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AbstractI prove a characterization theorem for algebraic bounded complete cpos similar to that foralgebraic lattices.It is well-known that a lattice is algebraic i� it isomorphic to a lattice of subalgebras of an algebra.Algebraicity plays the central role in denotational semantics for programming languages, but thestructures used there are not exactly algebraic lattices | they are complete algebraic partial orders.In this note I shall characterize such posets as posets of certain subalgebras of partial algebras.Let me recall the de�nitions. A poset is called complete (and is usually abbreviated as a cpo) if itcontains least upper bounds, or suprema, of directed subsets. I shall use t for supremum. An elementx of D is called compact if x � tX, where X � D is directed, implies x � x0 for some x0 2 X. A cpois called algebraic if, for any x 2 D, the set of compact elements below x is directed and its supremumequals x.A cpo D is bounded complete if supremum of X � D, denoted by tX as well, exists whenever X isbounded above in D, i.e. there is a 2 D such that a � x for all x 2 X. I shall use a more convenientnotation a1_ : : :_an instead of tfa1; : : : ; ang. An element x of a bounded complete cpo D is compactif, whenever tX exists and x � tX, x � tX 0 where X 0 � X is �nite. In a bounded complete cpothe set of compact elements below any element is always directed; therefore, a bounded complete cpois algebraic if any element is the supremum of all compact elements below it. Algebraic boundedcomplete cpos are also called Scott-domain. Equivalently, a Scott-domain is an algebraic cpo which isa complete meet-semilattice1.Algebraic lattices are a particular example of Scott-domains; namely, they are Scott-domains with topelement. The well-known characterization of algebraic lattices as lattices of subalgebras gives rise toa natural question: can a similar characterization be obtained for Scott-domains? The answer is yes;and a couple of de�nitions is needed before we formulate the result of this paper.�Partially supported by NSF Grants IRI-86-10617 and CCR-90-57570 and ONR Grant NOOO14-88-K0634.1I must notice that program semantics people usually require that the set of compact elements be countable and thisrequirement is forced if we need certain computability conditions. No cardinality restriction on Scott-domains is imposedin this paper. 1



Let hA;
i be a partial algebra with carrier A and signature 
, and let 
n denote the set of n-aryoperations in 
. A (partial) subalgebra of hA;
i is B � A such that, for any n, ! 2 
n andx1; : : : ; xn 2 B, !(x1; : : : ; xn) 2 B if it is de�ned. It is also known that partial subalgebras of a partialalgebra form an algebraic lattice.I shall call B � A a total subalgebra if, for any n, ! 2 
n and x1; : : : ; xn 2 B, !(x1; : : : ; xn) exists and!(x1; : : : ; xn) 2 B. The set of all total subalgebras of hA;
i under inclusion ordering is denoted byTSubA.Theorem Let D be a poset. Then D is a Scott-domain i� there is a partial algebra hA;
i such thatD is isomorphic to TSubA.Proof: Prove that TSubA is a Scott-domain �rst. Obviously TSubA is closed under arbitrary in-tersections and, therefore, it is a complete meet-semilattice. If (Ai)i2I is a directed family of totalsubalgebras of A, let A0 = Si2I Ai. Then it is easy to check that A0 is a total subalgebra again.Hence, TSubA is a cpo. Let supp(A) = fx 2 A j 9 a total subalgebra B � A such that x 2 Bg. LetAx be the minimal total subalgebra containing x 2 supp(A) (which exists since TSubA is a completemeet-semilattice). If, for a directed family (Ai)i2I , Ax � Si2I Ai, then x 2 Si2I Ai and therefore thereis j 2 I such that x 2 Aj . Then, by the de�nition of Ax, Ax � Aj . Therefore, each Ax is compactin TSubA. Since for any B 2 TSubA, B � supp(A), B is the supremum of all Ax where x 2 B inTSubA. Hence, compact elements form a basis of TSubA and TSubA is algebraic.Conversely, let D be a Scott-domain. Denote the set of its compact elements by KD. We are going tode�ne an algebra whose carrier is A = KD and partial operations are de�ned as follows. An operation! 2 
