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Abstract. Nominal logic is a variant of first-order logic equipped with a “fresh-
name quantifier and other features useful for reasoning about languages with
bound names. Its original presentation was as a Hilbert axiomatic theory, but sev-
eral attempts have been made to provide more convenient Gentzen-style sequent
or natural deduction calculi for nominal logic. Unfortunately, the rulesifdn

these calculi involve complicated side-conditions, so using and proving proper-
ties of these calculi is difficult. This paper presents an improved sequent calculus
N L~ for nominal logic. Basic results such as cut-elimination and conservativ-
ity with respect to nominal logic are proved. Alsd,L~ is used to solve an
open problem, namely relating nominal logi#isquantifier and the self-duar-
quantifier of Miller and Tiu'sFO\Y .

1 Introduction

Gabbay and Pitts [8] have introduced a hew way of reasoning about names and binding,
in which a-equivalence and capture-avoiding substitution can be defined in terms of the
basic concepts ddwappingandfreshnessThis approach provides a cleaner treatment
of a-equivalence than the classical first-order approach in whigguivalence and
capture-avoiding substitution are defined by mutual recursion. On the other hand, unlike
higher-order techniques for dealing with names and binding, the semantics of this model
of name-binding is relatively straightforward, so well-understood mathematical tools
like structural induction can be used to reason about syntax with bound names.

These ideas have been incorporated into a logic calbedinal logic[12]. Nominal
logic is typed, first-order equational logic augmented with:

— name-typew, 1/, ... inhabited by countably manyames, b, .. .;
— aswapping operatioii— —) - — : v — v — 7 — 7 for each name-type and type
7, which acts on values by exchanging occurrences of names;
— afreshnesselation— # — : v — 7 — o' for each name-type and typer, that
holds between a name and a value independent of the name;
— anabstraction type constructdr)— andabstraction function symbgl-)— : v —
T — {(v)7 which constructs values equal up to consistent renaming, axiomatized as
follows:

Va,b,x,y(a)x = (b)y <= (a=bAz=y)V(a#yrz=(ab)-y);

— asome/any fresh-name quantifidrthat is self-dualtWa.p <= Wa.—y);
— andfreshnessndequivarianceprinciples which state thdtesh names can always
be chosemndtruth is preserved by name-swappimgspectively.

1 o is the type of propositions



1.1 The Problem

This paper is concerned with developing simple rules for reasoning withl-ttyean-
tifier. Pitts’ original formalization of nominal logic was a Hilbert-style collection of
first-order axioms (which we calV L). There were no new inference rules {dr In-
stead was defined using the axiom schek®e(Va.¢ <= Ja.a # T A p), where
FV(p) C {a,T}. While admirable from a reductionist point of view, Hilbert systems
have well-known deficiencies for modeling actual reasoning. Instead, Gentzen-style
natural deductiorandsequensystems provide a more intuitive approach to formal rea-
soning in which logical connectives are explainegeasof-searchoperations. Gentzen
systems are especially useful for computational applications, such as automated deduc-
tion and logic programming. A sequent calculus formalization would also be convenient
for relating nominal logic with other logics by proof-theoretic translations.
Gentzen-style rules fan have been considered in previous work. Pitts [12] pro-
posed sequent and natural deduction rule¢ftiased on the observation that

Va.(a # T D ¢(a,T)) D Va.p(a,Z) D Ja.(a # T A p(a,T)) .

These rules (see Figure 1(NL)) are symmetric, emphasldisgelf-duality. However,
they are not closed under substitution, which greatly complicates the the proof of cut-
elimination or proof-normalization properties.

Gabbay [6] introduced Fresh Logi@'(), an intuitionistic natural deduction cal-
culus for nominal logic, and studied semantic issues including soundness and com-
pleteness as well as proving proof-normalization. Gabbay and Cheney [7] presented a
similar sequent calculus calledLg.,. In F'L, Gabbay introduced a technical device
calledslicesfor obtaining rules that are closed under substitution. Technically, a slice
pla#tu] of a formulay is a decomposition of the formula aga,7)[u/z] for fresh
variablesz, such thatz does not appear in any of the Slices were also used in the
FLgcq rules (see Figure HLg.,)). The slice-based rules shown in FiguréI(s.,)
are closed under substitution, so proving cut-elimination for these rules is relatively
straightforward once several technical lemmas involving slices have been proved. Not-
ing that theF'Lg., rules are structurally similar tdZ and3R, respectively, Gabbay
and Cheney observed that alternate rules in whighwas similar todL andV R sim-
ilar to V2 were possible (see Figure1(,,)). These rules seem simpler and more
deterministic; however, they still involve slices.

