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1 Introduction

The modal µ-calculus was introduced by Kozen [5] and has been widely studied
due to its ability to express a very wide range of interesting properties of finite
state concurrent systems (e.g., liveness, safety and fairness). A key question is
that of model checking: given an expression Ψ, labeled transition system T with
initial state s, and valuation function V does Ψ hold at s? Emerson and Lei [2]
gave an algorithm based on the Tarski-Knaster fixed point theorem while Emerson
Jutla and Sistla [3] showed that the problem is in NP∩ co-NP. Other approaches
are based on translating the question to boolean equations combined with a fixed
points approach, e.g., Andersen [1] or completely to boolean equations, Mader [6].
Finally Stirling [9] gives an approach based on games. In this note we provide a
simple algebraic notation for a solution to the problem based on boolean equations
and show that the approach based on games can be deduced quite easily from
it. In fact the solution we give turns out to be essentially the same as that of
Mader [6]. Our hope is that the simple notation provided will prove useful in
theoretical studies of such boolean equation systems.

In the following we use 0 for ‘false’, 1 for ‘true’ and order these by 0 < 1. Every
formula of the modal µ-calculus can be put into positive form (see Emerson [4] or
Stirling [8] for general background). Given such a formula Ψ, labeled transition
system T and valuation V we can translate it to an equivalent system of boolean
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equations of the form:
σ1 x1 = Φ1(x1, . . . , xn),
σ2 x2 = Φ2(x1, . . . , xn),

...
σn xn = Φn(x1, . . . , xn),

(†)

where each quantifier σi is one of µ, ν and each Φi is a monotone boolean function
of x1, . . . , xn. For example let Ψ = µY1.〈a〉.νY2.(([b]Y1 ∨Q) ∧ µY3.(Y3 ∧ Y2)) and
consider the transition system:
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��
��
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a

b
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b

b

where the initial state is s1. First we translate the formula into

µY1 = 〈a〉Y2

νY2 = ([b]Y1 ∨Q) ∧ Y3

µY3 = Y3 ∧ Y2.

Now we remove modalities by introducing new variables Xij, one for each variable
Yi and state sj and translate each equation at each state. An atomic proposition
Q is replaced by 1 (i.e., true) if Q ∈ V (sj) and by 0 otherwise. In the following
we assume that V (Q) = { s2 } so that the preceding equations become:

µX11 = X21 ∨X22

µX12 = 0
νX21 = (X11 ∧X12) ∧X31

νX22 = X32

µX31 = X31 ∧X21

µX32 = X32 ∧X22.

A system (†) denotes a unique solution given by:

1. If n = 1 set S = {b | b = Φ1(b)} and note that S is not empty since Φ1 is
monotonic. If σ1 = µ then we choose the least element of S otherwise the
greatest.
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2. If n > 1 then let (ab2, . . . , abn) be the solution to the system consisting
the last n − 1 equations with b in place of x1 where b = 0, 1. Set S =
{(b, ab2, . . . , abn) | b = Φ1(b, ab2, . . . , abn)}. Again S is nonempty because Φ1

is monotonic. If σ1 = µ then we choose the member of S with least first
coordinate otherwise the greatest.

This is a direct translation of the semantics for modal µ-calculus; the value of the
first variable gives the value of the translated formula. The order in which the
equations are given is important; from now on we will assume that the variables
are ordered by x1 < x2 < · · · < xn which determines the order on the equations
(in fact we need only impose a partial order as the example shows). Clearly such
a system can be translated back to model checking and the translations each way
are in log-space.

Finally we note that the log-space translation from boolean equations to model
checking shows immediately that the problem is P-hard since a monotone boolean
circuit can trivially be expressed as a set of such equations (see Papadimitriou [7]
for background in complexity). Moreover the quantifiers are irrelevant, i.e., they
do not affect the value of x1, so that the alternation free fragment is P-complete
since Emerson and Lei [2] show that it has a polynomial time algorithm. These
facts were observed by Zhang, Sokolsky and Smolka [10].

