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We give  a general theory of the log ic  of po ten t i a l ly  
i n f i n i t e  ob jec t s ,  derived from a theory of meaning f o r  
statements concerning these objec ts .  
main pa r t s  which may be read independently but a r e  
intended t o  complement each o the r .  
e s s e n t i a l l y  philosophical.  In i t ,  we d iscuss  the theory 
of meaning. We be l ieve  t h a t  even the  s taunches t  r e a l i s t  
must view poten t ia l  i n f i n i t i e s  opera t iona l ly .  The second 
p a r t  i s  formal. In i t ,  we consider the  in t e rp re t a t ion  of 
log ic  i n  t he  gros topos of sheaves over t he  category of 
separable loca les  equipped with the  open cover topology. 
We show t h a t  general p r inc ip l e s  of cont inui ty ,  loca l  
choice and loca l  compactness hold f o r  these  models. We 
conclude with a b r i e f  discussion of the philosophical 
s ign i f i cance  of our formal r e s u l t s .  They allow us t o  
reconc!le our explanation of meaning w i t h  the "equivalence 
thesis , t h a t  'snow i s  white i s  t rue '  i f f  snow is white. 

The paper has two 

The f i r s t  pa r t  i s  

PROLEGOMENON 

Classical  mathematics i s  based on a p la tonic  view of mathematical ob jec ts .  
meanings of mathematical statements a r e  determined t ru th- func t iona l ly .  T h i s  
Fregean explanation of meaning j u s t i f i e s  c l a s s i ca l  log ic .  The de f i c i enc ie s  of 
such a view a r e  amply discussed by Dummett C19781. 

A cons t ruc t ive  mathematician r e j e c t s  t he  completed i n f i n i t i e s  of classiGa1 mathe- 
matics. For h i m ,  t he  objects of mathematics a r e  e s s e n t i a l l y  f i n i t e .  The meaning 
of quan t i f i ca t ion  over i n f i n i t e  domains is given opera t iona l ly  i n  terms of a 
theory of cons t ruc t ions .  
culus and o the r  p r inc ip l e s  (e .g .  choice p r inc ip l e s ) .  

As Dummett has s t r e s sed ,  one task  of any philosophy of mathematics i s  t o  explain 
the a p p l i c a b i l i t y  of mathematics. The poten t ia l  i n f i n i t i e s  of experience exceed 
the  f i n i t e  ob jec ts  of t he  s t r i c t  cons t ruc t iv i s t .  
f i n i t e  objects.  Naive abs t r ac t ion  leads t o  the idea l  i n f i n i t e  ob jec ts  of c lass -  
i ca l  mathematics. This i dea l i s a t ion  has enjoyed remarkable success.  However, 
the meaning of statements .of c l a s s i ca l  mathematics remains problematic. 

Brouwer C19811 introduced t o  mathematics po ten t i a l ly  i n f i n i t e  ob jec ts  such as  f r ee -  
choice sequences. Consideration of these  j u s t i f i e d ,  f o r  Brouwer, i n t u i t i o n i s t i c  
log ic ,  including various choice and continuity princip2e.s. We s h a l l  consider a 
general notion of non-constructive objec t .  For us, t o  present such a notion i s  t o  
give a theory of meaning f o r  statements involving non-constructive objec ts .  

Our non-constructive objec ts  a r e  not t h e  p la tonic  ideal ob jec ts  of c l a s s i ca l  
mathematics nor the  f i n i t a r y  objec ts  of pure constructivism. 

The 

T h e  r e su l t i ng  log ic  includes Heyting's pred ica te  ca l -  

They demanda mathematics of in- 

They a r e  po ten t i a l ly  
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i n f i n i t e  o b j e c t s  r e l a t e d  t o  t h e  l aw less  sequences o f  K r e i s e l  119681and t o  Brouwer's 
f ree -cho ice  sequences ( T r o e l s t r a  119771). 
o b j e c t s  cannot  be g i v e n  i n  terms o f  t r u t h  c o n d i t i o n s  ?as f o r  c l a s s i c a l  P l a t o n i s t  
mathematics) o r  i n  terms of  c o n s t r u c t i o n s  (as  f o r  n a i v e  c o n s t r u c t i v i s m ) .  
essence o f  t hese  n o n - c o n s t r u c t i v e  o b j e c t s  l i e s  i n  t h e i r  i n f i n i t e  cha rac te r .  They 
a r e  n o t ,  i n  genera l ,  t o t a l l y  grasped. They a r e  g i v e n  i n  terms o f  p a r t i a l  da ta  
which may l a t e r  be re f i ned .  Meaning f o r  s ta tements abou t  n o n - c o n s t r u c t i v e  o b j e c t s  
i s  g i v e n  b y  say ing  what  d a t a  j u s t i f i e s  a g i v e n  a s s e r t i o n .  

To d e s c r i b e  a p a r t i c u l a r  n o t i o n  o f  n o n - c o n s t r u c t i v e  o b j e c t  i s  t o  d e s c r i b e  t h e  t ype  
o f  da ta  on which i t  i s  based. We c o n s i d e r  v a r i o u s  such n o t i o n s .  Each concep t ion  
o f  da ta  g i ves  an e x p l a n a t i o n  o f  meaning wh ich  extends t h e  range o f  meaningfu l  
s ta tements and may b e  viewed as i n t r o d u c i n g  new o b j e c t s  i n  t h a t  i t  a s c r i b e s  mean- 
i n g  t o  new forms o f  q u a n t i f i c a t i o n .  I n  f a c t  f o r  each t y p e  o f  da ta  we i n t r o d u c e  a 
conc re te  r e p r e s e n t a t i o n  o f  t h e  n o n - c o n s t r u c t i v e  o b j e c t s  based on i t .  

Such a p r o j e c t  i s  n o t  nove l :  
such an e x p l a n a t i o n  o f  meaning f o r  c h o i c e  sequences. 
Dumnett 119771 makes a l e n g t h y  c r i t i q u e  o f  t h e  view t h a t  t h e  i n tended  meanings o f  
o f  t h e  l o g i c a l  cons tan ts  a r e  f a i t h f u l l y  rep resen ted  on Be th  t r e e s .  
models g e n e r a l i s e  B e t h ' s  they  appear prima fac i e  t o  be s u s c e p t i b l e  t o  t h e  same 
c r i t i c i s m s .  
meanings o f  t h e  connec t i ves  w i t h  t h e i r  i n t e r p r e t a t i o n  i n  Be th  t r e e s  a r e  d i r e c t e d  
a t  a d i f f e r e n t  problem f rom t h e  one we address. 
t h e  p o s s i b i l i t y  o f  s e p a r a t i n g  t h e  problem o f  e x p l a i n i n g  t h e  c o n s t r u c t i v e  meaning 
o f  s ta tements concern ing  l a w l i k e  o b j e c t s  f rom t h a t  o f  e x p l a i n i n g  t h e  i n t u i t i o n -  
i s t i c  meaning o f  s ta tements concern ing  cho ice  sequences. A l though we know o f  no 
s a t i s f a c t o r y  e x p l a n a t i o n  o f  c o n s t r u c t i v e  t r u t h  ( i n  p a r t i c u l a r ,  we agree w i t h  
Dummett t h a t  Be th  models do n o t  g i v e  one), such a s e p a r a t i o n  appears n a t u r a l .  
i s  p o s s i b l e  t o  conce ive  o f  c o n s t r u c t i v e  t r u t h  i ndependen t l y  o f  cho ice  sequences. 
Given such a concep t ion ,  Beth models p r o v i d e  an account  o f  t h e  i n t r o d u c t i o n  o f  
n o n - l a w l i k e  o b j e c t s .  By way o f  
example we now c o n s i d e r  two n o t i o n s  o f  da ta  c l o s e l y  r e l a t e d  t o  Beth models. 
b o t h  a r i s e  f rom t h e  same i n f o r m a l  p i c t u r e .  

Imagine r e c e i v i n g  f rom Mars an i n f i n i t e  sequence a o f  n a t u r a l  numbers. The 
p i c t u r e  i s  o f  a t i c k e r - t a p e  which produces an i n d e f i n i t e l y  con t inued  f i n i t e  
i n i t i a l  segment a o f  t h e  sequence CL. 

segment o f  a . )  
sequences s e r i o u s l y  as sequences. ( L a t e r  we s h a l l  i n t r o d u c e  more i n t e r e s t i n g  
examples . ) 
A n a i v e  v iew o f  t h i s  example cons ide rs  t h e  s tages b y  which i n f o r m a t i o n  a r i s e s :  
a t  any stage, t h e  p o s s i b l e  f u t u r e  da ta  i s  rep resen ted  b y  t h e  c o l l e c t i o n  N<N of 
a l l  f i n i t e  sequences. A t  t h e  n e x t  s tage  one o f  t h e  sequences <n> (where n E N) 
must appear. No t  o n l y  do we n o t  y e t  know which o f  t hese  p o s s i b i l i t i e s  w i l l  occur ,  
i t  i s  n o t  y e t  determined which w i l l  occu r .  
s t r u c t  many sequences. The s i m p l e s t  o f  these, a i s  g i v e n  b y  t r a n s c r i b i n g  t h e  da ta  
as i t  a r r i v e s .  
t h a t  a i s  an i n i t i a l  segment o f  a. We w r i t e  t h i s  b i t  CL E a. 
by s e t t i n g  b 5 a i f  a i s  an i n i t i a l  seqment o f  b s i n c e  then  b a l l o w s  fewer  poss ib -  
i l i t i e s  f o r  CL.) 
sequence b and then  c o n t i n u i n g  w i t h  t h e  incoming data.  Schemat i ca l l y ,  a i l  6 t b*a 
where * denotes conca tena t ion ,  and hence " o b v i o u s l y " , f o r  any c 5 a, we have 
c i k  D E b*a. We want  t o  make a l l  such "obv ious"  assumpt ions dbou t  t h e  n a t u r e  of 
j u s t i f i c a t i o n  e x p 1 i c i t ; s o  we g i v e  i t s  two b a s i c  s t r u c t u r a l  p r o p e r t i e s .  J u s t i f i c -  
a t i o n  shou ld  be  

The meanin s o f  s ta temen ts  about  these  

The 

Be th  119471 i n t r o d u c e d  h i s  models t o  p r o v i d e  j u s t  
Our models g e n e r a l i s e  Beth's. 

