 0 and Ai 62 G(X) for any X 2 �, and Ai 62 �.Theorem 1 For any 
on�guration � and a 2 (A [ f�g) and n there is a �niteset of extended 
on�gurations E(�; a; n) su
h that1. if � a=)n Æ then either nf(Æ) 2 E(�; a; n) or Æ = Æ1Al11 : : : Alkk and ea
h li � 0and � = nf(Æ1) and �A�1 : : : A�k 2 E(�; a; n),2. if � 2 E(�; a; n) then � a=)n �,3. if �A�1 : : : A�k 2 E(�; a; n) then 8l1 � 0: : : : 8lk � 0. � a=)n �Al11 : : : Alkk .Proof: Assume 
on�guration � and assume a 2 A [ f�g and n � �1. Anytransition � a=)n Æ 
an be de
omposed as follows � �=)j �1 a�!k Æ0 �=)l Æwhere j + k + l = n. Clearly for the set fÆ : � a=)n Æg there are only �nitelymany di�erent indi
es j, k and l whi
h 
an be involved in a de
omposition (be-
ause k � K and both j and l are at least 0). In turn a transition � �=)m �0
an also be de
omposed. If m = 0 then � ��!0 : : : ��!0 �0 and if m > 0 then� �=)0 �1 ��!k �01 �=)m�k �0 where k > 0. Hen
e any transition a=)n is builtfrom only �nitely many 
ompositions of transitions �=)0, a�!k and ��!m wherem > 0. And for ea
h � the sets f�0 : � a�!k �0g and f�0 : � ��!m �0g are �nite



and bounded, from the BP pro
ess de�nition. Hen
e the important transitionsinvolved in a de
omposition are the �=)0 transitions, whi
h we now 
on
en-trate on. A transition of the form X ��!0 XA is a generating transition, anda transition X ��!0 X is useless. Consider any 
on�guration �0 and derivationd = �0 ��!0 �1 ��!0 : : : ��!0 �n su
h that no transition in the derivation iseither a generating transition or a useless transition. For a �xed �0 there are only�nitely many su
h derivations, and therefore only �nitely many 
on�gurationsappearing in any su
h derivation, f�0; : : : ; �mg. This follows from 
ondition (1)earlier: if X �+�!0 Y � and Y �+�!0 XÆ and X 6= Y then Y is redundant be
auseof X (as N(�) = 0 = N(Æ)). In fa
t a 
rude upper bound on the number of su
h�nal 
on�gurations1 is j�0j�2j� j. For ea
h derivation d of �i let d(�i) � � be thesubset of atoms whi
h o

ur anywhere within the derivation, and let G(d(�i))be the set SfG(X) : X 2 d(�i)g. There are only �nitely many di�erent su
hsets asso
iated with ea
h �i. For ea
h su
h subset we introdu
e a preliminaryextended 
on�guration as follows. First if G(d(�i)) = ; for some derivation dthen one preliminary 
on�guration is �i. Next if G(d(�i)) = fA1; : : : ; Akg thenanother preliminary 
on�guration is �0iA�1 : : : A�k where �0i is the result of remov-ing all o

urren
es of Aj from �i. There are only �nitely many su
h preliminaryextended 
on�gurations asso
iated with ea
h �i. Preliminary extended 
on�gu-rations are preliminary be
ause they may not yet be in normal form. Howeverit is easy to see that if �0 �=)0 Æ then either Æ = �i or Æ = �0iAl11 : : : Alkk for somel1 � 0, : : :, lk � 0. Moreover if �0iA�1 : : : A�k is a preliminary extended 
on�gu-ration then by Proposition 3.4 for all l1 � 0, : : :, lk � 0, �0 �=)0 �0iAl11 : : : Alkk .We now 
omplete the argument of the theorem. First if a = � and n = 0 and� = �0 then we merely tidy the preliminary extended 
on�gurations. If �i issu
h a 
on�guration then we let �00i = nf(�i), and if �0iA�1 : : : A�k is a 
on�gura-tion then we let �00i = nf(�0i) and we remove ea
h A�j su
h that Aj 2 G(X) whenX 2 �00i . By the reasoning above the resulting �nite set of extended 
on�gura-tions, E(�; �; 0), obey the theorem. Otherwise a 6= � or n 6= 0. Assume the �niteset of preliminary extended forms asso
iated with f�1 : � �=)0 �1g. Considerthe possible transitions a�!k from a preliminary extended form where a 6= � ork 6= 0. There are two 
ases. First if the form is �i then the required �nite set isf�ij : �i a�!k �ijg. Se
ond is that the preliminary form is �0iA�1 : : : A�k. We nowtake the following �nite setf�ijA�1 : : : A�k : �0i a�!k �ijg [ f�0iÆA�1 : : : A�k : Aj a�!k Ægand then tidy their elements by removing any o

