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Abstract

In this paper we present a novel performance analysis
technique for large-scale systems modelled in the stochas-
tic process algebra PEPA. In contrast to the well-known ap-
proach of analysing via continuous time Markov chains, our
underlying mathematical representation is a set of coupled
ordinary differential equations (ODEs). This analysis pro-
cess supports all of the combinators of the PEPA algebra
and is well-suited to systems with large numbers of repli-
cated components. The paper presents an elegant procedure
for the generation of the ODEs and compares the results of
this analysis with more conventional methods.

1 Introduction

Over the last decade process algebras in which quantified
durations are associated with activities have enjoyed consid-
erable success. In many cases the duration is assumed to be
an exponentially distributed random variable resulting in an
underlying mathematical model which is a continuous time
Markov chain. Such models may be solved for either steady
state or transient probability distributions via linear algebra.
When more general random variables are assumed the un-
derlying mathematical model is a generalised semi-Markov
process and simulation will typically be the means of anal-
ysis. In either case there is a problem of state space explo-
sion. Like most discrete state-based modelling formalisms,
process algebras are prone to the failing that apparently sim-
ple models can readily generate extremely large state spaces
making numerical solution via linear algebra very costly or
even intractable, and simulation time-consuming and poten-
tially inaccurate. Much research ingenuity has gone into
tackling the problem of state space explosion for continu-
ous time Markov chains (e.g. [8, 3, 13]), and consequently
the size of process which can be solved does continue to
grow, albeit slowly.

In this paper we propose a radically different approach
to tackling this problem when modelling with a process al-

gebra such as PEPA. The approach is based on two shifts
from the usual perspective:

e Firstly, we do not aim to calculate the probability dis-
tribution over the entire state space of the model. We
choose a more abstract state representation in terms of
state variables, quantifying the types of behaviour evi-
dent in the model.

e Secondly, we assume that these state variables are sub-
ject to continuous rather than discrete change.

Once these adjustments are made the system is amenable
to efficient solution as a set of ordinary differential equa-
tions (ODEs), leading to the evaluation of transient, and in
the limit, steady state measures.

The remainder of this paper is organised as follows. Sec-
tion 2 presents some background information on PEPA and
introduces the new state representation, numerical vector
form. The shift to continuous analysis is explained in Sec-
tion 3 and illustrated by an example in Section 4. The rela-
tionship of the approach to other techniques is discussed in
Section 5, while Section 6 concludes the paper.

2 PEPA

PEPA has been used to study the performance of a wide
variety of systems [11, 1, 2, 21, 12]. As in all process alge-
bras, systems are represented in PEPA as the composition
of components which undertake actions. In PEPA the ac-
tions are assumed to have a duration, or delay. Thus the
expression (a, r).P denotes a component which can under-
take an « action, at rate r to evolve into a component P.
Here o € A where A is the set of action types and P € C
where C is the set of component types.

PEPA has a small set of combinators, allowing system
descriptions to be built up as the concurrent execution and
interaction of simple sequential components. We infor-
mally introduce the syntax below. More detail can be found
in [10]. The structured operational semantics are shown in
Figure 1.
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Figure 1. PEPA Structured Operational Semantics

Prefix: The basic mechanism for describing the be-
haviour of a system with a PEPA model is to give a com-
ponent a designated first action using the prefix combinator,
denoted by a full stop, which was introduced above. As ex-
plained, (o, r).P carries out an « action with rate r, and it
subsequently behaves as P.

Choice: The component P + () represents a system
which may behave either as P or as ). The activities of
both P and () are enabled. The first activity to complete dis-
tinguishes one of them: the other is discarded. The system
will behave as the derivative resulting from the evolution of
the chosen component.

Constant: It is convenient to be able to assign names
to patterns of behaviour associated with components. Con-
stants are components whose meaning is given by a defining
equation. The notation for this is X 2 E. The name X is in
scope in the expression on the right hand side meaning that,
for example, X < (a,7).X performs c at rate r forever.

Hiding: The possibility to abstract away some aspects
of a component’s behaviour is provided by the hiding oper-
ator, denoted P/ L. Here, the set L identifies those activities
which are to be considered internal or private to the compo-
nent and which will appear as the unknown type 7.

Cooperation: We write P DLQ @ to denote cooperation
between P and @) over L. The set which is used as the
subscript to the cooperation symbol, the cooperation set L,
determines those activities on which the cooperands are
forced to synchronise. For action types not in L, the com-
ponents proceed independently and concurrently with their
enabled activities. We write P || @ as an abbreviation for
P DLQ @ when L is empty.