S ince o u r  

However, Dummett's remarks on t h e  (non)-consonance o f  t h e  i n t e n d e d  

Dummett appears t o  have o i e r l o o k e d  

I t  

It i s  t h i s  t ype  o f  account  we have g e n e r a l i s e d .  
They 

(We w r i t e  CL E a t o  mean t h a t  a i s  an i n i t i a l  
We want  t o  examine t h e  consequences o f  t r e a t i n g  such undetermined 

On t h e  b a s i s  o f  t h i s  da ta  we may con- 

(We o r d e r  sequences 

Another  sequence B i s  g i v e n  by f i r s t  w r i t i n g  down a f i x e d  f i n i t e  

Thus on t h e  b a s i s  o f  da ta  b 5 a, we a r e  j u s t i f i e d  i n  a s s e r t i n g  

a l C  $ 
a * b l t  0 pers i s t en t  
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and 
inductive a* < n > l t  $ f o r  a l l  n E N 

a l k  @ 
Pe rs i s tence  r e f l e c t s  t h e  i d e a  t h a t  knowledge, once j u s t i f i e d ,  i s  secure.  
d u c t i v e  c l a u s e  comes f rom r e f l e c t i o n  on t h e  i n f i n i t e  c h a r a c t e r  o f  a. Given a E a, 
t h e  c o l l e c t i o n  { a *  <n> I n c  N I  covers a l l  p o s s i b i l i t i e s  f o r  f u t u r e  data. 

I n  genera l ,  i f  we s t i p u l a t e  b l k  $ f o r  b E B 5 N<N, t h e  p r i n c i p l e s  o f  i n d u c t i o n  and 
p e r s i s t e n c e  w i l l  e n t a i l  o t h e r  i ns tances  all- $ .  
inductive cZosure o f  B and say B covers each such a .  

To d e s c r i b e  a p a r t i c u l a r  n o n - c o n s t r u c t i v e  o b j e c t  y i s  t o  say what i n f o r m a t i o n  
about  i t  i s  j u s t i f i e d  on t h e  b a s i s  o f  each p o s s i b l e  i t e m  o f  f u t u r e  data.  F o r  ex- 
ample, any monotone f u n c t i o n  g: N <N + N<N ( t h a t  i s  a 5 b i m p l i e s  g(a)  5 g ( b ) )  
g i ves  a n o n - c o n s t r u c t i v e  sequence y w i t h  al/- y E g(a )  ( t o g e t h e r  w i t h  t h e  consequ- 
ences e n t a i l e d  b y  t h e  p r i n c i p l e s  o f  p e r s i s t e n c e  and i n d u c t i o n ) .  M o n o t o n i c i t y  
he re  embodies t h e  requ i remen t  t h a t  we s h o u l d  accwnuZate i n f o r m a t i o n  on y .  
g e n e r a l l y ,  we can view any poset  P as an a b s t r a c t  r e p r e s e n t a t i o n  o f  da ta  about  
some t y p e  o f  o b j e c t .  Then a monotone map N<N + P w i l l  r e p r e s e n t  a non-const ruct ive 
o b j e c t  o f  t h i s  t ype .  

We do n o t  w ish  t o  i n t r o d u c e  t e c h n i c a l i t i e s  he re .  L a t e r  we s h a l l  g i v e  a d e f i n i t i o n  
o f  all- 4 ,  f o r  f i r s t - o r d e r  $ ,  b y  i n d u c t i o n  on t h e  s t r u c t u r e  o f  9. F o r  t h e  moment 
we j u s t  remark t h a t  such a d e f i n i t i o n  o f  a l l  $ can be  g i v e n  and t h a t  t h e  i n t e r -  
p r e t a t i o n s  o f  t h e  connec t i ves  a r e  comp le te l y  determined, i n  t h e  c o n t e x t  o f  ou r  
requi rements on j u s t i f i c a t i o n ,  b y  r e q u i r i n g  t h a t  t h e  r u l e s  o f  p o s i t i v e  l o g i c  be 
v a l i d .  I n  o u r  p r e s e n t  case t h i s  would amount t o  g i v i n g  B e t h ' s  semant ics f o r  i n -  
t u i t i o n i s t i c  l o g i c  w i t h  a s l i g h t l y  m o d i f i e d  n o t i o n  o f  "ba r " .  
w e l l  known t o  be e q u i v a l e n t  t o  t h e  t o p o l o g i c a l  i n t e r p r e t a t i o n  o v e r  B a i r e  space 
e x p l o i t e d  b y  S c o t t  [ I 9681  and Moschovakis 119731;our m o d i f i c a t i o n  rep laces  B a i r e  
space b y  fo rma l  B a i r e  space ( Fourman and Grayson C19823). 

We now r e t u r n  t o  o u r  p i c t u r e  o f  t h e  t i c k e r - t a p e .  What we have done i s  t o  g i v e  a 
r e p r e s e n t a t i o n  o f  t h e  subjective exper ience  o f  r e c e i v i n g  word f r o m  Mars, an  ex- 
t e r n a l  v iew o f  how t h e  w o r l d  w i l l  l o o k  when da ta  a appears on t h e  t i c k e r - t a p e .  
Th is  view i s  dependent on t h e  con t ingenc ies  o f  what  da ta  i s  a v a i l a b l e .  
ma t i cs  shou ld  be t i m e l e s s  and abso lu te .  
s i d e r a t i o n  o f  p o t e n t i a l l y  i n f i n i t e  o b j e c t s .  
c o n t r a d i c t i o n .  

P i c t u r e  a room w i t h  a t i cke r - tape ,A  and v a r i o u s  sequences i n  progress, - a,p,y 
desc r ibed  above f o r  example. Now suppose t h a t  on t h e  tape  we have t h e  ' f i n i t e  
sequence b. 
o t h e r  room A '  w i t h  a t i c k e r - t a p e  which, as y e t ,  i s  b l a n k  and t h r e e  non-const ruct ive 
o b j e c t s  d e f i n e d  b y  

The i n -  

We c a l l  t h e  s e t  { a  I a l k  $1 t h e  

More 

B e t h ' s  semant ics a r e  

B u t  mathe- 
Th is  requ i remen t  appears t o  exc lude con- 

We now a t t e m p t  t o  r e s o l v e  t h i s  

We have d u l y  n o t e d  t h a t  a E b, 8 E b*b, y E g ( b ) .  Consider  now an- 

c l t  a' E b*c 
CIF 8 '  E b*b*c 

c ~ F Y '  g(b*c) . 
I n  t h i s  room on t h e  b a s i s . o f  no d a t a  we can a l r e a d y  n o t e  t h a t  a' E b, 8 '  E b*b, 
y '  6 g ( b ) .  Fur thermore da ta  b*c a r r i v i n g  i n  room A w i l l  always have t h e  same con- 
sequences f o r  a . 8 , ~  as d a t a  c a r r i v i n g  i n  room A '  has f o r  a ' ,B' ,y ' .  
mathematics (and l o g i c )  o f  t h e  two rooms, A w i t h  da ta  b and A '  w i t h  no data,  
shou ld  be  t h e  same. We want t o  add t h i s  t o  o u r  fo rma l  t rea tmen t .  T h i s  i s  done by 
r e g a r d i n g  incoming da ta  n o t  as changing t h e  w o r l d  b u t  r a t h e r  as e f f e c t i n g  a t r a n s -  
f o r m a t i o n  wh ich  changes o u r  v iew o f  t h e  wor ld .  We c o n s i d e r  n o t  a p a r t i c u l a r  
t i c k e r - t a p e  b u t  r a t h e r  t h e  uses wh ich  c o u l d  b e  made o f  such an i n d e t e r m i n a t e  
sequence t o  generate n o n - c o n s t r u c t i v e  o b j e c t s .  Data j u s t  becomes a way o f  t r a n s -  

I n  f a c t  t h e  
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forming one such process i n t o  another ,  genera l ly  l e s s  f r ee :  i t s  r e s t r i c t i o n .  

We give a general de f in i t i on  of t h i s  transformation as  follows: 

(Where 6 i s  a non-constructive ob jec t  given by s t i p u l a t i n g  what da ta  j u s t i f i e s  
$ ( 6 )  f o r  various $.) 

This change of viewpoint amount s fo rma l ly  t o  a change in our representa t ion  of da t a .  
Formerly we considered the p a r t i a l l y  ordered set o r  t r e e  N < N  as representing var- 
ious possible s t a t e s  of information. Incoming data changes the  world in  t h a t  i t  
places us i n  a new s t a t e .  Now we consider N"' a s a  co l l ec t ion  of transformations 
which a c t  t o  change our view of t h e  world. 

Formally i t  i s  convenient t o  represent  t h e  data a s  the  monoid of f i n i t e  sequences 
under concatenation; i f  g: N C N  -f P represents  a non-constructive ob jec t  y then 
y l b  i s  represented by gob where b :  a b*a a c t s  by l e f t  concatenation. The 
notion of j u s t i f i c a t i o n  i s  t o  be s t a b l e  under such a change of perspective: 

(where I b  i s  applied t o  t h e  non-constructive parameters of $.)  

We now consider examples of a more general type of non-constructive ob jec t  intend- 
ed t o  represent  po ten t ia l  i n f i n i t i e s  of experience.  We base our desc r ip t ion ,  f o r  
the  sake of expos i t ion ,  on a view o f  c l a s s i ca l  experimental physics which we as- 
c r ibe  t o  t h e  nineteenth century.  Br i e f ly  i t  runs as  follows: 
on measurement. Experiments determine values o f  parameters a t o  a ce r t a in  degree 
of prec is ion .  Generally some e r r o r  i s  i nev i t ab le  but  i t  may in  p r inc ip l e  be made 
a r b i t r a r i l y  small ( t h i s  i s  t h e  assumption which leads us t o  labe l  this  as  a nine- 
teenth century noti  on) .  