Gabbay and Cheney presented a proof-theoretic semantics for nominal logic pro-
gramming based of"Lg.,. However, this analysis suggested an interpretatiok-of
quantified formulas that was radically different from the approach used inRhelog
nominal logic programming language [2]. The proof-search interpretatitta of sug-
gested byF' L., is “search for a sliceo[a#u| of ¢ and substitutiort for a such that
t # w and solvep(t, )", while in aProlog, the interpretation dfla.¢ is “generate a
fresh name’ and solvep(a’)”. The approach motivated by theL ., proof-theoretic
semantics seems much more complicated than experienceRiitiog suggests.

Gabbay and Cheney also gave a translation fl@é@\Y, a logic introduced by
Miller and Tiu that also includes a self-dual quantifier,[9] into F'Lg.,. This trans-
lation was sound (mapped derivable sequents to derivable sequents), but incomplete
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Fig. 1. Evolution of rules foi1

(mapped some non-derivable sequents to derivable ones). Gabbay and Cheney conjec-
tured that their translation would be complete relativd @)V extended with weak-
ening and exchange far.

In this paper we present a simplified sequent calculus for nominal logic, called
N L=, in which slices are not needed in the rulesifbfor anywhere else), and which
seems more compatible with the proof-search reading! afh «Prolog. Following
Urban, Pitts, and Gabbay [14, 6], we employ a hew syntactic clasamie-symbols
a,b,....Like variables, such name-symbols may be boundAjyout unlike variables,
two distinct name-symbols are always regarded as denoting distinct name values. In
place of slices, we introduce variable contexts that encode information about freshness.
Specifically, context¥'#a:» may be formed by adjoiningfeesh name-symbalwhich
is also assumed to be semantically fresh for any value mentionEd@ur rules fo1
(Figure 1(VL™)) are in the spirit of the original rules and are very simple.

Besides the sequent calculus itself, we present two applications. First, we verify that
N L= and Pitts’ axiomatizatioV L are equivalent. Second, we present and prove the
soundness and completeness of a new translation fGRY to nominal logic, solving
a problem left unsolved by Gabbay and Cheney. We have also found that the original
translation is complete relative 80O\" extended withv-weakening and contraction.

The structure of this paper is as follows: Section 2 presents the sequent calculus
N L= along with proofs of structural properties and conservativitivdf~ relative to
NL. In Section 3, we present sound and complete translations FONY (with and
without V-weakening and exchange) f6L= . Section 4 discusses additional related
and future work, and Section 5 concludes.



2 Sequent Calculus

The sequent calculus in this section is a generalization of the one presented in Chapter 4
of the author’s dissertation [5]. Full proofs can be found there and in a companion
technical report [3].

2.1 Syntax and Well-Formedness
The typesr, termst, and formulasp of N L= are generated by the following grammar:

To=ol|d|v|T =7 | W)T ttus=clal| Azt |tu]|x
=T |L|t|eAY |V |e DY |Vere | Jor.e | Naw.p

The base types are datatypesame-types, and the type of propositions; additional
types are formed using the function and abstraction type constructors. Varialles
are drawn from a countably infinite s&t, also, name-symbols, b are drawn from a
disjoint countably infinite sefl. The lettersa, b are typically used for terms of some
name-sort. Note that\-terms are included in this language and are handled in a tra-
ditional fashion. In particular, terms are considered equal upstg-equivalence. Sim-
ilarly, ¥, 3, and-quantified formulas are identified up teequivalence. We assume
given a signature that maps constant symladis typesr, and containing at least the
following declarations:

eq, : T—T—0 fresh,, :v—T—0 swap,, :V—V—T—T abs,, : voT— (V)T

for all name-types and typesr. The notationg ~ u, t # v, (t u) - v, and(t)u are
syntactic sugar foeq t u, fresh t u, swap t v v, andabs t u, respectively.
Thecontextaused inN L= are generated by the grammar:

Yu=-| XY,mr | DH#aw

We often abbreviate x:7 and-#a:v to x:7 anda:v respectively, and may omit type
declarations when no ambiguity ensues. We witéor a term that may be either a
name-symbob or a variablex. The functionsF'V(—), FN(—), FV N(—) calculate

the sets of free variables, name-symbols, or both variables and name-symbols of a term
or formula. Note that abstractidp-)— is just a function symbol and does not bind its

first argument (which may be any term of tygg and soF N ({(a)t) = FN(a)UFN(t),
wheread/la.¢ does bindh, SOFN(Wa.p) = FN(p) — {a}. We writew:T € X if the
bindingw:T is present in¥. We write X; X’ for the result of concatenating two contexts
suchthat VN(X)N FVN(Y') = 2.

