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§1. Introduction. Let n be a non-negative integer and A = { 1, 2, . . . , n }. For a sequence
S1, S2, . . . , Sk of subsets of A define Odd(S1, S2, . . . , Sk) to be the set of elements of A that
are members of an odd number of sets in the sequence. We are interested in the largest length
of sequences A1, A2, . . . , Am of subsets of A such that:

Ai 6⊆ Aj ∪Odd(Ai+1, Ai+2, . . . , Aj−1) (†)
for all i, j with 1 ≤ i < j ≤ m. We will show that there are such sequences with

m = 2bn/2c.

§2. Encoding. We will use the familiar bit vector representation of subsets of A. Thus a
subset Ai is represented by the vector

(εi1, εi2, . . . , εin)

where

εij =
{

0 if j 6∈ Ai;
1 if j ∈ Ai.

We will work over Z2 and regard the εij as elements of this field. A sequence of sets
A1, A2, . . . , Am is encoded as a matrix

ε11 ε12 . . . , ε1n

ε21 ε22 . . . , ε2n
...

...
. . .

...
εm1 εm2 . . . εmn

 .

Such a matrix corresponds to a valid sequence of subsets of A (i.e., a sequence with the
property (†)) if and only if there are column indices crs such that the following equations
have a solution over Z2:

ε1c11 = 1, ε2c11 = 0,
ε1c12 = 1, ε2c12 = 0, ε3c12 = 0,
ε1c13 = 1, ε2c13 + ε3c13 = 0, ε4c13 = 0,

...
...

...
ε1c1,m−1 = 1, ε2c1,m−1 + ε3c1,m−1 + · · ·+ εm−1,c1,m−1 = 0, εmc13 = 0,

ε2c21 = 1, ε3c21 = 0,
ε2c22 = 1, ε3c22 = 0, ε4c22 = 0,
ε2c23 = 1, ε3c23 + ε4c23 = 0, ε5c23 = 0,

...
...

...
ε2c2,m−1 = 1, ε3c2,m−1 + ε4c2,m−1 + · · ·+ εm−1,c2,m−1 = 0, εmc23 = 0,

...
...

...
εm−2,cm−2,1 = 1, εm−1,cm−2,1 = 0,
εm−2,cm−2,2 = 1, εm−1,cm−2,2 = 0, εmcm−2,2 = 0,

εm−1,cm−1,1 = 1, εm,cm−1,1 = 0.
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§3. Rephrasing the problem. The problem states that we are given n, the number of
elements, and wish to find m, the length of the longest sequence of subsets satisfying the
condition (†). We can reverse this so that we are given m and wish to find the smallest n
for which a sequence exists. To do this we restate the equations of the previous section by
dropping the second subscript of each εij . We now obtain the following system:

Row Conditions 1: ε1 = 1, ε2 = 0;
ε1 = 1, ε2 = 0, ε3 = 0;
ε1 = 1, ε2 + ε3 = 0, ε4 = 0;

...
...

...
ε1 = 1, ε2 + ε3 + · · ·+ εm−1 = 0, εm = 0;

Row Conditions 2: ε2 = 1, ε3 = 0;
ε2 = 1, ε3 = 0, ε4 = 0;
ε2 = 1, ε3 + ε4 = 0, ε5 = 0;

...
...

...
ε2 = 1, ε3 + ε4 + · · ·+ εm−1 = 0, εm = 0;

...
...

...
Row Conditions m− 2: εm−2 = 1, εm−1 = 0;

εm−2 = 1, εm−1 = 0, εm = 0;
Row Conditions m− 1: εm−1 = 1, εm = 0;
Row Conditions m:

(S1)

We call each line of (two or three) equations a Condition. In the system the label Row Condi-
tions i refers to all conditions with εi = 1 as the first equation. Note that Row Conditions m
is empty; this is introduced for simplicity of notation later on. In general Row Conditions r
consists of m− r conditions. We define the length of (S1) to be m.