Now, we refuse t o  admit t h e  c l a s s i c a l  a sc r ip t ion  of ac tua l  values t o  these para- 
meters. There i s  an apparent 
d i f fe rence  between a sequence determined only by the  f r e e  wi l l  of a Martian and a 
physical value. We leave as ide  the question o f  whether this i s  an actual d i f f e r -  
ence because t h i s  question misses t h e  poin t .  The point i s  t o  ask ,  "How can we 
assign meaning t o  statements concerning such q u a n t i t i e s ,  i n  p a r t i c u l a r  how should 
we understand quan t i f i ca t ion  over such quan t i t i e s?"  Our refusa l  amounts t o  deny- 
ing the coherence of any explanation based on the assumption t h a t  every sentence 
has a determinate truth value,  e i t h e r  true o r  f a l s e .  
e labora t ion  of t h i s  point.  

The poss ib le  r e s u l t s  of experiments a r e  concrete however. 
by experiment t h a t  a E U. 
assumes t h a t  a r b i t r a r y  refinement of our methods i s  i n  p r inc ip l e  possible i s  re- 
presented by saying t h a t  the V i  < U representing a c e r t a i n  degree .of refinement 
cover U . 
For example, measurement of a quant i ty  c l a s s i c a l l y  represented by a real  parameter 
could be represented by taking f o r  P t he  poset of ra t iona l  open i n t e r v a l s ,  with 
the  s t i p u l a t i o n  t h a t  f o r  each E > 0 an open in te rva l  U i s  covered by the  co l lec-  
t i on  of a l l  subin te rva ls  of length 5 E ,  a l so  t h a t  t h e  co l l ec t ion  of a l l  proper 
subin terva ls  of U covers U. 

In general then we consider a poset IP of poss ib le  outcomes f o r  an experiment. 
ask ,  a s  a technical convenience, t h a t  i f  p and q re resent a pr ior i  compatible 
r e s u l t s  ( i . e .  i f  there  i s  an r with r 5 p and r 5 qp then we can consider the out- 
come which cons i s t s  j u s t  of ge t t i ng  these  two r e s u l t s  ( i . e .  we have an infinium 
p A q E P). We a l s o  consider no information as a possible r e s u l t  ( i . e .  Ip has a 

c l k  $(sib) i f f  b*clk $(6) 

For example, a l b  = a '  = a ;  Olb = a ' ;  y l b  = y ' .  

a Ib$ ' ]b  i f f  b*alk $ 

Physics i s  based 

A t  f i r s t  consideration t h i s  may appear chur l i sh .  

We r e f e r  t o  Dummett f o r  

I n  general we may f ind  
These possible U form a poset IP. The conce i t  which 

We 
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t o p  element T ) .  The pose t  IP i s  equipped w i t h  a n o t i o n  o f  c o v e r i n g  f a m i l y .  We 
demand t h a t  t h i s  be  
re f  Zective i p }  covers p 
stabZe 
monotone I f  V 2 U covers p then  V covers p. 

I f  U covers p and q 5 p then  Iq  A w I w E U l  covers q 

The n o t i o n  o f  a c o v e r i n g  f a m i l y  i s  c r u c i a l  t o  o u r  e x p l a n a t i o n  o f  meaning f o r  in -  
complete o b j e c t s .  It f o r m a l i s e s  t h e  sense i n  which they  a r e  p o t e n t i a l l y  i n f i n i t e .  
We a v o i d  t h e  metaphor o f  W r i g h t  C19811 which rep resen ts  such a c o v e r i n g  f a m i l y  as 
embodying t h e  r e c o g n i t i o n  t h a t  t h e  s t a t e  o f  i n f o r m a t i o n  i s  capable o f  e f f e c t i v e  
enlargement  t o  one o f  t ype  a* <n> because i t  seems t o  l eave  open t o  us t h e  cho ice  
o f  n o t  p e r f o r m i n g  t h i s  enlargement. 
o f  a p a r t i c u l a r  t y p e  o f  i ncomp le te  o b j e c t  b y  s p e c i f y i n g  t h e  t ype  o f  da ta  which 
generates it. T h i s  s p e c i f i c a t i o n  i n c l u d e s  a n o t i o n  o f  c o v e r i n g  f a m i l y .  D i f f e r -  
ences o v e r  wh ich  i s  t h e  p r o p e r  c o l l e c t i o n  o f  c o v e r i n g  f a m i l i e s  do n o t  a f f e c t  t h e  
b a s i c  concep t ion  b u t  mere l y  l e a d  t o  d i f f e r e n t  types o f  data.  

We a r e  n o t  as mathemat ic ians o r  l o g i c i a n s  i n t e r e s t e d  i n  t h e  r e s u l t  o f  a p a r t i c u l a r  
exper iment .  
v a r i a n t  no m a t t e r  what t h e  outcome o r  methodology o f  a p a r t i c u l a r  experiment. 
i s  n o t  t h e  r e s u l t  b u t  t h e  uses t o  which t h e  r e s u l t  m i g h t  be p u t  i n  d e f i n i n g  mathe- 
m a t i c a l  q u a n t i t i e s  which i n t e r e s t  us. Were t h e  temperature s c a l e  non - l i nea r ,o r  
t h e  t ime  s c a l e  g i v e n  by t h e  unequal t i m e  o f  t h e  sun, phys i cs  would be d i f f e r e n t  
( i t  was). 

Our s o l u t i o n  i s  s i m i l a r  t o  t h a t  we employed i n  g i v i n g  an o b j e c t i v e  v iew of. open 
data. 
sense r e f i n e s  o u r  p o s s i b i l i t i e s  f o r  measurement. The measurements o f  t h e  o l d  con- 
t e x t  shou ld  be meaningfu l  i n  t h e  new one b u t  t h e  new one may a f f o r d  f i n e r  d i s t i n c -  
t i o n s .  
a r e  t o  be  viewed as r e f i n i n g  an o l d  o b s e r v a t i o n  p E IP. 
q 5 f * ( p )  and demand t h a t  i t  be 

The i d e a  we have i s  t o  i n t r o d u c e  c o n s i d e r a t i o n  

Rather, we a r e  i n t e r e s t e d  i n  those  p r o p e r t i e s  which would remain i n -  
I t  

B u t  mathematics and l o g i c  shou ld  be immune t o  such vagar ies .  

The p o s s i b i l i t y  we env isage i s  t h a t  o f  a change o f  s c a l e  which i n  some 

To d e s c r i b e  such a change o f  s c a l e  i s  t o  say which new observa t i ons  q E Q 
We w r i t e  t h i s  r e l a t i o n  

monotone p 5 p '  

muZtip Zicative q 5 f * ( p )  q 5 f * ( p ' )  
q 5 f * ( p  A p ' )  

pi I i E I covers p r 5 f * ( p )  
continuous 

{ q  I q f * (p i )  some i E 11 covers r . 
The m o t i v a t i o n  f o r  t h e  f i r s t  two i s  c l e a r .  
qu i rement  t h a t  a p rev ious  c o n v i c t i o n  t h a t  a c e r t a i n  f a m i l y  covers,  cannot be over-  
t u rned .  

C o n t i n u i t y  may be  viewed as t h e  re -  

The change o f  v i e w p o i n t  induced b y  such a t r a n s f o r m a t i o n  f i s  g i v e n  by 

Ma themat i ca l l y ,  o u r  n o t i o n  o f  d a t a  g i v e s  a p r e s e n t a t i o n  o f  a ZocaZe. 
s c a l e  i s  rep resen ted  by a cont inuous f u n c t i o n  between l o c a l e s .  
w r i t e  such a change f: Y -f X. 

We now c o n s i d e r  a supplement t o  o u r  n o t i o n  o f  j u s t i f i c a t i o n .  
t h a t  c o n s i d e r a t i o n  o f  a p a r t i c u l a r  t y p e  o f  da ta  would j u s t i f y  0, t hen  C$ i s  j u s t i -  
f i e d .  Th is  i s  t h e  r e f l e c t i o n  on wh ich  ou r  whole p r o j e c t  i s  based: t h a t  we can 
j u s t i f y  t a l k  o f  i ncomp le te  o b j e c t s  by r e f l e c t i n g  on hypothetica2 i n d e f i n i t e l y  
con t inued  processes. 

Change o f  
A b s t r a c t l y  we 

Suppose, we consider ,  
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We s h a l l  f o r m u l a t e  t h i s  b y  s a y i n g  t h a t  i f  f :  Y + X rep resen ts  t h e  i n t r o d u c t i o n  o f  
new d i s t i n c t i o n s  independent o f  those rep resen ted  b y  X t hen  

o r  t h a t  such an f i s  a cover. 

Our f i n a l  problem o f  f o r m a l i s a t i o n  i s  t o  c h a r a c t e r i s e  t h e  i n t r o d u c t i o n  o f  
independent data.  
cons ide r  P x Q t h e  p r o d u c t  pose t  w i t h  cove r ings  

I<pi,q> I i E I 1  covers p.q when {pi 1 i E I }  covers p 
I<p,qi> I i E I }  covers p,q when qi 1 i E I} covers q .  

The p r o j e c t i o n  g i v e n  by <p,q> 5 n * ( p ' )  i f f  p s p '  rep resen ts  t h e  i n t r o d u c t i o n  o f  
da ta  o f  t ype  Q i ndependen t l y  o f  t h e  da ta  IP under c o n s i d e r a t i o n .  We s h a l l  r e q u i r e  
t h a t  a l l  such p r o j e c t i o n s  be covers.  