Remark 1.The inclusion of A-terms and identification of terms and formulas with
bound names up to-equivalence may be objectionable because it appears that we are
circularly attempting to define binding in terms of binding. This is not the case. A key
contribution of Gabbay and Pitts’ approach is that it shows how one can formally justify
a traditional, informal approach to binding syntax by constructing syntax trees modulo
a-equivalence as simple mathematical objects in a particularly clever way [8][5, Ch.
3—4]. We assume that this or some other standard technigue for dealing with binding in
nominal logic’s terms and formulas is acting behind the scenes.



We write ) -t : 7 or X | ¢ : o to indicate that is a well-formed term of type
or p is a well-formed formula. From the point of view of typechecking, the freshness
information given by the context is irrelevant. There are only two nonstandard rules for
typechecking:
wrey YH#avkoep:o
YrFw:7 YFWawvyp:o

Terms viewed as formulas must, as usual, be of typ@uantification using/ and3 is
only allowed over types not mentioning 1-quantification is only allowed over name-
types.

LetTmyxy = {t | ¥ + ¢ : 7} be the set of well-formed terms in conteXt We
associate a set of freshness formulgsto each context as follows:

|- |=2 | X x| =X | Z#a:v|=|Y|U{a#t|teTmx}

For examplea # x,b # a, andb # f x y € |z:7#aw,y:7'#b:/| (provided f :
7 — 7' — o is a function symbol). We say that is stronger thar’ (X’ < X) if
Tmyx C Tmy and|X’| C |X|. For examplea, x < x#a, y.

Lemmal (Term Weakening).lf X F¢:7andX < X’ thenX’ ¢ : 7.

Lemma 2 (Term Substitution). If X -t : 7and X,z : 7; X' Fw : 7/ thenX; X' +
ult/x] : 7.

2.2 The Rules

Judgments are of the fordd : I" = A, whereX is a context and’, A are multisets of
formulas. We define classical and intuitionistic versionsvaf=~ . ClassicalNL~™ is
based on the classical sequent calcultx: [11] (see Figure 2), wheredstuitionistic
NL= (INL7)is based on the intuitionistic calcul@3im (in which >, VR, and3L-

rules are restricted to a single-conclusion form). Both versions include two additional
logical rules WL andUR, shown in Figure 1 L="). In addition,N L= includes sev-
eralnonlogical rulegFigure 4) defining the properties of swapping, equality, freshness
and abstraction. Figure 5 lists some admissible rules.

Many of the nonlogical rules correspond to first-order universal axioms of nominal
logic (Figure 3), which may be incorporated into sequent systems in a uniform fashion
using the Az rule without affecting cut-elimination [11]. The remaining nonlogical
rules are as follows. Ruld, expresses an invertibility property for abstractions: two
abstractions are equal only if they are structurally equal or equal by virtul .0fi5
says that all values of abstraction type are formed using the abstraction function symbol.
The F rule expresses the freshness principle: that a name fresh for a given context may
always be chosen. Finally, the+# rule allows freshness information to be extracted
from the context. It states that in context', any constraint inX| is valid.

2.3 Structural Properties

We now list some routinely-verified properties 8L~ derivations. We writé-,, J to
indicate that judgment has a derivation of height at most
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Fig. 2. Classical typed first-order equational log(G 3c)

Lemma 3 (Weakening).If -, X' : I’ = Ais derivable thensois,, X : I, = A.

Lemma 4 (Context Weakening)Ift-, Y : I' = AandX < Y’ thent, X' : ' =
A

Lemmab5 (Substitution).lf -, X+t :7and X, z:7; X : I’ = Athenk, X; 5 :
I't/z] = Alt/z].

The remaining structural transformations do not preserve the height of derivations.
However, they do preserve the logical height of the derivation, which is defined as
follows.

Definition 1. Thelogical heightof a derivation is the maximum number of logical rules
in any branch of the derivation. We writé, .J to indicate that/ has a derivation of
logical height< n.

