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1. Introduction

The unsolvability of the conjugacy problem for finitely presented groups was first shown

by Novikov [26]. Shortly thereafter the corresponding result for the word problem was

proved by Novikov [27] and Boone [6] (see also Boone [7], Higman [20] and Britton [9]).

Friedberg [19] and Mucnik [25] revitalised the theory of recursively enumerable (r.e.) Tur-

ing degrees by showing that there are degrees which are incomparable. A trivial corollary

of this is that there are degrees which lie strictly between 0 and 1. It was then natural

to ask whether or not each such degree contains a word problem and a conjugacy problem

(of finitely presented groups). Fridman [17, 18] gave an affirmative answer for the word

problem. The same result was proved also by Clapham [10], Bokut’ [3] and Boone [8].

The question for the conjugacy problem was settled, also in the affirmative, by Bokut’ [4],

Collins [13] and Miller [22] (for finitely generated recursively presented groups—see also

Miller [24]).

Let G be a recursively presented group whose word problem has degree a and conjugacy

problem has degree b. Naturally a, b are recursively enumerable. Moreover a ≤T b since

a word of G is equal to the identity if and only if it is conjugate to it. The question

now arises of whether or not the converse is true. The fact that we can have a 6= b was

shown by Fridman [16] who proved that there is a finitely presented group with solvable

word problem but unsolvable conjugacy problem. Miller [23] showed that the full converse

holds for finitely generated recursively presented groups (see also Miller [24]). Later on

Collins [15] was able to extend his analysis from [13] to prove the following.

Theorem 1.1 (Collins) Let a, b be arbitrary r.e. Turing degrees with a ≤T b. Then

there is a finitely presented group whose word problem has degree a and whose conjugacy

problem has degree b.

A.M.S. (1980) subject classification: 20F10, 03D10, 03D30.
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Many of the proofs in this area are fairly lengthy and a fair amount of effort has

been directed towards their simplification. It was as part of this effort that Britton [9]

produced his famous lemma on HNN extensions which soon became a standard tool for

future work. A significant simplification was also produced by Aanderaa and Cohen [1,

2] who defined a new class of machines called modular machines. These are numerically

encoded versions of Turing machines with the advantage that it is much easier to ‘embedd’

them faithfully into groups. Aanderaa and Cohen used modular machines to produce

two remarkably easy examples of finitely presented groups with unsolvable word problem.

They used one of these examples to prove a theorem of Collins [14] which states that for

each r.e. unbounded truth-table degree there is a finitely presented group whose word

problem has that degree (see [21] for a proof of the same result using the other group

defined by Aanderaa and Cohen). They also produced a proof of Higman’s embedding

theorem [20] and showed that their embedding preserves the unbouded truth-table degree

of the word problem (the existence of such a degree preserving embedding was first shown

by Clapham [11] for Turing degrees and then by Valiev [28] for truth-table degrees).

In [21] the modular machine approach was combined with the notion of ‘groups with

a standard basis’ which is due to Bokut’ [3] (see also [5]). This was used to give a fairly

unified treatment of results such as those described in the previous paragraph (concentrat-

ing for the most part on Turing degrees) as well as some other results. This paper uses the

same approach to provide a new proof of Collins’ theorem.

In his proof Collins used the groups studied by Boone [8] and Britton [9] with an extra

generator, a change of a relation and two new relations. We follow a similar procedure

using the groups introduced by Aanderaa and Cohen [1] (see also §5 of [21]). The reason

for the change of the relations is that it introduces an extra kind of symmetry which greatly

helps the analysis of conjugacy in the new groups.

Let M be an extended modular machine with quadruples (ai, bi, ci, R) for i ∈ I and

(aj, bj, cj, L) for j ∈ J and with (0, 0) being a terminal configuration (see §2 for a definition).
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Put
K0 = 〈 y, t | 〉,

K1 = 〈K0, x | yx = xy 〉,

K2 = 〈K1, ri, lj | xmri = rixm2 , ymri = riy, t(ai, bi)ri = rit(ci, 0),

xmlj = ljx, ymlj = ljym2 , t(aj, bj)lj = ljt(0, cj);

i ∈ I, j ∈ J 〉,

K3 = 〈K2, h | rih = hri, ljh = hlj; i ∈ I, j ∈ J 〉,

K4 = 〈K3, k | rik = kri, ljk = klj, t−1htk = kt−1ht; i ∈ I, j ∈ J 〉,

where t(α, β) ≡ x−αy−βtxαyβ and m > 1 is given by the modular machine M . Note that

K0, K1, K2 are the same as the groups G0, G1, G2 of [21] where it is shown that they form

a Britton tower. Since h, k induce the identity isomorphism it follows that K0, . . . , K4 is a

Britton tower. We shall occasionally refer to K4 by the more suggestive notation K(M).

The main bulk of this paper is devoted to showing:

Theorem 1.2 The word problem for K(M) is Turing equivalent to the special halting

problem for M .

Theorem 1.3 The conjugacy problem for K(M) is Turing equivalent to the confluence

problem for M provided that M has solvable loop problem.

Thus Collins’ theorem will follow provided that there is an extended modular machine M

with special halting problem of degree a, confluence problem of degree b and solvable loop

problem. The fact that such an M exists is discussed in the next section.

The author gratefully acknowledges the help given to him by Dr. D. E. Cohen and Dr.

D. J. Collins during the preparation of the first version of this paper.

2. Decision problems for modular machines

Despite the title of this section, most of it will be devoted to general machines. This is due

to the fact that our results apply to the general situation, without any essential changes

to the proofs. For ease of reference, we state some basic definitions most of which can also

be found in [12]. A (deterministic) machine M consists of

1. a countable set of configurations (together with a numbering),
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2. a recursive subset of configurations called the terminal configurations,

3. a recursive function on configurations which defines the machine’s basic moves and

is written C ⇒ C ′.

For example a modular machine M normally has N2 as its set of configurations. M also

has

1. integers m > n > 0,

2. finitely many quadruples
(ai, bi, cj, R), i ∈ I,

(aj, bj, cj, L), j ∈ J,

such that 0 ≤ ak, bk < m and 0 ≤ ck < m2 for all k ∈ I ∪ J .

Moreover, at most one quadruple begins with any given pair of integers (this ensures

that M is deterministic).

The basic move function of M is defined as follows. Given a configuration (α, β) put

(α, β) = (um + a, vm + b) where 0 ≤ a, b < m. If M has a quadruple (a, b, c, R) then

(um + a, vm + b) ⇒ (um2 + c, v). If M has quadruple (a, b, c, L) then (um + a, vm + b) ⇒
(u, vm2 + c). Otherwise (α, β) is terminal. Clearly the set of terminal configurations is

recursive. An extended modular machine uses Z2 as its set of configurations but otherwise

it is the same as an ordinary modular machine.

The letter m together with the sets of quadruples (ai, bi, cj, R) for i ∈ I and (aj, bj, cj, L)

for j ∈ J will always have the above meaning for a modular machine M . The number n

is used for defining input and output functions for M . We do not define these as they will

not be needed and so we shall use n as a general variable.

Returning to general machines, if C0 ⇒ C1 ⇒ · · · ⇒ Cn then we write C0 → Cn. The

halting problem for M is

H(M) = {C | C → C ′ where C ′ is terminal }.

The word, or derivability, problem for M is

D(M) = { (C, C ′) | C → C ′ }.
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The confluence problem for M is

K(M) = { (C, C ′) | ∃C ′′ s.t. C → C ′′ and C ′ → C ′′ }.

The loop problem for M is

L(M) = {C | ∃C ′ s.t. C → C ′ and C ′ → C ′ in a positive number of steps }.

We say that M halts from C if C ∈ H(M) and it loops from C if C ∈ L(M). We also say

that C, C ′ conflow if (C, C ′) ∈ K(M).

It is frequently convenient to single out a special terminal configuration C0 of M and

define the special halting problem of M to be

H0(M) = {C | (C,C0) ∈ D(M) }.

For modular machines we take C0 = (0, 0), provided that (0, 0) is terminal (otherwise

H0(M) = ∅). For single-tape Turing machines defined by quintuples (or quadruples) we

normally take C0 to consist of the empty tape and a special halting state q0.

Any realistic machine works by obeying instructions and every basic move C ⇒ C ′

can be given a label which is the instruction used to produce C ′ from C. In the case

of a Turing machine the labels are the quintuples (or quadruples) which define it. For a

modular machine the labels are its quadruples. From now on we shall assume that each

basic move of a machine M has a label attached to it.

A computation C0 ⇒ C1 ⇒ · · · ⇒ Cn determines a unique path Π consisting of the

labels of each basic move. We use C0
Π−→ Cn to represent such a computation sequence.

We denote the length of Π by l(Π). For an arbitrary configuration C and a path Π we put

CΠ = C ′ if there is a computation C Π−→ C ′, otherwise CΠ is undefined. We put Σ ≤ Π

if there is a path ∆ such that Π = Σ∆. Note that if CΠ = CΠ′ (where both sides are

defined) then either Π ≤ Π′ or Π′ ≤ Π. Moreover if equality does not hold then M loops

from C. For two pairs (Σ, Σ′) and (Π, Π′) we put (Σ, Σ′) ≤ (Π, Π′) if there is a path ∆

such that Π = Σ∆ and Π′ = Σ′∆.

A pair (C, C ′) of configurations is said to conflow via a pair of paths (Π, Π′) if CΠ, C ′Π′

are both defined and CΠ = C ′Π′. A pair of paths (Π, Π′) is said to be a mass confluence for

the configurations (Ci, C ′
i) for 0 ≤ i ≤ n if each (Ci, C ′

i) conflows via (Π, Π′) for 0 ≤ i ≤ n.

The mass confluence problem for M is the problem of deciding for arbitrary configurations

(Ci, C ′
i) for 0 ≤ i ≤ n whether or not they mass conflow (note that n is also arbitrary).

5



Lemma 2.1 Let (C, C ′) conflow via (Σ, Σ′) and via (Π, Π′). Then it follows that M

loops from C and C ′ or (Σ, Σ′) ≤ (Π, Π′) or (Π, Π′) ≤ (Σ, Σ′).

