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Abstract

We presenta simplecategorical semanticsfor ML signatures,structuresand
functors. Our approachrelieson realizablitysemanticsin thecategory of assem-
blies. Signaturesandstructuresaremodelledasobjectsin slicesof thecategoryof
assemblies.Instantiationof signaturesto structuresandhencefunctorapplication
is modelledby pullback.

1 Intr oduction

Building on work on the semanticsof programminglanguagesin realizability mod-
els, in particularthat of Wesley Phoa[Pho90] andJohnLongley [Lon95], we sketch
a simpleapproachto elementsof the ML modulessystem,suchassignatures,struc-
turesandfunctors. Oncethe basicmachineryis setup, we will needonly quitebasic
category theory.

This paperis anupdatedandcompletelyrevisedversionof anearlierpaperby Mi-
chaelFourmanandWesley Phoa[PF92]. Theconstructionof “generic” (in a senseto
bedefinedbelow) elementsandtypespresentedhereis essentiallythesameasin that
paper. However, our presentationis muchmoreelementary. Insteadof relying on the
internallanguageof theeffective topos,we give explicit descriptionsin therealizabil-
ity model.As in [Lon95], it is hopedthatthiswill makeouraccountcomprehensibleto
ComputerScientistsin general.

Apart from thesestylisticchanges,themaindifferencefrom theearlierpaperis that
we do not claim a characterizationof the of the “genericpredomain”constructionin



termsof a universalpropertyin a fairly largeclassof toposes—asa “classifyingtopos
for predomains”;no hint at a proof of this is given in [PF92], and indeed,asstated
there,this claim appearsto besimply false. Thepoint is that the“standard”construc-
tion of a genericpredomainasanobjectin a polynomialcategory, sketchedin [PF92],
classifiespresentations of predomains,anda givenpredomainhasmany presentations.
It seemsthata rigorousstatementof theappropriateuniversalpropertywould require
carefulattentionto the internalcategory of predomains,which is technicallydelicate
[Hyl88], andwouldmakeouraccountof ML modulesyetmoreinaccessible.

Here we presenta more simple-mindedapproach,inspiredby the idea of poly-
nomialcategories,but workedout at a concretelevel. Perhapsthis is mathematically
muchlesscompellingthantheclaimsin [PF92],but it is simpler, moreaccessible,and,
wehope,correct.

A muchweakerpropertyof thegenericpredomainappearsto bequitesufficientas
a basisfor all wewish to sayaboutML modules,and,wecanoftenreplaceanaccount
in termsof the slice categoriesusedto modelmodulesby talking, instead,aboutthe
objectsin thebasecategory usedto constructtheseslices.Sothispaperis primarily an
attemptto rescuethe ideason ML presentedin [PF92], while basingthemon a much
humbler, but lessdubious,mathematicalframework.

We needto warnthereader, however, that this is still only a sketchof work in pro-
gress.

2 Semanticsin the categoryof assemblies

Wewill modelourML-like languagein thecategory of assemblies(overapartial com-
binatory algebra). Readersnot familiar with realizabilitysemanticsmaythink of this
asa mathematicalsettingthatcombineselementsof domaintheoryandthePER model
of polymorphism.

2.1 Assemblies

Let
�

bethesetof naturalnumbersand ������� �
, let �	�
� denotethenumberthatthe� -th Turing machineprints on its tapewhenlet looseon the number � or undefined

whenthisdoesnot terminate.In this context we donot think of
�

asa setof numbers;
insteadit is thepartialapplicativestructurethatwewantto emphasize.Moreover, with
somecaremostof what follows shouldgeneralizeto otherpartial applicative algeb-
ras. Theparticularchoiceof

�
hereis dueonly to easeof presentation,asit allows us

to avoid technicalitiesaboutrealizers,appealinginsteadto thereader’s intuition thata
certainoperationcan“obviously” beperformedby a Turing Machine. (The category
of assembliesfor theparticularchoiceof thenaturalnumberswith Kleeneapplication
asthepartialcombinatoryalgebrais sometimescalled � -sets.For anintroduction,see
[Pho92]) Let ������ � bea recursive encodingof pairson