I n  genera l  t h e r e  a r e  two c o n d i t i o n s  we r e q u i r e  t o  view a change o f  s c a l e  as t h e  
i n t r o d u c t i o n  o f  independent  data.  The f i r s t  i s  obv ious:  
i n t r o d u c e d  between e x i s t i n g  obse rva t i ons .  

A s imp le  example i s ,  g i v e n  P a n d  Q w i t h  n o t i o n s  o f  cove r ing ,  t o  

no new covers shou ld  be 

qi s f * ( r i )  {qi 1 i E I }  covers each q 5 f * ( r )  
{ri I i E I }  covers r 

The second i s  s u b t l e :  no new c o n d i t i o n a l  r e l a t i o n s h i p s  shou ld  be  i n t r o d u c e d  be- 
tween e x i s t i n g  obse rva t i ons .  We e x p l a i n :  i f  w E Q i s  such t h a t  

r 5 f * ( p )  r 5 w 
r 5 f * ( q )  

(we view w as e s t a b l i s h i n g  a c o n d i t i o n a l  r e l a t i o n s h i p  between f * ( p )  and f * ( q ) ) ,  
we demand t h a t  w 5 f * ( s )  f o r  some s E I P  such t h a t  

r s p  r s s  
r s q  

( t h a t  t h e  r e l a t i o n s h i p  be a l r e a d y  e s t a b l i s h e d  i n  IP). 
ments amount t o  demanding t h a t  t h e  cont inuous map f: Y + X be a s u r j e c t i o n  and 
t h a t  i t  be open. 
ca tegory  o f  l o c a l e s  equipped w i t h  t h e  t o p o l o g y  o f  c o v e r i n g  b y  open maps. 

Be fo re  t u r n i n g  t o  a fo rma l  examina t ion  o f  t h e  i n t e r p r e t a t i o n  o f  l o g i c  ove r  t h i s  
s i t e ,  we sum up o u r  i n t e n t i o n s .  

We i n t r o d u c e  n o n - c o n s t r u c t i v e  o b j e c t s  b y  e x p l a i n i n g  t h e  meanings o f  t h e  connect- 
i v e s  f o r  s ta tements concern ing  them. 
domain o f  q u a n t i f i c a t i o n .  
t h e  way such an o b j e c t  i s  g i v e n  t o  us. 
paraphrase t h e  new q u a n t i f i e r s  Wa and 3u. 
o f  t h e  i n t e r p r e t a t i o n s  o f  -+ and v .  

Our a im i s  t o  show t h a t  i t  i s  p o s s i b l e  t o  d e r i v e  r i g o r o u s l y  p r o p e r t i e s  o f  v a r i o u s  
domains o f  i ncomp le te  o b j e c t s  by g i v i n g  a fo rma l  r e p r e s e n t a t i o n  o f  t h e  da ta  which 
p resen ts  them as a s i t e .  We c o n s i d e r  t h a t  t h e  passage f rom an i n f o r m a l  n o t i o n  o f  
data t o  t h e  co r respond ing  s i t e  i s  s imp le  and n a t u r a l .  ( Indeed,  f o r  us, t o  have a 
c l e a r  concep t ion  o f  a t ype  o f  da ta  i s  t o  be a b l e  t o  d e s c r i b e  t h e  co r respond ing  
s i t e . )  Once t h i s  passage i s  made, t h e  d e r i v a t i o n  o f  p r o p e r t i e s  ( c h o i c e  and con- 
t i n u i t y  p r i n c i p l e s ,  f o r  example) i s  a mathemat ica l  ma t te r .  
these modeis i s  L e i b n i t z i a n :  
o f  such p r i n c i p l e s  b y  r e d u c i n g  t h e  m a t t e r  t o  c a l c u l a t i o n .  

I n  o u r  paper "No t ions  o f  Choice Sequence" C19821 we presented v a r i o u s  n o t i o n s  o f  

T e c h n i c a l l y ,  t hese  r e q u i r e -  

The s t r u c t u r e  o f  da ta  we have a r r i v e d  a t  may be  viewed as t h e  

T h i s  i s  not a m a t t e r  o f  c h a r a c t e r i s i n g  a 
We have t o  e x p l a i n  t h e  connec t i ves  anew i n  terms o f  

Moreover, i t  i s  n o t  s u f f i c i e n t  t o  mere l y  
Such a paraphrase e n t a i l s  a r e v i s i o n  

Our hope i n  p r e s e n t i n g  
t o  e l i m i n a t e  f u r t h e r  d i s c u s s i o n  o f  t h e  j u s t i f i c a t i o n  
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cho ice  sequence, i n c l u d i n g  ones s a t i s f y i n g  t h e  axioms o f  LS and CS, w i t h  t h e  same 
purpose. U n f o r t u n a t e l y ,  as t h e  l i t e r a t u r e  on cho ice  sequences makes c l e a r ,  c l a r i t y  
i s  i n  t h e  eye o f  t h e  beho lde r .  Hence t h e  p r e s e n t  a t tempt  a t  a more c a r e f u l  explan-  
a t i o n  o f  o u r  i n f o r m a l  n o t i o n  o f  n o n - c o n s t r u c t i v e  o b j e c t  and i t s  f o r m a l i s a t i o n .  

CONTINUOUS TRUTH 

We s t a r t  w i t h  a c o n c r e t e  p r e s e n t a t i o n  o f  t h e  i n t e r p r e t a t i o n  o f  h ighe r -o rde r  l o g i c  
i n  a Grothendieck topos.  Th is  m a t e r i a l  (561-3) i s  wel l -known t o  cognoscent i  
( t a u t o l o g o u s l y ) ,  b u t  i s  o t h e r w i s e  a c c e s s i b l e  o n l y  th rough  a s t u d y  o f  s c a t t e r e d  
re fe rences .  We g i v e  some o f  these sources b u t  make no sys temat i c  a t t e m p t  a t  a 
complete l i s t .  
mentioned. Our account  i s  f u l l e r  t han  i s  l o g i c a l l y  necessary f o r  t h e  sequel i n  
o r d e r  t o  p o i n t  o u t  some connect ions between d i f f e r e n t  approaches. 
ever ,  exhaus t i ve .  

Many i m p o r t a n t  and h i s t o r i c a l l y  s i g n i f i c a n t  c o n t r i b u t i o n s  a r e  n o t  

I t  i s  not ,  how- 

5 1  Frames and Locales 

1.1 D e f i n i t i o n .  
a r b i t r a r y  V. 

A frame i s  a complete l a t t i c e  w i t h  f i n i t e  A d i s t r i b u t i v e  ove r  
Frame morphisms, "and-or maps", a r e  maps p r e s e r v i n g  these opera t i ons ;  

T,A,V. 

1.2 Example. The l a t t i c e  O(X) o f  open subsets  o f  a t o p o l o g i c a l  space i s  a frame. 
I f  f: Y + X i s  a cont inuous map then  t h e  inverse image f*: O ( X )  -r O ( Y )  i s  an 
A,V-map. 

1.3 D e f i n i t i o n .  
ca tegory  o f  frames. We c a l l  t h e  morphisms continuous maps f: Y + X and w r i t e  
f*: U(X) + O ( Y )  f o r  t h e  co r respond ing  i n v e r s e  image maps between t h e  frames of 
opens o f  X and Y ( a s  i n  t h e  t o p o l o g i c a l  case) .  

Example 1.2 g i ves  a f u n c t o r  6: Top + LOC f rom t o p o l o g i c a l  spaces and cont inuous 
maps t o  l o c a l e s .  

The ca tegory  o f  Zocalos o r  g e n e r a l i s e d  spaces i s  t h e  dual  o f  t h e  

1.4 D i s c r e t e  spaces. 
S p a t i a l l y  P(A) corresponds t o  t h e  d i s c r e t e  topo logy  on A.  
p o i n t  space w i t h  O( ll) = P( ll) . 

An example i s  t h e  one- 

1.5 D e f i n i t i o n .  A t o p o l o g i c a l  space X i s  sober i f f  Top[I l ,Xl 1 LocCll,pX1. 

1.6 Lemma. On t h e  f u l l  subcategory o f  sober  spaces 6 i s  f u l l  and f a i t h f u l .  

We t a c i t l y  r e s t r i c t  o u r  a t t e n t i o n  t o  sober  spaces and h e n c e f o r t h  o m i t  ment ion o f  8.  
We v iew l o c a l e s  as generalised spaces. 
b e t t e r  expressed i n  terms o f  t h e  r i g h t  a d j o i n t ,  p t :  LOC + Top, t o  6. )  

(The r e l a t i o n s h i p  between LOC and Top i s  

r e p r e s e n t a t i v e  

, Q u o t i e n t  maps o f  frames induce  congruences: i f  f*: O(X) + U(Y) i s  
p a q i f f  f *p  = f *q .  Each congruence c l a s s  !PI has a canon ica l  
j p  = V tq  I p a q } .  The maps j: O(X) + O(X) a r i s i n g  i n  t h i s  way a r e  

monotone P 2 j p  

muttip l i ca t i ve  

idempotent j 2  = j 

j ( p  A 9) = j p  A j q  . 
Such maps a r e  c a l l e d  nuctei .  
f i x e d  p o i n t s )  o f  j. 
n u c l e i  on U(X). 
o f  x. 

The q u o t i e n t  may b e  i d e n t i f i e d  as t h e  image ( o r  
The q u o t i e n t s  o f  O(X) a r e  i somorph ic  ( a s  posets)  w i t h  t h e  

S p a t i a l l y  we v iew these q u o t i e n t s  as g i v i n g  r i s e  t o  subspaces 



168 M.P. FOURMAN 

1.8 Surjections.  
to surjections o f  spaces. 

Dually, we view inject ive inverse image maps as giving r i s e  

1.9 Right adjoints .  
given by 

The map q 

where p + r = v!q I p A q 2 r} .  
morphisms are d i f f e r e n t ) .  