2 Solution by Substitutions

It will be convenient to have the following convention for a boolean formula Φ,
variable x and quantifier σ ∈ {µ, ν }:

Φ[σ/x] =
{

Φ[0/x], if σ = µ;
Φ[1/x], if σ = ν.

Lemma 2.1 Suppose that Φ(x) is a monotone boolean formula in the single vari-
able x. Then the solution of σ x = Φ(x) is given by Φ[σ/x].

Proof Suppose that σ = µ. The solution to µx = Φ(x) is 0 if and only if
Φ(0) = 0. Now if Φ(0) 6= 0 then Φ(0) = 1 and, since Φ is monotonic, Φ(1) = 1.
Thus the solution is given by Φ(0) in any case.

If σ = ν then the same argument applies but with the roles of 0 and 1
interchanged. 2

Given a system (†) define a sequence of substitutions Sn, Sn−1, . . . , S1 as follows:

1. Sn is given by
xn 7→ Φn[σn/xn].
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2. For i = n− 1, n− 2, . . . , 1, the substitution Si is given by

xi 7→ (Si+1Si+2 · · ·SnΦi)[σi/xi].

Note that Si only affects xi and keeps all other variables fixed. Substitutions
have the following simple properties:

1. Sixj = xj if i 6= j.

2. For any formula Φ(x1, . . . , xn) we have SiΦ(x1, . . . , xn) = Φ(Six1, . . . , Sixn).

3. Let b ∈ { 0, 1 } and j 6= i. Then for any formula Φ(x1, . . . , xn) we have
(SiΦ)[b/xj ] = Si[b/xj ]Φ[b/xj ], where Si[b/xj ] denotes the substitution that sends
xi to (Sixi)[b/xj ].

Theorem 2.1 The solution to (†) is given by

xi = S1S2 · · ·Sixi,

for 1 ≤ i ≤ n.

Proof We use induction on n. The base case n = 1 follows from Lemma 2.1.
For the induction step recall that we can solve (†) by taking each b ∈ { 0, 1 } and
solving

σ2 x2 = Φ2(b, x2, . . . , xn),
σ3 x3 = Φ3(b, x2, . . . , xn),

...
σn xn = Φn(b, x2, . . . , xn),

(‡)

to produce two solutions (ab2, . . . , abn). After this we choose between the two
values of (b, ab2, . . . , abn) according to the first equation.

For each value of b let Sbn, Sb,n−1, . . . , Sb2 be the substitution sequence given
by (‡). By induction the solution to (‡) is given by:

x2 = Sb2x2, x3 = Sb2Sb3x3, . . . , xn = Sb2 · · ·Sbnxn.

From the simple properties of substitutions we have Sbi = Si[b/x1], for 1 ≤ i ≤ n,
where Sn, Sn−1, . . . , S1 is the sequence of substitutions given by (†). Thus, for
2 ≤ i ≤ n, we have:

Sb2 · · ·Sbixi = S2[b/x1] · · ·Si[b/x1]xi

= (S2 · · ·Si)[b/x1]xi[b/x1]

= (S2 · · ·Sixi)[b/x1].
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Now in order to choose the appropriate value of b we look at:

Φ1(b, (S2x2)[b/x1], . . . , (S2 · · ·Snxn)[b/x1]) = Φ1(x1, S2x2, . . . , S2 · · ·Snxn)[b/x1]

= (S2 · · ·SnΦ1)[b/x1].

Thus the appropriate value of b is the solution to:

σ1 x1 = S2 · · ·SnΦ1.

Thus, by Lemma 2.1, b = (S2 · · ·SnΦ1)[σ1/x1], i.e., b = S1x1 while the value of xi,
for 2 ≤ i ≤ n is given by:

xi = (S2 · · ·Snxi)[b/x1]

= S1S2 · · ·Sixi,

and the proof is complete. 2

The theorem also shows that we can give a generic solution to the system (†);
we regard the quantifiers as unknowns and build the substitutions but leave out
the replacement of xi by σi at each stage.