Lemma 6 (Admissibility of EVL, EVR). If . X : I'(a b) - ¢ = A, then so is
H. X Iy = A. Similarly, if -, X : I' = (a b) - ¢, A is derivable, then so is
X T =, A

Lemma 7 (Admissibility of hyp*). The judgment” : I', o = ¢, A is derivable for
any .

Proof (Sketch)lnduction on the construction @b. The only new case is fop =
Wa.¢yy(a, 7). By induction we know thall#a#b : I',¢(b, T) = ¢ (b, ). Using equiv-
ariance we have&l#a#b : I',(a b) - ¢(a,T) = (b, ). Sincex C FV(X), using
Y# we know thata # z,b # Z, hence(a b) - T ~ Z, so using equational rea-
soning we havéa b) - ¢ (a,Z) =~ (b, Z). Then using1L and/IR we can conclude
X I WNaay = Naap, A. O
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Lemma 8 (Inversion). TheD>L, 3L, AL, andV L rules are invertible, in the sense of
lemma 2.3.5 and 4.2.8 of Negri and von Plato [11]. In additigt, is invertible: if
H X I''Wa.p = Ais derivable then so is!, Y¥#a : I', o = A for fresha.

Lemma9 (Contraction). If H, X : I',p, = A is derivable then so is! X :
I o= A

2.4 Cut-Elimination

Lemma 10 (Admissibility of Cut). If ¥ : I' = A,pand X : ', ¢ = A’ have
cut-free derivations then so doés: I 7 = A, A'.

Proof (Sketch)We show the most interesting case, that for principal cutid-@uanti-
fied formulas. In this case, the derivations are of the form

7 Ir
Y#Ha:I'= ¢, A YH#Ha: I p=> A
Y:I'=WNap, A Y. I Va.p= A

nL



where without loss of generality we assume that the same fresh mgm¥g was used
in both sub-derivations. Singeis smaller thaiMa.p, we can obtain a derivatiold”’ of
YH#a: I, I = A A from IT andII’ by the induction hypothesis. Then
H//
Y#a: I ["= A A
Y.L = AN

follows using ruleF'. ad

Theorem 1 (Cut-elimination).If X' : I" = A has any derivation then it has a cut-free
derivation.

Corollary 1 (Consistency).There is no derivationol’ : - = 1.

Corollary 2 (Orthognality). SupposeX : I' = A and I, A have no subterms of the
form (a)t (respectively)z.t). Then there is a derivation of : I" = A that does not
use any nonlogical rules involving abstraction (respectivi)y,

2.5 Conservativity

In this section, we show th&f L= is conservative relative to Pitts’ original axiomatiza-
tion N L [12]. That is, every theorem &f L is provable inNV L=, and no new theorems
become provable. For convenience, we assume that the same underlying first-order se-
guent calculus is used fa¥ L and N L=

Write -np, X 0 ' = Aif there is a first-order equational sequent proofof:
I'I" = A.forsome set ofVL axiomsI”. Writebyr= X :I'= Aif X : ' = Ais
derivable inN L= without using any rules involving. Write I-rx for the intuitionistic
version of provability in systenk, that is, provability using only single-conclusion
sequents.

We translateV L formulasy to N L= formulasy™ by replacing all subformulas of
the forma.p(a) with Ua.p*(a), for fresh name-symbols This translation is uniquely
defined up tax-equivalence. For exampl@/la.Nb.p(a, b))* = Na.Nb.p(a, b).

To prove the reverse direction of conservativity, it is necessary to showthat
sequents involving fresh name-symbols and contéxts are equivalent to sequents
involving only variables.

Lemma 11 (Name-Elimination).Suppose® mentions only variables aref, Y#a :
I'[a] = Ala]. Thent, Y. a: I'[a],a # ¥ = Ala], wherea # X is an abbreviation
for{a # x|z e X}.

Theorem 2 (Conservativity).- )y X : I' = Aifand only if-yyp= X : I =

A*

Remark 2 (Semanticsonservativity justifiesVL='s description as a sequent cal-
culus for nominal logic. Although this paper focuses exclusively on proof theory at
the expense of more traditional model theoretic semantics, conservativity guarantees
that N L= inherits Pitts’ nominal set semantics for nominal logic (as well as suffering
from the same completeness problem). Space constraints preclude further discussion;
however, these issues are considered in detail in Cheney’s dissertation and a paper in
preparation.