�
. We defineoperations� and� on its powerset � �

asfollows: for � , ��� �
, let���	��������� ��!
�"� �$# �%�&�'��!(�&�*)� � �����+�,� �$# !-�.� implies �/�
!-�0�*)



2.1Definition Thecategory 1 of assembliesis definedasfollows: anassembly2��3 # 2 # ��4 5��&2*476 consistsof a set
# 2 #

anda function4859�:2;4(< # 2 # = � �
suchthatfor all >*� # 2 #

, 4
>?�@2*4*A�9B .
An assembly2 is calledmodestif f >CA��D/� # 2 #

implies 4
>*�&2*4FE.47D/�:2;4G��B .
A morphism2 H = � of assembliesis a function

# 2 # H =I# � #
suchthattheset

of its realizers J
K+L # 2 # 3 4
>*�:2;4 � 4
M 3 >N6"�&�'4 6

is non-empty.

Whendefiningmorphismin the sequel,we will besomewhat sloppyanddefineonly
the underlyingset-theoreticfunction, leaving it to the readerto convincehimself that
this is indeedrealizable.

2.2 Slicesof the categoryof assemblies

Wewill needto work with familiesof assembliesindexedoveranassembly, i. e. in slice
categories1PORQ .

For amorphismQ H =	S
, wewill denotedthecorrespondingpullbackfunctor

1PO�Q	T MVU 1PO S
Notethatasthecategory of assembliesis locally cartesianclosed,MWU hasleft andright
adjoints X HZY MVU Y\[CH . In particular, for any Q we have the pullback QRU alongQ =	]

. We will frequentlynot distinguishnotationallybetweenanobject 2 in 1
andits pullback QRU�2 along Q =	]

.

2.3 Predomains

Recallthatthecategory of assembliescontainsobjectŝ , � and � , which in “domain-
theoretic”termsonecould think of asascendingchainsof length2, � and �`_Za , re-
spectively.

Let ^ betheassembly
3 ��b*�7c%)"�d4 5��.^(476 where48b��.^(4G��� >*� �Z# >,�
e/f*)48c��.^(4G��� >*� �Z# >,�
e/gd)

.
Let the lift 2,h of an assembly2 be X�i [kjml n . The lift functorhasan initial al-

gebra� andaterminalalgebra� , andthereis acanonicalinjection � o = � . For any
assemblyQ , we canextendtheseconceptsto theslice 1PORQ : theanalogueof ^ in 1'O�Q
is its pullbackalong Q =:]

, etc. (But notethatonecoulddefineall theaboveobjects
in theinternallanguageof theambienttopos.Thefact thatpullbackfunctorspreserve
suchdefinitionsvalidatestheabove.)



2.2Definition An object 2��p1PORQ is calleda ^ -spaceif f

2 q = ^GrWs> = 3 M = M 3 >N6t6
is monic.

Roughlyspeaking,we will consideranobject 2 to bedomain-likein this settingif it
haslimits of increasingchainsin thesensethatevery mapfrom the“genericincreasing
chain” (i. e. � ) to 2 extendsuniquelyto a mapfrom the“genericincreasingchainwith
a limit pointadded”(i. e. � ) to 2 . � = 2

..
...

..u
�
v�wx

2.3Definition An object 2 in 1PORQ is completeif f

2 y n{z = 2Gy
is anisomorphism.

This basicideais elaborated(for somewhat technicalreasons)to thefollowing defini-
tion, dueto JohnLongley andAlex Simpson[Lon95].

2.4Definition An object 2 in 1PORQ is well-completeif f

2 h y n�|Vz = 2 h y
is anisomorphism.

Let }�~7�������7�/����2 be the setof realizersfor the inverseof 2 h o . We may regardthis
asthe “realizability truth-value” of the proposition“ 2 is well-complete”. In particu-
lar, this is the emptyset if f 2 is not well-complete;otherwiseits elementsconstitute
computationalevidenceof well-completeness.