Each frame map f* has a r ight  adjoint f,, d i rec t  image, 

f*p = V{q 1 f*q 5 pl . 
p A q has a r ight  adjoint  r + p -f r defined by 

p ~ q s r  i f f  q s p + r  
Thus frames are complete Heyting algebras ( b u t  the 

1.10 Definition. 
f*: O(y) + O ( X )  has a l e f t  adjoint  3,: U ( X )  + O ( V 7  commuting with A :  

A map of spaces f :  X -f Y i s  o en i f  the inverse image map 

3f(f*(Y) A x )  = Y A j f ( X )  

or, equivalently, i f  f* preserves +. 
1.11 Proposition. The category o f  locales i s  complete and cocomplete. Open 
surjections are  s table  (under pull-back). 

The theory of locales i s  developed extensively by Joyal and  Tierney C19821. 
Johnstone 119821 uses locales systematically and has a comprehensive bibliography. 

52 Si tes  and  Sheaves 

2.1 Definitions. Let 0 be a small categor . A cribte K of A E ! E l  i s  a sub- 
functor of the representable functor A E S' 
K ( B )  5 IB,AI, s table  under composition; for  each f E K ( B )  and g :  C -f B in C ,  the 
composite f 0 g E K ( C ) .  

2 . 2  Lemma. The cr ibles  of A form a frame, P (A) .  
If f :  B + A i n  B we have an inverse image map f*: P(A)  + P(B)  given by 
f*K = Ig  f 0 g E K }  fo r  K E P ( A ) .  
ing continuous map. 

2.3 Definition. (Lawvere-Tierney) A Grothendieck topology j on i s  a 
family of nuclei jA: P(A) -f P(A), natural i n  A: that  i s  f*o jA= j B o f * f o r  f :  B + A .  

2 .4  Lemma. 
induced inverse image maps f*: n(A)  + n ( B )  and the corresponding map of locales,  
which we write f :  B j  +A ' ,  i s  open. 

2.5 Definitions. 
which i s  
reflerrive A E J(A) 

oil  
: t h a t  i s ,  for  each B E 181 a s e t  

By abuse we write f :  B -f A for  the correspond- 
This map i s  open. 

I f  j i s  a Grothendieck topology on 0 ,  the quotient frames n(A)  have 

A pretopotogy J on 0 i s  a family J(A) c P ( A )  for  each A E B 

multiplicative 

stable  

K E J(A) L E J(A) 
K n L E J(A) 

K E J(A) f :  B + A  
f*K E J(B) 

(For example, l e t  K E J(A) i f f  j K  = T ) .  

A c r ib le  K E P(A)  i s  inductively ctosed for  J i f f  
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f: B + A  f * K  E J (B)  . 
f c K  

As A i s  c l o s e d  and an i n t e r s e c t i o n  of  c l o s e d  c r i b l e s  i s  c losed,  each c r i b l e  
K E P(A) has a cZosure j A K .  
covers A iff j K  = A, and w r i t e  t h i s  K E J(A). 

2.6 Exam l e s .  (1) L e t  U(X) be a frame viewed as a pose t  viewed as a ca tegory .  ___R_ L e t  K E J A i f f  VK = A .  ( I d e n t i f y i n g  B + A w i t h  i t s  domain.) Then n(X)  1 O ( X ) .  
( 2 )  L e t  
i n c l u s i o n s .  L e t  K E J(A)  i f f  K c o n t a i n s  some f a m i l y  Ifi: Bi + A l i  E 11 o f  open 
maps such t h a t  V 3fi(Bi) = A .  
i s  c l o s e d  f o r  t h i s  topo logy .  T h i s  assignment g i v e s  an A;V map r*: U(A) + n(A) ,  
s p a t i a l l y  a s u r j e c t i o n  r: AJ + A .  
i n c l u s i o n .  T h i s  assignment g i v e s  an A V map i*: n(A) + U(A) ,  s p a t i a l l y  we have 
an i n c l u s i o n  i: A c+JJ. Fur thermore,  r o  i = i d A  and r*i* s id,(A) so A i s  an 
a d j o i n t  r e t r a c t  o f  AJ (Fourman C19821). 

2.7 D e f i n i t i o n .  A presheaf on C i s  a f u n c t o r  X: Cop + Sets.  
a E X(A)  we use t h e  n o t a t i o n  a l f ,  "a  r e s t r i c t e d  a long  f", f o r  X ( f ) ( a )  E X(B). 
Note t h a t  a l f l g  = a l f o  g and a l i d  = a. 
sheaves F: Y + X a r e  n a t u r a l  t r a n s f o r m a t i o n s ,  maps FA: Y(A) + X(A) wh ich  commute 
w i t h  r e s t r i c t i o n s  FB(a, l f )  = ( F A a ) l f .  

2.8 Exam l e s .  ( 1 )  The r e p r e s e n t a b l e  f u n c t o r  [-,A], ( o r  by abuse, j u s t i f i e d  by 
-7++ Yone a s emma, A) i s  a p reshea f .  R e s t r i c t i o n s  a r e  b y  compos i t i on  g l f  = go f .  
Yoneda's lemma t e l l s  us t h a t  f o r  any o t h e r  presheaf ,  X, we have X(A) [A,X] .  I n  
p a r t i c u l a r  t h e  embedding C + Stop i s  f u l l  and f a i t h f u l .  
subpresheaf  K H A .  
(2 )  

T h i s  g i ves  a t o p o l o g y  j on C.  We say K inductiveZy 

be a sma l l  ca tegory  o f  l o c a l e s  c losed  under  f i n i t e  l i m i t s  and open 

The c r i b l e  generated b y  each open i n c l u s i o n  U 4 A 

Each c l o s e d  c r i b l e  c o n t a i n s  a l a r g e s t  open 

I f  f: B + A E C and 

The a p p r o p r i a t e  morpkisms between pre- 

Each c r i b l e  K E P(A) i s  a 

P and n a r e  presheaves w i t h  r e s t r i c t i o n s  g i v e n  b y  i n v e r s e  images K l f  = f * ( K ) .  

2.9 D e f i n i t i o n .  A 
eve r  K E J (A) ,  each 
K >+ A .  E q u i v a l e n t 1  

p reshea f  X on C i s  a sheaf f o r  t h e  ( p r e )  t opo logy  J i f  when- 
n a t u r a l  t r a n s f o r m a t i o n  x: K + X has a unique e x t e n s i o n  a long  
y, i f  K E J(A)  and we have a f a m i l y  x f  E X(B) f o r  f: B -f A E K 

The ca teaorv  of sheaves and n a t u r a l  t r a n s f o r m a t i o n s  i s  a 
such t h a t  xgf = x f l g  f o r  each g: C + 8, t h e r e  i s  a un ique x E X(A) such t h a t  
xf = x l f  f o r  each f E K. 
Grothendieck topos. 

There i s ,  as y e t ,  no s t a i s f a c t o r y  i n t r o d u c t o r y  t e x t  on topos theo ry .  The b a s i c  
re fe rences  a r e  SGA4, W r a i t h  C19751, Johnstone C19771, F reyd  '19721. 

53 F o r c i n g  ove r  a s i t e  

Here we d e s c r i b e  J o y a l ' s  p r e s e n t a t i o n  o f  i n t e r p r e t a t i o n s  i n  t o p o i  i n  terms o f  a 
n o t i o n  o f  f o r c i n g .  The b a s i c  s t r u c t u r e s  
we c o n s i d e r  a r e  diagrams o f  preskeaves on C. Each p reshea f  A i n t e r p r e t s  a type 
o r  sort  o f  v a r i a b l e .  A morphism f: A1 x ... x An + B i n t e r p r e t s  an n-ary  oper- 
a t i o n .  

3 .1  D e f i n i t i o n s .  
e q u a l i t y .  
p reshea f  A, t o  each o p e r a t i o n  F f rom A1,. . .,An t o  B a n a t u r a l  t r a n s f o r m a t i o n  
F: A1 x ... x An + B, and t o  each r e l a t i o n  R on A1 x ... x An a s u b f u n c t o r  
R * A1 x .. . x An. 

L e t  C and a ( p r e )  t opo logy  J be  f i xed .  

A s u b o b j e c t  R - A1 x ... x An i n t e r p r e t s  an n -a ry  r e l a t i o n .  

An i n t e r p r e t a t i o n  o f  L i s  g i v e n  b y  a s s i g n i n g  t o  each s o r t  A o f  L a 
L e t  L be a f i r s t - o r d e r  language ( p o s s i b l y  many-sorted) w i t h  

Given such an i n t e r p r e t a t i o n ,  f o r  U E J C C J  we l e t  LU b e  t h e  
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expansion o f  L o b t a i n e d  by add ing  cons tan ts  o f  t h e  a p p r o p r i a t e  s o r t s  f o r  t h e  e l e -  
ments o f  A(U). I f  f :  V + U then  f o r  any term T o r  f o rmu la  Q o f  LU we o b t a i n  a 
term T l f  o r  f o rmu la  @If o f  LV by r e s t r i c t i n g  any new cons tan ts  which occur .  
f o r  U E IC1 we d e f i n e  f o r  each c losed  term T o f  s o r t  A o f  LU an interpretation 
[ lTnu E A(U) b y  i n d u c t i o n :  

Now 

ucnu = c f o r  c E A(U) 

[IF( TI,. . . ,Tn) 1, = F(lT,n,. . . , i T n j )  . 
Note t h a t  U T l f l "  = [ T D u l f .  

f o r  4 a sentence o f  L u .  

