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Roleof a singlescattererin a multiple scatteringmedium
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The influenceof oneextrastaticscattereron multiple scatteredclassicalwavesis considered.It is shownhow to connecttwo
“diffusons”or“ladders”. Secondly,theinteractionvertexoffour diffusons(“Hikami box”) is generalizedto non-staticsituations
andthepresenceof absorption.BeyondthesecondorderBornapproximation,eightdiagramsarerelevant.

1. Introduction the scatterer.The potential is proportional to k2,
causingthe energytransportvelocity in disordered

Considerthepropagationofa classicalscalarwave systemsto be different from bothphaseandgroup
througha slab of thicknessL with randomlyplaced velocity [2]. With a scattererdensityn, the mean
point scatterers.This wave is for instancea sound free pathis definedas I~4it/nti: It may becomeof
wave or light in a scalarapproximation.In the low theorder ofthewavelengthnearresonanceandhence
density limit an independentscattererapproxima- much smaller than the secondorder Born result
tion canbe made.The systemis then in the weak 4~t/nu2.Absorption is containedin the imaginary
localisation regime,i.e. ki>> 1, with 1 denotingthe part of the scatteringpotential.The singlescatterer
meanfree path. First focus on the scatteringof the albedois given by a= 1 — 47t Im u/k I UI2 We assume
wave by a singlescatterer.Thisprocessis described that theabsorptionis weak,whichis realisticin most
by its t-matrix. We treatthe simplestcase:isotropic interestingoptical multiple scatteringexperiments.
point scattering.In the weak scatteringlimit the 1- Weconsidera slabgeometry.Boundaryeffectsdue
matrix canbe approximatedby the first two orders to internal reflections can be important, and are
of theBorn approximation(zero-andone-loopdia- treatedelsewhere[3,4]. Here,the diffuse intensity
grams).Nearresonance,however,the secondorder is supposedto vanishat onemeanfreepathoutside
Born approximationbreaksdown as higherpowers the sample.This approximatetreatmentof the skin
of the potential become important.This typically layer is good enoughfor our presentpurpose.The
happensin optical experimentswith scatterersnear mostimportantcontributionstothetransmitteddif-
resonance.The problem of going beyondthe Born fuselight are theso-called“ladders”or “diffusons”.
approximationfor point scatterersis discussedby Theladdersconsistof a particleandahole line shar-
Nieuwenhuizenet al. [11. Thet-matrixis calculated ing commonscatterers.Theparticle Greenfunction
in all ordersof the scatteringpotential (i.e. all loop dressedwith a self-energyntis
diagrams)andregularized[1]. Thisgives

(2)

1 —u/u
0—iuk/4it Supposethe particle line of the ladderpropagates

with u vk
2 beingthe strengthof the scatteringpo- with a momentump+ ~q and a frequencyw+ ~w.

tential,andu
0= vk~beingtheresonancewavelength. Thehole line propagateswithp— ~qandw—~ p

v isa parameter,which, whendealingwith a realistic denotesan internalmomentumtobeintegratedover.
scatterer,dependson the sizeandrefractiveindexof We call q the external momentumandL~swthe ex-
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ternalfrequency.TheGreenfunctionis expandedin
small external momentum and small external FII~III1 = * * * L K L

frequency,
El ~

G(p+ ~q,w+ ~co)=G(p, w)—(p’q)G2 (p,w)
Fig. 1. Contributionsfrom an additionalscattererto theladder

— ~q2G~(p,w) + (p~q)2G3 (p,0) intensity.L denotestheladderwithouttheextrascatterer,I., the
resultingladderwith contributionsfromtheextrascatterertaken
intoaccount.Thick lines denoteparticlepropagators,thin lines

+ ~~_kG2(p, w) + 0 (q4, Q2) . (3) denoteholepropagators.The dashedline indicatesthatboth the
particleandtheholeline interactwith theextrascatterer.The t

0-
With this Greenfunctiontheladderis calculated.The matrixof theextrascattereris denotedby a cross.Its total effect

ladderequationbecomesequalto a diffusion equa- is denotedby K.

tion on lengthscaleslargecomparedto themeanfree
path.In Fourierspaceit satisfies The extra scattereris describedby a t-matrix t0,

(q
2+iQ+K2)L(q)= l2it/13. (4) with an albedoa

0.It is placedat r0= (0, 0, z0),with
z0the distanceto theoutgoingsurface.Let theladder