We will adoptwell-completê -spacesasour notion of “predomain”,combining
Phoa’snotionof ^ -space(whichweneedfor “smallness”,seebelow) with well-completeness
(which is a particularlywell-behavednotionof “domain-like” object).

3 Genericelementsand genericpredomains

We describehow to addgenericelementsandtypesto our categories. The former is
standard,thelatterappearsto bebasicallyfolklore but is hardto find workedout in the
literaturein any level of detail.



3.1 Genericelements

In order to accountfor valuedeclarationsin ML signatures,which we shall view as
beinggenericin thesenseof beingfreeto beinstantiatedto any valueof theappropriate
type,weneeda wayof addinganelementof a giventype.

Thefollowing well-known techniqueof addinganindeterminateelementallowsus
to do that (this is topos-theoreticfolklore, but doesnot requirethe full structureof a
topossothatwecanuseit in ourmoremodestsetting).

3.1Fact For eachobject 2\��1 , thereexistsa “genericelement”
] �?= 2�U�2 of 2

(in thesliceover 2 ), suchthat for every Q in 1 andevery element
] = Q�U�2 of 2

in thesliceover Q , ] = Q�U�2 is a pullbackof
] � = 2(U72 alonga (unique)mapQ = 2 .

Thegenericelement
] � = 2�U�2 in 1'O72 is just

2 �a n ��a n �= 2��p2� � �a n�� ��
� � � �2

In the next sectionwe shall addressthe much lesstrivial issuehow and to what
extentwecanaddnot only anelementof a giventype,but a new type itself.

3.2 Construction of a genericpredomain

Justasthegenericelementfor anobject 2 wasobtainedby takingthecategory of ob-
jects“varying” over 2 (i. e. theslice 1PO�2 , wewill now constructanotherslicecategory
varyingover all types.Thereaderwill suspectthatanobjectof all objectslooksdubi-
ous,andindeedwecanonly obtainacategory varyingover arestrictedclassof objects.
Two factsarecrucialfor this sizerestriction.

Modest assembliesform anessentiallysmallcollection.Let � bea sub-partitionof�
, i. e. a setof non-emptyandpairwisedisjointsubsetsof

�
. Definetheassembly�� to

be
3 ���
a��V6 . For anassembly2 , define �2 to betheset ��4�>*�:2;4 # >:� # 2 # ) . We have� ��I�9� and,for modest2 , � �29�� 2 .
Hencea modestassemblymay(up to isomorphism)berecoveredfrom thesubpar-

tition of thesetof realizersto which it givesrise.Hencewecanform a smallcollection
of objectsthatcontains(isomorphiccopies)of all modestassemblies.

Thesecondcrucialfact is dueto Phoa[Pho90]:

3.2Fact ([Pho90]) Every ^ -spaceis modest.

3.3Proposition Thereexistsa family ����� g V¡ ¢¤£¥ in 1 that is genericin thesensethatpre-

domains(in any slice)arepreciselythepullbacksof it. Moreprecisely,



1. ��� � g  ¡ ¢¤£¥ is a well-completê -spacein 1PO��G¦ and

2. for any well-complete ^ -space ��� n g+§¨ ¢¤£¥ in a slice 1PORQ thereexists a morphism

Q © §Nª = �G¦ suchthat ��� n g+§¨ ¢¤£¥ is a pullbackof ��� � g  ¡ ¢¤£¥ along « ¬® .
2 =*¯

Q
¬ w « ¬  = �G¦

w
PROOF (Sketch)We definethegenericpredomain��� � g  ¡ ¢ £¥ asfollows

# � ¦ # �±°���4
>?�:2;4 # >?� # 2 # )p²²² 2 is awell-completê -space³4����.�G¦ 4G�´}�~7��� ���7�/�µ� 3 ����a
�W6
and # ¯p# ��� 3 ���!�6 # �¶� # �G¦ # ��!/�.�F)4 3 ����!
6·� ¯ 4G�±4
�¶�0� ¦ 4F�:!
Themap

¯ = � ¦ is definedby
3 ����!
6 = � .