Now we d e f i n e  i n d u c t i v e l y  t h e  r e l a t i o n ,  U forces  Q, 

UIk Q 

INDUCTIVE DEFINITION OF FORCING 

V f l t  @If a l l  f: V f  + K 
K E J(U)  

U I t  @ 

f o r  a l l  f: V + U, i f  VIE $ I f  t hen  V l t  $If 
V l t  @ + $ 

f o r  a l l  f: V + U, f o r  a l l  c E A(U), VIE ~ l f C c / x l  
U l t  wx.+ 

We now g i v e  some " d e r i v e d  r u l e s "  f o r  f o r c i n g :  

3.2 Lemma. B a s i c  p r o p e r t i e s  o f  f o r c i n g  

U I t  0 f : V + U  
V l t  +If ( P I  
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U I t  $ y Ji 
f o r  each f i n  some K E J(U) e i t h e r  V f l t $ 4 f  o r  V f l t $ l f  

Ult -  3x.g 
f o r  each f i n  some K E j ( U )  we have V f l t  $Cc /x l  f o r  some c E A(Vf) 

V l t  8 + * 
f o r  a l l  f :  V + U i f  V l t  g l f  t hen  VIE +If 

VIE W X . $  
f o r  a l l  f: V -f U and a l l  c E A(U), we have Vlk $ l f [ c / x l  

(Atomic)- 

Our p r e s e n t a t i o n  he re  i s  non-standard i n  t h a t  t h e  d e f i n i t i o n  o f  f o r c i n g  i s  u s u a l l y  
g i ven  b y  s t i p u l a t i n g  b o t h  p o s i t i v e  and n e g a t i v e  r u l e s  f o r  each connec t i ve ,  ( I )  and 
(P) a r e  then  de r i ved .  The r e s u l t i n g  r e l a t i o n  i s  t h e  same. 

f o r  each f i n  some K E j (U)'we hav; <Irl l ff, ..., [ T n l l f >  E R ( V f )  

3.3 D e f i n i t i o n .  A sequent r - i s  uaZid ( w r i t t e n  r 1 $)  i n  t h e  g i v e n  i n t e r -  
p r e t a t i o n  i f f  

U I ~ $ C S ( X ) / X I  a l l  q E r 
u I t  $CS(X)/Xl 

where E i s  an i n t e r p r e a t i o n  o f  t h e  v a r i a b l e s  o f  L by elements o f  t h e  a p p r o p r i a t e  
A(U). 

3.4 P r o p o s i t i o n .  
A(U) i s  i n h a b i t e d )  then  t h e  axioms and r u l e s  o f  H e y t i n g ' s  p r o p o s i t i o n a l  c a l c u l u s  
a r e  v a l i d  f o r  k. 
(Adap ta t i ons  f o r  domains wh ich  a r e  n o t  i n h a b i t e d  a r e  d iscussed i n  Fourman r19771, 
S c o t t  119781, Joya l  & B o i l e a u  C19811, Makkai & Reyes 119771.) 

3.5 D e f i n i t i o n s .  A p reshea f  A i s  separated i f f  

I f  each s o r t  i s  i n t e r p r e t e d  by an inhabited preshea f  (each 

' I t a  = 
a = b  f o r  a,b E A(U)  

A s u b o b j e c t  R t+ A i s  cZosed i f f  

U I t  R(a) f o r  a E A(U). FaquJ 
A h i g h e r - o r d e r  t ype - theo ry  i s  mere ly  a many-sorted f i r s t - o r d e r  t h e o r y  w i t h  some 
s t r u c t u r e  on t h e  c o l l e c t i o n  o f  s o r t s  and c e r t a i n  d i s t i n g u i s h e d  opera t i ons  and 
r e l a t i o n s .  One o f  t h e  i n s i g h t s  due t o  Lawvere and T i e r n e y  i s  t h a t  t o p o i  have 
such h i g h e r - o r d e r  s t r u c t u r e .  We c o n s i d e r  languages where f o r  any two s o r t s  A and 
B we can fo rm t h e  product A x B w i t h  a p p r o p r i a t e  pairing and project ion operat ions,  
t h e  funct ion space BA w i t h  an evaluation operation -( -), and a l s o  t h e  power t ype  
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P(A) w i t h  a membership reZation E .  
s t r u c t u r e  i s  i n t e r p r e t e d  by t h e  co r respond ing  s t r u c t u r e  on Sh((C). 

3.6 P r o p o s i t i o n .  I n  any s tandard  i n t e r p r e t a t i o n  t h e  f o l l o w i n g  schemata, which 
combine comprehension and extensionality, a r e  v a l i d .  

An i n t e r p r e t a t i o n  i s  standard i f  a l l  t h i s  

A x E A 3!y  E B.@(x,y) - 3 ! f  E B 
3 ! z  E P(A) W X  E A 

WX E A . $ ( x , f ( x ) )  

( X  E z ++ @ ( x ) ) .  

Thus power-types and f u n c t i o n  spaces behave as they  should.  The c a t e g o r i c a l  
c h a r a c t e r i s a t i o n  of  t h i s  h i g h e r - o r d e r  s t r u c t u r e  i n  terms o f  a d j o i n t s  i s  v e r y  
s imple,  p roduc ts  a r e  c a t e g o r i c a l  p roduc ts ,  

0 

We s h a l l  n o t  d e s c r i b e  t h i s  s t r u c t u r e  i n  genera l  he re .  We s h a l l  be  d e a l i n g  p r imar -  
i l y  w i t h  s o r t s  i n t e r p r e t e d  by r e p r e s e n t a b l e s .  These a r e  p a r t i c u l a r l y  s imp le  t o  
deal  w i t h  because t h e y  have generic elements. A wel l -known consequence o f  t h i s  i s  
t h e  Yoneda Lemma: 

OP F(U)  [U,FI f o r  F E ISc  I and U E / c C 1  . 
We use t h i s  t o  c a l c u l a t e  some examples o f  t h e  h i g h e r - o r d e r  s t r u c t u r e .  
exe rc i se ,  we suppose t h a t  ci: has f i n i t e  p roduc ts  and t h a t  each r e p r e s e n t a b l e  
f u n c t o r  i s  a sheaf .  

3.7 Lemma. 

(1) F'(U) F(U x C )  
w i t h  e v a l u a t i o n  f o r  u: V + U and E E F(U x V) g i v e n  by ~ ( u )  = sI<u,V>. 

( 2 )  

Proof. F (V)  [V,F 1 [ U x V , F I  2 F ( U x V )  

F o r  t h i s  

I f  F i s  a shea f  and U,V a r e  r e p r e s e n t a b l e  

(PU)(V) = n(U x V) w i t h  U l k a  E R i f f  Rl<a,V> = V .  
U U 

(PU)(V) CV,PUI Sub(UxV)  = 6?(UxV).  0 

A l o g i c a l  c o u n t e r p a r t  t o  Yoneda's lemma i s  t h e  f o l l o w i n g .  

3.8 Lemma. Generic elements for representables. 
I f  U i s  r e p r e s e n t a b l e  then  V I k W x  E U.$ i f f  V x Ulk $IT~[T~/XI. 
Proo f .  I n  one d i r e c t i o n  t h i s  i s  immediate f rom I n  t h e  o t h e r ,  suppose 
-+ V w i t h  a: W + U E U(W) then  cf,a>: W + V x U and, b y  p e r s i s t e n c e ,  i f  
V x U(k $fn1C.rr2/xl t hen  WIk $ l f [ a / x l .  

We g i v e  an example of  t h e  use o f  g e n e r i c  elements i n  t h e  s imp le  case of a ca tegory  
o f  presheaves. 

3.9 P r o p o s i t i o n .  Choice h o l d s  f o r  rep resen tab les  i n  c a t e g o r i e s  o f  presheaves. 
P roo f .  

Vlk WX E u . 3 ~  E F.@(x,y) 
t hen  

So b y  ( W ) '  we have V[k Wx.$ . 0 

L e t  U be a r e p r e s e n t a b l e  and suppose 

U X  VIk 3~ F . $ I T ~ ( T ~ , Y )  

U x V l k  $ 1 ~ ~ ( . r r ~ , C )  f o r  some 6 E F ( U x V )  
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U r e g a r d i n g  5 as an e lement  o f  F (V)  t h i s  g i v e s  

S ince  51 <n1,r2> = 5 .  Thus 

and so  

u x  V l t  ~ l + 1 , ( 5 1 n 2 ) ( ~ l ) )  . 

v i t  wx t U.4(X,E(X)), 

vlt- 3 f .Vx .+ (x , f ( x ) ) .  0 

From a c a t e g o r y - t h e o r e t i c  v i e w p o i n t  t h i s  r e s u l t  i s  wel l -known i n  t h e  form, 
"Representables a r e  i n t e r n a l l y  p r o j e c t i v e " .  

54 POINTS, LOCAL CHOICE, CONTINUITY 

Now we l e t  CC be a ca tegory  o f  l o c a l e s  c l o s e d  under  f i n i t e  l i m i t s  and open i n c l u -  
s ions ,  equipped w i t h  t h e  open cove r  topo logy ,  J. We w r i t e  E f o r  t h e  topos Sh(C,J). 

F o r  each l o c a l e  X we d e f i n e  an i n t e r n a l  l o c a l e  X b y  
O(X)(u) ;  O(XX U J ) .  

Th i s  i s  generated i n t e r n a l l y  b y  t h e  b a s i s  g i v e n  b y  
B ( )# ) (U)E  O ( X x  U) 

or even b y  t h e  c o n s t a n t  b a s i s  

Bo(X)(U) = O(X), 

w i th  t h e  i n c l u s i o n s  go(#) 4 

X x UJ -f X x U -f X. 
B ( X )  4 I ) ( ) # )  induced b y  t h e  p r o j e c t i o n s  

( I n  t h e  te rm ino logy  o f  Joya l  & T i e r n e y  X = P*(X).) 

The i n t e r n a l  space o f  p o i n t s  o f  X i s  g i v e n  b y  

T h i s  i s  t h e  space o f  E-va lued models o f  X. 
( p t X ) ( U )  ,z cruj,x1. 

F o r  a: UJ + X and W E O(XxUJ)  
i f f  <a,uj>-'(w) = T. 

s i n c e  i*: o ( u ~ )  + U ( U )  r e f l e c t s  

4.1 P r o p o s i t i o n .  F o r  any X E B I  t h e  i n t e r n a l  l o c a l e  X has enough p o i n t s  

Proof. We must show f o r  W 6 O(X) t h a t  
U l t  K covers p t  W U l t  K i s  an i n d u c t i v e  c r i b l e  . 