Proof. We may assume without loss of generality that Π = Σ∆ for some path ∆. Then

CΣ∆ is defined and C ′Σ′∆ = CΣ∆ = CΠ = C ′Π′. Thus either (Σ, Σ′) ≤ (Π, Π′) or M

loops from C ′ (and hence C). 2

Lemma 2.2 Let M have solvable loop problem and let (C, C ′) be a pair of configurations

which conflow. Suppose that M does not loop from C (and hence C ′). Then there is a

minimal confluence (Σ, Σ′) for (C,C ′) which can be computed.

Proof. Let (Π, Π′) be any confluence for (C, C ′). If we choose a confluence (Σ, Σ′) for

(C, C ′) with l(Σ) + l(Σ′) minimal the result then follows from lemma 2.1. 2

Note that in the preceding lemma we require M to have solvable loop problem in order

to ensure that the set P = { (C, C ′) | M does not loop from C,C ′ } is recursively enumer-

able. The lemma then states that there is a partial recursive function f from pairs of

configurations to pairs of paths such that if (C,C ′) ∈ P conflow then f(C, C ′) is a minimal

confluence for (C, C ′).

Lemma 2.3 Suppose that M loops from C,D. Then

1. we can recursively find paths Π0, . . . , Πr, Πr+1 . . . , Πr+s, Σr+1 . . . , Σr+s such that any

computation from C is either by a path Πi for 0 ≤ i ≤ r or by a path ΠiΣn
i for

r + 1 ≤ i ≤ r + s and n ≥ 0.

2. We can recursively find paths Γ0, . . . , Γp, Γp+1, . . . , Γp+q, ∆p+1, . . . , ∆p+q such that the

set

{Γ | CΓ and DΓ are both defined }

is just

{Γ0, . . . , Γp } ∪ {Γi∆n
i | p + 1 ≤ i ≤ p + q and n ≥ 0 }.

Moreover (CΓ, DΓ) = (CΓ′, DΓ′) if and only if Γ = Γ′ or Γ = Γi∆t
i, Γ

′ = Γi∆u
i for

some i with p + 1 ≤ i ≤ p + q and t, u ≥ 0. In particular the set

{ (CΓ, DΓ) | CΓ, DΓ are both defined for some path Γ }

is finite and recursively computable from C, D.
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Proof. For the first part let C = C0, C1, . . . , Cr, Cr+1, . . . , Cr+s+1 = Cr+1 be the config-

urations of the computation from C up to the first loop. The result follows if we choose

Πi for 0 ≤ i ≤ r + s to be the path such that Ci = C0Πi and Σi for r + 1 ≤ i ≤ r + s to

be the minimal non-empty path such that Ci = CiΣi.

For the second part we use the notation introduced in the previous paragraph. We can

check which, if any, of the Πi for 0 ≤ i ≤ r apply to D and put these amongst Γ0, . . . , Γp.

Now for each i > p consider the paths ΠiΣn
i for all n ≥ 0. Note that there are only finitely

many configurations reachable from D and we can find out what they are. If DΠi is not

defined then DΠiΣn
i is not defined for any i > p and n ≥ 0. Assume now that DΠi is

defined. There are two possibilities to consider.

(1) There is an n ≥ 0 with DΠiΣn
i defined and DΠiΣn+1

i not defined. Here we obtain

finitely many paths Γ such that CΓ, DΓ are both defined and Γ = ΠiΣt
i for some t ≥ 0. We

put all these amongst Γ0, . . . , Γp. Note that in this case we cannot have DΠiΣt
i = DΠiΣu

i

for u > t.

(2) There exist u ≥ 0 and t < u such that DΠiΣt
i = DΠiΣu

i . Let u be minimal. Clearly

DΠiΣk
i is defined for all k and DΠiΣk

i = DΠiΣ
k−(u−t)
i for k ≥ u. Here we have finitely

many different endpoints {DΠiΣn
i | 0 ≤ n < u } and paths of type ΛjΘk

j for all k ≥ 0

where Θj = Σu−t
i and the Λj are the elements of {ΠiΣn

i | 0 ≤ n < u }. We put the Λj

amongst Γp+1, . . . , Γp+q and the Θj amongst ∆p+1, . . . , ∆p+q.

The rest of the lemma follows easily. 2

Note that the preceding lemma can be extended to any number of configurations.

We shall say that a machine is strongly labelled if whenever C0 ⇒ C ′, C1 ⇒ C ′ and

both basic moves have the same label then C0 = C1. If we label modular machines by

quadruples, as indicated above, then they are strongly labbelled.

Theorem 2.1 Suppose that M is strongly labelled and has solvable loop problem. Then

the mass confluence problem for M is Turing equivalent to the confluence problem for M .

Proof. The confluence problem for any machine M is certainly Turing reducible to its

mass confluence problem since the pair (C,C ′) conflows if and only if it mass conflows.

We show the opposite reduction for two pairs of configurations (C,C ′), (D, D′). The

general case is similar.
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First we decide (with respect to an oracle for the confluence problem of M) whether

or not (C,C ′), (D, D′) both conflow. If either pair fails to conflow then the answer to the

problem is ‘no’. Form now on we assume that both pairs conflow and consider two cases.

Case 1. M does not loop from at least one of C or D.

We may assume without loss of generality that M does not loop on C. By lemma 2.2 we

can recursively find a minimal confluence (Σ, Σ′) for (C, C ′). Now if (C, C ′), (D,D′) mass

conflow via (Π, Π′) then by lemma 2.1 there is a path ∆ such that Π = Σ∆ and Π′ = Σ′∆.

An easy induction shows that if DΣ∆ = D′Σ′∆ then DΣ = D′Σ′. (Note that we need

M to be strongly labelled for the induction to go through.) Thus (C,C ′), (D, D′) mass

conflow if and only if they do so via (Σ, Σ′).

Case 2. M loops from C and D.

Note that M also loops from C ′ and D′. By lemma 2.2 we can recursively find the finite

sets

{ (CΓ, DΓ) | Γ is any path such that CΓ, DΓ are both defined }

and

{ (C ′Γ′, D′Γ′) | Γ′ is any path such that C ′Γ′, D′Γ′ are both defined }.

Now (C, C ′), (D,D′) mass conflow if and only if these two sets have non-empty intersection.

2

Theorem 2.2 Let M be a strongly labelled machine with solvable loop problem. Suppose

that we are given

1. pairs of configurations (Ci, C ′
i) for 0 ≤ i ≤ n,

2. a recursive function σ from configurations to integers which is additive, i.e. σ(Π1Π2) =

σ(Π1) + σ(Π2) for all paths Π1, Π2,

3. an integer m,

4. pairs of integers fj, f ′j for 0 ≤ j ≤ n.

Then the problem of deciding whether or not there is a mass confluence (Π, Π′) for the

(Ci, C ′
i) such that mσ(Π)fj = mσ(Π′)f ′j for 0 ≤ j ≤ n is Turing reducible to the confluence

problem for M .
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Proof. We give a reduction to the mass confluence problem for M . An application of

theorem 2.1 completes the result.

Clearly we may assume that m 6= 0 and we may also disregard any pair fj, f ′j which is

zero. Note also that if any fj (respectively f ′j) is zero then the answer to the problem is

‘no’ unless f ′j (respectively fj) is also zero. Thus we may assume that none of the given

integers is zero. Now if there is to be a ‘yes’ answer then we must have fi/f ′i = fj/f ′j for

0 ≤ i, j ≤ n so suppose that this is the case. It therefore follows that we may replace the

fj, f ′j with just two integers f, f ′.

We prove the theorem for two pairs of configurations (C, C ′), (D,D′). The general case

is similar. First we check (with repect to an oracle for the mass confluence problem of

M) whether or not (C, C ′), (D, D′) mass conflow. If they do not then the answer to the

problem is ‘no’. From now on we assume that they do mass conflow and consider two

cases.

Case 1. M does not loop from at least one of C or D.

It was shown in Case 1 of theorem 2.1 that we can recursively find a mass confluence

(Σ, Σ′) for (C, C ′), (D, D′) such that if (Π, Π′) is any other mass confluence for the two

pairs then Π = Σ∆ and Π′ = Σ′∆ for some path ∆. But now mσ(Π)f = mσ(Π′)f ′ if and

only if mσ(Σ)f = mσ(Σ′)f ′.

Case 2. M loops from C and D.

Let Π0, . . . , Πr, Πr+1 . . . , Πr+s, Σr+1 . . . , Σr+s be paths for C, D constructed as in the second

part of lemma 2.3 and let Γ0, . . . , Γp, Γp+1 . . . , Γp+q, ∆p+1 . . . , ∆p+q be paths for C ′, D′. It

follows from lemma 2.3 that we can recursively find finitely many pairs of paths of form

(Πi, Γj), (ΠiΣi, Γj), (Πi, Γj∆j) or (ΠiΣi, Γj∆j) such that the following are all the mass

confluences for (C,C ′), (D, D′):

1. (Πi, Γj).

2. (ΠiΣt
i, Γj) for all t ≥ 0.

3. (Πi, Γj∆u
j ) for all u ≥ 0.

4. (ΠiΣt
i, Γj∆u

j ) for all t, u ≥ 0.
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We can merge all four cases into one by considering the following problem: given paths

Π, Γ, Σ, ∆ decide whether or not the equation

mσ(Π)+tσ(Σ)f = mσ(Γ)+uσ(∆)f ′

has integer solutions t, u ≥ 0. Furthermore we are allowed to specify that t = 0 or u = 0.

If we do specify that t = 0 or u = 0 then the question is trivially decidable. For the

general case a solution exists only if f/f ′ is a power of m. If this is so then we wish to know

if an equation of form at− bu = c, with a, b ≥ 0, has solutions in non-negative integers t, u.

If any one of a, b, c is zero the problem is clearly decidable. Otherwise the equation has an

integer solution t0, u0 if and only if (a, b) | c. If this is so then we can find a non-negative

solution t1 = t0 + bx, u1 = u0 + ax for some integer x. 2

Finally we concentrate on modular machines. As mentioned above we take the label

of a basic move C ⇒ C ′ to be the quadruple which is used to produce C ′ from C. The

recursive function σ of theorem 2.2 is defined by

σ(Π) = #(R-quadruples in Π)−#(L-quadruples in Π).

We shall need the following result from [12].