If a component enables an activity whose action type is

2

Proceedings of the Second International Conference on the Quantitative Evaluation of Systems (QEST'05)
0-7695-2427-3/05 $20.00 © 2005 IEEE

in the cooperation set it will not be able to proceed with that
activity until the other component also enables an activity
of that type. The two components then proceed together to
complete the shared activity. The rate of the shared activ-
ity may be altered to reflect the work carried out by both
components to complete the activity. The total capacity of
a component C' to carry out activities of type « is termed
the apparent rate of  in P, denoted r,,(P). Unlike some
other stochastic process algebras, PEPA assumes bounded
capacity: a component cannot be made to perform an activ-
ity faster by cooperation, so the rate of a shared activity is
the minimum of the rates of the activity in the cooperating
components.

In some cases, when an activity is known to be carried
out in cooperation with another component, a component
may be passive with respect to that activity. This means
that the rate of the activity is left unspecified (denoted T)
and is determined upon cooperation, by the rate of the ac-
tivity in the other component. All passive actions must be
synchronised in the final model.

The syntax may be formally introduced by means of the
following grammar:

S
P =

(a,7).S | S+ S| Cs
PIP|P/L|C

where S denotes a sequential component and P denotes a
model component which executes in parallel. C' stands for
a constant which denotes either a sequential component or
a model component. Cg stands for constants which de-
note sequential components. The effect of this syntactic
separation between these types of constants is to constrain
legal PEPA components to be cooperations of sequential
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processes, a necessary condition for an ergodic underlying
Markov process.

2.1 State representation

In process algebra models the usual state representation
is in terms of the syntactic forms of the model expression.
The structured operational semantics define how a model
may evolve and these may be applied exhaustively to form
a labelled transition system (usually termed the derivation
graph in PEPA) representing the state space of the model.
This is a graph in which each node is a distinct syntactic
form or derivative (or equivalence class of syntactic expres-
sions up to strong equivalence) and each arc represents a
possible activity causing the state change. It is important to
note that in PEPA the state representation is in fact a labelled
multi-transition system because recording the multiplicity
of arcs is crucial, particularly when repeated components
are involved.

When a Markovian interpretation is put on the PEPA
model the duration of each activity is assumed to be a ran-
dom variable governed by a negative exponential distribu-
tion. In this case the derivation graph can be considered to
be the state transition diagram of a continuous time Markov
chain. Thus one Markovian state is associated with each
syntactic term. Performance analysis is then carried out
in terms of the steady state probability distribution, or the
transient probability distribution, which is extremely costly
when the state space is large.

Rather than the complete syntactic form, since the static
cooperation combinators remain unchanged in all states, it
is often convenient to represent the states of the model in
vector form. The state vector records one entry for each se-
quential component of the PEPA model. These components
will be present in each derivative of the model, although
they will change their local state or derivative. Thus the
global state can be represented as a vector or sequence of
local derivatives.'

If a model contains equivalent components there may be
multiple states within the model which exhibit the same be-
haviour and so we may aggregate the model. The derivation
graph is then constructed in terms of equivalence classes of
syntactic terms and this is used as the basis of the CTMC
construction [7]. At the heart of this technique is the use
of a canonical state vector to capture the syntactic form of
a model expression. If two states have the same canoni-
cal state vector they are equivalent and need not be dis-
tinguished in the aggregated derivation graph. Canonical-
isation involves reordering entries within the vector in a
way that strong equivalence, the Markovian bisimulation

!For the remainder of this paper we use the term local derivative to refer
to the local state of a single sequential component, whereas derivative will
be used to refer to a global state represented in its syntactic form.

3

of PEPA models, is respected, but which places elements
within subvectors of equivalent components in lexicograph-
ical order. Further details can be found in [7].

In this paper we propose an alternative vector form for
capturing the state information of models with repeated
components. In the state vector form, even when the canon-
ical representation is used there is one entry in the vector
for each sequential component in the model. When the
number of repeated components becomes large this can be
prohibitively expensive in terms of storage. In the alterna-
tive vector form there is one entry for each local derivative
of each type of component in the model. Two components
have the same type if their derivation graphs are isomorphic.
The entries in the vector are no longer syntactic terms rep-
resenting the local derivative of the sequential component,
but the number of components currently exhibiting this lo-
cal derivative.