urren
es of Aj from �ij andÆ. The result is a �nite set of preliminary extended forms, with the 
ru
ialproperty that if � �=)0 �1 a�!k �01 then either �01 is a preliminary form or�01 = �0ijAl11 : : : Alkk for some l1 � 0, : : :, lk � 0 and �0ijA�1 : : : A�k is a preliminaryform and for ea
h su
h form and l1 � 0, : : :, lk � 0 there is an �1 su
h that� �=)0 �1 a�!k �0ijAl11 : : : Alkk . The argument is now repeated, so that there is a�nite set of preliminary extended forms whi
h 
hara
terise the set f�2 : � �=)01 The size of a 
on�guration Æ, jÆj, is its number of o

urren
es of atoms.



�1 a�!k �01 �=)2g, and so on. Be
ause there 
an be only �nitely many di�erentindi
es involved in a de
omposition of the transition a=)n it follows that thereis a �nite set of preliminary extended forms whi
h 
hara
terise fÆ : � a=)n Æg.This �nite set is then tidied into a set of extended forms, E(�; a; n), as des
ribedearlier. 2Theorem 1 o�ers a �nite symboli
 
hara
terisation of the in�nite bran
hingof normed BP pro
esses. Moreover its proof shows how a �nite set of extended
on�gurations E(�; a; n) whi
h 
hara
terises fÆ : � a=)n Æg is 
omputed.Example 1 Consider E(U; 
; 0) where U is from Example 2 of the previousse
tion. There is only one de
omposition of the transition 
=)0 in this example,U �=)0 �1 
�!0 �01 �=)0 Æ. First 
onsider the preliminary extended 
on�gu-rations for f�1 : U �=)0 �1g. This 
onsists of the singleton set fUD�g. Nextwe examine the 
�!0 transitions, and there are two possibilities U 
�!0 U andU 
�!0 C. Hen
e fUD�; CD�g 
ontains the preliminary extended 
on�gurationsfor f�01 : � �=)0 �1 
�!0 �01g. This is the same set of preliminary extended 
on-�gurations for fÆ ; � 
=)0 Æg. Now we tidy this set. Be
ause D 2 G(U) theresulting set E(U; 
; 0) is fU;CD�g. We show that this set obeys the three 
ondi-tions of Theorem 1. Suppose U 
=)0 Æ. There are two 
ases. First U 
=)0 UDnand be
ause D 2 G(U) it follows that U = nf(UDn) and U 2 E(U; 
; 0). Se
-ond is that U 
=)0 CDn and UD� 2 E(U; 
; 0). This establishes 
ondition 1 ofTheorem 1. For 2 note that U 
=)0 U . And for 
ondition 3, U 
=)0 CDn forall n � 0. In 
ontrast the set E(V; 
; 0), where V is also from Example 2 of theprevious se
tion, is the singleton set fCD�g. 24 The de
idability resultGiven a normed BP pro
ess de�nition it is easy to �nd its redundant atoms,and to remove them. The sets G(X) for ea
h atom X is easily 
omputable.Moreover for ea
h 
on�guration �, a and n � K, one 
an 
ompute a �nite setof extended 
on�gurations E(�; a; n) whi
h 
hara
terises fÆ : � a=)n Æg, usingTheorem 1 of the previous se
tion. The main problem with de
iding whether ornot � � � is their in�nite bran
hing. The te
hnique for over
oming this is touse the �nite 
hara
terisation to show that we only need to examine boundedlymany transitions of � and �. However we are only able to show this for a subsetof normed BP pro
esses whi
h in
ludes Examples 1 and 2 of se
tion 2.We restri
t to the subset of normed BP pro
ess de�nitions whi
h obey thefollowing 
ondition.If G(X) 6= ; and X ��!0 � then � = X�0E�e
tively this imposes the 
onstraint that generators are \pure", if X is agenerator then any transition X ��!0 � is a generating transition or is useless(X ��!0 X). Both Examples 1 and 2 of se
tion 2 obey this 
ondition. The nextresult relies on this 
onstraint.