Q is proportionalto the frequencydifferenceof the propagatorsconnectedto the extra scattererhave
ladders,Q= — &o/D, with diffusion constantD momenta q1 and q2. Both momentaare defined

I VEI, inwhich v~is theenergytransportvelocity [21. pointingtowardstheextrascatterer.In lowestorder
Theinverseabsorptionlength K is relatedto the al- of thesemomenta,we find for the lowerdiagramsof
bedoas ic

2= 3(1 — a) /12. In the caseof one single fig. 1
monochromaticplanewavebothpropagatorsin the

0i~J2
ladderhavethesamemomentumandfrequency.The K= — 4~2 [q, ‘q21

2+3(l —a
0)] . (5)

solutions of the diffusion equation(4) now decay
exponentiallydue to absorptiononly; for Q=K=0
the ladderdecayslinearlyon thismacroscopiclevel. Correspondingto the first line of fig. 1, the expres-
The effect of going beyondthe secondorder Born sion for theladderwith theextrascattererincluded,

readsin spatialcoordinates
approximationis reflectedin a differentvalueof the
mean free path and the occurrenceof the energy Le(r, r’)
transportvelocity VE.

=L(r, r’ ) + [ô(r’ —r0) +ö(r—r0) ]L(r, r’)
nü~

2. Scattering from one extra, static scatterer —

+~-~-~iJdridr2[l
2V

1’V2—3(1—a0)]L(r,r1)
487t

Following BerkovitsandFeng[5], we considerthe
influenceof oneadditionalpointscattereron thedif- xL( r2, r’ )ó(r1 — r0 )ô( r2 — r0) . (6)
fuseintensity.Thisis a problemof practicalimpor-
tance as researcherstry to locate an object in a We assumethat the extrascatteringis weak ascorn-
strongly scatteringmediumby looking at the trans- paredto the total scatteringn0t010<< nti~with n0=
mitteddiffusebeam[61. Wetreatthis problemwith 1 / V~V is the slab volume.First we averagethe po-
a diagrammaticapproach.The problemcanbe re- sition of the extrascattereroverthe whole slab.Be-
phrasedas: “how can two laddersbe tied together?” haviorlike formula (4) for a densityof n+ n0 scat-
In fig. 1 all relevantcontributionsto the scattering terers is expected.Indeed,this is recoveredwith a
arepresented.Thetwo rightmostlowerdiagramsare reducedmeanfree path

1e = 4it/ (ntl+ n
0t0i~).Start-

self-energydiagramswhich are not taken into ac- ing from eq. (6) and substitutingformula (4) we
count in the ladderL. Thesediagramswere over- find to leadingorder in n0
looked in ref. [5]. However,their contributionsare
importantastheycancelthe leadingterm of thefirst
r.h.s. (lower) diagram.
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~ - both in the mediumandinside the scatterer.The
Le(q) =L(q) +2 °°° L(q) scattererwasfor instancea spherewith radiusR, in-

— verse absorptionlength K
2, anddifferent diffusion

~ F 212 ‘s,’ 1 ‘~i n0t0t01 r 2~’ constantD2. Considerthe situationof weakuniform
— —a011 48it

2 absorptionandalmostequaldiffusion constantsin-

l2it side (D
2) andoutsidethe sphere(D). Den Outeret

(q

2+iQ~—K~)~, (7) al. find in this case q=—K~R3z
0/3Land p=

R
3 (D — D

2 )/ 3LD. We replaceour extrascattererby

with Q~ Ql/l~,consistentwith our definition of Q. a sphereof radiusR with a density n0= 3/4itR
3 of

Further, extrascatterers.Theextrascatteringis weakascorn-

2 — — paredto thetotalscattering,if R is nottoosmall viz.Kele~3Entt(l—a)+nototo(l—ao)]/47t — 1 3R>’> (1t
0t0) / . The diffusion constant inside the

involves a weightedsumof albedos. sphereis D2 = ~~ With this identification, our p
The situationwherethe scattereris fixed is more andq valuesagreewith the resultsof denOuter et

interesting.We considerthe transmissionof a plane al.
wave througha non-absorbingmedium. The trans- In ref. [5] theself-energycontributionspresented
mission is give by in fig. 1 are not takeninto account.As a result the

dL (L z) unphysicalresult is foundthatscattererswithoutab-
T=l ‘ . sorptionact asa sourceof intensity.

z=0

L~is calculatedwith a methodof images [6]. Ne- 3. Calculation of the generalizedHikami box
glecting the secondandthird upperr.h.s.diagrams,
the transmissionin nearfield reads Going beyondsecondorderBorn approximation

in the calculationof the ladderdiagramsresultedin
T(p) = + 2q1 z0+ 2nL a simplereplacementof the meanfree path. How-