To clarify the distinction between the two vector forms
consider the small example defined below, consisting of in-
teracting processors and resources:

iy
Processory = (taskl,r1).Processory
def
Processory = (task2,r3).Processor
def
Resourcey = (taskl,r1).Resource;
def
Resourcey = (reset, s).Resource

(Resourceq || Resource) {Eﬁ} (Processorq || Processor)

The canonical state vector form corresponding to
this example with the given configuration is shown in
Figure 2a). Here the initial state is represented explicitly as
((Resourceg, Resourceq), (Processorg, Processoro)) {rask1} -
In contrast, in the numerical vector form, shown in Fig-
ure 2b), the initial state is (2, 0, 2, 0) where the entries in the
vector are counting the number of Resourcey, Resourceq,
Processorg, Processor; local derivatives respectively,
exhibited in the current state. In the canonical state vector
representation we record the number of elements in each
equivalence class (shown in square brackets in Figure 2a).
The total rate of the transitions between the canonical states
is derived from this number of instances, the number of
enabled activities and their relative probabilities. In the
numerical state vector representation each vector is a single
state and the rates of the transitions between states are
derived directly from the vector and the activity rate, as
explained below.

In the current configuration of the model, with two in-
stances of each component type, it is clear that the state vec-
tor form and the numerical vector form each have four ele-
ments, but if we consider a configuration with ten instances
of each component type it becomes clear that the numerical
form is much more compact. Moreover, it is without any
significant loss of information.
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Figure 2. lllustrative example of contrasting state representations

The numerical vector form for an arbitrary PEPA model However, the focus of this paper is the use of this vec-
is defined as follows. tor form as the basis for a fluid approximation when each
component type in the model is replicated a large number
Definition 2.1 (Numerical Vector Form) For an  ar- of times. If this is the case the domain of values of each
bitrary PEPA model M with n component types entry in V(M) is large. If K; is the number of components
Ci,i = 1,....n, each with N; distinct derivatives, of type C; in the initial configuration of the model then each
the numerical vector form of M, V(M), is a vector with entry in the ith subvector will have domain 0, . . ., K;.
N = YL\ N; entries. The entry v;; records how many Consider an arbitrary state M’ of the model M which
instances of the jth local derivative of component type C; has the particular numerical vector representation V(M’).
are exhibited in the current state. When a state change occurs it can happen in two distinct
ways:

3 Continuous State Space Approximation e A single sequential component, an instance of compo-

nent type C; may engage in an individual action. In
this case the impact on V(M) is that within the ith
subvector one entry is incremented by one while an-
other is decremented by one, reflecting the evolution
of this single component from one local derivative to

The numerical vector form presents an alternative way
of presenting the state space of a PEPA model but can nev-
ertheless be used as the basis of the usual Markovian anal-
ysis, albeit in terms of an aggregated model. Since the ag-
gregation is based on strong equivalence we know that the

B - - another.
aggregated CTMC is lumpably equivalent to the original
CTMC derived from the derivation graph [9]. The aggre- e Alternatively a shared action may be performed re-
gated model is isomorphic to that produced by the canonical sulting in the simultaneous evolution of two or more
vector form and the automatic aggregation presented in [7]. sequential components of distinct types (since we as-
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sume that replicated components are independent of
each other). Thus a number of distinct subvectors may
need to be updated within V(M’). However in each
case one entry is incremented by one and one entry is
decremented by one.

The system is inherently discrete with the entries within
the numerical vector form always being non-negative inte-
gers and always being incremented or decremented in steps
of one. When the numbers of components are large these
steps are relatively small and we can approximate the be-
haviour by considering the movement between states to be
continuous, rather than occurring in discontinuous jumps.
Thus our objective is to replace the discrete event system
represented by the derivation graph of a PEPA process by a
continuous model, represented by a set of coupled ordinary
differential equations. The numerical vector form of state
representation is an intermediate step to achieving that.

Ex(a,r) = {Ci,} and min(N(Cy,,t)) = N(C;,1) ie.
there will be N(C;,,t) instances of the local derivative each
proceeding with the individual activity concurrently. When
Ex(a,r) # {C;,} the activity is a shared activity involv-
ing local derivatives from two or more component types in
a multiway synchronisation. By the definition of apparent
rate in PEPA, if there are N replicated instances of a com-
ponent offering an activity («,r), the apparent rate of the
activity will be N x r. By the semantics, the apparent rate
of a synchronised activity is the minimum of the apparent
rates of the cooperating components. The second term is
explained similarly, noting that the rate of an entry activity
will be determined by the number of components for which
this is an exit activity, in accordance with the semantics of
the language.