Proposition 11. If G(X) 6= ; and X� �=)0 � then X 2 �.2. For ea
h � the set fnf(Æ) : � �=)0 Æg is �nite.The restri
tion on BP pro
esses does not imply that the sets fÆ : � �=)0 Æg andfnf(Æ) : � a=)n Æ and a 6= � or n > 0g are �nite2.Assume that E(�; a; n) is the �nite set of extended 
on�gurations given byTheorem 1 of the previous se
tion, whi
h 
hara
terises fÆ : � a=)n Æg. Elementsof this set are either �nite, of the form �, or in�nite, of the form �A�1 : : : A�k. Itfollows from the restri
tion on BP pro
esses that if � is a �nite element and� �=)0 �0 then nf(�0) is also a �nite element be
ause if � 
ontains a generatorX then �0 also 
ontains X . Furthermore if � �=)0 �0 and nf(�0) 6= � and�0 �=) �00 then nf(�00) 6= � (be
ause otherwise �0 would 
ontain a redundantatom). Therefore the following holds be
ause of the restri
tion on pro
esses.Fa
t 1 If �0 is a �nite element of E(�; a; n) whose size jE(�; a; n)j = m and�0 �=)0 �1 �=)0 : : : �=)0 �m then for some i < m, nf(�i) = nf(�i+1).There is a similar property in the 
ase of in�nite elements. Assume that Æ =�An11 : : : Ankk is an instan
e of an in�nite element �A�1 : : : A�k 2 E(�; a; n) andÆ �=)0 Æ0. Then Æ0 � �Al11 : : : Alkk where ea
h li � ni and either nf(�) = � ornf(�) 6= � and � �=)0 �. Moreover in the 
ase that nf(�) 6= � and Æ0 �=)0�0Al011 : : : Al0kk then nf(�0) 6= �.Fa
t 2 If Æ0 = �An11 : : : Ankk and �A�1 : : : A�k 2 E(�; a; n) and jE(�; a; n)j = mand Æ0 �=)0 Æ1 �=)0 : : : �=)0 Æm then for some i < m, Æi � �iAl11 : : : Alkk andÆi+1 � �0iAl011 : : : Al0kk and nf(�i) = nf(�0i) and l0i � li.Strati�ed weak bisimulation approximants, �0o, are now de�ned as follows.De�nition 1 The relations �0o for ordinals o are de�ned indu
tively as follows,where we assume that l is a limit ordinal (su
h as !).� �00 �� �0o+1 � i�if � �=)0 �0 then 9�0: � �=)0 �0 and �0 �0o+1 �0if � �=)0 �0 then 9�0: � �=)0 �0 and �0 �0o+1 �0and for (a 2 A and n � K) or (a = � and 1 � n � K)if � a=)n �0 then 9�0: � a=)n �0 and �0 �0o �0if � a=)n �0 then 9�0: � a=)n �0 and �0 �0o �0� �0l � i� 8o < l: � �0o �2 It is possible to de�ne hierar
hies of BP pro
esses a

ording to �niteness of thesesets. At the lowest level are the totally normed pro
esses, where for any �, a and nthe set fÆ : � a=)n Æg is �nite.



The de�nition of �0o is unusual be
ause we distinguish between �=)0 transitionsand the remaining transitions a=)n for reasons that will be
ome 
learer in thede
ision pro
edure. Be
ause of Proposition 1 the de�nition is well-de�ned, asthere 
an only be �nitely many \di�erent" elements in the set fÆ : � �=)0 Æg. Forea
h ordinal o, the relation �0o is an equivalen
e relation. However for parti
ularordinals o the relation �0o may di�er from �o as de�ned in se
tion 2.Proposition 21. � � � i� for all ordinals o. � �0o �.2. For all ordinals o, � �0o nf(�).3. If � �0o � then �Æ �0o �Æ.The pro
edure for de
iding whether � � � is given by a tableau proof system,whi
h is goal dire
ted. One starts with the initial goal nf(�) = nf(�), to beunderstood as \is � � �?", and then one redu
es it to subgoals using a smallnumber of rules. Goal redu
tion 
ontinues until one rea
hes either obviouslytrue goals (su
h as Æ = Æ) or obviously false subgoals (su
h as 
 = Æ andone of these pro
esses has an a=)n transition whi
h the other does not have).Su
h a pro
edure was used for de
iding strong bisimilarity between arbitrary BPpro
esses [4℄, and we will make use of this de
idability proof.Goals have the form � = 
 where � = nf(�) and 
 = nf(
). There are fourredu
tion rules, redu
ing goals to subgoals. Let an(Æ) = fnf(Æ0) : Æ a=)n Æ0gwhere n � K. The �rst tableau rule is for �=)0 transitions, and by Proposition 1.2the set �0(Æ) is a �nite set. � = 
�1 = 
1 : : : �l = 
l Cwhere C is the following 
ondition(8�0 2 �0(�): 9i: �0 = �i) ^ (8i: �i 2 �0(�)) ^(8
0 2 �0(
): 9i: 
0 = 
i) ^ (8i: 
i 2 �0(
))The rule is sound, if all the subgoals are true then so is the goal. A �ner a