3 Connection with Games

We extend the order on 0, 1 to a partial order on n-tuples of such values by
component-wise comparison. This can then be extended to a partial order on
boolean functions by declaring that Φ ≤ Ψ if and only if Φ(a) ≤ Ψ(b) for all
a ≤ b. Given an n-tuple (Φ1, . . . , Φn) of monotone boolean functions we can
obtain another n-tuple of such functions by use of generic substitutions. The
underlying operator is monotonic since it never uses negation. From this it follows
that if we have two systems (†) with the same sequence of quantifiers and the
n-tuple of functions in the first is no larger than that of the second then their
solutions are also related in the same way. (In fact we can generalize this to the
situation where we put the obvious partial order on quantifiers and then we just
require that the n-tuple of quantifiers of the first system is no larger than that of
the second rather than that they should have the same quantifiers.)

Now we consider systems (†) where each Φi is either a nonempty conjunction
or nonempty disjunction of variables but not a mixture. This is not a restriction as
any system can be put into this form with the introduction of extra variables and
equations (without a large increase in the overall size). Note that for simplicity
we assume, as we may, that there are no constants. We define an or-refinement
of such a system to be a system with the same quantifiers but such that if Φi is
a disjunction then it is replaced by exactly one of its arguments while if it is a
conjunction then it is left unaltered. An and-refinement is defined similarly. Let
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a0, a1 be the solutions to an or-refinement and an and-refinement of a system (†)
respectively. Let a be the solution of the system. Then it follows from the
preceding paragraph that a0 ≤ a ≤ a1. In fact it is easy to show by induction
on n that there must be at least one refinement of each kind whose solution is
exactly a. (This is one way of seeing that the problem of determining the value
of x1 is in NP and co-NP.)

From now on we focus on the problem of determining the value of x1 in a
given system (†). We shall refer to this value as b1 in order to avoid confusion
with the value of x1 in refinements of (†). If there is an or-refinement in which
x1 has value 1 then it follows from the preceding paragraph that b1 = 1. The
converse also holds. Thus b1 = 1 if and only if x1 has value 1 in at least one
or-refinement of (†). Now given an or-refinement we know that it must have an
and-refinement with the same solution and all and-refinements yield an upper
bound to the solution of the given or-refinement. Of course the system resulting
from an and-refinement of an or-refinement is rather special in that each function
on the r.h.s. of the equations consists of just a single variable. To sum up we
have that b1 = 1 if and only if there is an or-refinement of the system such that
for all and-refinements x1 has value 1. We can phrase the observation in the
language of games: on each of his moves player A chooses a single argument for
some disjunction and player B does the same for conjunctions. The claim that
b1 = 1 is then the same as the claim that player A has a winning strategy.

How do we recognize a win? One way is to use substitutions: this will run
in time proportional to n2 (at worst) since each substitution merely replaces one
variable by another. In fact we can detect a winning strategy by using graphs
as follows. Build a directed graph in which each vertex is labeled by a variable
and for each equation σixi = xj introduce a directed edge (xi, xj). Note that
each vertex has precisely one successor. Now start at x1 and follow the unique
directed path until a vertex is met twice. Thus we now have a single circuit. Let
xv be the smallest vertex in the circuit. The value of x1 is then given by the
quantifier σv. The correctness of this method can be seen by following the effect
of the substitutions in graph theoretic terms.