Dividing by ¢t and taking the limit, 6¢ — 0, we obtain:

We start with some preliminary definitions. Consider a dN(Cj;, ) _ Z rx  min (N(Cp,t))
local derivative D of a sequential component. An activity dt n e Cr, €Ex(av,T) ki
(v, ) is an exit activity of D if D enables («, r), i.e. there (er)€Ba(Cs;)
is a transition D (o) in the labelled transition system of + Z X Cn Efgi;%a 7.)(N (Crys 1))

. ;

D. We denote the set of exit activities of D by Ex(D).
Conversely, we denote the set of local derivatives for which
(c, ) is an exit activity by Ex(ca, ). Similarly, an activity
(8, s) is an entry activity of D if there is a derivative D’
which enables (3, s) and D is the one-step [3-derivative of

D' ie. D' (ﬁ—sz D is in the labelled transition system of D’.
We use En(D) to denote the set of entry activities of D.

This categorisation of activities is needed because it is
important to record the impact of each activity on each local
derivative, Cij, in the model. Recall that in the vector form
the numbers of these derivatives, NV (C’ij ), have become our
state variables.

Let us consider the evolution of the numerical state vec-
tor. Let v;, (t) = N(Cy;,t) denote the jth entry of the ith
subvector at time ¢, i.e. the number of instances of the jth
local derivative of sequential component C;. In a short time
0t the change to this arbitrary vector entry will be:

N(Ci, t+5t) — N(C;, 1) =

- X

(a,r)EE;c(C,ij)

min
C, €Ez(a,r)

r X (N(C,,t)) ot

exit activities

min
C"“’L e€Ez(a,r)

LD

(a,r)EEn(Cij )

r X (N(C,,t)) bt

entry activities

(a,r)€EN(Cij)

In the following subsection we show how these equations
may be derived automatically from the model definition in
a straightforward way. To fully specify the system of ODEs
it only remains to set the initial values of the state variables,
ie. N(C;y;,0) fori; = 1,..., N. These are easily recorded
from the initial model configuration.

3.1 Automatically deriving ODEs

The impact of activities on derivatives can be recorded
in either a graph or a matrix form, easily derived from the
syntactic presentation of the model, as defined below.

Definition 3.1 (Activity Graph) An activity graph is a bi-
partite graph (N, A). The nodes N are partitioned into N,
the activities, and Ny, the derivatives. A C (N, x Ng) U
(Ng x Ng), where a = (ng,ng) € Aifn, is an exit activity
of derivative ng, and a = (ng,ng) € A if n, is an entry
activity of derivative ng.

The same information can be represented in a matrix,
termed the activity matrix.

Definition 3.2 (Activity Matrix) For a model with N 4 ac-
tivities and N p distinct local derivatives, the activity matrix
M, is an Np X N4 matrix, and the entries are defined as
follows.

+1  ifa; is an entry activity of d;
The first term records the impact of exit activities. If (di;a;) = —1 ifa;is an exit activity of d;
0 otherwise.

the exit activity is an individual activity of this component
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//Form one ODE for each local derivative/state variable
For 1= 1ND
//Find the activities involving this derivative
For j=1..Ny
If My(i,5) #0
//Form exit set Ex(j) for activity j
Exz(j) =0
For k=1..Np
If Mu(k,j)=-1
Ex(j) = Ea(j) U {k}
//Record the impact of each such activity
If My(i,5) =+1
Add
+r; x min (ng(t))

( /i”rocesso;;\{ /

" Processor |
\\—r;,,, L

Figure 4. Activity diagram for the simple
Processor-Resource model

‘ task, ‘ tasko ‘ reset ‘

keBa(g) Processorg | —1 | +1 0 |n;

i Processory | +1 -1 0 | no

I ft OMt ?ie ')egu_a ch o Resourcey | —1 0 +1 | ng
“h Resourcey | +1 0 —1 | nyq

Add

—7r; X i t
R Erg;j)(nk( )

to the equation

Figure 3. Pseudo-code for generating the set
of ODEs

Figure 5. Activity matrix for the simple
Processor-Resource model

sors and resources:

Processorg = (taskl,r1).Processor;

In the activity matrix each row corresponds to a single Processory A (task2,ry).Processorg
local derivative. In the representation of the model as a sys- Resourcey (task1, r1).Resource,
tem of ODEs there is one equation for each state variable, wr ’
i.e. for the current number of each local derivative exhib- Resourcey = (reset, s).Resourceg
ited. This equation details the impact of the rest of the sys-
tem on the value of that state variable. This can be derived

(Resourceq || - - - || Resourcey) B

automatically from the activity matrix when we associate
a state variable n; with each row of the matrix and a rate
constant r; with each column of the matrix. The number of
terms in the ODE will be equal to the number of non-zero
entries in the corresponding row, each term being based on
the rate of the activity associated with that column. As ex-
plained above, by the semantics of PEPA, the actual rate of
change caused by each activity will be the rate multiplied
by the minimum of the current number of local derivatives
enabling that activity in parallel, for each cooperating com-

{task1}

(Processorg || - - - || Processory)

The activity graph is as depicted in Figure 4 while the
activity matrix is as depicted in Figure 5.