Now a family ��� n g §¨ ¢¤£¥ maybe regardedasthe indexedcollectionof thefibresof the

map ¬ , i. e. for eacḩ�� # Q # , wecandefineanassembly2º¹ by# 2 ¹ # ��� >*� # 2 #d# ¬ 3 >N6F�´¸�)4�>'�:2 ¹ 4G�Z4�>*�:2;4
And it can be shown that ��� n g §¨ ¢¤£¥ is a ^ -spaceif f all the 2 ¹ are and that it is well-

completeif f the 2º¹ are(uniformly) well-complete,i. e. if thereis a realizerinJ
¹ L # Q # 3 4
¸»�0Q¼4 � }�~7�������7�/����2 ¹ 6µ½

It followsfrom thischaracterizationthat



1. ��� � g  ¡ ¢¤£¥ is a well-completê -space.

2. Given ��� n g §¨ ¢ £¥ , wecandefinemaps

Q = �G¦¸ = }�~7�������7�/����2 ¹2 © §�ª =*¯> = 3 ��4�DG�&2*4 # ¬ 3 D76���¬ 3 >N6�)m�µ4�>*�&2;4�6
makingthediagramabove a pullback. ¾

3.4Remark ThemorphismQ © § ª = � ¦ is unfortunatelynot unique;intuitively, it has

a certainfreedomwhich (isomorphic)representative of a fibre 2 ¹ to pick. So ��� � g  ¡ ¢ £¥ is

genericonly in a weaksenseanddoesnot quiteamountto a“predomainclassifier”.

3.5Remark A similar constructioncouldbeusedto introducea genericcompletê -
space.This is the constructiongiven in [PF92]. The lack of uniquenessof the map« ¬  makingthediagrama pullbackcouldbeusedto constructacounterexampleto the

universalpropertywhich thecorresponding��� � g W¡ ¢ £¥ wasclaimedto enjoy.

3.6Remark Alternatively, onecouldusethe internallanguageof theambientrealiz-
ability toposto definethe genericpredomain.That would arguablyhave beenmore
elegant,but perhapslessaccessible.

4 The semanticsof the modulesystem

We arenow in a positionto explain how thegenericelementsandtypesof thepreced-
ing sectionscanbeusedto accountfor ML modules.(As we shallbe quite informal
anyway, we referthereaderto Paulson[Pau91]for detailsof these.)

In ouraccount,signatureswill bereifiedasobjects(in suitablyconstructedslices).
Matching,refining andfunctor applicationcanthenbe modelledby generalizedsub-
stitution, i. e. pullbackfunctors. We hopethat this depictionof signaturesasconcrete
objectshelpsto formalizeprogrammers’intuitionsaboutthem.

We hopethatthesystematicuseof slicecategorieswill facilitatethehousekeeping
of typeandvalueenvironmentsandthatthefact thatpullbackfunctorspreserve all the
relevantstructurewill giveaneasywayto ensurethatdenotationsthatoughtto be“the
same”areindeedisomorphic.Thisclaimwouldneedamorepreciseaccountof thede-
notationalsemanticsof modulesin orderto bevalidatedto any extent.Weshallcontent
ourselveswith giving hintsat sucha definition.



4.1 Signatures

We begin by showing how signatureslive in slicecategories. For a signatureSIGA,
we needto distinguishbetweentheobject ¿ÁÀ¼Â ÃNÄ�Å , which we mayregardasbeingjust
SIGA itself, andits generic instance , ÆÇÀ¼Â+ÃNÄdÈ , whichis anobjectin 1'Od¿�À¼Â+ÃNÄRÅ . Something
definedin termsof thetypeandvalueenvironmentrepresentedby SIGA will bemod-
elledasanobjectin thesliceover ¿�À¼Â ÃNÄ Å .