U I F W  E K 

We assume t h e  hypotheses, and l e t  
M = {Wi x Ui I U i I t W i  E KIUil  

C l e a r l y  IK i s  a doub ly  i n d u c t i v e  c r i b l e  o f  O(W) x U(U), t h a t  i s  an open o f  W x U. 
We show t h a t  I K  covers W x U t h a t  i s  t h a t  W x U E K, which i s  e v i d e n t l y  s u f f i c i e n t  
s i n c e  then  U l t  W E K. 

By p e r s i s t e n c e  
W x UlF KAn2 covers n l  
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t h a t  i s  
W x U ( k 3 V  E Kln2.rl E V. 

IK" = {Wi x Ui l fo r  some Vi c U(W) we have Wi x Ui It Vi E K 1 r 2  A rl c Vi} 
so 

covers W x U. 
then YlkV E K A e E V :  
su r jec t ions .1  But  now we c la im  IK* IK because, by d e f i n i t i o n  

and, as p ro jec t i ons  are  covers, 

[Because, i f  p: X + Y i s  an open s u r j e c t i o n  and Xlk V E K J P A  e l p  E V 
the  bas ic  opens o f  )# a re  constant and thus descend open 

wi x ui I t  n1 E vi i f f  Mi 5 Vi 

Wi x Uilb Vi E KIn2 i f f  UiIkVi E KIUi. 0 

When X i s  Ba i re  space NN, Cantor Special cases o f  t h i s  a re  worthy o f  mention. 
space 2 , Dedekind rea l s  R ,  t o  say t h a t  X has enough po in ts  i s  t he  i n t e r n a l  
statement of  Bar induc t ion ,  Fan theorem, Heine Bore1 theorem ( respec t ive ly ) .  
these cases i t  i s  s u f f i c e i n t  t o  take  t h e  topology on Q generated by cover ing 
fami l ies  of open inclusions: s ince  each o f  these spaces X has a p o i n t  t he  pro- 
ec t ions  X x U + X are covers fo r  t h i s  topology. We c a l l  t h i s  topology the open 
inclusion topology. 

We introduce some more general spaces. 
i n t e r n a l  l o c a l e  X / f  defined a t  U by the  bas is  U(V) w i t h  a l l  i t s  standard covers. 
More proper ly  f o r  9: W + U we de f ine  

given by p u l l i n g  back f along g. Any commuting t r i a n g l e  

N 
For 

L e t  f: X + U i n  LOC. We consider the  

W / f ) l g  = 0(9*X) 

x F Y  

induces an i n t e r n a l  map o f  loca les  
5 :  X / f  + Y/h 

def ined a t  U. 
covers. Furthermore, i f  5: X + Y i s  open (and s u r j e c t i v e )  then 5: X / f  + Y/h i s  
open, s ince  i t  s u f f i c e s  t o  de f i ne  4 comnuting w i t h  A on bas is  elements, (and 
su r jec t i ve  s ince i f  5: X + Y i s  an open s u r j e c t i o n  then so a re  a l l  i t s  pullbacks, 
so i n t e r n a l l y  5-l r e f l e c t s  bas i c  open covers). These spaces inc lude the  spaces )K 
we introduced e a r l i e r  as 

We now spec ia l i se  t o  t h e  case where the  ob jec ts  o f  b are  TI. Then U 4 U j  induces 
an isomorphism 

so t h a t  X represents the  func tor  p tX .  
N, NN, pN, R and t h e i r  bas ic  opens (see Fourman 119831.) 
o f  p t (X / f )  de f ined a t  U induces a comnuting t r i a n g l e  

Given by 5-l  on bas i s  elements, t h i s  c l e a r l y  takes bas i c  covers t o  

U1l-X (X x U)/v . 

( p t X ) ( U )  C C U j , X l  CCU,Xl 
This happens i n  p a r t i c u l a r  f o r  the  spaces 

Furthermore, any element 
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UJ - X which f o r  TI spaces 
X corresponds t o  a 
s e c t i o n  o f  g \ /  U U 

/ / d l  

So we have a p r e s e n t a t i o n  

correspond t o  
pt (X/ f ) 'g  commuting t r i a n g l e s  

/ 

W .U 
9 w i th  r e s t r i c t i o n  g i v e n  b y  composi t ion.  

We ex tend  o u r  e a r l i e r  lemma on g e n e r i c  elements: 

4.2 Lemma. I f  o b j e c t s  o f  (I: a r e  TI t h e n  

i f f  
ulk Vx E P t ( X / f ) . $  

Xlk ( $ l f ) ( i d ) .  0 

O f  course these g e n e r a l i s e d  rep resen tab les  can be  d e f i n e d  i n t e r n a l l y  i n  any 
Grothendieck topos and t h i s  r e s u l t  ho lds .  

4.3 P ro  o s i t i o n .  I f  t h e  o b j e c t s  o f  C a r e  T, t hen  f o r  any X E I C I  and any e- - 
Wx E p t ( X )  . 3 a  c A.$(x,a) 

+ 3 open cove r  p: Z ->> X and a f u n c t i o n  f: p t  Z + A 
W X  E A.WZ E p t  ZCpz = x + $ ( x , f ( z ) ) l .  

such t h a t  

P roo f .  As p t  X i s  rep resen tab le ,  

i f f  
U I k V x  3 a  o(x,a) 

X x ulk 3a $ln2(nl,a) 
i f f  f o r  some open cove r  p :  Z --> X x U 

i f f  
zlk $ln20~(n lo~,S)  f o r  some 5 c A ( Z )  

Ult-'Jz E z $ ( P ( Z ) , d Z ) ) .  0 

We do n o t  know under  what  c o n d i t i o n s  6 descends t o  g i v e  a f u n c t i o n  d e f i n e d  on a 
cove r  b y  open se ts .  
on C i n  wh ich  case we o b t a i n  

We can ensure t h i s  b y  c o n s i d e r i n g  t h e  open i n c l u s i o n  topo logy  

1 Wx E p t  X . 3 a  E A.$(x,a) 
+ 3 open cove r  Ui E U(X) and f u n c t i o n s  fi: Ui + A such t h a t  
Wx E Ui.$(X'fi(X)) . 

We now cons ide r  c o n t i n u i t y .  

4.4. P r o p o s i t i o n .  I f  X,Y a r e  TI t hen  1 V f :  p t  )# + p t  W ,  f is continuous. 
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Proo f .  I f  Uik f: p t  )# + p t  W t hen  f i s  rep resen ted  b y  5 :  X x U + Y i n  (c. F o r  
V E ( ) ( Y )  a b a s i c  open o f  W ,  w:  W + U and x: W + X we have 

Wlk ( t ; lw ) (x )  E v 
i f f  [ S  0 <x,W>l- l (v)  = w 

w It- x E c5 -1 (v ) lw l  

-1 -1 i f f  <x,w> 5 (V)  = w 
i f f  

1 r e g a r d i n g  5 -  V E O(Xx U) as an open o f  )# d e f i n e d  a t  U. 
1 Thus Ulk 5- (V) i s  open. 0 

55 I t e r a t i o n  

We r e t u r n  f o r  a w h i l e  t o  c o n s i d e r a t i o n  o f  a genera l  Grothendieck topos B = Sh(O,J). 
We c o n s i d e r  t h e  i n t e r n a l  ca tegory  (I i n  E g i v e n  b y  

(E(U) (c/u 

w i t h  r e s t r i c t i o n s  g i v e n  b y  p u l l i n g  back. 
[For  those who w o r r y  about  coherence (one shou ld  w o r r y ) ,  we remark t h a t  a con- 
c r e t e  ca tegory  i n  E w i t h  an e q u i v a l e n t  ca tegory  o f  s e c t i o n s  ove r  U i s  g i v e n  by 
c o n s i d e r i n g  V / f  t o  be rep resen ted  as t h e  e lement  S o f  (PV)(U) determined b y  

So & i s  an i n t e r n a l  sma l l  f u l l  subcategory o f  E whose o b j e c t s  a r e  sub func to rs  o f  
r e p r e s e n t a b l e s . ]  
We g i v e  C_ a topo logy  b y  l e t t i n g  

W / ~ V E S ~ ~  i f f  f o v =  g .  

xi -x \/ cover  X / f  i n  & i f  Xi + X cove r  X i n  c. 

Now f o r  A E I E I  we d e f i n e  A, E ShE(C,J) b y  

w i t h  r e s t r i c t i o n s  f o r  g: V + U g i v e n  b y  r e s t r i c t i o n  a long  f * g  
U k A _ ( X / f )  A ( X )  

and f o r  5: Y/h + X/g i n  a /U ,  b y  r e s t r i c t i o n  a l o n g  5 

Y A X  

U 
+,B i n  ShE($,J). Any morphism A + B i n  E i nduces  
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For those who p r e f e r  g loba l  descr ip t ions ,  we associate t o  A E If[ (pseudo) 
functors 

na tu ra l  i n  U ( i .e.  comnuting w i t h  g* f o r  g: V + U)  as fo l lows:  
6/U + E/U 

where 

E/U nf , U X  

a, B .  

For Y ' 
+ X we have nh P npE whence nhS* * nf (as E.* 4 ng) 

31 U 

and nhAy * nPx (as E*Ax Ay) . 
This gives the  requ i red  arrow nhayA + nfAXA. 
f unc to r  

What we ob ta in  i s  an ( i n t e r n a l )  

OP 
C + E C  * 

We s h a l l  show t h a t  t h i s  preserves f i r s t  order l og i c .  

l iere we work concre te ly  f o r  t h e  sake o f  computations. A simple bu t  more abs t rac t  
t reatment w i l l  appear i n  Fourman and K e l l y  C19831. We now consider a f i r s t - o r d e r  
language L w i t h  so r t s  f o r  t h e  ob jec ts  o f  E and operat ions symbols f o r  i t s  
morphisms. 
ment o f  such a language. We may consider L a lso  as a language i n  K as a constant 
ob jec t  ( v i a  A ) .  