Theorem 2.3 (Cohen) Let a, b be any two r.e. Turing degrees with a ≤T b. Then

there is an extended modular machine M with terminal configuration (0, 0) such that

1. the special halting problem for M has degree a,

2. the confluence problem for M has degree b.

Unfortunately, as mentioned in §1, we need M to have solvable loop problem. Following the

analysis of [12] it is easy to see that the modular machines constructed there have solvable

loop problem provided they are obtained from Turing machines whose loop problem for

unmarked tape is solvable. The discussion of normal and non-normal configurations in [12]

shows that this holds if each Turing machine is constructed from a large scale machine

whose loop problem is solvable. However, if we construct a large scale machine with halting

problem of degree a, confluence problem of degree b and solvable derivability problem by

fitting together two of the machines mentioned in [12], we find that the machine never

loops. This is because in any computation which does not halt one register becomes
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arbitrarily large. Fortunately we do not use the derivability problem and so we may take

it to be solvable.

For the rest of the paper M will denote a modular machine which satisfies theorem 2.3

and has solvable loop problem.
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3. The word problem degree

We use Bokut’ normal forms to prove Theorem 1.2. These forms were introduced by

Bokut’ [3] under the concept of a ‘group with standard basis’. A more detailed account is

given by him in [5]. A brief, but for our purposes adequate account, will be found in §3
of [21].

The existence of Bokut’ normal forms for K2 is established in §5 of [21]. We include

the forbidden subwords here for ease of reference.

K1 : yδxε.

K2 : xmysri, x−1ysri, xm2ysr−1
i , x−1ysr−1

i ,

ymri, y−εrε
i , y−1r−1

i ,

tεxaiybiri, tεxcir−1
i ,

ymlj, y−1lj, ym2l−1
j , y−1l−1

j ,

xmyslj, x−εyslεj, x−1ysl−1
j ,

tεxajybj lj, tεxcj l−1
j , for all i ∈ I, j ∈ J and s ∈ Z.

(We shall use δ, ε, ζ, η, possibly with subscripts, as variables for ±1 throughout the paper.)

Note that the two sets of forbidden subwords are recursive and so the normal forms for

K2 are recursively computable. In order to extend the normal forms to K4 we need the

following:

t−1(α, β)ht(α, β)k = kt−1(α, β)ht(α, β) ⇐⇒ (α, β) ∈ H0(M). (3.1)

Using the relations of K2 we see that, for all i ∈ I,

r−1
i t(αm + ai, βm + bi)ri = t(αm2 + ci, β), for all (α, β) ∈ Z2.

Moreover,

(αm + ai, βm + bi) ∈ H0(M) ⇐⇒ (αm2 + ci, β) ∈ H0(M).

Similar remarks apply for the lj. It now follows that if S is any { ri, lj }-word such that

S−1tS = t(α, β) then (α, β) ∈ H0(M) (recall that (0, 0) is terminal for M). Therefore

A(k) = 〈 t−1(α, β)ht(α, β), ri, lj; (α, β) ∈ H0(M), i ∈ I, j ∈ J 〉.

Thus we simply have to show that

t−1(α, β)ht(α, β) ∈ A(k) ⇒ (α, β) ∈ H0(M).
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Suppose that t−1(α, β)ht(α, β) ∈ A(k) and write this word in the generators of A(k) which

are given in the presentation of K4. Using h as a stable letter we see by Britton’s lemma

that

t−1(α, β)ht(α, β) = S0t−1htS1

where S0, S1 are freely reduced { ri, lj }-words. We may rewrite the Britton tower K0, . . . , K4

so that the ri, lj come after h as stable letters (see the tower P0, . . . , P4 of §5). Britton’s

lemma now implies that S0 ≡ S−1
1 and so

t−1(α, β)ht(α, β) = t−1(α′, β′)ht(α′, β′)

for some (α′, β′) ∈ H0(M). Using h as a stable letter we see that t−1(α′, β′)t(α, β) ∈
A(h) = 〈 ri, lj; i ∈ I, j ∈ J 〉 and so (α, β) = (α′, β′).

We now adjoin the set of all equations in (3.1) to the relations of K4. The following

gives our choice of distinguished letters.

K3 : rih = hri, ljh = hlj.

K4 : rik = kri, ljk = klj,

t−1(α, β)ht(α, β)k = kt−1(α, β)ht(α, β), for all (α, β) ∈ H0(M).

This gives the following forbidden subwords (where V (a, b, . . .) denotes any { a, b, . . . }-word

and C(W ) denotes the Bokut’ normal form of W ).

K3 : riC(V (xm2 , y, t(ci, 0)))hε, r−1
i C(V (xm, ym, t(ai, bi)))hε,

ljC(V (x, ym2 , t(0, cj)))hε, l−1
j C(V (xm, ym, t(aj, bj)))hε.

K4 : same as for K3 with h replaced by k, and

hδV (ri, lj)t(α, β)kε, where V (ri, lj) is freely reduced and (α, β) ∈ H0(M).

The existence of normal forms for K3 and K4 follows easily from length arguments. We

now prove that these forms are unique.

To prove uniqueness for K3 let Rhε, Thε ∈ C3 for R, T ∈ C2 and suppose that there is

a V ∈ 〈 ri, lj 〉 such that R = TV where V is freely reduced. Suppose that V 6≡ 1 for a

contradiction.

TV cannot be in normal form for otherwise C(TV hε) does not end in hε which contra-

dicts the fact that Rhε ≡ C(TV hε). Let pζ be the first symbol in V and suppose that it is
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cancelled in reducing TV to normal form. Thus T ≡ T0p−ζT1 where T1 is { ri, lj }-free and

is in A(pζ). But this contradicts the assumption that Thε is normal.

Thus pζ is not cancelled and so the last letter in V , qη say, is not cancelled either.

Hence R (≡ C(TV )) ends in qηX where X ∈ A(qη). This contradicts the assumption that

Rhε is normal.

Hence K3 has a set C3 of unique Bokut’ normal forms. Moreover these normal forms are

recursively computable since the set of forbidden subwords for K3 is recursive and normal

forms for K2 are recursively computable.

To prove uniqueness for K4 let Rkε, Tkε ∈ C4 where R, T ∈ C3 and suppose that

there is a D ∈ A(k) such that R = TD. We write D as a word in the generators

{ ri, lj, t−1(α, β)ht(α, β) | (α, β) ∈ H0(M) }. Since h induces the identity isomorphism

we may assume that D has no h-pinches and so no h-symbols are cancelled in reducing D

to normal form. If D is h-free then an argument similar to that for K3 gives D = 1. So

suppose that D involves h and D 6= 1 for a contradiction.

Suppose that the first h-symbol in D is cancelled in reducing TD to normal form.

Let D ≡ Lt−1(α, β)hζD′ where L is an { ri, lj }-word. Then we must have T ≡ T0h−ζT1

where T1 is h-free and T1Lt−1(α, β) ∈ A(hζ) = 〈 ri, lj 〉. So T1Lt−1(α, β) = S for some

{ ri, lj }-word S. Now T1 = St(α, β)L−1 and after removing any { ri, lj }-pinches we have

T1 = S0t(α′, β′)S1 where S0, S1 are freely reduced { ri, lj }-words and (α′, β′) ∈ H0(M). If

S1 ≡ 1 then T1 ≡ C(S0t(α′, β′)) ≡ S0t(α′, β′) and Tkε is not normal contrary to assumption.

Thus S1 6≡ 1, say S1 ≡ S′1p
η. Then T1 ≡ C(S0t(α′, β′)S′1p

η) ends in pηV for some V ∈ A(pη)

and once again Tkε cannot be normal.

Thus the first h-symbol in D is not cancelled and so the last one is not cancelled

either. Let D ≡ D′hηt(α, β)S where S is a freely reduced { ri, lj }-word. Thus C(TD) ≡
T ′hηC(Xt(α, β)S) for some word T ′ and some X ∈ A(hη) = 〈 ri, lj 〉. But this means that

Rkε ≡ C(TD)kε is not normal, contrary to assumption.

This completes the proof that K4 has unique Bokut’ normal forms. Note that these

forms are H0(M)-recursively computable since the set of forbidden subwords for K4 is

H0(M)-recursive and normal forms for K3 are recursively computable.

We have thus shown that the word problem for K(M) is reducible to H0(M). The

converse follows from (3.1). This completes the proof of Theorem 1.2

We end this section by defining a variant of the normal forms obtained above which will

be useful later on. A normal { x, y, t }-word which ends in xαyβ can be written uniquely in
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the form

xα0yβ0tε1(α1, β1) · · · tεn(αn, βn)

where tεi(αi, βi) 6= t−εi+1(αi+1, βi+1) for 1 ≤ i ≤ n − 1 and αn = α, βn = β. In order to

obtain the new normal form for a word W , denoted by C∗(W ), we H0(M)-compute C(W )

and then put each { x, y, t }-subword of C(W ) into the form given above. Clearly C∗(W ) is

unique and H0(M)-computable.

4. General definitions and lemmas

Let E∗ be an HNN extension of E with stable letters { pv }. We shall write (E∗, E, p) for

this and AE(pv), AE(p−1
v ) for the associated subgroups of pv. By ‘?(U ∼E∗ V )’ we shall

mean ‘the problem of determining whether or not U is conjugate to V in E∗’ (where U, V

are given). A word W of E∗ is:

• pinch-reduced w.r.t. (E∗, E, p) if it is not equal to a word with fewer p-symbols (i.e.

W has no p-pinches),

• cyclically pinch-reduced w.r.t. (E∗, E, p) if all cyclic permutations of W are pinch-

reduced w.r.t. (E∗, E, p). (A cyclic permutation of W is any word Y X where W ≡
XY . Naturally W is a cyclic permutation of itself. Clearly W is conjugate to each

of its cyclic permutations.)

We shall omit the qualifying phrase ‘w.r.t. (E∗, E, p)’ whenever there can be no confusion.

Let lp(W ) denote the number of p-symbols in W and consider a sequence W = W0,W1,W2, . . .

such that for each i the word Wi+1 is equal to a cyclic permutation of Wi and lp(Wi+1) <

lp(Wi). Clearly such a sequence must eventually halt in a cyclically pinch-reduced word
˜W which we call a cyclic pinch-reduction of W . Note that W ∼E∗

˜W and so U ∼E∗ V if

and only if ˜U ∼E∗
˜V for all U, V ∈ E∗.