ountshows soundness with respe
t to approximants, if �i �0o 
i for all subgoals then� �0o 
. The rule is also 
omplete in the sense that if the goal � = 
 is true thenthere is an appli
ation of the rule su
h that all subgoals �i = 
i are also true.Next we want a similar rule whi
h 
overs the remaining transitions a=)n,when n � K and either a 6= � or n > 0. A similar rule would redu
e a goal � = 
to only a �nite set of subgoals. However a set an(Æ) may be in�nite. Thereforewe need a me
hanism whi
h shows that we only need to 
onsider bounded �nitesubsets of elements of an(�) and an(
) for ea
h a=)n. Lemmas 1 and 2 belowestablish this. These results are quite involved, and so we delay their proofs untilthe next se
tion where they are presented in full. They 
onstitute the heart ofthe de
idability result.Although the set an(Æ) may be in�nite, the set E(Æ; a; n) is not only �nite butalso bounded. We show that we need only examine \small" elements of an(Æ).



The �rst lemma 
overs the 
ase when the goal � = 
 is not true. Without lossof generality assume � 6�0o+1 
 and � a=)n �0 and for all 
0 su
h that 
 a=)n 
0,�0 6�0o 
0. Lemma 1, the bounded inequivalen
e lemma, shows that there is asmall �0 2 an(�) with this property. A small element of an(�) is either a �niteelement of E(�; a; n) or is an element �Al11 : : : Alkk where ea
h li � jE(
; a; n)j+1and �A�1 : : : A�k 2 E(�; a; n).Lemma 1 Let � 6�0o+1 
 and assume that � a=)n �0 and for all 
0 su
h that
 a=)n 
0, �0 6�0o 
0. Then either1. nf(�0) is a �nite element in E(�; a; n) or2. �0 = ÆAn11 : : : Ankk and �A�1 : : : A�k 2 E(�; a; n) and nf(Æ) = � and there existsl1; : : : ; lk su
h that ea
h li � jE(
; a; n)j+1 and for all 
0 su
h that 
 a=)n 
0,�Al11 : : : Alkk 6�0o 
0.Lemma 2, the bounded equivalen
e lemma, 
overs the 
ase when � = 
 istrue. It shows that small elements of an(�) 
an be mat
hed with elements ofan(
) whi
h have bounded size.Lemma 2 Assume � � 
. Then for ea
h a and n1. if � a=)n �0 and nf(�0) 2 E(�; a; n) then(a) either 
 a=)n 
0 and nf(
0) 2 E(
; a; n) and nf(�0) � nf(
0)(b) or 
 a=)n �Bs11 : : : Bsmm and �0B�1 : : : B�m 2 E(
; a; n) and nf(�) = �0 andea
h si � jE(�; a; n)j and nf(�0) � �0Bs11 : : : Bsmm ,2. if � a=)n ÆAn11 : : : Ankk and �A�1 : : : A�k 2 E(�; a; n) and � = nf(Æ) and ea
hni � jE(
; a; n)j+ 1 then(a) either 
 a=)n 
0 and nf(
0) 2 E(
; a; n) and �An11 : : : Ankk � nf(
0)(b) or 
 a=)n �Bs11 : : : Bsmm and �0B�1 : : : B�m 2 E(
; a; n) and nf(�) = �0 andea
h si �Pni + jE(�; a; n)j and �An11 : : : Ankk � �0Bs11 : : : Bsmm .Consequently the se
ond tableau proof rule has a similar form to the �=)0transition rule ex
ept that the 
ondition C is that for all an, n � K and a 6= �or n > 0,8 small�0 2 an(�): 9i: � = �i ^ 8i: 9an: �i 2 an(�) and �i has bounded size ^8 small
0 2 an(
): 9i: 
0 = 
i ^ 8i: 9an: 
i 2 an(
) and 
i has bounded sizewhere the pre
ise notion of bounded size is given in Lemma 2.2 part (b). Lemma 1guarantees that the rule is sound, if the goal � = 
 is false and so � 6�0o+1 
 thenfor at least one of the subgoals �i = 
i it is the 
ase that �i 6�0o 
i (where theapproximant index de
reases). Lemma 2 justi�es 
ompleteness, if the goal � = 
is true then there is an appli
ation of the rule su
h that all subgoals �i = 
i arealso true.The �nal two rules SUB(L) and SUB(R) are taken from the tableau de
isionpro
edure for strong bisimulation equivalen
e for arbitrary BP pro
esses [4℄. Weassume a �xed linear ordering < on the atoms � whi
h is de�ned so that ifatom Y 2 G(X) and Y 6= X then X < Y . The ordering < is extended to