Considerthesignature ÉdÊ�Ë�ÌNÍNÎdÏGÌ;ÏRÐNÑ
We will modelit asthegenericpredomain

Æ�ÒÈ�� ��� � g W¡ ¢ £¥
in 1POR�G¦ . Next, consider ÉÓÊ�Ë(ÌNÍNÎÓÏÔÌµÕ{Öd×NØ/Ù < Ì 59Ú Ì;ÏRÐ�Ñ
Notethat Æ�ÒÈ livesin 1'O��G¦ . As every sliceis cartesianclosed,thereis anexponentialÆÛÒÈtÜ�ÝÇÞ
in 1POR�G¦ . Hencewehave agenericelementof Æ�ÒÈßÜ�Ý¤Þ in 1'O��G¦�OdÆ�ÒÈßÜ�Ý¤Þ ; andthis is Æ¤MWÈ .

Sowe obtainthecategory in which thedenotationof a signaturelivesby success-

ively slicing 1 , which givesof coursejust anotherslice of 2 , as for 2 H = � we
have 1PO��,O�Mp�� 1PO�2 . But notethatin theexampleabovewesliced 1POR� ¦ by anobject
thatwasnot alreadyin 1 . Soalthoughall we getby this processareslicesof 1 , they
maybeover relatively morecomplicatedobjectsthanwouldbethecaseif wewerejust
successively addingmoreindeterminatetypesto obtain1POR� ¦ OG���
��OR� ¦ �� 1PO 3 � ¦ �����
�R�&� ¦ 6

We may even regard this dependenceof ¿�MdÅ on ¿àÒtÅ asa rudimentaryaccountof
scope , inasmuchasthedependenceof M on Ò is reflectedin thatwefirst have to sliceto
geta placewhereÒ lives. By contrast,theorderof slicing couldbepermutedin cases
suchas ÉdÊ�Ë(ÌNÍ�ÎdÏ-ÉÓÕ�ÌNÍNÎÓÏÔÌ;ÏRÐNÑ
or ÉdÊ
Ë(Öd×NØ(× < Ê�ÐNÌ�ÕáÖÓ×NØ/â < Ê�ÐNÌ%ÏRÐ�Ñ ½
4.2 Structur esmatching a signature

Now considera structurematchinga signaturein thepreviousexample,e.g.É ÌNãNäWå+Ì/ÌNÍ�ÎdÏ/Ì �´Ä Ï�ÐNÑ < ÉÓÊ�Ë(ÌNÍNÎÓÏ/Ì%ÏRÐNÑ
where ¿ÇÄ�Å"�æ2 for somepredomain2 . We geta diagramexpressingthis matching



2 =*¯

] w = �G¦
w

andby pulling backalong
] = � ¦ wecaninstantiatethegenericÒ of thesignature

to theconcreteÒG��2 . By this instantiationthegenericelementof Æ�ÒÈtÜÛÝ¤Þ thenbecomes
thegenericelementof 2 n in 1'O72 , whichcanbefurtherinstantiatedto any realelement
of 2 n in 1 .

In shortwecanthusmatchÉ Ì�ãNäWå ÌºÌNÍNÎdÏGÌ ��Ä ÕµÙNäNÐ(Ù 3àç < Ì 6F� ç Ï�ÐNÑ
to ÉdÊ�Ë(Ì�ÍNÎdÏGÌµÕ�Öd×�Ø/Ù < Ì 5�Ú Ì-ÏRÐNÑ ½
4.3 Signaturesmatching a signature

If a signatureÀdÂ ÃNè matches anothersignatureÀ¼Â+ÃNÄ , this will allow us to constructa
map ¿�À¼Â ÃNè�Å = ¿�À¼Â Ã�ÄRÅ ½

This meansthat whenever we have matchedSIGB, then we have (by composi-
tion with ¿�À¼Â Ã�èRÅ = ¿ÁÀ¼Â ÃNÄ Å ) alsomatchedSIGA. And (in theoppositedirection),
whenever we have somethingimplementedin termsof SIGA, i. e. a structurein the
slice over ¿�À¼Â Ã�ÄRÅ , thenwe can pull it back along ¿�À¼Â ÃNè�Å = ¿�À¼Â ÃNÄ�Å to obtaina
structureimplementedin termsof SIGB.