The p-projection of W , denoted by πp(W ), is the formal word obtained by deleting all

symbols of W other than p-symbols. Two words U, V of E∗ are p-parallel if πp(U) ≡ πp(V )

and p-circumparallel if πp(U) is a cyclic permutation of πp(V ). Britton’s lemma implies that

if two pinch-reduced words are equal then they are p-parallel. The analogous statement

for conjugacy is contained in Collins’ lemma.
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Lemma 4.1 (Collins’ lemma) Let U, V be cyclically pinch-reduced words of E∗ not both

p-free. Then U ∼E∗ V if and only if U, V are p-circumparallel and there exist U0, V0 such

that

1. U0, V0 are cyclic permutations of U, V respectively,

2. U0, V0 both have pε
v as initial (respectively final) symbol,

3. there is an X ∈ AE(pε
v) (respectively X ∈ AE(p−ε

v )) such that X−1U0X = V0.

Let U, V be two words of E∗ not both p-free. We say that V is a right (respectively

left) conjugate of U by W w.r.t. (E∗, E, p) if W−1UW = V and in removing all p-pinches

from W−1UW the p-symbols of W in left to right (respectively of W−1 in right to left)

order are the rightmost (respectively leftmost) symbols of the words p−ε
v Xpε

v which are the

successive pinches.

Lemma 4.2 Let U, V be cyclically pinch-reduced words of E∗ neither p-free and W a

pinch-reduced word such that W−1UW = V . Then V is either a left or a right conjugate

of U by W w.r.t. (E∗, E, p). If W is not p-free then these cases are mutually exclusive.

Lemma 4.3 Let U, V be cyclically pinch-reduced words of E∗ neither p-free and W a

pinch-reduced word of E∗. If V is a left (respectively right) conjugate of U by W w.r.t.

(E∗, E, p) then U is a right (respectively left) conjugate of V by W−1 w.r.t. (E∗, E, p).

Most of the preceding definitions and all the lemmas are taken from [13], Part I. The

proofs of the lemmas are fairly straightforward applications of Britton’s lemma and are

carried out by means of induction on the number of p-symbols of some appropriate word.

Suppose we want to show that the conjugacy problem for E∗ is of degree at most d

and we have a d-recursive procedure for obtaining cyclic pinch-reductions of words in E∗.

It follows from above that in examining ?(U ∼E∗ V ) for words U, V of E∗, at least one of

which is not p-free, we may assume that

U ≡ pε1
v1

X1 · · · pεs
vs

Xs,

V ≡ pε1
v1

Y1 · · · pεs
vs

Ys,

where Xi, Yi are p-free for 1 ≤ i ≤ s and U, V are cyclically pinch-reduced. Moreover

we need only look at elements of AE(pε1
v1

) in trying to find a conjugating word. (A dual
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statement also holds where U, V both end in a p-symbol.) Another useful fact is that if

U, V ∈ E and each stable letter of E∗ induces the identity isomorphism then U ∼E∗ V

if and only if U ∼E V . We shall use these observations in the rest of the paper without

further comment.

We proceed to prove another two general lemmas which will be helpful in analysing

conjugacy in K(M). A prefix of a word W is any word X for which there is a word Y such

that W ≡ XY .

Lemma 4.4 Let U, V be cyclically pinch-reduced words of E∗ with πp(U) ≡ S0 6≡ 1.

Suppose V is a left conjugate of U by S w.r.t. (E∗, E, p) where S is a freely reduced

p-word. Then S ≡ Sf
0 S1 where S1 is a prefix of S0 and f ≥ 0.

Proof. We use induction on lp(S). If lp(S) = 0 there is nothing to prove. So suppose

that S ≡ pδ
uT and put U ≡ Xpε

vU1 where X is p-free. Now S−1US ≡ T−1p−δ
u Xpε

vU1pδ
uT

and p−δ
u Xpε

v is a pinch which is equal to a p-free word X∗. Thus δ = ε, u = v and

S−1US = T−1X∗U1pε
vT . Now X∗U1pε

v is cyclically pinch-reduced and lemma 4.2 implies

that V is a left conjugate of it by T . Put S0 ≡ pε
vR so that πp(X∗U1pε

v) ≡ Rpε
v. Induction

now implies that T ≡ (Rpε
v)

fR1 where f ≥ 0 and R1 is a prefix of Rpε
v (which we may

assume to be a prefix of R). Thus S = pε
vT and there can be no cancellation between pε

v and

T for otherwise U would not be cyclically pinch-reduced. Therefore S ≡ pε
vT ≡ (pε

vR)fpε
vR1

and the result follows. 2

Note that if in the preceding lemma f > 0 then πp(U) is itself cyclically pinch-reduced.

We now define two reduction procedures which lead us to our last general lemma.

ρ-reduction w.r.t. (E∗, E, p). Let W ≡ W1pεXW2 where X is non-empty and is p-free. If

X ∈ AE(p−ε) then W1X∗W ′
2 is a primitive ρ-reduction of W , where X∗ is the image

of X under the isomorphism induced by p−ε and W ′
2 is pεW2 freely reduced.

Clearly a sequence of primitive ρ-reductions must eventually terminate in a word

W ′′S where W ′′ does not end in a p-symbol and S is a freely reduced p-word. We

shall use ρ(W ) as a variable for words such as W ′′S which are obtained from W by a

terminating sequence of primitive ρ-reductions (it will always be clear which Britton

tower is being used).

λ-reduction w.r.t. (E∗, E, p). Dual to ρ-reduction. This time we obtain a word SW ′′. We

shall denote such words by λ(W ).
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Lemma 4.5 Let U, V be cyclically pinch-reduced words of E∗ with πp(U) ≡ S0 6≡ 1. Let

S be a freely reduced p-word with lp(S) ≥ lp(S0). Then V is a left conjugate of U by S

w.r.t. (E∗, E, p) if and only if

1. S ≡ Sf
0 S1 where S1 is a prefix of S0 and f > 0,

2. λ(U) ≡ S0U ′ where U ′ is p-free,

3. ρ(S1V S−1
1 ) = V ′S0 where V ′ is p-free,

4. V ′ = S−f+1
0 U ′Sf−1

0 .

Proof. If the four conditions hold then V is certainly a left conjugate of U by S w.r.t.

(E∗, E, p). For the direct implication we have:

Part 1: follows from lemma 4.4.

Part 2: suppose λ(U) = S2XpεU0 where X is a p-free non-empty word and S2 is a freely

reduced p-word. Then by part 1 we have S ≡ S2pεS3 and so S−1US = S−1
3 p−εXpεU0S. It

follows that p−εXpε is a pinch contrary to the assumption that S2XpεU0 is λ-reduced.

Part 3: we have V = S−1US = S−1
1 S−f

0 S0U ′Sf
0 S1 = S−1

1 (S−f+1
0 U ′Sf−1

0 )S0S1. Since U, V

are cyclically pinch-reduced Collins’ lemma implies that lp(V ) = lp(U) = lp(S0). Thus the

number of p-pinches in the final word above must be at least f . From the assumption that

S is freely reduced and part 1 it follows that S−1
1 S−f+1

0 and Sf−1
0 S0S1 are freely reduced.

Hence there is a p-free word V ′ which is equal to S−f+1
0 U ′Sf−1

0 .

Part 4: proved in part 3. 2

Suppose that we have words U, V neither p-free which are cyclically pinch-reduced and

wish to decide (possibly w.r.t. an oracle) whether or not there is a p-word S such that

S−1US = V . By lemma 4.3 there is no loss of generality if we assume that V is a left

conjugate of U by S. Now lemma 4.4 implies that if S exists at all then it is of form Sf
0 S1

where f ≥ 0, S0 ≡ πp(U) and S1 is a prefix of S0. If lp(S) < lp(S0) then there are only

finitely many choices for S and our problem reduces to the word problem for E∗. Otherwise

lemma 4.5 implies that our problem reduces to looking for some prefix S1 of S0 such that

λ(U) ≡ S0U ′, ρ(S1V S−1
1 ) ≡ V ′S0 where U ′, V ′ are p-free and deciding the question:

is there a g ≥ 0 such that S−g
0 U ′Sg

0 = V ′? (4.1)
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Thus, provided we have suitable procedures for λ- and ρ-reduction, we may assume that

U, V can be replaced with p-free words U ′, V ′ and consider the question (4.1). In fact λ-

and ρ-reduction will be recursive or H0(M)-recursive whenever we use them. We shall use

the reduction to question (4.1) in the rest of the paper without further comment.
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5. Preliminary remarks

First of all we note that all the reductions introduced in §4 are H0(M)-recursive for

K0, . . . , K4. This follows from the fact that K(M) has H0(M)-recursive Bokut’ nor-

mal forms. Furthermore given any word W and a stable letter q in the Britton tower

K0, . . . , K4 we can H0(M)-decide whether or not W ∈ A(qε) for this is so if and only if

C(q−εWqεW−1) ≡ 1. Moreover if W ∈ A(qε) then there is an H0(M)-recursive procedure

which returns a word in the generators of A(qε) and which is equal to W . This procedure

simply enumerates in turn all words in the appropriate generators and tests each one for

equality with W . When the test succeeds the current word is returned.

The following are easily seen to be Britton towers which define the group K(M).

H0 = K0, H1 = K1, H2 = K2,

H3 = 〈H2, k | rik = kri, ljk = klj; i ∈ I, j ∈ J 〉,

H4 = 〈H3, h | rih = hri, ljh = hlj, tkt−1h = htkt−1; i ∈ I, j ∈ J 〉.

P0 = K0, P1 = K1,

P2 = 〈P1, h | 〉,

P3 = 〈P2, k | t−1htk = kt−1ht 〉,

P4 = 〈P3, ri, lj | xmri = rixm2 , ymri = riy, t(ai, bi)ri = rit(ci, 0),

hri = rih, kri = rik,

xmlj = ljx, ymlj = ljym2 , t(aj, bj)lj = ljt(0, cj),

hlj = ljh, klj = ljk; i ∈ I, j ∈ J 〉.