From the matrix, we derive each differential equation in
turn. For state variable n;, consider row 7. Each non-zero
entry in the row will results in one term within the equation.

ponent type. The identity of these derivatives can be found dn;t(t) = —rymin(ny(t),ng(t)) + rena(t)
in the column corresponding to the activity, a negative en- dns(t)

try indicating that this derivative participates in that activity. = rymin(ny(t),nz(t)) — rana(t)
There will be one ODE in the system for each row of the d dt

matrix n;,t(t) = —rymin(ny(t),ns(t)) + sna(t)
3.2 Small example revisited dn;;t) = rymin(ng(t),n3(t)) — sna(t)

Let us consider again the small example considered ear-
lier, assuming now that there are large numbers of proces-

Note that the form of the system of equations is inde-
pendent of the number of components included in the initial

6
Proceedings of the Second International Conference on the Quantitative Evaluation of Systems (QEST'05) CSFK/IPUETER
0-7695-2427-3/05 $20.00 © 2005 IEEE SOCIETY



configuration of the model. The only impact of changing
the number of instances of each component type is to alter
the initial conditions. Thus, if there are initially 200 pro-
cessors, all starting in state Processory and 120 resources,
50% of which start in state Resourcey and 50% in state

performs (the composition and encryption) and some activi-
ties which are performed in co-operation with another com-
ponent (the request and response are in co-operation with
the broker).

Resource, the initial conditions will be: SPCiyje 2 (cgmpgsew7 Fsp-cmp)-SPCenc
n1(0) =200 712(0)=0 n3(0)=60 n4(0) =60 SPCenc ::p: (encrypty,, rsp,encb)'SPCsending
SPCsending = (requesty,, rsp,req)-SPCwaiting
4 Example SPC\aiting ::: (responsey,, T).SPC g
SPCyec = (decrypty, rop_dech)-SPCigpe

We present an example model which demonstrates the
use of the ODE-based analysis procedure and relates this to
existing performance analysis methods for PEPA models.

The example which we consider is a Web service which
has two types of clients; first party application clients which
access the web service across a secure intranet, and second
party browser clients which access the Web service across
the Internet. Second party clients route their service re-
quests via trusted brokers.

To ensure scalability the Web service is replicated across
multiple hosts. Multiple brokers are available too. There
are numerous first party clients behind the firewall using the
service via remote method invocations across the secure in-
tranet. There are numerous second party clients outside the
firewall. Second party clients need to use encryption to en-
sure authenticity and confidentiality properties whereas first
party clients do not. Brokers add decryption and encryption
steps to build end-to-end security from point-to-point secu-
rity. When processing a request from a second party client
brokers decrypt the request before re-encrypting it for the
Web service. When the response to a request is returned to
the broker it decrypts the response before re-encrypting it
for the second party client.

A schematic of the communication topology of the sys-
tem is shown in Figure 6.

The model files processed by the modelling tools use
long descriptive identifiers such FirstPartyClient.
For brevity in presenting the model on the printed page we
abbreviate “first party client” and “second party client” to
FPC and SPC respectively. We abbreviate “Web service”

The broker is inactive until it receives a request. It then
decrypts the request before re-encrypting it for the Web ser-
vice (to ensure end-to-end security). It forwards the request
to the Web service and then waits for a response. The corre-
sponding decryption and re-encrytion are performed before
returning the response to the client.

Broker; i, g

def
BrOkerdec,input =

def
BrOkerenc,input =

def

requesty, T).Broker jec_inpus
decryptg,, rbdec;p) Brokerenc. input

encryptys, Th_enc_ws)- BrOkersendmg

(
(
(
Brokersenging (request,yg, Ty req)-Brokeryiting
(
(
(
(

def

Brokeryaiting response,,g, 1 ).Broker goc_re sp

def

BFOkerdec,resp dec"y[?fwsa T'b_dec_ ws) .Brokerepc _resp

encryply,, rp eme) BrOkerreplymg

responsey,, rp_re Sp) .Broker;y,

Brokerepc_resp =

BrOkerreply,-ng

The lifetime of a first party client mirrors that of a second
party client except that encryption need not be used when
all of the communication is conducted across a secure in-
tranet. The method of invoking the Web service may also
be different because the service may be invoked by a re-
mote method invocation to the host machine instead of via
an HTTP request. Thus the first party client experiences the
Web service as a blocking remote method invocation.