on�gurations, as the lexi
ographi
al ordering. Assume X1 < X2 < : : : < Xn.ConsequentlyXk11 : : : Xknn < X l11 : : :X lnn i� there is an i � 1 su
h that ki < liand for all j < i: kj = lj :Clearly, nf(�) � � and if � < 
 then nf(��) < nf(
�).The SUB rules are given below, where SUB(L) is the left rule and SUB(R)is the right rule.� = 
 
 = �... 
 < � and at least one ... 
 < � and at least one... appli
ation of a=)n ... appli
ation of a=)n�Æ = � � = �Ænf(
Æ) = � � = nf(
Æ)We explain the rule SUB(L). If the 
urrent goal is �Æ = � and in the prooftree above the goal on the path to the root there is the goal � = 
 and 
 < �and there is at least one appli
ation of the rule a=)n where a 6= � or n > 0 alongthis path then we redu
e the goal to the subgoal nf(
Æ) = �. Note that this hasthe e�e
t of redu
ing the size of the left 
on�guration, as nf(
Æ) < �Æ. The SUBrules are sound and 
omplete.Fa
t 31. If �Æ 6�0o � and � �0o 
 then nf(
Æ) 6�0o �2. If � � 
 and �Æ � � then nf(
Æ) � �One builds a proof tree starting from an initial goal � = 
 and repeatedlyapplying the tableau proof rules as follows. First one applies the �=)0 rule andthen one applies the a=)n rule to all the resulting subgoals. Call this a simpleblo
k. And then one repeatedly applies the SUB rules to the subgoals of a blo
k,until they no longer apply. At whi
h point the whole pro
ess is repeated. Oneapplies the �=)0 rule to all subgoals and so on.There is also the important notion of when a goal is a �nal goal. Final goalsare either su

essful or unsu

essful. A su

essful �nal goal has the form � = �and an unsu

essful �nal goal has the form Æ = � and for some a and n eitheran(Æ) = ; and an(�) 6= ; or an(Æ) 6= ; and an(�) = ;. Clearly a su

essful �nalgoal is true and an unsu

essful �nal goal is false.A su

essful tableau proof for � = 
 is a �nite proof tree whose root is � = 
and all of whose inner subgoals are the result of an appli
ation of one of therules, and all of whose leaves are su

essful �nal goals. The following resultsestablish de
idability of � between restri
ted BP pro
esses. The proofs of theseresults are minor variants of proofs in [3, 4℄.Theorem 1 Every tableau for � = 
 is �nite and there is only a �nite numberof tableau for � = 
.



Theorem 2 � � 
 i� there is a su

essful tableau for � = 
.Therefore the main result follows that � is de
idable between restri
ted BPpro
esses. We now examine how this result shows equivalen
e and inequivalen
efor the examples from se
tion 2.Example 1 We show that Y � Z where these atoms are from Example 1 ofse
tion 2. Assume Y < Z. We build a tableau with root Y = Z. First we applythe �=) rule whi
h results in the same goal Y = Z. Then we apply the a=)nrule. In this example K = 1 and so we need to 
onsider the four transitions �=)1,a=)�1, a=)0 and a=)1.�0(Y ) = fY Ag a�1(Y ) = fAg a0(Y ) = fA; Y g a1(Y ) = fY A;AAg�0(Z) = fZAg a�1(Z) = fAg a0(Z) = fA;Zg a1(Z) = fZA;AAgSo the goal Y = Z redu
es to the following subgoals, (1)Y A = ZA, (2)A = A,(3)Y = Z and (4)AA = AA. Goals (2) and (4) are su