Working i n  E we consider t h e  i n t e r p r e t a t i o n  o f  L given by i n t e r p r e t i n g  the  s o r t  A 
by A and each opera t ion  f: A + B by the  corresponding morphism 4 + &. 
5.1  Lemma. For f: X + U and g: X + V 

I n  f a c t  t o  avoid s i ze  problems, we consider an a r b i t r a r y  small f rag-  

~ l k  x / f k  9 iff vlt -  X/gl!- + 
Proof. 

v ~ F  X/g lk  0 f o r  a l l  g: X + v 
then IF i s  closed under t h e  ru les  o f  . As no r u l e  decreases the  complexi ty o f  
9 we say assume t h a t  t h e  r e s u l t  holds f o r  subformulae o f  9 .  

Only (+)+ and ( W ) '  present any d i f f i c u l t i e s .  
r e s u l t  f o r  @ and $. 

Suppose t h a t  f o r  a l l  E: W -+ U and a l l  h: Z + g*X, i f  W 
then WlkZ / (E* f  h ) I p d ( f * E - h ) .  
t h a t  W '  Z ' / (n*g  0 h ' )  IF @l(g*n  0 h ' )  then by i nduc t i on  hypothesis 

By induc t ion ,  i t  su f f i ces  t o  show t h a t  i f  Ulk X/flk *g i s  def ined t o  mean 

Me consider (-+)+, and suppose the  

Z/(E*f h) Ip*01(f*E 0 h) 
Then i f  n: W '  + V  and h ' :  Z + rr*X a re  such 
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U k -  Z ' ( f 0  g*no h ' )  It * $1(g*no h ' )  
whence ( l e t t i n g  5 = i d  and h = g*n 0 h ' )  we have 

U 
i n  particularW'IkZ'(n*goh')lkJil(g*qoh'). So V l k X / g / k ~ - t $ .  The p r o o f  
f o r  V i s  s i m i l a r .  0 

5.2 Theorem. 

Z ' / (  f 0 g*n 0 h '  It * $ 1  (g*n 0 h ' )  

I 

F o r  Q a fo rmu la  o f  L w i t h  a p p r o p r i a t e  parameters 
U IF'' X/flk Q" i f f  xlk Q . 

Proo f .  F i r s t l y ,  t h i s  i s  w e l l  formed: Parameters f o r  Q a t  X / f  a r e  elements o f  m) which a r e  g i v e n  as e lements o f  A(X) and a r e  thus  parameters f o r  $ a t  X. 

We proceed by i n d u c t i o n .  Tha t  i s ,  we show t h a t  i f  we d e f i n e  It* i n t e r n a l l y  by 

Ulk X / f  It * Q iff X l t  Q 
t hen  it* i s  c l o s e d  under t h e  d e f i n i n g  c lauses  o f l k  i n t e r n a l l y ,  (whence 
UIk X / f  11 @ - X\k $) and i f  we d e f i n e  \I+ by X It+ $ i f f  Ulc X / f  Ik @ then  \kt 
i s  c losed  under  t h e  d e f i n i n g  c lauses  o f  (whence Xlk Q *VIE X / f l t -  Q). 

As t h e  o p e r a t i o n s  A + B a r e  j u s t  t hose  i n h e r i t e d  f rom E, terms a r e  i n t e r p r e t e d  
a l i k e  i n  b o t h  contgxts: Thus if [ T I  = Uo] t hen  UlkU-rl = Dull, so 11' i s  c l o s e d  
under ( = ) +  and i f  

so IF* i s  c losed  under  (= )+  

T h a t  It + and 
Xi 11' $Ifi f o r  fi: Xi + X i n  some cover  o f  X t hen  X I 1  X i / f i  
i n t e r n a l l y  Xik X / i d l k  $. I n  t h e  c o n t r a r y  d i r e c t i o n ,  suppose Ulk Xi/g 0 fi IF* $Ifi 
f o r  some cove r  of  X as above. Then Xi $Ifi so Xlk Q t h a t  i s  Ulk X/g Q. F o r  
(+)+, f i r s t  suppose t h a t  f o r  a l l  f: V + U i f  V I - - + ~ l f  then  V I k+~ l f .  
c l a i m  U I  U / i d l k  @ + I$, because f o r  a l l  g: W + U and a l l  h :  V + W ,  i f  
W 
Conversely, if f o r  a l l  g: W + U and a l l  h: Z + g*X, where f: X + U, i f  
WIE Z/g* f  o h \I* $ l f * g  0 h ,  t h e n  X I k  @ + $, because f o r  h: Z -t X i f  Z \ k  $ l h  then  
U l t  Z / f  0 h It-* $ l h  so Ulk Z / f  0 h It-*Jl?h which g i v e s  Zlk $Ih,  so Ulk X / f  I/-* Q + J i .  
The p r o o f  f o r  W+ i s  s i m i l a r .  

We view t h i s  thorem as a s s e r t i n g  t h a t  i n  t h e  topos E t h e  n a i v e  n o t i o n  o f  t r u t h  
g i v e n  by t h e  equ iva lence  t h e s i s  i s  consonant w i t h  t h e  t h e o r y  o f  meaning g i v e n  b y  
t h e  n o t i o n  o f  f o r c i n g  o v e r  t h e  s i t e  &. 
appears t h a t  B i s  manufactured w i t h  t h i s  r e s u l t  i n  mind. 
p r imary  i n t e r k t  f o r  t h i s  paper, t h e  r e s u l t s  o f  84 a l l o w  us t o  r e g a r d  (I i n t e r n a l l y  
as a f u l l  subcategory o f  Loc(E) equipped w i t h  t h e  open cover  topo logy .  
i f  Q i s  t h e  ca tegory  o f  separab le  l o c a l e s ,  we may i d e n t i f y  (I as a ca tegory  o f  
sepgrab le  l o c a l e s  i n  E. 
t o  t h i s  paper. 

Given f: X -f U we may v iew an e lement  a o f  A(X) as a f u n c t i o n :  

Ulk U ~ l l  = Uol t hen  UIk T = a, 

\I-* a r e  c l o s e d  under  ( A ) ' ,  (v)', (3.)' i s  t r i v i a l .  F o r  I, suppose 
$Ifi and by I 

Then we 

V/h IF @1g 0 h, then  V It+ $ l g  0 h so V IF + $19 0 h, t h a t  i s  W v /h  Jilg 0 h. 

0 

O f  course t h i s  may seem vacuous as i t  
However, i n  t h e  case o f  

I n  f a c t ,  

We s h a l l  deal  w i t h  t h i s ,  among o t h e r  t h i n g s ,  i n  a sequel  

U It a: X / f  + A,. 
T h i s  a l l o w s  us t o  reph rase  o u r  theorem. 

5.3 C o r o l l a r y .  ulkX/flk $(a)  i f f  Ulk~t E X / f @ ( a [ t ) ) .  0 

We view t h i s  as a genera l  f o rm o f  t h e  e l i m i n a t i o n  theorem ( c f .  T r o e l s t r a  C19771 
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pp.33,79). 
clause i n  t h e  d e f i n i t i o n  o f  X/f/k $ ( a ) .  
axiom o f  l o c a l  choice Y t  E X 3y$(a ( t ) , y )  i f f  3 open cover p: Z ->> X and cont inu- 
ous f: Z + Y such t h a t  Wz$(a(p(z ) ) , f (z ) ) .  
ou t  f r e e  lawless var iab les  i s  given by T$ : def/k $. 

The appropr iate theory o f  continuous t r u t h  CT has an axiom f o r  each 
For example, t he  clause f o r  3 gives the 

The t r a n s l a t i o n  T$ o f  a formula $ w i th -  

CODA - 
A general no t i on  o f  non-construct ive ob jec t  i s  g iven by i n te rp re ta t i ons  i n  
Grothendieck topo i .  
view ( i n t e r n a l )  t r u t h  i n  t h i s  i n t e r p r e t a t i o n  as given by a non-standard theory 
o f  meaning. 
o f  continuous t r u t h  CT and an "e l im ina t i on "  t rans la t i on .  By construct ion,  
CT I$ tf T$ and f o r  formulae i n  the  l a w l i k e  p a r t  o f  the  language T $  5 $. The 
proo f  t heo re t i c  content o f  the  e l im ina t ion ;  

requires fo rma l i sa t i on  o f  our t reatment i n  an appropr iate theory I D  o f  i nduc t i ve  
d e f i n i t i o n s .  We do n o t  undertake t h i s  here. 

A f i n a l  example o f  an un f in ished ob jec t  i s  t h i s  paper. 
p a r t i c u l a r  c o n t i n u i t y  p r i n c i p l e s  i n  sheaves over s i t es ,  go back t o  1978 and were 
much in f luenced by discussions w i t h  Sco t t  and Hyland. 
being re f i ned .  Other pe rs i s ten t  in f luences  have been those o f  Joyal and Lawvere 
on the  one hand and o f  Kre ise l ,  T roe ls t ra  and Dummett on the other.  This 
research has been supported a t  var ious times by the N.S.F. (U.S.A.), the S.R.C.  
(U.K.), the  Z.W.O. (Netherlands), and the  A.R.G.S. (Aus t ra l i a ) ,  and made eas ie r  
by the  h o s p i t a l i t y  o f  many people no tab ly  Chr i s t i ne  Fox, I rene  Scott ,  Karen Green, 
and Imogen Ke l l y .  

The process o f  i t e r a t i o n  described i n  55 shows how we may 

The clauses de f i n ing  t h i s  g ive  axioms f o r  the corresponding theory 

CT $ i f f  I D  T $ ,  

Some o f  the  resu l t s ,  i n  

Some r e s u l t s  are s t i l l  

I am g r a t e f u l .  
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