to WS. FPCiyp = (composeg,, 1p_cmp)-FPCealling
def .
FPCculling = (invokeys, rfp,inv)~FPCblocked
4.1 The PEPA model FPChiocked < (resultys, T).FPCiqe

A second party client cycles through a lifetime of com-
posing service requests, encrypting these and sending them
to its broker. It then waits for a response from the broker.
The rate at which the first three activities happen is under
the control of the client. The rate at which responses are
produced is determined by the interaction of the broker and
the service endpoint. As usual with PEPA models this com-
ponent contains some individual activities which it itself

7

We model a thread of execution on the Web service. There
are two ways in which the service is executed, leading to a
choice in the process algebra model taking the service pro-
cess into one or other of its two modes of execution. In ei-
ther case, the duration of the execution of the service itself
is unchanged. The difference is only in whether encryption
is needed and whether the result is delivered as an HTTP
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Figure 6. Web service with first and second party clients and brokers

response or as a direct value.

WSigte = (request,,T). WSdecoding
(invokeys, T).-WSethod
WS, decoding (decryptReq wss Tws_dec_b )-WSexecution
WSexecution = (executeyys, rys_exec)-WSsecurin g
(encryptResp ws> T ws_enc_b)-WS responding
(respons €ywss P'ws_resp_b )-WSidie
(executews s rws,exec) . WSreturning
(

resultys, sz,res) . Wsidle

Wssecuring -
ws responding
WSimethoa =
WS returning

In the initial state of the system model we represent each of
the four component types being initially in their idle state.
The synchronisation sets /C, £ and M synchronise the com-
ponents on their common activity names.

System = (SPCigje < Brokerigie) 1 (WSigre B<I FPCigy,)

where K = {requesty, responsey }
L = {request,,, response,, }
M = {invokeys, resultyy }

This model represents the smallest possible instance of the
system, where there is one instance of each component type.
We evaluate the system as the number of clients, brokers,
and copies of the service increase.”

4.2 Cost of analysis

Performance models admit many different types of anal-
ysis. Some have lower evaluation cost, but are less infor-
mative, such as steady-state analysis. Others have higher
evaluation cost, but are more informative, such as transient
analysis. We compare ODE-based evaluation against other
techniques which could be used to analyse the model. We
compare against steady-state and transient analysis as im-
plemented by the PRISM probabilistic model-checker [17],
which provides PEPA as one of its input languages. We also
compare against Monte Carlo Markov Chain simulation.

2The example here has been chosen for its simplicity. It consists of
components with only simple cycles of behaviour but this is not a restric-
tion of the technique. The approach works equally well with components
with any sequential form.

8

Note that Figure 7 reports only a single run of the
transient analysis and simulation. In practice, due to the
stochastic nature of the analyses, these would need to be
re-run multiple times to produce results comparable to the
ODE-based analysis. Moreover, note that the number of
ODE:s is constant regardless of the number of components
in the system, whilst the state space grows dramatically.

The ODE integrator which we used is a Java imple-
mentation of the Dormand-Prince fifth-order Runge-Kutta
solver [4]. The version of PRISM which we used is
2.1.dev4 [19]. The Monte-Carlo Markov Chain simulator
is a Java implementation of Gillespie’s Direct method [5].
The runtimes which are reported are elapsed (wall clock)
times as reported by GNU time version 1.7. All timings
were made on a 1.60GHz Pentium IV with 1Gb RAM run-
ning Red Hat Linux 9, averaged over a number of runs.

]
s E
gl s 8

4 2 = =& = L]

] H £ £ o |3
2 g £ PE 33| E3 £3z |2z 2
< £ 2 39 ET|x%SE E-A R -
& S| T Zd Z2|E38 s1§|eE5 |58
g 2| & 55 sH|(53 ¢ z.8|5c8|5¢8
0 s £ g tE|ES2 gra|3sa (22
] £ g g S= S| o L8 LEE |2 55| 8

= El @ 273 28| 22 z -3

] = = 3 & ES|[ET 2 EEE|EE2 IRE
sl 2| 2| E EP 52|25 E ErE(SzE(cE
s| A B| & z3 ZS |23 E EEE|Z §E|CE
1 1 1 1 48 43 1.04 101 | 247281
2 2 2 2 6,304 860 2.15 231 245|281
3 3 3 3| 1130496 | 161,296 | 172.48 588.80 | 2.48 [ 2.83
4 4 4 4| 234,702,336 | 30,251,627 - - - 244 | 2.85
100 | 100 | 100 | 100 - - - - 2.78 | 2.78
1000 | 100 | 500 | 1000 - - - - 3.72| 277
1000 | 1000 | 1000 | 1000 - - - -| 54|27

Figure 7. Running times from analyses

The observation from Figure 7 is that the running time to
obtain results by ODE solution compares favourably to the
other approaches tried and scales better than others as the
number of instances of components increases.