L [p
2+ (z

0+2nL)
2]312 ever, sometimesthe situation is moresubtle. Two

p2—2(z +2nL)2 diffusonscaninteractby exchanginga holeor par-
2+ (z +2nL’l2~5/2’ (8) tide line. Within the secondorder Born approxi-

tP ° mationthis interactionis describedby a setof three

in whichp= (x, y), and diagrams,usually called the Hikami box. Hikami

z 3t ~ ~ I notedtheimportanceof this typeof diagramsin dis-
— ± (1—a

0) , p= ~ ~ (9) orderedelectronsystems[7]. Also in thecalculation
of longrangecorrelationsof multiple scatteredwaves

Two casesareto beconsidered.If the extrascatterer the sameinteractionsoccur [4]. The diagramsare
doesnot absorb,only thep-termis present.This is convenientlydepictedas diamonds.To the legs of
analogousto a dipole in a static electric field be- thediagramsladdersareto beconnected,theincom-
tweentwo capacitorplates.In thetransmittedbeam ing laddersto thevertical legs, the outgoingladders
a wiggle is seenif z0< ~L, else a dip in the trans- to thehorizontalones.As canbeseenfromfig. 2, the
mission is seen.If the extrascattererabsorbs,the q- box consistsofjust interchangingpartners(thefirst
termis dominantandthe scattereractsasadrainfor r.h.s. diagram)andthe effectof scatteringfrom one
the intensity.Theresult is a dip in the transmitted extra scatterer(all otherr.h.s. diagrams).It is irn-
beam. This would be equivalent to a (negative) portantto takeinto accountall correctionstothefirst
chargein electrostatics, term of the figure, asthereis a cancellationof lead-

It is instructiveto compareour approachwith cal- ing terms.Thesecancellationsareimposedby energy
culationswithindiffusionapproximation.DenOuter conservation.Previousapproachesonly workedup
et al. performedexperimentswherea pencilor glass to secondorderin thescatteringpotential.Therefore
fiber was locatedin a diffusivemedium [6]. It *as thebox wascalculatedup to thesameorder,leading
foundthat the experimentsarewell describedby a to the first threecontributionsof fig. 2. As we work
diffusion approximation. Diffusion was assumed in all ordersof the potential all contributionshave
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± _/JL\, ~ _=/i1*\_ H(q
1,q2,q3,q4)=— 48n1c

2(q
1q3+q2’q4). (11)

2 = + + Th~ Thisis the sameexpressionasfoundby Hikami [7]

3
andfor instanceStephenandCwiich [9] in thesec-

~ ~ ond orderBorn approximation.(We werequite sur-+ + + ‘~“~ prisedby thenumberof wrongexpressionsin thelit-

erature.)In our approachthedefinitionof the mean
~JL\,, )-~‘~ free path is different. Correlationfunctions of mul-

+ + ~ tiple scatteredwavesare calculatedelsewherewith

this expressionfor the Hikami box [4].
Fig. 2. The full Hikami box. In the secondorderBorn approxi-
mationtheupperthreediagramsaredominant,beyondthis ap-
proximation all eight are relevant.Thick lines denoteparticle 4. Conclusion
propagators,thin linesdenoteholepropagators,anddashedlines
indicatethatscatteringtakesplacesatacommonscatterer.

We havepresentedtwo new diagrammaticcalcu-
lations.First we consideredthe influenceof onesin-

to be calculated.To leadingorder in 1 /kl, theseare gle scattereron the diffusepropagation.It is shown
the eight diagramsdepictedin fig. 2. that a non-absorbingobjectactslike a dipole, while

Let H denotethe expressionof the Hikami box, an absorbingobject actslike a charge.If the extra
apartfrom a momentaconservingfactor ö(q1+q2 scatteringis weak,agreementis foundwithresultsin
+q3 +q4) (the numberslabel the four legs of the the literature basedon a diffusion approximation.
Hikami box). Note that one also hasQ~— Q2+ 123 Furthermore, we have presenteda generalized
—124= 0. After expansionin small externalmomen- expressionfor the Hikami box. It is seenthat loop
turn andexternal frequency,we find to the lowest correctionsbeyondsecondorder Born approxima-
order in ki (all momentaare definedpointing into tion result in a different definitionof the meanfree
the box) pathandthe transportvelocity involved.

H(q1, q2, q3, q4)
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