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Universalfluctuationsin a simple disorderedsystem
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The mapping~= 1+x~2_
1is studied.The x,, i= 1, 2, 3, are independentrandomvariableswith commondistribution.This

mappingdescribesgrowthunderfluctuatingconditions,asmayoccur,e.g.,in biologyandeconomics.It alsoshowsup in thegrand
canonicaldescriptionof a directedpolymer,boundto a wall of a random (1+ 1)-dimensionalmedium, in the limit wherethe
polymer length goesto infinity. It is proven herethat thereis no self-averagingin this “thermodynamic”limit. Distribution
functionswhich showthisbehaviorexplicitly arederived.

Disorder is an interesting subject as the behavior tuating rate. In discrete time, this system is de-
of systemscanbe stronglyinfluencedby it. Thedis- scribedby the equation
orderdiscussedhere is called“quenched”.Disorder ~_ + ~

isquenchedif it isrelatedto structuresthatarestatic X1

on thetimescalesthatone is interestedin. Examples with
of systemswith behaviordominatedby quenched = ( — ~) 2
disorderare: glasses,diluted antiferromagnetsand — exp ~t

conductor—insulatormixtures. Propagationof light The first term in (1) is thesteadyinput flux. The
through diffusive media is also a problem with factor ii + ~is the fluctuatingdecay rate.To obtain a
quenchedrandomness,as the moleculesessentially finite result,we fix ~i> 0. Thec~,,aretheuncorrelated,
do not moveduring onemeanscatteringtime of the randomvariables,with zero average,c~=0.(A bar
light field. Quencheddisorderleadsto effects like indicatesaveragingover random variables.)This
sample-to-samplevariations, the metal—insulator systemhasbeenstudiedin the mathematicalliter-
transition,the glassandspin glassphases,etc. Also ature, seee.g. refs.[4—6]. The ~, havea Gaussian
universal conductancefluctuationsbelong to this distribution, viz. ~ = ö1~x24,but onecould also
class.Here, upon changinga control parameterlike studya binary or exponentialdistribution [7].
the magneticfield, a weakly disorderedmetal ex- The longtime limit (i—*oo) of (1) is given by
hibits fluctuationsin its resistance,of the ordere

2/
1~=d+x

1+x1x2+x1x2x3+.... (3)
h, wheree is the electron chargeandh is Planck’s
constant.Thesefluctuationsare perfectly reprodu- Here we relabeledthe x-variables.This sum con-
cible, butvary from sampleto sample.For excellent vergesaslongas~uis strictly positive. A measurefor
introductionsto disorderedsystems,seerefs. [1—3]. the numberof termseffectively contributingto (3)
Thepurposeof this Letteris to showthatsimilar in- is the “length” L,

triguingeffectsalreadyarisein asimplesystem,where lx1+2x1x2+3x1x2x3+... dln%
exactresultscanbe obtained. L = = — . (4)l+x1+x1x2+x1x2x3+...

Consider a time-dependentgrowing quantity,
L~(t).The growth of L~follows from two competing The aboveequationsoccur in many systems.The
effects.First,it increasesdueto an input flux, which modelcandescribea generalgrowthequationin eco-
we takeconstant.Second,2’(t) decayswith afluc- nomicsor biology. The sameequationalsooccursin
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the discussionof directedpolymers in disordered ~ The factor (‘(n) may be calculatedusingthe
media in two dimensions (a directed polymer is a infinite product representation of sinh(x)/x. This
polymer stretched in one direction). Indeed con- leadsto
sider the situationwherethe polymeris bound to a