The original problem can now be rephrased as follows: given the system (S1) we define a
partial solution to be an assignment to the variables that satisfies at least one condition. We
now seek the following: find a partial solution S1 and remove from the system all conditions
that are satisfied. Now find another partial solution S2 and remove once again all those condi-
tions that are satisfied. Carry on till there are no conditions left, after n steps. We call such a
sequence a solution sequence to the system. Clearly any such solution sequence S1, S2, . . . , Sn

yields a sequence of m subsets of A = { 1, 2, . . . , n } satisfying the condition (†). The partial
solutions give us the successive columns of the matrix encoding the sets as described in the
preceding section.

Theorem 3.1 For each m ≥ 1 there is a solution sequence S1, S2, . . . , Sn to the system (S1)
with n = 2dlg me.

proof. We use induction on m. If m = 1 there are no conditions and so we can take the
empty set for our sequence.

Suppose now that m > 1. We will show that after two partial solutions the remaining
system of conditions consists of two disjoint systems of size at most dm/2e. Once this is
established the result follows since by induction we can solve the two smaller systems simul-
taneously in at most 2 lgdm/2e steps. This means that the overall system can be solved in at
most 2 + 2 lgdm/2e steps. The result follows since lgdm/2e ≤ dlg me − 1.
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For the first partial solution we take

S1 = { ε1 = 1, . . . , εdm/2e = 1, εdm/2e+1 = 0, . . . , εm = 0 }.

We claim that the last bm/2c conditions of Row Conditions dm/2e, dm/2e − 2, dm/2e − 4, . . .
are satisfied. To see this let r = dm/2e − 2s. The last bm/2c conditions of Row Conditions r
are

εr = 1, εr+1 + εr+2 + · · ·+ εdm/2e = 0, εdm/2e+1 = 0;
...

...
...

εr = 1, εr+1 + εr+2 + · · ·+ εm−2 = 0, εm−1 = 0;
εr = 1, εr+1 + εr+2 + · · ·+ εm−1 = 0, εm = 0;

Clearly S1 satisfies the first and third equation of each of these conditions. The middle
equations all reduce to the single equation

εr+1 + εr+2 + · · ·+ εdm/2e = 0.

Each of the variables in this equation is set to 1 and as the number of them is dm/2e− r = 2s
it follows that the equation holds.

We now remove the satisfied conditions from (S1) to obtain a new (sub)system (S2).
Note that as a consequence Row Conditions dm/2e, dm/2e − 2, dm/2e − 4, . . . now contain
0, 2, 4, . . . conditions none of which uses the variables edm/2e+1, . . . , em. Indeed in (S2) Row
Conditions dm/2e − 2s consists of the first 2s conditions of Row Conditions dm/2e − 2s
of (S1). The crucial point is that these form part of the system corresponding to (S1) but of
length dm/2e. For a partial solution to (S2) we take

S2 = { ε1 = 1, . . . , εdm/2e−1 = 1, εdm/2e = 0, . . . , εm = 0 }.

We claim that the last dm/2e conditions of Row Conditions dm/2e−1, dm/2e−3, dm/2e−5, . . .
are satisfied. The proof is similar to the above, so we omit it.

We now remove the satisfied conditions from the system (S2) to obtain system (S3) and
note that as a consequence Row Conditions dm/2e − 1, dm/2e − 3, dm/2e − 5, . . . contain
0, 2, 4, . . . conditions none of which uses the variables εdm/2e, . . . , εm. As above, the crucial
point is that these form part of the system corresponding to (S1) but of size dm/2e. It follows
that in the system (S3) Row Conditions dm/2e, dm/2e− 1, dm/2e− 2 form a subsystem (S4)
of the system corresponding to (S1) but of length dm/2e in the variables ε1, . . . , εdm/2e.

Furthermore the last bm/2c Row Conditions of (S3) are the same as those of the original
system (S2) and are in the variables εdm/2e+1, . . . , εm. Thus this is a system of size bm/2c
which is disjoint from the subsystem (S4). The result follows since a solution sequence to the
subsystem (S4) is no longer than a solution sequence to a complete system. �

Theorem 3.2 For each n ≥ 0 there is a sequence of subsets A1, A2, . . . , Am of A = { 1, 2, . . . , n }
satisfying condition (†) with m = 2bn/2c.

proof. Let m = 2bn/2c. The preceding Theorem shows that there is a sequence of the
required type with subsets from a base set of cardinality at most 2dlg me = 2bn/2c ≤ n. �
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