4.3 Comparison of results

In Figure 8 we show the results from our solution of the
PEPA Web Service model as a system of ODEs with the
number of clients of both kinds, brokers, and web service
instances all 1000. The results as presented from our ODE
integrator are time-series plots of the number of each type
of component behaviour as a function of time. The graphs
show fluctuations in the numbers of components with re-
spect to time from ¢ = 0 to ¢ = 100 for estimated values
of rates for the activities of the system. We can observe an
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Figure 8. Time series plots of components

initial flurry of activity until the system stabilises into its
steady-state equilibrium at time (around) ¢ = 50.

We compared the steady-state likelihoods of compo-
nent types with the probabilities computed using the PEPA
Workbench [6] on the smallest instance of the model (one
of each type of component) and scaling the probabilities by
multiplying by 1000. (Such an approach is legitimate in the
absence of blocking when the numbers of each component
are equal but could not have been used for a model with dif-
ferent numbers of clients, brokers and services.) We found
good agreement with the results obtained by ODE solution
after the system stabilises into its steady-state equilibrium.

5 Discussion

The approach that we take is quite distinct from that for
fluid queues [16] and fluid stochastic Petri nets [22]. In
those modelling techniques the model has a mixture of fluid
or continuous elements and the usual discrete state space
elements. For example in a fluid queue the service pro-
cess may be modelled as a fluid process, servicing a buffer
which is the continuous element, but the arrival process it-
self will in general be governed by a (discrete) Markov pro-
cess. Similarly in a fluid stochastic Petri net only some
places will be fluid, having a continuous marking domain,
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other places remaining discrete in nature.

This is in contrast with our approach in which all state
variables are approximated by continuous variables. Thus it
is closer to the diffusion approximation technique for queue-
ing networks [14, 15].

6 Concluding remarks and future work

The problem of state space explosion has challenged nu-
merical solution of Markovian models for a generation. In
this paper we propose a means of avoiding this problem for
large scale models of repeated components, represented in
PEPA. By adopting a continuous approximation of the be-
haviour of the model we are able to analyse systems of ar-
bitrarily large scale. Presently we make some assumptions
about the form of the PEPA models: that components of the
same type do not cooperate and that all cooperating compo-
nents have the same local rate for shared activities. How-
ever, work is progressing on relaxing these assumptions.

Whilst the class of models currently considered is re-
stricted it is not without interest. Many application domains
naturally give rise to models in this style. For example,

e epidemiology, both for natural populations with re-
spect to disease and for computer software populations
with respect to worms and viruses;
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e wireless networks;

e Grid computing and other large scale service environ-
ments.

If the rates of change within the model are generalised
to allow activity rates to be governed by probability dis-
tributions rather than being deterministic the evolution of
the system can be described by a set of random differen-
tial equations [20]. A further generalisation, introducing
more uncertainty, is offered by stochastic differential equa-
tions[18]. In future work we plan to investigate the use of
these more sophisticated forms of differential equations to
evaluate the behaviour of PEPA models.

Acknowledgements

The author would like to thank Stephen Gilmore for
his helpful discussions in shaping this work, Muffy Calder
for providing the initial stimulus, and Jeremy Bradley for
useful comments on an earlier draft. This work was sup-
ported in part by the ENHANCE project (EPSRC project
GR/S21717/01) and in part by the SENSORIA project (EU
FET-IST Global Computing 2 project 016004).

References

[1] H. Bowman, J. Bryans, and J. Derrick. Analysis of a multi-
media stream using stochastic process algebra. In C. Priami,
editor, 6th Int. Workshop on Process Algebras and Perfor-
mance Modelling, pages 51-69, Nice, September 1998.

J. T. Bradley, N. J. Dingle, S. T. Gilmore, and W. J. Knotten-
belt. Derivation of passage-time densities in PEPA models
using ipc: the Imperial PEPA Compiler. In G. Kotsis, editor,
Proc. of the 11th IEEE/ACM Int. Symp. on Modeling, Anal-
ysis and Simulation of Computer and Telecommunications
Systems, pages 344-351, October 2003. IEEE Computer So-
ciety Press.

(2]

D. Deavours and W. Sanders. An efficient disk-based tool
for solving large Markov models. Performance Evaluation,
33:67-84, 1998.