essful leaves. In the 
asesof (1) and (3) be
ause Y < Z and Y = Z appears on their paths to the root,and in both 
ases there is at least one appli
ation of the rule a=)n, we 
an applySUB(R) to yield (10) Y A = Y A and (30) Y = Y , whi
h 
ompletes the su

essfultableau. 2Example 2 We show that U 6� V where U , V are from Example 2 of se
-tion 2 even though U �0n V for all n � 0. There are only �nitely many tableauxfor this goal and all are unsu

essful. Assume that U < V . The starting goal isU = V . First we apply the �=)0 rule, whi
h yields the same goal U = V . For thisexample K = 0. Next we apply the a=)n rule and there are two possible transi-tions 
=)0 and d=)0. We only examine the �rst of these. E(U; 
; 0) = fU;CD�gand E(V; 
; 0) = fCD�g. The small elements of 
0(U) = fU;C;CD;CD2g andthe small elements of 
0(V ) = fC;CD;CD2; CD3g. Therefore we must �nda mat
hing of small elements with bounded elements. The easy subgoals areC = C, CD = CD, CD2 = CD2 and CD3 = CD3. The problem 
ase is a mat
hfor the small element U 2 
0(U). By Lemma 2 be
ause U is a �nite element ofE(U; 
; 0) the mat
hing element must be CDs where s � 2. Thus we must haveone of the following subgoals (1)U = C, (2)U = CD, (3)U = CD2. Assumeit is (3). We apply the �=)0 rule to this goal, �0(CD2) = fC;CD;CD2g and�0(U) = fUg. So in fa
t we must have all the subgoals (1), (2) and (3). But nowwe have an unsu

essful leaf (1), be
ause d0(U) = fUg and d0(C) = ;. 25 Proofs of the main lemmasIn this se
tion we prove the two boundedness lemmas of the previous se
tion.Proof of Lemma 1: Assume � a=)n �0 and �0 6�0o 
0 for all 
0 su
h that
 a=)n 
0. Consider the sets E(�; a; n) and E(
; a; n). By Theorem 1 of se
tion 3either nf(�0) 2 E(�; a; n) or �0 = ÆAn11 : : : Ankk and �A�1 : : : A�k 2 E(�; a; n) andnf(Æ) = �. If the �rst holds then the result is proved. Assume therefore that