(‘(n)=exp~~ti(n+ 1) [~u— ~4(n+ )]
wall andwhere,in a grandcanonicaldescription,its
length becomeslargerandlarger.It was shown in ref.
[81 that in this limit the transverse excursions of the X ~ (~)~‘A =

polymerbecomeirrelevantandcanbe takeninto ac-
F(n+ I — ~s+w)T(n+ 1— 4s—w)

count by eq. (1). Thelimit ji~0of eq. (1) then de- - H 18)
scribestheinfinite lengthlimit ofthepolymer.In this [‘(1 — ~S+ (‘.))[‘(I — ~s—w) F
application the quantityL essentiallyis the thermal

wherew=v~s
2±27c1k/4.Since ((n) is closeto un-

averagepolymerlength in thestretcheddirectionand
ity when n is small, it will beneglectedfrom now on.the .7 is proportional to the grandcanonicalparti- In the limit ofvanishingdisorder, 4—+0, s—fcc,such

tion sum [8].
that ~.t=s4 is kept fixed, (6) reducesto I/u”. in

Now thesystemis studiedin detail. First consider
agreementwith the solution .7 1 /j~discussedabove.

the casewherethe ratesdo not fluctuate,~=0. The In the presenceof noise.however..7 fluctuates.Thelong time limit of (1) is .7= I / (1 —x) = 1 / distribution function r( .7) which reproducesthe

[I —exp(—pt)] 1 /~when~t is small. Clearly, .7di- moments given in eq. (6) reads
vergeswhen the decay rateuvanishes.Also L= l/~i
diverges.This limit canbe comparedwith the ther- exp( — 1/4.7) d.7

r(.7)dJ7= (4Y)’T(s) J• (9)modynamiclimit of many-particlesystems.
One expectsthe divergenceof .7 to be stronger in

the presenceof fluctuations.The momentsof .7 can For smalls, eq. (9) hastwo very different regimes.
Indeed, as long as .7 is not exponentially large in 1 /be calculated as follows [81. s,(9)maybeapproximatedbysexp(—I/Jf)d.7/

A,, 7. This representsa broaddistribution, the weight
.7” = ... ~ fl .K,~... fl X,,, . (5) of which vanishes linearly when the transition

A, A,, ,,

s’-u=O is approached.On theother hand,when .7
We assume that ~t and 4 aresmallwith respectto un- is very large we may set
ity. Then we can replacethe sumsby integralsand

=,s1n4.7. (10)after performingtheaveragingoverthedisorder,we
arrive at the result In the thermodynamic limit s—~0.its distribution

I”~,i! J dk, ... dk,, becomes
exp(—~)d~ (II)

>< fl exp[( —~~+a2J)(/~—k(~+)] for c’~>0 and vanishes for ~<0. That this distribution
I strongly deviates from a narrow distribution is

strange.Usually, in a thermodynamiclimit wherethe
a/La24

p—etA 1 —exp(a/L+ct24) numberof particlesgoes to infinity, self-averaging
occurs.It is not thecasein thepresentsituationwhere

[‘(s — n) the numberof elementsof thedirectedpolymergoes
= J’T(s) (‘(n). (6) to infinity. In this limit, .7=exp(~/s)/4diverges

with probabilityone in an exponentialway, butthe
In the first equality we havedefinedk,,± 0. 1 is rate ~hasabroad(exponential)distribution. In fig.
Euler’s gammafunction. The quantity I we presentthe distribution of ~“ obtainedby a nu-

mericalsimulationandcompareit to thetheoretical
stwp/J (7)

curve. The reasonwhy thisdistribution is broad is
is proportional to the distanceto the critical point, the following: the main contribution to .7 in (3)

462



Volume 160, number5 PHYSICSLETTERSA 2 December1991

0.75 for given ~, the distribution of A is narrowand cen-
teredaround~. However,in thelimit s—*0, thejoint

>~ 5 distributionof~andA is broadin both variables.The
relationL= — din ~2’/dpbecomesmeaninglessin the
limit p-.~0,justasthefunctionx sin(1 /x) hasnowell-

~ 0.25 ~ definedderivativeat x=0. As a result,therates~and
A, governingthe divergenceof the “polymer parti-

0 OC ______________________ tion sum” i2~andof the “length” L, fluctuateinde-0.0 2.5 5.0 7.5 pendentlyin the limit u—~0.Considerthe function

Fig. 1. The simulateddensity of (for A= 1/24, ~= 1/100. The M(n, 1) = ~ exp(—tL)
solidline denotesthetheoreticalcurvegivenin eq. (9). The dis- = 4~~exp(n~’/s)exp( — tA/us) . (13)
iribution isbroad,asthereis noself-averaging.