If q is a stable letter then, for example, we shall use AH(qε) to denote the associated

subgroup of qε in the tower H0, . . . , H4. For the rest of the paper we put { pv } = { ri, lj }
so that a phrase such as ‘W is p-free’ will mean ‘W is { ri, lj }-free’. The symbol S,

possibly with subscripts and superscripts, will be used as a variable for freely reduced

p-words throughout. We also put

σ(S) = #(ri, l−1
j symbols in S)−#(r−1

i , lj symbols in S),

(cf. the definition of σ on sequences of quadruples of a modular machine given near the

end of §2). Note that if S−1xαyβS = xα′yβ′ then α′ = mσα and β′ = m−σβ.
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Let U, V be two words of K(M). In considering ?(U ∼K(M) V ) we can regard U, V as

elements of any of our three Britton towers which define K(M). It is therefore desirable to

have a procedure for cyclically pinch-reducing words of K(M) w.r.t. (P4, P3, p), (H4, H3, h)

and (K4, K3, k) simultaneously and which uses an oracle whose degree is at most that of

the confluence problem for M . In fact we define a procedure which is H0(M)-recursive.

Let { qv } be one of { pv }, {h }, { k }. For q ∈ { qv } let A[qε] denote the associated

subgroup of qε in the Britton tower which has q as one of its top stable letters. Given

{ qv } construct a sequence W ≡ W0,W1,W2, . . . such that for each i > 0 there is a cyclic

permutation W ′
iq
−εXqε of Wi−1 where q ∈ { qv }, X is { qv }-free, X ∈ A[qε] and Wi ≡

W ′
iC(q−εXqε).

If { qv } = { k } then it is clear that the procedure eventually produces a word which

is cyclically pinch-reduced w.r.t. (K4, K3, k) since the Bokut’ normal form of a k-pinch

produces a word which is k-free. However the situation when { qv } is { pv } or {h } is not

immediately clear since, for example, an ri-pinch in the tower P0, . . . , P4 is not necessarily

an ri-pinch in the tower K0, . . . , K4 where Bokut’ normal forms were defined. Note however

that for each q ∈ { pv, h, k } we have that lq(C(U)) ≤ lq(U). Suppose that X is { qv }-
free, X ∈ A[qε] and let X∗ be the image of X under the isomorphism induced by qε.

Now C(q−εXqε) ≡ C(X∗) so that lq(C(q−εXqε)) = lq(C(X∗)) = 0. Thus the procedure

given above produces a cyclically pinch-reduced word in all cases. As a consequence of

this discussion a membership test of form ‘X ∈ A[qε]’ can be replaced by the condition

‘C(q−εXqε) is q-free’. We may now cyclically pinch-reduce W w.r.t. (P4, P3, p), (H4, H3, h)

and (K4, K3, k) by constructing a sequence W ≡ ˜W−1, ˜W0, ˜W1, . . . such that for each i ≥ 0

1. ˜W3i is obtained from ˜W3i−1 by putting { qv } = { pv } in the procedure given above;

2. ˜W3i+1 is obtained from ˜W3i by putting { qv } = {h } in the procedure given above;

3. ˜W3i+2 is obtained from ˜W3i+1 by putting { qv } = { k } in the procedure given above.

This procedure stops when no more pinches can be removed.

We shall split the proof that the conjugacy problem for K(M) reduces to the confluence

problem for M into three sections by looking at the conjugacy problem for words U, V

from K2, K3 and K4 in turn. Our practice will be to assume that U, V are cyclically pinch-

reduced w.r.t. (K4, K3, k), (H4, H3, h) and (P4, P3, p) without further comment. By Collins

lemma U, V can be conjugate only if they are k-, h- and p-circumparallel (not necessarily
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by the same cyclic permutation of course). We shall therefore assume that this is always

the case.

Finally in this section we prove two useful lemmas and also show that the confluence

problem for M reduces to the conjugacy problem for K(M).

Lemma 5.1 Suppose that p−1
1 p2t(α, β)p−1

2 p1 is equal to a p-free word. Then p1 ≡ p2.

Proof. The proof relies on the fact that M is deterministic (cf. lemma 1, §4 of [21]).

Suppose for example that p2 ≡ r and r corresponds to the quadruple (a, b, c, R) of M . If

p1 6≡ p2 then t(α, β) ∈ AK(p−1
2 ) = 〈xm2 , y, t(c, 0) 〉 and so α = α1m2 + c for some α1 ∈ Z.

Thus

p−1
1 p2t(α, β)p−1

2 p1 = p−1
1 t(α1m + a, βm + b)p1,

and so t(α1m+a, βm+b) ∈ A(p1) = 〈 xm, ym, t(a′, b′) 〉 where p1 corresponds to a quadruple

of M which begins with a′, b′. However the last containment implies that a = a′, b = b′

so that p1 corresponds to a quadruple which begins with a, b. Since there is only one such

quadruple and it corresponds to p2 it follows that p1 ≡ p2. 2

Lemma 5.2 S−1t(α, β)S = t(α′, β′) for some S if and only if (α, β), (α′, β′) conflow in

M via paths Π, Π′. Moreover S determines Π, Π′ and conversely.

Proof. Suppose that (α, β), (α′, β′) conflow via paths Π, Π′ of M . Let S, S ′ be the

p-words which corespond to the paths. Then S−1ht(α, β)S = S′−1ht(α′, β′)S′.

Conversely suppose that S−1t(α, β)S = t(α′, β′). Lemma 5.1 implies that S ≡ S1S−1
2

for some positive words S1, S2. Thus

S−1
1 t(α, β)S1 = S−1

2 t(α′, β′)S2. (5.1)

Since S1, S2 are positive they correspond to paths Π, Π′ of M . We use induction on l(S1)+

l(S2) to show that equation (5.1) implies that (α, β), (α′, β′) conflow via Π, Π′.

If l(S1) + l(S2) = 0 the claim is trivial so suppose that l(S1) > 0. Let S1 ≡ lS0

where l corresponds to the quadruple (a, b, c, L) of M (the case S ≡ rS0 is similar). Since

S ≡ S1S−1
2 is freely reduced it follows that both sides of equation (5.1) pinch reduce to

p-free words. Thus t(α, β) ∈ AK(l) and so there are integers α1, β1 such that α = mα1 +a,

β = mβ1 + b. Now equation (5.1) holds if and only if

S−1
0 t(α1,m2β1 + c)S0 = S−1

2 t(α′, β′)S2

and the induction is complete. 2
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Lemma 5.3 (α, β), (α′, β′) conflow in M if and only if kt(α, β) ∼K(M) kt(α′, β′).

Proof. By Collins’ lemma kt(α, β) ∼K4 kt(α′, β′) if and only if there is a D ∈ A(k) =

〈 ri, lj, t−1ht 〉 such that D−1t(α, β)D = t(α′, β′). Removing all pinches w.r.t. (K3, K2, h)

we see that D may be assumed to be an { ri, lj }-word. The result now follows from

lemma 5.2. 2

6. The conjugacy problem for K2 in K4

Since the stable letters of K3 and K4 induce the identity isomorphism we need only consider

conjugacy within K2 itself. We change the presentation for K2 by replacing each ri with

r′i = xaiybirix−ci and each lj with l′j = xajybj ljx−cj . For simplicity we shall relabel r′i, l
′
j to

be just ri, lj and still put { pv } = { ri, lj }. This change lasts throughout this section only

and so there can be no confusion. We thus obtain the Britton tower

Q0 = K0, Q1 = K1,

Q2 = 〈Q1, ri, lj | xmri = rixm2 , ymri = riy, tri = rit,

xmlj = ljx, ymlj = ljym2 , tlj = ljt;

i ∈ I, j ∈ J 〉.

This can be rewritten as

T0 = 〈 y | 〉,

T1 = 〈T0, x | yx = xy 〉,

T2 = 〈T1, ri, lj | xmri = rixm2 , ymri = riy,

xmlj = ljx, ymlj = ljym2 ; i ∈ I, j ∈ J 〉,

T3 = 〈T2, t | rit = tri, ljt = tlj; i ∈ I, j ∈ J 〉.

Note that all our reduction procedures are recursive for Q2, T3 since they are recursive for

K2. We consider ?(U ∼T3 V ) for words U, V of T3 which are cyclically pinch-reduced w.r.t.

(Q2, Q1, p) and (T3, T2, t) (there is clearly no problem in computing such a reduction). By

Collins’ lemma U, V must be p- and t-circumparallel if they are to be conjugate and so we

assume that this is the case.

Lemma 6.1 Let U, V be t-free but not p-free. Then ?(U ∼T3 V ) is solvable.
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Proof. Suppose W−1UW = V . Since U, V are t-free we may assume that W is also

t-free. Moreover we may take

U ≡ pε1
1 xα1yβ1 · · · pεs

s xαsyβs ,

V ≡ pε1
1 xα′1yβ′1 · · · pεs

s xα′syβ′s ,

and W ∈ AR(pε1
1 ) so that W = xαyβ for some α, β. Thus W−1UW = V if and only if

xαyβ = x−α′sy−β′sp−εs
s · · ·x−α′1y−β′1p−ε1

1 xαyβpε1
1 xα1yβ1 · · · pεs

s xαsyβs .

From the relations of T2 it is clear that we can compute linear expressions diα+ ei, fiβ + gi

for 1 ≤ i ≤ s + 1 such that the equation above holds if and only if xdiα+eiyfiβ+gi ∈ AR(pεi
i )

for 1 ≤ i ≤ s and xαyβ = xds+1α+es+1yfs+1β+gs+1 . Each of the first set of conditions can be

replaced by at most two linear congruences one in α and one in β. The last condition can

be replaced by the equations α = ds+1α + es+1, β = fs+1β + gs+1. By elementary number

theory we can decide whether or not α, β exist. 2

Lemma 6.2 Let
U ≡ xα0yβ0tε1xα1yβ1 · · · tεsxαsyβs ,

V ≡ xα′0yβ′0tε1xα′1yβ′1 · · · tεsxα′syβ′s ,

be pinch-reduced w.r.t. (T3, T2, t). Then S−1US = V for some S if and only if α′i = mσ(S)αi,

β′i = m−σ(S)βi for 0 ≤ i ≤ n.