In fact given the or-refinement we can check in time proportional to n3 if
x1 = 1. One way is to use substitutions. Alternatively we can apply the above
analysis to obtain a graph theoretical solution. First of all we introduce the
dependency graph of a system (†) where we assume as above that each Φi is
either a nonempty conjunction or disjunction of variables (and for simplicity we
do not allow constants). We build a directed graph with vertices x1, x2, . . . , xn

as follows. For each equation σixi = Φi we introduce an edge (xi, xj) for each
variable xj appearing in Φi. Moreover if the right hand side is a conjunction then
we say that vertex xi is of and-type otherwise it is of or-type. We define R to
be the set of all vertices xi of the graph such that σi = ν. Given a circuit of
the graph we define the ÿroot of the circuit to be the smallest vertex on it (recall
that we have the order x1 < x2 < · · · < xn). Now an or-refinement of (†) simply
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means that for each vertex of the dependency graph of or-type we keep exactly
one outgoing edge to obtain a subgraph H. Given such an or-refinement the
analysis above shows that x1 has value 1 if and only if every circuit reachable
from x1 by a directed path in H has its root in R. We can decide this as follows:
for each vertex u 6∈ R reachable from x1 by a directed path in H let Hu be the
graph consisting of all vertices v of H such that u ≤ v and all edges of H with
both endpoints in the vertices of Hu. Then x1 is 1 if and only if for each such u
the graph Hu has no circuits involving u. This discussion motivates the following
decision problem for directed graphs:

Given: A directed graph G on ordered vertices x1 < x2 < . . . < xn in which
each vertex has outdegree at least one. Two subsets C and R of the vertices.
Decide: Is there a subgraph H of G, which is the same as G except that each
vertex in C keeps exactly one outgoing edge, such that each circuit reachable
from x1 by a directed path in H has its root in R?

We have shown that finding the value of x1 in (†) can be reduced (in log-space)
to this problem. The converse is also true; given a graph as above we define
an equation for each vertex as follows. If x ∈ C then we introduce σx =

∨

y y
where y ranges over all vertices such that (x, y) is an edge and σ = ν if x ∈ R
otherwise σ = µ. If x 6∈ C then define the equation similarly but use conjunction
in the r.h.s. The ordering of the equations is given by the order on the vertices.
Since G is the dependency graph of the equations it follows from the preceding
discussion that x1 = 1 if and only if the graph has the property described above
with C consisting of all the vertices whose right hand side is a disjunction and R
consisting of all vertices whose quantifier is ν.

The games approach and the use of graphs as described here was introduced
by Stirling [9].

4 Solutions of the Underlying System

Given a system (†) we can view it as a set of straightforward boolean equations
by ignoring the quantifiers. We will refer to this as the underlying system of
equations. Assume that (†) is in the form described in §3 and let G be its
dependency graph. Let C be the connected component of G that contains x1.
Then it is clear that, assuming our interest is in the value of x1, we do not need
any other equations so we assume that G is connected. Let (b1, b2, . . . , bn) be
the solution of (†). Certainly this is a solution of the underlying system. One
possible approach to solving (†) fast is to hope that the number of solutions of the
underlying system is small and then devise some method to pick out the correct
one for (†). More realistically we might hope to derive new conditions on the
solution space that cut down the number of candidates. In fact this will certainly
be necessary as the following example shows. Let n > 0 be an integer and define
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Bn to be the following system in the 4n variables x1, x2, . . . , x4n:

x1 = x2 ∧ x4n,
x2 = x1 ∧ x3,
x3 = x2 ∨ x4,
x4 = x3 ∨ x5,
x5 = x4 ∧ x6,
x6 = x5 ∧ x7,

...
x4n−3 = x4n−4 ∧ x4n−2,
x4n−2 = x4n−3 ∧ x4n−1,
x4n−1 = x4n−2 ∨ x4n,

x4n = x4n−1 ∨ x1.

The dependency graph for B2 is strongly connected. However it is easy to see
that Bn has at least 2n solutions: setting the variables x3, x4, x7, x8, . . . , x4n−1, x4n

to 1 leaves a free choice for x1, x5, . . . , x4n−3 (note that every solution must satisfy
x1 = x2, x3 = x4, . . . , x4n−1 = x4n). However even if we could cut down the
underlying solutions to (†) we are still left with the intriguing question of how to
pick the correct one from them fast!
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