3 A Sound and Complete Translation of FOAY

Miller and Tiu introduced a sequent calculus callB@\Y, which abbreviates “iFst-
order Logic with A-terms and th& -quantifier” [9]. Like W, theV quantifier is self-dual.
However, /1 andV have distinctly different properties. Nominal logic aRé\Y have
similar aims (reasoning about languages in which binding and fresh name-generation
play an important role), so it is of interest to determine the relationship betiwéexY
andINL=. Also, FOAY has only been studied using proof theory, but nominal logic
has a well-understood semantics [12], so relating the two systems may also elucidate
the semantics aFO\Y.

In FOAY, formulas are generalized formulas-in-contextr > ¢, whereo is a
list of local parametergvariables introduced by) and ¢ is a formula built out of
first-order connectives and quantifiers Gr..p. We abbreviate “formula-in-context”
to “c-formula”. Local parameter contexts are subjectitoenaming, so that > p(a)
andb > p(b) are considered equal c-formulas. However, c-formulas are not considered
equivalent up to reordering or extension of the contexts. Thus; p(a), a>p(a), and
b,a>p(a) are all considered different c-formulas.

The sequent calculus rules dealing withare as follows:

Y:I'=(o,2)> ¢ Y:I(o,x)pp=A
Y:I'=o0v>Vz.p R Y:TIo>pVz.p=A

VL

where in either case must not already appear inor X~'. However,x mayappear in
some other local context.

Most of the other sequent rules BIO\Y are standard, except for the presence of
local contexts. For example,

Y:lovypopy=A Y:I'sovp X:I'=sopy
Y:TovpAhyp=>A A X:I's oAy

AR

are the rules dealing with. The only exceptions are theand3 rules. InYR and3L,

the bound variable is “lifted” to show its dependence on local parameters. Dually, in
and 3R, the term substituted for the bound variable may depend on local parameters.
Here are thé&/-rules; the rules fol are similar.

Y hTe = 7: = 0> AlhT/x] Yobt:r X:IovAt/z]=C
YX:I'=sopV,2.A R Y:IovV,x.A=C

VL

AlthoughV andW have some properties in common and seem to have similar moti-
vations, the relation between them is not obvious. For exanipld,~ includes name-
types, and/ may only quantify over themFFOAY has no name-types, ard may
quantify over any simple type. In additior,admits weakening{ <= Wa.p where
a ¢ FN(yp)) and exchangeWa.Vb.p <= Wb.MNa.p), and satisfie§/z.p(x) D
Na.p(a) D Jz.o(x). None of these inferences are derivable viitlsubstituted fot.

On the other handy commutes with all propositional connectivés,andd, while N
only commutes with propositional connectives.

Gabbay and Cheney studied the problem of embed#ifg" into nominal logic.
They presented a translation (which we c¢Bljc) from FOAY to FLg,, satisfying



a soundness property: Jf is derivable inFOAY then its translatiorf.J] is derivable

in F'Lg.,. However, their translation did not satisfy the corresponding completeness
property: some non-derivable judgmentsaP\Y were translated to derivableL .,
judgments. In particular, the translation failed to reconcile the different behavidr of
andV with respect to weakening and exchange principles.

In the rest of this section, we present a modified translation and prove its sound-
ness and completeness. We also sketch a proof that the original translation is complete
with respect ta"O\Y with V-weakening and exchange. Full proofs will be given in a
companion technical report [4].

Our translatiorl” departs fromil' ;¢ in two ways. First,I ;¢ translated c-formulas
such asc>p A1) by first usingl-quantifiers for the local context, then translating v,
and finally substituting:(a) for z, resulting inva.[¢][n(a)/z] A [¢][n(a)/x]. In this
approach, the head symbol of a translated c-formula was hidden beneath a sequence
of N-quantifiers, which madé& ¢ difficult to analyze. Instead, our translation delays
W-quantification as long as possible and preserves the head symbol for most formulas:
for example, the prior example translategto> o] A [z > ¢]. Any U-quantification is
delayed as long as possible, that is, until the base case for atomic formulas.

The second change is the translation of atomic formulas. As noted earlier, the va-
lidity of c-formulas is sensitive to both therder and numberof local parameters in
context. To deal with this, we relativize atomic formulas to their local contexts. This
is accomplished by adding an argument to each atomic formula symbol for a list of
names representing the local context. L&tbe a type with constructorsil : v* and
cons : v — v* — v*, thatis, a type of lists of names. We use a conventional comma-
separated list notation for listfi, b, c] = cons(a, cons(b, cons(c,nil))). The transla-
tion of an atomic c-formular > pt is Ua.p* (3] t[n,(a)/c], where ifp : T — o then
p* vt —>T —o.