Proof. Suppose that S−1US = V . It suffices to show that xα′iyβ′i = S−1xαiyβiS for

0 ≤ i ≤ n. For this note that

xα′0yβ′0tε1xα′1yβ′1 · · · tεsxα′syβ′s = S−1xα0yβ0Stε1S−1xα1yβ1S · · · tεsS−1xαsyβsS.

Clearly the right hand side is still pinch-reduced w.r.t. (T3, T2, t) and so we have that

xα′syβ′sS−1x−αsy−βsS ∈ A(t−ε) = 〈 ri, lj 〉. Thus xα′syβ′s = S−1xαsyβsS. The result follows

by induction on s.

The converse is trivial. 2

Lemma 6.3 Let U, V be p-free. Then ?(U ∼T3 V ) is solvable.

Proof. If U, V are t-free let U ≡ xαyβ, V ≡ xα′yβ′ and suppose W−1UW = V . We

may assume that W is t-free. Since xy = yx we may also assume that W is { x, y }-free.
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Thus W is a p-word. Put σ = σ(W ) so that W−1UW = xmσαym−σβ and thus α′ = mσα,

β′ = m−σβ. The converse of this is trivial.

Suppose now that U, V are not t-free. By Collins’ lemma we may take

U ≡ tε1xα1yβ1 · · · tεsxαsyβs ,

V ≡ tε1xα′1yβ′1 · · · tεsxα′syβ′s ,

and look for a conjugating word S. The result now follows from lemma 6.2. 2

Lemma 6.4 Suppose that U, V are not t-free and not p-free. Then ?(U ∼T3 V ) is

solvable.

Proof. We may put
U ≡ tε1X1 · · · tεnXn,

V ≡ tε1Y1 · · · tεnYn,

where Xi, Yi are t-free for 1 ≤ i ≤ n and consider the question of whether or not S−1US = V

for some S. Using λ- and ρ-reduction w.r.t. (Q2, Q1, p) we may reduce ?(U ∼T3 V ) to the

question of whether or not there is a g ≥ 0 such that S−gU ′Sg = V ′ where U ′, V ′ are p-free

and S ≡ πp(U). We may put

U ′ ≡ xα0yβ0tε1xα1yβ1 · · · tεnxαnyβn ,

V ′ ≡ xα′0yβ′0tε1xα′1yβ′1 · · · tεnxα′nyβ′n ,

and now lemma 6.2 shows that g exists if and only if α′i = mgσ(S)αi, β′i = m−gσ(S)βi for

0 ≤ i ≤ n. If σ(S) = 0 or each equation is zero then we must have U ′ ≡ V ′ otherwise g is

uniquely determined. 2

This completes the proof that K2 has solvable conjugacy problem.

7. The conjugacy problem for K3 in K4

We need only consider (normal) words U, V which are k-free but not h-free and decide

(w.r.t. an oracle) when they are conjugate by a word in K3. We may put

U ≡ hε1X1 · · ·hεsXs

V ≡ hε1Y1 · · ·hεsYs

where Xi, Yi are h-free for 1 ≤ i ≤ s and consider two cases depending on whether or not

U, V are p-free. First we prove some preliminary lemmas.
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Lemma 7.1 Let W ≡ Z0hε1Z1 · · ·hεnZn be a p, k-free C∗-normal word. Then W ∈
AP (pε) if and only if Zi ∈ AK(pε) for 0 ≤ i ≤ n.

Proof. Clearly if each Zi ∈ AK(pε) then W ∈ AP (pε). For the converse of this write W

as a word T in the generators of AP (pε). We may assume that T is k-free and pinch-reduced

w.r.t. (K3, K2, h). Thus T ≡ T0hε1T1 · · ·hεnTn where Ti ∈ AK(pε) for 0 ≤ i ≤ n. But now

W ≡ C∗(T ) ≡ C∗(T0)hε1C∗(T1) · · ·hεnC∗(Tn) so that Zi ≡ C∗(Ti) ∈ AK(pε) for 0 ≤ i ≤ n. 2

Let X ≡ xα0 , Y ≡ yβ0 , T ≡ tδ(α1, β1) and suppose that X, Y, T ∈ AK(pε). Then there

are integers α′0, β
′
0, α

′
1, β

′
1 such that the images of X, Y, T under the isomorphism induced

by pε are equal to the words X ′ ≡ xα′0 , Y ′ ≡ yβ′0 , T ′ ≡ tδ(α′1, β
′
1) respectively. By the

result of the direct application of pε to any one of X, Y, T we shall mean the word X ′, Y ′, T ′

respectively. We extend this definition to any C∗-normal word W ∈ AK(pε) in the obvious

way.

Lemma 7.2 Let W ≡ xαyβtε1(α1, β1) · · · tεn(αn, βn) be C∗-normal. Then

1. W ∈ AK(pε) if and only if xαyβ ∈ AK(pε) and t(αi, βi) ∈ AK(pε) for 1 ≤ i ≤ n.

2. If W ∈ AK(pε) then C∗(p−εWpε) is the result of the direct application of pε to W .

Proof. Part 1 follows easily from the fact that K1 = 〈t | 〉 ∗ (〈x | 〉 × 〈y | 〉).
For part 2 suppose, for example, that ε = 1 and p corresponds to the quadruple

(a, b, c, R) of M . By part 1 we have xαyβ ∈ AK(p) and t(αi, βi) ∈ AK(p) for 1 ≤ i ≤ n.

Hence there are integers α′, β′, α′i, β
′
i such that

α = mα′, β = mβ′,

αi = mα′i + a, βi = mβ′i + b, for 1 ≤ i ≤ n,

and so the result of the direct application of pε to W is the word

xm2α′yβ′tζ1(m2α′1 + c, β′1) · · · tζn(m2α′n + c, β′n).

Since no occurences of t cancel in W it follows that none cancel in the displayed word and

the result follows. 2

Lemma 7.3 Let W ≡ Z0hε1Z1 · · ·hεnZn be C∗-normal where Zi is an {x, y, t }-word for

0 ≤ i ≤ n. Suppose W ∈ AP (pε). Then Zi ∈ AK(pε) and C∗(p−εWpε) ≡ Z ′
0h

ε1Z ′
1 · · ·hεnZ ′

n

where Z ′
i is the result of the direct application of pε to Zi for 0 ≤ i ≤ n.
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Proof. Follows from lemmas 7.1 and 7.2. 2

We are now ready to deal with ?(U ∼K3 V ).

Case I. U, V are p-free.

Lemma 7.4 Let
Xi ≡ xαiyβitζi1(αi1, βi1) · · · tζifi (αifi , βifi),

Yi ≡ xα′iyβ′itηi1(α′i1, β
′
i1) · · · tηigi (α′igi

, β′igi
),

be C∗-normal words for 1 ≤ i ≤ n. Then there is an S such that S−1XiS = Yi for 1 ≤ i ≤ n

if and only if

1. fi = gi, ζij = ηij for 1 ≤ i ≤ n and 1 ≤ j ≤ fi,

2. there are paths Π, Π′ of the modular machine M such that (αij, βij), (α′ij, β
′
ij) conflow

via Π, Π′ and mσ(Π)αi = mσ(Π′)α′i, m−σ(Π)βi = m−σ(Π′)β′i for 1 ≤ i ≤ n and 1 ≤ j ≤
fi.

Proof. Suppose that there is an S such that S−1XiS = Yi for 1 ≤ i ≤ n. Part 1 now

follows from lemma 7.2 and induction on l(S).

For part 2 we apply lemma 7.2 to deduce that

S−1t(αij, βij)S = t(α′ij, β
′
ij),

S−1xαiyβiS = xα′iyβ′i ,

for 1 ≤ i ≤ n and 1 ≤ j ≤ fi. The first set of equations together with lemma 5.2 imply

that (αij, βij), (α′ij, β
′
ij) conflow via paths Π, Π′ of M for 1 ≤ i ≤ n and 1 ≤ j ≤ fi. The

second set of equations yields mσ(Π)αi = mσ(Π′)α′i, m−σ(Π)βi = m−σ(Π′)β′i for 1 ≤ i ≤ n.

The converse follows by induction on l(Π) + l(Π′). 2

Lemma 7.5 The problem of deciding whether or not there is an S such that S−1US = V

is reducible to the confluence problem for M .

Proof. Follows from lemmas 7.3, 7.4 and theorem 2.2. 2

Case II. U is not p-free.
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Lemma 7.6 Given any S there are constants µ, ν which are recursively computable from

S such that if

W ≡ xα0yβ0tε1(α1, β1) · · · tεn(αn, βn)

is any C∗-normal word with

S−1WS = xα′0yβ′0tε1(α′1, β
′
1) · · · tεn(α′n, β

′
n)

then
α′0 = mσα0, β′0 = m−σβ0,

α′i = mσαi + µ, β′i = m−σβi + ν, for 1 ≤ i ≤ n,

where σ = σ(S).

Proof. By straightforward induction on l(S). 2

Using λ- and ρ-reduction w.r.t. (P4, P3, p) we may reduce ?(U ∼K3 V ) to the question

of whether or not there is a g ≥ 0 such that S−gU ′Sg = V ′ where U ′, V ′ are p-free and

S ≡ πp(U).

Lemma 7.7 Let
Xi ≡ xαiyβitζi1(αi1, βi1) · · · tζifi (αifi , βifi),

Yi ≡ xα′iyβ′itζi1(α′i1, β
′
i1) · · · tζifi (α′ifi

, β′ifi
).

be C∗-normal words for 1 ≤ i ≤ n. Suppose also that S is given. Then the problem of

deciding whether or not there is a g > 0 such that S−gXiSg = Yi for 1 ≤ i ≤ n is solvable.

Proof. We may assume that Xj 6= Yj for some j. Suppose that S−gXiSg = Yi for

1 ≤ i ≤ n. By lemma 7.6 (and induction on g) we can recursively compute constants

µ, ν, σ from S such that

α′i = mgσαi, β′i = m−gσβi,

α′ij = mgσαij + µ
∑g−1

k=0 mkσ, β′ij = m−gσβij + ν
∑g−1

k=0 m−kσ,

for 1 ≤ i ≤ n and 1 ≤ j ≤ fi.