4.4 Genericstructur es

Signaturescanhave substructurecomponents(of a givensignature).We canaccount
for themby consideringthesignatureasthe typeof thestructureandthenproceeding
aswedid above for constructinga genericelementof a giventype.

By thesamemethodaswe usedfor genericelementsof a giventype,we cancon-
structa genericelement,or rathergenericinstance of a signatureÀ¼Â Ã�Ä in the slice1PO¼¿ÁÀ¼Â ÃNÄ�Å .

This view of treatingsignaturesasthe typeof the structuresthat areits instances
appearsto fit in quitewell with thegeneralideasunderlyingtheML language.

4.5 Sharing constraints

Consider



signature SIGC = sig
structure sa: SIGA;
structure sb: SIGB;
sharing type SIGA.ta = SIGB.tb

end

As thedenotationof À¼Â Ãdé , we taketheequalizer

¿�À¼Â+Ãdé8Å(ê = ¿ÁÀ¼Â ÃNÄ Õ À¼Â ÃNè
Å ¿�À¼Â ÃNÄ�½ Ìd× Å =¿�À¼Â ÃNè�½ ÌNâ Å = � ¦
If structuresmatchingÀ¼Â Ã�Ä and ÀdÂ ÃNè aregiven,thiswill amountto maps� = ¿�ÀdÂ ÃNÄ�Å
and � = ¿ÁÀ¼Â ÃNè�Å andhenceto a map � = ¿ÁÀ¼Â ÃNÄ Õ À¼Â ÃNè Å . And if thecomponentsÉ�× ½ Ìd× and

É+â ½ ÌNâ arethesametype,themap � = ¿ÁÀ¼Â ÃNÄ Õ À¼Â ÃNè Å will equalize

¿�À¼Â+ÃNÄ Õ ÀdÂ ÃNè�Å ¿�ÀdÂ ÃNÄµ½ ÌÓ× Å =¿�ÀdÂ ÃNèµ½ Ì�â Å = � ¦
inducingamap � = ¿ÁÀ¼Â Ãdé Å .
4.6 Functors

A functorof theform

functor F(S: SIGA) = struct ... end

will bemodelledasa structurein 1POd¿�À¼Â ÃNÄ�Å . Given any a structureÀµë matchingthe
signatureÀ¼Â ÃNÄ , weget

� = �

�
¿�Àµë�Å w « ¿�Àµë�Å  = ¿ÁÀ¼Â ÃNÄ Å

w Æ¤À¼Â Ã�ÄNÈ
And we can instantiatethe actualparameterÀ�ë for the formal parameterÀ in the

bodyof ì by pulling thestructurein 1POd¿�À¼Â Ã�ÄRÅ representingthebodyof ì backalong« ¿�Àµë�Å  .
4.7 Summary of the definitions

To summarize,we concentrateon the ML fragmentin figure 1 andgive a “Pidgin”
semantics(seefigure2). This is not meantto be formal, we only try to give a more
condensedpresentationby abusinga familiar andconciseformalism(in the style of
Pidgin-Algol). In particular, wewantedto emphasizethedependenceof eachstepon
previoussliceconstructions.