(3]

[4] J. Dormand and P. J. Prince. A family of embedded Runge-
Kutta formulae. Journal of Computational and Applied

Mathematics, 6:19-26, 1980.
[5]

D. Gillespie. A general method for numerically simulating
the stochastic time evolution of coupled chemical species. J.

Comp. Phys., 22:403-434, 1976.

S. Gilmore and J. Hillston. The PEPA Workbench: A Tool
to Support a Process Algebra-based Approach to Perfor-
mance Modelling. In Proc. of 7th Int. Conf. on Modelling
Techniques and Tools for Computer Performance Evalua-
tion, number 794 in LNCS, pages 353-368, Vienna, May
1994. Springer-Verlag.

(6]

10

[7

—

(8]

(9]

[10]

(1]

[12]

(13]

[14]

(15]

(16]

[17]

(18]

(19]

(20]

(21]

(22]

Proceedings of the Second International Conference on the Quantitative Evaluation of Systems (QEST'05)
0-7695-2427-3/05 $20.00 © 2005 IEEE

S. Gilmore, J. Hillston, and M. Ribaudo. An efficient algo-
rithm for aggregating PEPA models. /EEE Transactions on
Software Engineering, 27(5):449-464, May 2001.

H. Hermanns, J. Meyer-Kayser, and M. Siegle. Multi-
terminal binary decision diagrams to represent and analyse
continuous time Markov chains. In Proc. of 3rd Intl. Work-
shop on the Numerical Solution of Markov Chains, pages
188-207, 1999.

J. Hillston. Compositional Markovian modelling using a
process algebra. In W. Stewart, editor, Proc. of 2nd Int.
Workshop on Numerical Solution of Markov Chains: Com-
putations with Markov Chains, Raleigh, North Carolina, Jan.
1995. Kluwer Academic Press.

J. Hillston. A Compositional Approach to Performance Mod-
elling. Cambridge University Press, 1996.

J. Hillston. Tuning systems: From composition to perfor-
mance. The Computer Journal, 2005. To appear.

J. Hillston, L. Kloul, and A. Mokhtari. Towards a feasi-
ble active networking scenario. Telecommunication Systems,
27(2-4):413-438, 2004.

W. J. Knottenbelt. Parallel Performance Analysis of Large
Markov Models. PhD thesis, Department of Computing, Im-
perial College, 1999.

H. Kobayashi. Application of the diffusion approximation
to queueing networks I: Equilibrium queue distributions. J.
ACM, 21(2):316-328, 1974.

H. Kobayashi. Application of the diffusion approximation
to queueing networks II: Nonequilibrium distributions and
applications to computer modeling. J. ACM, 21(3):459-469,
1974.

V. Kulkarni. Fluid models for single buffer systems. In Fron-
tiers in Queueing, Models and Applications in Science and
Engineering, Probability and Stochastic Series, pages 321—
338. CRC Press, 1997.

M. Kwiatkowska, G. Norman, and D. Parker. Probabilistic
symbolic model checking with PRISM: A hybrid approach.
In Proc. 8th Int. Conf. on Tools and Algorithms for the Con-
struction and Analysis of Systems (TACAS’02), volume 2280
of LNCS, pages 52—-66. Springer, April 2002.

B. Oksendal. Stochastic Differential Equations. Springer,
2003.

D. Parker, G. Norman, and M. Kwiatkowska. PRISM
2.1.dev4 User’s Guide. School of Computer Science, Uni-
versity of Birmingham, Jan. 2005.

T. Soong. Random Differential Equations in Science and
Engineering. Academic Press, 1973.

N. Thomas, J. T. Bradley, and W. J. Knottenbelt. Stochas-
tic analysis of scheduling strategies in a grid-based resource
model. IEE Software Engineering, 151(5):232-239, Septem-
ber 2004.

K. Trivedi and V. Kulkarni. FSPNs: Fluid stochastic Petri
nets. In M. A. Marsan, editor, Application and Theory of
Petri Nets, Proc. 14th Int. Conference, volume 691 of LNCS,
pages 24-31, Chicago, Illinois, USA, 1993. Springer-Verlag.

YF]',F.

COMPUTER
SOCIETY




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (None)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 2.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00167
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <FEFF005500730065002000740068006500730065002000730065007400740069006e0067007300200074006f0020006300720065006100740065002000500044004600200064006f00630075006d0065006e007400730020007300750069007400610062006c006500200066006f007200200049004500450045002000580070006c006f00720065002e0020004300720065006100740065006400200031003500200044006500630065006d00620065007200200032003000300033002e>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