�An11 : : : Ankk 6�0o 
0 for all 
0 su
h that 
 a=)n 
0. Let �01 = �An22 : : : Ankk , and
onsider the least m1 su
h that �01Am11 6�0o 
0 for all 
0 su
h that 
 a=)n 
0.If m1 � jE(
; a; n)j + 1 then the result is proved for l1 = m1. The argu-ment is then repeated for other Ai. Let �02 = �Am11 An33 : : : Ankk and 
onsiderthe least m2 su
h that �02Am22 6�0o 
0 for all 
0 su
h that 
 a=)n 
0. There-fore without loss of generality assume that �01Am11 6�0o 
0 for all 
0 su
h that
 a=)n 
0 and m1 > jE(
; a; n)j + 1. Hen
e there is a 
0 su
h that 
 a=)n 
0and �01Am1�11 �0o 
0. By Theorem 1 of se
tion 3 either nf(
0) 2 E(
; a; n) or
0 = �Bs11 : : : Bsmm and �0B�1 : : : B�m 2 E(
; a; n) and nf(�) = �0. Assume the�rst 
ase, that nf(
0) = 
000 2 E(
; a; n). Hen
e �01Am1�11 �0o 
000 . However�01Am1�11 �=)0 �01Am1�21 �=)0 : : : �=)0 �01A01. So therefore 
000 �=)0 
001 �=)0: : : �=)0 
00m1�1 and 
00j �0o �01Am1�(j+1)1 . By Fa
t 1 of the previous se
tion thereis an i, nf(
00i ) = nf(
00i+1) and therefore �01Am1�(i+2)1 �0o �01Am1�(i+1)1 . Be
ause�0o is a 
ongruen
e it follows that �01Am1�(i+2)1 �0o �01Am11 whi
h is a 
ontradi
-tion. Next we 
onsider the other 
ase, �01Am1�11 �0o 
00 and 
00 = �Bs11 : : : Bsmmand �0B�1 : : : B�1 2 E(
; a; n) and nf(�) = �0. The argument pro
eeds as above.�01Am1�11 �=)0 �01Am1�21 �=)0 : : : �=)0 �01A01 Therefore 
00 �=)0 
01 �=)0 : : : �=)0
0m1�1 and 
0j �0o �01Am1�(j+1)1 . By Fa
t 2 of the previous se
tion for some i,
0i � �iBt11 : : : Btmm and 
0i+1 � �0iBt011 : : : Bt0mm and t0i � ti and nf(�i) = nf(�0i).
0i+1 �0o �01Am1�(i+2)1 and 
0i �0o �01Am1�(i+1)1 . Let � = Bt1�t011 : : : Btm�t0mm . By
ongruen
e, 
0i+1� �0o �01Am1�(i+2)1 � �0o �01Am1�(i+1)1 . Therefore by 
ongruen
e
0i+1�i+2 �0o �01Am11 whi
h is a 
ontradi
tion. 2Proof of Lemma 2: Assume � � 
. First also assume that � a=)n �0 andnf(�0) 2 E(�; a; n). Hen
e 
 a=)n 
0 and nf(�0) � 
0. By Theorem 1 of se
-tion 3 either nf(
0) 2 E(
; a; n) and nf(�0) = nf(
0), or 
0 = �Bs11 : : : Bsmm and�0B�1 : : : B�m 2 E(
; a; n) and nf(�) = �0 and nf(�0) = �0Bs11 : : : Bsmm . We showthat ea
h si 
an be 
hosen so that si � jE(�; a; n)j. The strategy for provingthis is similar to the proof of Lemma 1 above. Let �00 = �0Bs22 : : : Bsmm and letm1 be the smallest index su
h that nf(�0) � �00Bm11 . If m1 � jE(�; a; n)j thenwe let s1 = m1 and repeat the argument for the other indi
es si. Thereforeassume that m1 > jE(�; a; n)j. However �00Bm11 �=)0 �00Bm1�11 �=)0 : : : �=)0�00B01 . Therefore assuming �0 = nf(�0), �0 �=)0 �1 �=)0 : : : �=)0 �m1 and�j � �00Bm1�j1 . By Fa
t 1 of the previous se
tion for some i, nf(�i) = nf(�i+1)and so �00Bm1�i1 � �00Bm1�(i+1)1 . Therefore by 
ongruen
e, �00Bm1�(i+1)1 ��00Bm11 whi
h is a 
ontradi
tion. Next assume that � a=)n ÆAn11 : : : Ankk and�A�1 : : : A�k 2 E(�; a; n) and � = nf(Æ) and ea
h ni � jE(�; a; n)j + 1. Be-
ause � � 
 it follows that 
 a=)n 
0 and �An11 : : : Ankk � 
0. By Theo-rem 1 of se
tion 3 either nf(
0) 2 E(
; a; n) and therefore �An11 : : : Ankk �nf(
0), or 
0 = �Bs11 : : : Bsmm and �0B�1 : : : B�m 2 E(
; a; n) and nf(�) = �0 and�An11 : : : Ankk � �0Bs11 : : : Bsmm . We show that ea
h si 
an be 
hosen so thatsi � Pni + jE(
; a; n)j. Let �00 = �0Bs22 : : : Bsmm and let m1 be the smallestindex su
h that �An11 : : : Ankk � �00Bm11 . If m1 �Pni + jE(
; a; n)j then we let



s1 = m1 and repeat the argument for the other indi
es. Therefore assume thatm1 > Pni + jE(
; a; n)j. However �00Bm11 �=)0 �00Bm1�11 �=)0 : : : �=)0 �00B01 .Therefore let �0 = �An11 : : : Ankk , and so �0 �=)0 �1 �=)0 : : : �=)0 �m1 and�j � �00Bm1�j1 . Be
ause m1 > Pni + jE(
; a; n)j it follows via fa
t 2 of theprevious se
tion that for some i, �i � �i+1 and so �00Bm1�(i+1)1 � �00Bm1�i1 andtherefore by 
ongruen
e �00Bm11 � �00Bm1�(i+1)1 whi
h 
ontradi
ts that m1 is aleast index. 2Referen
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