Otherwise,T" is similar to Tg¢. OrdinaryV and 3-quantified values are lifted to
equivariantfunctions applied to lists of names. For example,Vz:7’.p(z) was trans-
lated toWa.vh:ry — ---7, — 7’.ev(h) D p(h n-(a)), where each; is the name
representing:;, andev(x) = Va : v.a # x.

The new translation is shown in full in Figure 6. The functiphtranslates judg-
ments, contexts, and c-formulas BIOAY to judgments, formula multisets, and for-
mulas of IN L= respectively. Note that the conteXi is translated to a set of hy-
pothesesv(x), one for eachy € X. Here are two examples of the new transla-
tion. The formulaVz.p <= pis translated tdla.p* [a] <= p* []. Likewise,
we translateVz,y.p x y <= Vy,z.p x y to UNa,b.p* [a,b] (n(a))(n(b)) <~
Wb, a.p* [b,a] (n(a)) (n(b)). Neither of these translated formulas is derivable in nomi-
nal logic.

Lemma12. If ¥ Froyv ¢ : 7thenX Fiyp= t: 7; inaddition, X' : [X] = ev(t).
Also, if X' : I' = Ais well-formed then so iEY : I" = AJ.

Proposition 1 (Soundness)if X : I' = A is derivable inFOAY then[Y : I' = A]
is derivable inINL=.

Proof. Similar to, but simpler than, the proof fi;¢. O
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Fig. 6. TranslationZ” from FOAY to INL™

Theorem 3 (Completeness)f [Y' : I' = A] is derivable infINL= thenX : ' = A
is derivable inFOAV.

Proof (Sketch)We break the proof into the following steps:

1. Identify two normal forms fod N L= proofs, and show that proofs of translated
sequents can be normalized.

2. Show that proofs of the first normal form are proofs of initial sequents.

3. Show that proofs of the second normal form correspond to applicatioR®af
rules.

In the analysis to follow, it simplifies matters to eliminate as many nonlogical rules
as possible from derivations. By the orthogonality property, we need not consider the
rules for abstraction in translated derivations, since abstractions are not used in the
translation. In addition, the nonlogical rulé§ and F, can also be eliminated, as we
shall now show.

Lemma 13. SupposeX’ has no name-variables. ¥ + a : v, then for some € X,
Y. - =>a=a.

Proposition 2. If [X' : I' = A] is derivable then it has a derivation that does not use
Fsor Fy.

Proof. To show thatF’; cannot be used in a derivation of a translated sequent, note that
[I'] and[.A] do not mention equality or freshness, and the form{ilgk = Va.a #
x1,...,Va.a # x, cannot be instantiated tg # x; since the variables; are not of
name-type. We can therefore show that no sequent occurring in the derivation of a trans-
lated sequent can contain# « using methods similar to those used for consistency
and orthogonality.

Consider a subderivation ending wik), of the form

Y:lNa#b=>p Y :TNaxb=y
Y:I'=

Name-variables are never introduced in translated derivations, so by Lemma 13, we
haveY = a=~a, Y : - = b~ bforsomea,b e X.Ifa=bthenclearlyY : - = a =

b, so we can use the second subderivation and cut to d&rivé” = . On the other
hand, ifa # b then clearlyy’ : - = a # band alsoX' : - = a # b. Using cut and the
subderivationy’ : I',a # b we can deriveX : I' = . O



Definition 2. A derivation is infirst normal formif it uses only the ruleBlL, R, hyp,
and nonlogical rules.

A derivation beginning with a left- or right-rule is isecond normal forrprovided
that if the toplevel rule i¥L, VR, 3L, or 3R, then the next rule used isL, DR, AL,
or AR, respectively.

Before proving that translated derivations always have normal forms, we need some
additional technical machinery. We writg(t) for the formulaev(t) D> ¢(¢); transla-
tions of universal c-formulas are always of the fovm (). We write I'(%) for a set
of formulasé (t,,), . . ., ¥n(tn) such thawvz.;(x) € [I'] for eachi.

Lemma 14. If X is a FOAY context,X#a  t : 7 and X#a : [X] = ev(t) then
YhEt:T.

Lemma 15. If ¥ is a FOAY context,X#a : [X],[I'],I'(f) = euv(t) then either
X . [I'] = ¢ has a normal derivation for any formula, or X#3a : [X] = ev(?).