If σ = 0 we have
α′i = αi, β′i = βi,

α′ij = αij + gµ, β′ij = βij + gν,

for all i, j. If µ = ν = 0 then Xi = Yi for all i, contrary to assumption. Thus g is uniquely

determined.
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If σ 6= 0 then we may assume that α′i = αi, β′i = βi for all i, j for otherwise g is again

uniquely determined. Now we have

α′ij = mgσα∗ij + µ∗, β′ij = m−gσβ∗ij + ν∗,

where µ∗ = −µ/(mσ − 1), α∗ij = αij − µ∗, ν∗ = −ν/(m−σ − 1), β∗ij = βij − ν∗ for all i, j.

(Recall that, by the definition of a modular machine, m > 1.) If α∗ij = β∗ij = 0 for all i, j

then Xi = Yi for all i, contrary to assumption. It follows that α∗ij 6= 0 or β∗ij 6= 0 for some

i, j and once again g is uniquely determined. 2

Lemma 7.8 With U ′, V ′ as above the problem of deciding whether or not there is a g > 0

such that S−gU ′Sg = V ′ is solvable.

Proof. We may assume that U ′, V ′ are C∗-normal and U ′ 6≡ V ′ (note that C∗ is recursive

for K3). If in addition we assume that U ′, V ′ are λ-reduced w.r.t. (K3, K2, h) then U ′, V ′

both begin with hε1 (note that λ-reduction w.r.t. (K3, K2, h) is recursive). Let

U ′ ≡ hε1X ′
1 · · ·hεsX ′

s,

V ′ ≡ hε1Y ′
1 · · ·hεsY ′

s .

By lemma 7.3 (and induction on l(Sg)) it follows that S−gU ′Sg = V ′ if and only if Y ′
i ≡

C∗(S−gX ′
iS

g) for 1 ≤ i ≤ s. The result now follows by part 1 of lemma 7.4 and by lemma 7.7

2

We have thus shown that the conjugacy problem for K3 is reducible to the confluence

problem for M . The opposite reduction follows from lemma 5.2 and the observation that

ht(α, β) ∼K3 ht(α′, β′) if and only if S−1t(α, β)S = t(α′, β′) for some S. We have thus

established the following result.

Theorem 7.1 The word problem for K3 is solvable and its conjugacy problem is equiv-

alent to the confluence problem for M .

This theorem together with theorem 2.3 (and the remarks following it) yields the main

result of [4] and [13].

Theorem 7.2 (Bokut’, Collins) Let a be any r.e. Turing degree. Then there is a

finitely presented group whose word problem is solvable and whose conjugacy problem has

degree a.
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8. The conjugacy problem for K4

In this section we consider words which are not k-free. The main part of our treatment is

based on that of Collins [15], §2 with his Γ replaced by our t.

Let Kh be the group obtained from K4 by killing h. Then Kh
∼= H3 via the isomorphism

which sends k to h and fixes the other generators. It now follows from §7 that if U, V are

h-free then ?(U ∼K4 V ) is reducible to the confluence problem for M . Thus we need only

look at words which are not h-free and not k-free.

We shall use D as a variable for { ri, lj, t−1ht }-words throughout. We may assume that

U, V are both ρ-reduced w.r.t.(K4, K3, k) and put

U ≡ X0ks0 · · ·Xnksn ,

V ≡ Y0kq0 · · ·Ydkqd ,

where si, qj 6= 0, the words Xi, Yj are k-free for 0 ≤ i ≤ n, 0 ≤ j ≤ d and Xi, Yj are

non-empty for i, j > 0.

Lemma 8.1 If D1UD2 = V for some D1, D2 then d = n and qi = si for 0 ≤ i ≤ n.

Proof. Easy induction on lk(U). 2

In view of this lemma we shall henceforth assume that d = n and qi = si for 0 ≤ i ≤ n.

We consider the cases

1. n > 0,

2. n = 0 and X0 6∈ AK(k),

3. U = D1ks, V = D2ks for some D1, D2.

Before dealing with these cases we note that K(M) is defined by the following Britton
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tower:
T0 = 〈 y | 〉,

T1 = 〈T0, x | yx = xy 〉,

T2 = 〈T1, ri, lj | xmri = rixm2 , ymri = riy,

xmlj = ljx, ymlj = ljym2 ; i ∈ I, j ∈ J 〉,

T3 = 〈T2, h | rih = hri, ljh = hlj; i ∈ I, j ∈ J 〉,

T4 = 〈T3, t | xcir−1
i x−aiy−bit = txcir−1

i x−aiy−bi ,

xcj l−1
j x−ajy−bj t = txcj l−1

j x−ajy−bj ; i ∈ I, j ∈ J 〉,

T5 = 〈T4, k | rik = kri, ljk = klj, t−1htk = kt−1htk; i ∈ I, j ∈ J 〉.

Clearly we may assume that each D is pinch-reduced w.r.t. (T4, T3, t).

Case I. n > 0.

First we define two reduction procedures which will allow us to change U, V in such a way

that we need look only at a simple kind of conjugating element.

α-reduction. Let X be k-free. If X ≡ X ′hεR where R is h-free and R = S1tS2 for some

S1, S2 then X ′S1t is a primitive α-reduction of X. Clearly a sequence of primitive

α-reductions must eventually halt in a word α(X). Moreover there is a D such that

X = α(X)D.

β-reduction. Dual to α-reduction. This time we have X = Dβ(X).

(The corresponding procedures of [15] are called ρ- and λ-reduction.) We observe that

α(X) and D are H0(M)-computable. First of all note that X = X ′S1tt−1hεtS2 and so we

need only show that primitive α-reduction is H0(M)-recursive. We consider the equation

R = S1tS2. We may assume that X is pinch-reduced w.r.t (K2, K1, p) (since such a

reduction is H0(M)-computable). Now consider a word S1tS2 where, as always, S1, S2 are

freely reduced. The only possible pinch in this word is of form ptp−1 and this is a pinch if

and only if p corresponds to a quadruple (a, b, 0, P ) of M (here P ≡ R if p ∈ { ri } otherwise

P ≡ L). Thus if there is a pinch we have S1 ≡ S3p, S2 ≡ p−1S4 and S1tS2 = S3t(a, b)S4

and by lemma 5.1 the right hand side is pinch-reduced. Thus the only candidates for S1, S2

in the equation R = S1tS2 are words S ′1, S
′
2 or S ′1p, p

−1S ′2 where S ′1S
′
2 ≡ πp(R).

Similar remarks apply to β-reduction.
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We proceed to reduce U . We first find α(X0) and D0 such that X0 = α(X0)D0. We

can commute D0 past ks0 and then find α(D0X1) and D1 such that D0X1 = α(D0X1)D1.

Iterating this procedure we obtain

U ′ ≡ X ′
0k

s0 · · ·X ′
nk

snDn

where X ′
i is α-reduced for 0 ≤ i ≤ n. Next we β-reduce X ′

n to find D′
1 and X ′′

n such that

X ′
n = D′

1X
′′
n. At this point we consider two subcases.

Subcase I. If X ′′
n = S1t−1StS2 and St 6= tS for some S1, S, S2 then we define D∗

n = S2Dn,

X∗
n = t−1St and

U∗ ≡ D∗
nX

′
0k

s0X ′
1k

s1 · · ·X ′
n−1D

′
1S1ksn−1X∗

nksn .

Subcase II. Otherwise we define X∗
n ≡ X ′′

n and

U∗ ≡ DnX ′
0k

s0X ′
1k

s1 · · ·X ′
n−1D

′
1k

sn−1X∗
nksn .

V ∗ is defined similarly.

It is clear that U∗ = D−1UD for some D. Furthermore U∗ is H0(M)-computable from

U . In order to see this we have to show that the question of whether or not there are

S1, S, S2 such that X ′′
n = S1t−1StS2 and St 6= tS is H0(M)-decidable. However this can be

seen by an argument similar to the one used to show that α-reduction is H0(M)-recursive.

Lemma 8.2 Suppose that D−1U∗D = V ∗ where D 6= S for any S. Then Subcase I holds

and D = t−1hf tS for some f 6= 0 and S.

Proof. Let D ≡ S1t−1hεtD′′. Using k as a stable letter we obtain X∗
nD = D′Y ∗

n for

some D′. We claim that X∗
n, Y ∗

n are h-free. From the way in which U∗, V ∗ are defined

X∗
n, Y ∗

n are α- and β-reduced. This means that X∗
nD, DY ∗

n
−1, Y ∗

n
−1D′−1, D′−1X∗

n are all

pinch-reduced w.r.t. (K3, K2, h). But X∗
nDY ∗

n
−1D′−1 = 1 = D′−1X∗

nDY ∗
n
−1 and D is not

h-free. This is contradictory unless both Y ∗
n and X∗

n are h-free.

The equation X∗
nD = D′Y ∗

n now yields X∗
nS1t−1 = S ′1t

−1S2 for some S ′1, S2 and hence

X∗
n = S′1t

−1S2tS−1
1 . Also S2t 6= tS2 since otherwise X∗

n = S′1S2S−1
1 which contradicts the

fact that U is ρ-reduced w.r.t. (K4, K3, k). This completes the proof that Subcase I holds.
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For the rest of the lemma we have X∗
n ≡ t−1S∗t where S∗t 6= tS∗. Also t−1S∗tS1t−1 =

S ′1t
−1S2. Using t as a stable letter we see that S1t = tS1 and so D = t−1hεtS1D′′. Now X∗

n

commutes with t−1hεt and if we define

U1 ≡ t−1h−εtD∗
nX

′
0k

s0 · · ·X ′
n−1D

′
1S1t−1hεtksn−1X∗

nksn

then

1. t−1h−εtU∗t−1hεt = U1 and

2. U1 yields after a single h-pinch w.r.t. (H4, H3, h) a word U∗
1 which ends in a k-symbol

and is ρ-reduced w.r.t. (K4, K3, k).

The lemma now follows by iterating the above argument (lemma 8.1 ensures that we are

still in Case I). 2

Case II. n = 0 and X0 6∈ AK(k).

This case is similar to Case I. We have U ≡ Xks, V ≡ Y ks where neither X nor Y is a

D. First we transform U into X ′D1ks where X ′ = α(X) and then into D′
1X

′′ksD1 where

X ′′ = β(X ′). If there are S1, S, S2 such that X ′′ = S1t−1StS2 and St 6= tS then we put

D2 ≡ S2D1D′
1S1, X∗ ≡ t−1St and U∗ ≡ D2X∗ks. Otherwise D2 ≡ D1D′

1, X∗ ≡ X ′′ and

U∗ ≡ D2X∗ks. We define V ∗ similarly.