After one iterationof eq. (1), the valuesof ~ and
1 .0 L become

( ~‘=x~(1+l/x~), L’=1~~~. (14)
Usingthis formulawe have

0.0 2 345 345 ~rexp(—tL)x~(l—t+n/x~+tL/x.fl.

1 /,a For smallp, 4, n, I this may be rewrittenas

Fig. 2. The variable (, definedin (10), asfunction of 1 /ii of one 2

specificsample.zl= 1/24. It doesnot saturate,which impliesthe (np— n 4+ I )M~(n, t)
lack of self-averaging. ~nAI(n— 1,1)—t8~A1(n—I, I) , (15)

comes from terms with essentially L factors,where whereit hasbeenassumedthatthe r.h.sis a smooth
L is given in (4). When p becomessmaller and function. In solving for M(n, t) we then find two
smaller,L divergesand regionsof the random se- poles, namely at n=~s±~/~s2+t/4. Since ~ is
quence{x1} with largerandlarger i are dominant, strictly larger thanunity, it follows from definition
Since the sequenceof x• is random,~?twill indeed (13) that therecannotbea singularityat negativen.
fluctuatein the limit ~ Hencethe r.h.s. of eq. (15) must havethe form

Thenon-self-averagingbehavioris shown in fig. 2 (n — ~s— ~ + 1/4 )M(n — 1, 1). Next we observe
for one specific randomsequence.It is closely re- thatwhenever~‘ is small, it is dueto thefactthat rel-
latedto the phenomenonof universalconductance atively few termscontributeto 2P. Hencethe scaled
fluctuations,wherereproduciblefluctuationsareob- length A mustbe smallwhenever~‘ is small. In other
served,inducedby disorder.In ourcasewehavebeen words,atlargenegativen thereshouldnotremainan
ableto give thefull distributionfunctionof theflue- explicit t-dependencein (13). With theseobserva-
tuations. In fact, the situation is evenmore cum- tionswe havefully determinedthe r.h.s.of (15) and
bersomeand interesting.Onecan also calculatethe wearrive at the final result
joint distributionof 27 andL. It hasa limit for s—*0
if 27 is scaledaccordingto (10) andL accordingto M(n, t)= S , (16)

A ~s_n+~/t/4+~s2
L = ~ (12) (A moresolid derivationof this resultwould bemost

welcome.)At t= 0 it hasthesamebehaviornearthe

If the secondequality in eq. (4) is to be obeyed,it pole asalreadypresentin eq. (6). Settingn=0 and
impliesthat A= ~. In otherwords, it would follow that, expandingin I onederives
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Fig. 3. Thejoint distributionp(.A).
Fig. 4. The simulateddistributionof p(A) and the theoretical
prediction (solid line). J= 1/24.p=3/1000.

L=~-~. i0_L2=~~~~4.
In conclusion,we haveconsidereda simplesystem

It is seenexplicitly that also L is not self-averaging, with disorder: a growth equation with fluctuating
Thejoint distribution of ~‘ and A is found by taking rates.It is relatedto manyphysicalsystems.The dis-
the inverseLaplacetransformof M(n, I). The result orderstronglyinfluencesthe behaviorof the system.
is Interestingis that sample-to-samplefluctuationsoc-

curin the “thermodynamic”limit, very reminiscent
_______ to universalconductancefluctuationsoccurring in

p(~.A) = 2\/~i~ disorderedmetals. The relevant distribution func-
tionshavebeenderivedexplicitly.

x exp(—A/4—~/2—~
2/4A). (17)

It is plottedin fig. 3. IntegratedoverA it givesback The authors thank Pedrode Vries for a critical
the previousresult exp(—~‘). Integratingover one readingof the manuscript.Th.M.N. wishes to ac-
obtainsthedensityof A, knowledgestimulatingdiscussionswith Harry Frisch.
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