Lemma 16. If X : I" = ¢ has a derivation using onlgonbranchingionlogical rules,
then it has either a first normal form derivation or one that starts witlor a logical
rule.

Proposition 3. If [X': I = A] is derivable, then it has a normal derivation.

Proof (Sketch)First, by Corollary 2 and Proposition 2¥ : I" = A] must have a
derivation that does not use the rulés, A5, A3, F3 or Fy.

Because of subtleties involved in the interaction betweenfttend VL rule, we
need a stronger induction hypothesis. We prove that#a : [2], [I'], I'(f) = [A]
has a derivation, the® : [X], [I'] = [.A] has a normal derivation.

Using Lemma 16, the sequent either has a first normal form derivation (in which
case we are done) or begins withor a logical rule. If it starts with a propositional
rule applied to an element §f ], then we are done. The induction steps foandVL
are immediate. Faf L, VR, we can use the invertibility of L andD R respectively and
then usevL. This leaves the cases fék and for>L applied to an element df. For
5L we must have subderivations 8f#3a - t : 7 andZ#a : [I'], I'(7), o(t) = [A].
Using the lemmas we can show that the witnessing tedoes not mention any names,
and so we can construct a derivation starting withand D L. In the similar case of
3R, we also need the invertibility of R. a

We next show that if the derivation is in first normal form, then B@\Y sequent
is derivable. We need two auxiliary facts.

Lemma 17. Supposer#a - t : 7 andr - [a] = [b]. Thenz#a#b : - = 7+t =~
t[bl/al, RPN bn/an]

Lemma 18. Suppose that’ has no name-variables anfl consists of freshness and
equality formulas only. I& : I, p ¢ = p w then for some permutatianof names in¥,
wehaveY : ' = 7.t~ .



Proof. The proof is by induction on the structure of the derivation. Only the hypothesis
and nonbranching nonlogical rules can be involved, of these casesFopbses a
challenge. In the case fdr, thew obtained by induction may mention the fresh name
a introduced byF'; however,a cannot appear ihor u, sob = 7~!(a) must not appear
int, and sor’ = 7o (ab)alsoworks since’ -t =7-(ab)-t=7-t=u. O

Proposition 4. Let[X : I = A] have a first-normal form derivation. Theti: I' =
Ais derivable.

Proof. If [X': I' = A] has a first normal form derivation, thehand some elemetrtt

of I must be of the fornz > VZ.p ¢. Without loss of generality, we consider the case
where noV-quantifiers appear. After stripping off the initial sequenc#éfand R
rules, there must be a subderivation of

T#a#b : [X], (1], p" (3] 0(F) = p” [b] (@)

for some names, b, wheref) = [n(a)/c] and®’ = [n(b)/o’]. Note thaty and¢’ are
one-to-one and so invertible on on their ranges, andXias - 0(t) : 7 (that is, none
of theb appear ind(t)).

By Lemma 18, there must be a ground permutatioguch thaty : - = = -
(@] 9(%)) ~ [b] '(a). Clearly,w - [a] = [b], so by Lemma 17 we hav@é{n(b) /o] =
0'(w) = m-0(t) = 0(t)[b1/a1,...,bn/ayn] = t[n(b)/c]. Since[n(b )/a] is invertible,
we hav ~ t[n(b)/o]lc’ /n(b)] = tlo’ /o], which impliesoc>pt =, ¢’ >p . O

Proof (Completeness Theorerr).FO)\Y, V commutes with all propositional connec-
tives,V, and3. Therefore, every judgment is equivalent to one in whiciyuantifiers
only occur around atomic formulas, that is, in subformulas of the f®imp ¢. So it
suffices to consider only judgments of this form.

The proof is by induction on the complexity of the judgment. I" = A. If the
normalized derivation is of the first form, then by Proposition 4, the sequent is derivable.
If the normalized derivation is of the second form, there are many subcases, one for each
possible starting left- or right-rule. The cases for propositional rules are straightforward.
The remaining cases are thosefandd. We will show that translated sequents derived
usingvVL/R, 3L/Rin IN L~ can be derived usingL/R and3L/R in FOMV.

If the final step of the derivation i¢R, then the derivation must be of the form

Y. h: [X],ev(h), [I] = [o>plho/x]]
X b [X],[T] = ev(h) D [o> plho/x]]
X[ X, 1] = Vh.ev(h) D o> plho/z]]

Note that[X],ev(h) = [X,h], so the topmost sequent is of the fofth, h : [’ =
o > ¢[ho/x]]. By induction,X, h : I' = o > ¢[ho/x] is derivable, and usingR, we
concludeX' : I' = o> Vz.p. The3L case is similar.