Clearly U∗, V ∗ are H0(M)-computable from U, V respectively. Moreover U, V are con-

jugate by some D if and only if U∗, V ∗ are also conjugate by some D.

Lemma 8.3 If X∗ is not h-free and V ∗ is a right conjugate of U∗ by D w.r.t. (H4, H3, h)

then D is an S.

Proof. This follows from the fact that X∗ is α-reduced. 2

Lemma 8.4 Suppose that X∗ is h-free and V ∗ is a right conjugate of U∗ by D w.r.t.

(H4, H3, h) where D 6= S for any S. Then D ≡ t−1hf tS for some f 6= 0 and S.

Proof. Using the fact that V ∗ is a right conjugate of U∗ by D we can show that

X∗ ≡ t−1St where St 6= tS. Let D2 ≡ D′
2t
−1h−δtS0, D ≡ S1t−1hεtD′ so that δ = ε

and tS0t−1StksS1t−1 ∈ AH(h) = 〈 ri, lj, tkt−1 〉. By writing this word in the generators of

AH(h) and removing k-pinches we find that tS0t−1StS1t−1 = S2 for some S2. Thus S0 and

S1 both commute with t and so D2 = D′
2S0t−1h−δt, D = t−1hεtS1D′. Since X∗ commutes

with t−1ht the lemma follows by induction on lh(D). 2
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Before dealing with Case III we provide a further reduction for Cases I and II. Lem-

mas 8.2, 8.3 and 8.4 show that in order to decide whether or not there is a D such that

D−1U∗D = V ∗ we need only look at elements D of form t−1hf tS. The next lemma puts a

bound on |f | and thus reduces the problem to looking for a D of form S.

Lemma 8.5 Let lh(U) = g and |f | > g. If h−f tUt−1hf has |f | h-pinches w.r.t. (H4, H3, h)

then h−f tUt−1hf = h−gtUt−1hg when f > 0 and h−f tUt−1hf = hgtUt−1h−g when f < 0

Proof. This follows from the fact that h induces the identity isomorphism in (H4, H3, h).

2

Case III. U = D1ks, V = D2ks for some D1, D2.

It is now convenient to extend the range of each D so that it can be any product of the

symbols r±1
i , l±1

j , t−1hnt for n ∈ Z− { 0 }. We put

D1 ≡ S10t−1hq1tS11 · · · t−1hqdtS1d.

Since D1 is pinch-reduced w.r.t. (T4, T3, t) it follows that S11, . . . , S1,d−1 do not com-

mute with t. Furthermore we may assume that D1, D2 are cyclically pinch-reduced w.r.t.

(K3, K2, h). We transform D1 according to two cases:

1. d = 1. We define D∗
1 ≡ S11S10t−1hq1t.

2. d > 1. If S1dS10 does not commute with t then we define D∗
1 ≡ S1dS10t−1hq1t

S11 · · · t−1hqdt otherwise D∗
1 ≡ S1dS10S11t−1hq2tS12 · · · t−1hqd+q1t.

Of course D∗
1 is cyclically pinch-reduced w.r.t. (K3, K2, h). Let U∗ ≡ D∗

1k
s and define

V ∗ = D∗
2k

s similarly. Clearly U, V are conjugate by some D if and only if U∗, V ∗ are

also conjugate by some D. If d > 1 then D∗
1 is cyclically pinch-reduced w.r.t. (T4, T3, t)

unfortunately this need not be so if d = 1.

Lemma 8.6 Suppose that d = 1 and D∗
1 is not cyclically pinch-reduced w.r.t. (T4, T3, t).

If there is a D such that D−1U∗D = V ∗ then there is an S such that S−1U∗S = V ∗

Proof. We have D∗
1 ≡ S1t−1hqt where S1t = tS1 (this implies that S1 ∈ { ri, lj } but

we do not need this). We shall show that D = t−1hf tS from which it will follow that

S−1U∗S = V ∗. If V ∗ is a right conjugate of U∗ by D w.r.t. (H4, H3, h) then we write

34



D ≡ S2t−1hf tD′ and deduce that tS2 = S2t as in lemma 8.2. The lemma then follows by

induction.

If V ∗ is a left conjugate of U∗ by D w.r.t. (H4, H3, h) then we obtain tS−1
2 S1t−1 = S3

for some S3. Since S1t = tS1 we have tS−1
2 t−1S1 = S4 whence it follows that S2t = tS2 and

again induction completes the proof. 2

Lemma 8.7 Suppose that D∗
1, D

∗
2 are both cyclically pinch-reduced w.r.t. (T4, T3, t).

Then there is a D such that D−1U∗D = V ∗ if and only if there exist ˜D1, ˜D2 and S such

that

1. ˜D1, ˜D2 are cyclic permutations of D∗
1, D

∗
2 respectively,

2. S−1˜D1ksS = ˜D2ks.

Proof. If there exist ˜D1, ˜D2 and S which satisfy the stated conditions then certainly

there is a D such that D−1U∗D = V ∗.

Conversely suppose that D−1U∗D = V ∗. Then D−1D∗
1D = D∗

2 and this holds in K3.

Since D∗
1, D

∗
2 are cyclically pinch-reduced w.r.t. (K3, K2, h) Collins’ lemma implies that

there exist X,Y, S such that S−1XS = Y where X,Y are of form

X ≡ tS1it−1hqi+1tS1,i+1 · · ·S1,i−1t−1hqi ,

Y ≡ tS2jt−1hq′j+1tS2,j+1 · · ·S2,j−1t−1hq′j .

We show that St = tS by using t as a stable letter. First note that X, Y are pinch-reduced

w.r.t. (T4, T3, t) since D∗
1, D

∗
2 are both cyclically pinch-reduced w.r.t. (T4, T3, t). From the

equality S−1XS = Y we deduce that t−1S−1t is a pinch so that St = tS. The lemma

follows if we define
˜D1 ≡ S1it−1hqi+1tS1,i+1 · · ·S1,i−1t−1hqit,
˜D2 ≡ S2jt−1hq′j+1tS2,j+1 · · ·S2,j−1t−1hq′j t.

2

Lemmas 8.6 and 8.7 show that given U∗, V ∗ we can compute a finite set of words

{ (U∗
i , V ∗

i ) } such that U∗ ∼K4 V ∗ if and only if for some i there is an S such that S−1U∗
i S =

V ∗
i .

We have thus seen that in each case we can reduce ?(U ∼K4 V ) to the question of

whether or not there is an S such that S−1U ′S = V ′ where U ′, V ′ are H0(M)-computable
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from U, V respectively. It remains to show that the latter problem is reducible to the

confluence problem for M .

First of all we assume that U ′, V ′ are both p-free. Put

U ′ ≡ Z0kε1Z1 · · · kεnZn,

Zi ≡ Zi0hδi1Zi1 · · ·hδiqi Ziqi ,

where each Zij is p, h, k-free.

Lemma 8.8 U ′ ∈ AP (pε) if and only if Zij ∈ AK(pε) for all i, j. Furthermore C∗(p−εU ′pε) ≡
Z ′

0k
ε1Z ′

1 · · · kεnZ ′
n where each Z ′

i is the word obtained from Zi by the direct application of

pε to each Zij.

Proof. If each Zij ∈ AK(pε) then clearly U ′ ∈ AP (pε). For the converse of this,

lemma 7.1 shows that it suffices to show that Zi ∈ AP (pε) for 0 ≤ i ≤ n. Write

U ′ as a word T in the generators of AP (pε). We may assume that T is pinch-reduced

w.r.t. (K4, K3, k). Thus T ≡ T0kε1T1 · · · kεnTn where Ti ∈ AP (pε) for 0 ≤ i ≤ n. Put

T ′
i ≡ C∗(Ti) and T ′ ≡ T ′

0k
ε1T ′

1 · · · kεnT ′
n. Of course T ′, T ′

i ∈ AP (pε) for 0 ≤ i ≤ n. If

T ′ is in C∗-normal form then we are done. Otherwise the only possible forbidden sub-

words are of the type hδt(α, β)kεi where (α, β) ∈ H0(M). Let the leftmost one occur as

T ′′
i hδt(α, β)kεi where T ′

i ≡ T ′′
i hδt(α, β). Lemma 7.1 implies that t(α, β) ∈ AK(pε). More-

over the forbidden subword is transformed to t(α, β)kεit−1(α, β)hδt(α, β). If we note that

T ′′
i t(α, β), t−1(α, β)hδt(α, β)Ti+1 ∈ AP (pε) then the proof is complete by induction on the

number of steps required to put T ′ into C∗-normal form.

For the second part we have p−εU ′pε = Z ′
0k

ε1Z ′
1 · · · kεnZ ′

n. By lemma 7.3 each Z ′
i is C∗-

normal. It therefore suffices to show that no Z ′
ik

εi+1 has a forbidden subword for 0 ≤ i < n.

If there is such a subword then it must be of form hδt(α′, β′)kε where (α′, β′) ∈ H0(M).

However this means that U ′ has the subword hδt(α, β)kε where p−εt(α, β)pε = t(α′, β′).

Moreover (α, β) ∈ H0(M) so that U ′ is not C∗-normal, contrary to assumption. 2

Lemma 8.9 The problem of deciding whether or not there is an S such that S−1U ′S =

V ′ is reducible to the confluence problem for M .

Proof. Follows from lemmas 8.8, 7.4 and theorem 2.2. 2

If U ′, V ′ are not p-free then by using λ- and ρ-reduction w.r.t. (P4, P3, p) we may reduce

?(U ′ ∼K4 V ′) to the question of whether or not there is a g ≥ 0 such that S−gU ′′Sg = V ′′

where U ′′, V ′′ are p-free and S ≡ πp(U ′). We may also assume that U ′′, V ′′ are C∗-normal.
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Lemma 8.10 The question of whether or not there is a g > 0 such that S−gU ′′Sg = V ′′

is solvable.

Proof. This follows from lemma 8.8, part 1 of 7.4 and lemma 7.7. 2

This completes the proof of theorem 1.3 and of Collins’ theorem.
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