n is given by: for any a1; : : : ; an 2 KD, if fa1; : : : ; ang is not bounded above, then !(a1; : : : ; an)is unde�ned; if this set is bounded above, i.e. a1 _ : : : _ an exists, then !(a1; : : : ; an) = b whereb � a1 _ : : : _ an and b 2 KD. We de�ne just enough operations so that for any n, b � a1 _ : : : _ an,b; a1; : : : ; an 2KD, there exists ! 2 
n such that b = !(a1; : : : ; an).To �nish the proof, we must show that B 2 TSubA i� there exists x 2 D such that B =#x\KD, where# x is the principal ideal of x. The 'if ' part follows immediately from the de�nition of 
. To provethe 'only if ' part, let B 2 TSubA. Then for any a1; : : : ; an 2 B, a1 _ : : : _ an exists (otherwise therewould be an n-ary operation unde�ned on a1; : : : ; an). Therefore, M = fa1_ : : :_an j a1; : : : ; an 2 Bgis a directed set, and we can de�ne x as tM = tB. By the way x was de�ned, B �# x \KD. Ifb 2#x \KD, then b � tB, and, since b is compact, b � a1 _ : : : _ an for some a1; : : : ; an 2 B. Thenthere is an operation ! 2 
n such that b = !(a1; : : : ; an), i.e. b 2 B. This proves the reverse inclusionand �nishes the proof of the theorem. 2A similar characterization theorem can be proven if partiality is removed from the signature to thesubsets which are allowed to play the role of subalgebras. To be more precise, let me de�ne F as afamily of subsets of a set A which is downward closed (i.e. B 2 F and C � B imply C 2 F) andcomplete as a partial order under inclusion. Such a family is sometimes called a qualitative domain.Given a signature 
, de�ne SubFA as the poset of subalgebras of hA;
i which happen to be in F .Corollary A poset D is a Scott-domain i� there exist an algebra hA;
i and a qualitative domain Fof subsets of A such that D is isomorphic to SubFA.Proof is essentially the same as the one given above. A is taken to be KD, and F is the family ofsubsets of KD bounded above. 22



Arbitrary cpos can also be viewed as posets of certain subalgebras of \nondeterministic" algebras, i.e.algebras with operations whose results are not uniquely de�ned even if they are de�ned.More precisely, de�ne a partial nondeterministic algebra as hA;
i where each ! 2 
n is partial functionfrom An to 2A. We say that B � A is a total subalgebra of A if, for any a1; : : : ; an 2 B and ! 2 
n,!(a1; : : : ; an) is de�ned and !(a1; : : : ; an) \ B 6= ;. The poset of total subalgebras under inclusionordering will be denoted by TSubA again. An example can be given showing that TSubA is notnecessarily algebraic if A has \nondeterministic" operations. However,Proposition 1 Let D be an algebraic cpo. Then there is a partial nondeterministic algebra hA;
isuch that D is isomorphic to TSubA.Proof: A bunch of deterministic operations are de�ned as in the proof of the theorem with only oneexception: instead of saying b � a1_ : : :_an we say that b is less than any upper bound of fa1; : : : ; ang.The only n-ary nondeterministic operation ! is unde�ned for n-tuples of compact elements which areunbounded; if fa1; : : : ; ang is bounded above, then !(a1; : : : ; an) = fb 2 KD j b � a1; : : : ; ang. Noticethat !(a1; : : : ; an) is nonempty. It can be easily shown that for such a signature 
, TSubhKD;
i isisomorphic to D. 2This construction sheds some light on well-known condition \M". The condition M says that, for any�nite bounded set X of compact elements, the set of its minimal upper bounds if �nite, and eachupper bound of X is greater than some minimal upper bound. Let 2Afin stand for the family of all�nite subsets of A.Proposition 2 Let D be an algebraic cpo satisfying \M". Then there is a partial nondeterministicalgebra hA;
i in which any n-ary operation is of form An ! 2Afin such that D is isomorphic to TSubA.Proof is the same as above, but we take !(a1; : : : ; an) to be the set of minimal upper bounds if itexists and unde�ned otherwise. 2References1. Gr�atzer, Universal Algebra.2. Qualitative domains.3. Condition \M".
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