If the final inference i/ L, then the derivation must be of the form

Y ZL = ev(t) XX, [, [o> elho/z]][t/h] = [A]
Yht:T, > T XX, 100, ev(t) D o plho/z]] = [A]
X [Z], 1], Vh.ev(h) D [o > plho/z]] = [A]

DL

VL



Since X does not mention name-constants, we have ¢t : 7, — 7 and alsoX, o +
t o : 7in FOAY. Note that[o > ¢[ho/x]][t/h] = [o > ¢[t o/]] SO we also have
X200, [e v elt o/x]] = [A], which is the same g : I', o > [t o /2] = A].
By induction, X : I',o > [t 0 /x] = Alis derivable, and sinc&, o - t o : 7, we can
usevL to conclude thal : I', o > Va.o = A. ThedR case is similar. ad

Remark 3.1f we modify the translation step for atomic formulas by definjag p t] =
Wa.p t[n(a)/o] then we obtain a translatidhy x that is essentially the same Agc,
and is complete with respect foO\Y with V-weakening and exchange principles.

We write§ : ¢ — ¢’ to indicate that is a partial injective renaming mappirng
to o’. We say that c-formulas afé” X-equivalent § > A = x o' > B) if there is a
0 : 0 — o' such thaty(A) = B. For exampleg,y > p(z,y) =wx vy, , 2> p(x,y).

Note that=y x subsumesy-equivalence. LeFOAXVX be FOMY except that atomic
c-formulas are considered equal modslg, x .

It is not difficult to show that the formula€z.¢ < ¢ (Wwherex ¢ F'V(p)) and
Va.Vy.o <= Vy.Vr.p are derivable iFFO\Y, y for any formulay. In addition,
using the same techniques as above, we can show that the translation is sound and
complete relative ta"O\y;, . The proof is the same as that for completeness relative
to FOMY, except that we need to show that Proposition 4 holds for atomic c-formulas
equal module=yy x instead ofx-equivalence.

4 Related and Future Work

Besides previous formalizations of nominal logic by Pitts, Gabbay, and Cheney (sur-
veyed in Section 1.1), several other logics and type systems have considered rules for
M-quantified formulas or types. Caires and Cardelli [1] investigated a logic incorporat-
ing proof rules fo-quantified formulas based on maintaining a set of side-conditions
involving freshness constraints. However, the freshness constraints are not formulas of
their logic. These rules are similar in spirit to (and partly inspired) the slice-based rules
of F'L andF'Lg.q. Another related system is the type system of Nanevski [10], which
includes rules similar to those &fL for N-quantified types. A third closely related sys-

tem is Sclbpp and Stark’s dependent type theory for names and binding [13], in which

a bunched context is used to store freshness information. Our freshness contexts and
rules forl are simpler special cases of the contexts and rules in their theory.

There are several directions for future woMkL= may be useful for developing an
improved proof-theoretic semantics for nominal logic programming. Natural deduction
calculi or type theories for nominal logic based on our approach could be used as the
basis of proof checkers and interactive theorem provers for nominal logic. The existence
of translations fromFO\Y to NL= suggest thaf"O\Y can be interpreted using the
semantics of nominal logic. Moreover, a semantic approach may lead to a simpler proof
of the completeness of the translations.

5 Conclusions

This paper makes two contributions. First, we present a new sequent calculus for nom-
inal logic which avoids thelicesused in the rules fovl in F'L and F'Lg.,. Instead,



our calculus deals wittM usingfreshness contextbat encode freshness information
as well as typing information. Although this is partly a matter of taste, we believe that
our approach is easier to use and analyze and provides a more transparent reading of
W as a proof search operation than any previous system. In particular, the proofs of
cut-elimination and conservativity relative to Pitts’ axiomatization seem simpler and
require fewer technical lemmas than previous attempts.

The second contribution of this paper is an improved translation ff@\V to
intuitionistic nominal logic { N L=), which explains the behavior of thé-quantifier in
terms of1. We show that"O\Y can be soundly and completely interpreted ML=,
so any argument carried out IHFOMY can also safely be carried out fiiVL=. In
addition, we argued that the translation originally proposed by Gabbay and Cheney is
complete relative ta&"O\Y with weakening and exchange for.
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