Figure1: A BNF fragmentfor signatures

í'î�ï�ð <�< � Ì�ÍNÎdÏ Q�ñ î �¼Ò # Öd×NØ Q�ñ î �¼Ò·<�òºó7ô î # É ÌNãNäWå+ÌNäNãdÏ QRñ î �¼Òm< ��¸�õd�í'î�ï�ð !*<�< � í'î
ï�ð # í'î
ïöð ! Õ í'î�ï�ð��¸�õd��<�< � ÉÓÊ�Ë í'î�ï�ð ! ÏRÐNÑ

Figure2: A PidginSemanticsfor signatures

¿ Öd×NØº× < ÄNÅß÷P�±¿ÇÄ�Åß÷Æ Öd×NØ�× < ÄdÈÇ÷P� ] ø ��ù��öú= ¿ÇÄ�Å U÷ ¿¤ÄNÅß÷
¿ Ì�ÍNÎdÏGÌ Åß÷P���G¦
Æ Ì�ÍNÎdÏ/Ì È ÷ � ��� � g V¡ ¢ £¥

¿ É ÌNãNäVå ÌNäNãdÏ(É <�À¼Â ÃNÄ�Å ÷ �±¿ ÖÓ×NØ-É <d¿�À¼Â ÃNÄ�ÅtÅ ÷Æ É+ÌNãNäWå Ì�äNãdÏ/É <�À¼Â+ÃNÄNÈ ÷ �±Æ Öd×NØ,É <d¿�À¼Â+ÃNÄRÅöÈ ÷
¿ í'î�ï�ð ! Õ í'î
ïöð Å ÷ �±¿ í'î
ï�ð Å ÷�û�üþý"ÿ����������Æ í'î�ï�ð ! Õ í'î�ï�ð ÈÁ÷?�±Æ í'î�ï�ð È ÷8û�üàýmÿ�������� �

¿ ÉdÊ�Ë í'î
ïöð ! ÏRÐNÑ Åß÷P�±¿ í'î
ï�ð !�Åt÷Æ ÉdÊ
Ë í'î�ï�ð ! ÏRÐNÑ ÈÇ÷P�±Æ í'î�ï�ð ! ÈÁ÷



5 Concluding remarks

It remainsto be seento what extent ExtendedML [San89] could be accommodated
in this framework. In [PF92] a strongcasewasmadefor the internallanguageof the
effective topos. We sketchhow our ideascanbedevelopedto includeExtendedML.
Whendealingwith signaturescontainingExtendedML axioms,wework (temporarily)
in theambienttopos— but theobjectsthusconstructedwill againbeassemblies.

Let theformula � be(theconjunctionof) asetof ExtendedML axiomsimposedon
a signatureSIGA. Let À¼Â+ÃNÄ
	 bethesignatureSIGA augmentedwith theaxiomsin � .
By interpreting� in theinternallanguage,weobtainasits denotationa morphisminto
theobjectof truth-values ¿ÁÀ¼Â ÃNÄ Å ü�	�� =�

Thisclassifiestheobjectof all structuressatisfyingtheaxioms� :

¿ÁÀ¼Â ÃNÄ 	 Å Ú = ¿ÁÀ¼Â ÃNÄ�Å
] w Ú ������� =�

w ¿��WÅ
And its genericinstanceis thepullback

� Ú = �

¿�À¼Â ÃNÄ�	RÅ
Æ¤À¼Â ÃNÄ�	�È w

Ú = ¿�À¼Â ÃNÄ�Å
w ÆÇÀ¼Â+ÃNÄNÈ

Theobject ÆÇÀdÂ ÃNÄ�	NÈ in thesliceover ¿ÁÀ¼Â ÃNÄ�	RÅ is thegenericstructuresatisfyingall the
axioms.JustasstructuresmatchingSIGA ariseaspullbacksof Æ¤À¼Â Ã�ÄNÈ , thosestructures
thatadditionallysatisfytheaxiomsin � arepullbacksof Æ¤À¼Â ÃNÄ 	 È .

So the internal languageallows us to continueour programmeof reifying signa-
tures,aswe have reifiednot only matching,but alsosatisfactionof axioms. (Longley
hassuggestedthata classicallogic, whichmaybeinterpretedin theinternallanguage,
is moreappropriatethantheconstructiveinternallogic for programverification.It may
alsobemoreappropriatein this context. But thatissueis orthogonalto theconcernsof
thispaper.)
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