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Overview

@ Modelling an control system
@ Stationary behaviour and time constant of control systems

@ Model identification
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Differential Equations

dx(t
);’(t ) = f(x(t)) subjectto x(tp) = xo
o Example from last lecture:
dx(t
)Z/(t ) = ax(t) subject to x(t9) = xo
@ Solution
x(t) = xp exp(a(t — to))
@ a > 0 fast increase for xg > 0
@ a < 0 decay with time constant 7 := —%
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Example: Electric motor

@ Ohm's law & Kirchhoff's law
Ve =IR+e
@ Motor generates voltage e = ki s

@ Vehicle acceleration

ds T

da M

@ Torque 7 is proportional to current:

T:kz/

@ Putting together:
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Solving differential equations numerically

@ Given process model

M _ds
Vg = k —R—
B 1S + I dt

Rewrite J Ik B
S _ 1K2 72
& Rm T RmME

@ Choose a small step size At

© Start at t =0 and s(0) = so

Q lterate s(t + At) = s(t) + At until t =T

© How do control s(t) towards a desired value by changing Vg7
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Abstract form as a control system

C=As+ B% control system plant and controller
A+ B% process dynamics operator applied to state
s state variable output: plant — controller
C control variable input: controller — plant
ds
. C 0]1&1' C = AS —+ BE
= =S ds
= | |2 z=As—-C :Z:_BE
d_ b B dz
_ = R zZ = ——
dt dt A dt

Z(t) = Zoe_g(t—to) Z:gc S(t) — Soe_%(t—t0)+% (1 _ e—g(t—to))

>

Stationary state: %; time scale (decay by a factor of é): T=
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Back to the Example

M _ds
Vg =k —R—
B 1S + I dt

C=As+B% with A=k, B=#R C= Vs
Stationary behaviour s (t — 00) = %

Ve
ky

%zO = Vg=ks = s(t—o0)=

Time scale (decay by a factor of 1)

B MR
T=—=

A kiky
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Half-life of decay

Decay by a factor of 1
Vs
- M2 (t—to) Lo (tto)
s(t) = spe” + — ;A <1 e >

Starting from previous state sy = 0 towards new stationary
behaviour at s :\;—f

1 E_ﬁ k2 (t—t0)
<2> kl_/q(l ¢ )

kq k
1_ (it

o= —n (L) MR o7 MR
half = 2) kika " kiks

2015 IVR M Herrmann



Suppose k; = 7, %—5220,
ds
Vg =75+ 20—
B s+ Odt

If the robot starts at rest and 7V are applied then steady state

speed is

V

s=-2 —1m sec?
ki
MR 20
T% ~ 07@ = 077 = 2sec

Time taken to cover half the gap between current and steady-state
speed.
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|dentification of a control problem

If K =5, and s, = 8, and the system takes 14 seconds to reach
s = 6 starting from s = 0. What is the process equation?

15

@ Determine A and B in

é
dt

Ksoo = B— + As

velocity

@ General solution of the
equation:

—E S —£ zz‘ur;es
TZA ™7 Q

where C = Ks, = 40

Solution of the process equation

(unit scale)

o Thus A= S =K=5 B=r1A
@ How do we obtain 77 (Hint 7 =7s, i.e. B = 35)
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Controlling the motor over time

Process model

M _ds
Vg =k —R—
B 1S + ko dt
Stationary behaviour (steady state)
V
s(t—o0)=-2
ki
Inverse model:
Ve = ki Sgoal

Solution provides forward model:

MR
5(8) = soo A0 4 VB (1
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@ In order to derive a process model, we need to understand the
physics of the system

@ For simple processes, the system can be characterised by
stationary state and the time constant of the approach towards
this state

@ Given the model equation, a few measurements can help to
derive the explicit model equation and thus to obtain the
trajectory of the system
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