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Review:

Principle Components (Axes)

The principle
components are
the axes of
maximum variation.

There are N-1
independent axes
in an N dimensional
space

ÿ Bruce A. Draper

Covariance→Principle
Components

ÿ The principle components can be computed
from the covariance matrix.

ÿ The exponent of the 2D Gaussian has the
form:

ÿ Singular value decomposition tells us that:

f x, y( ) = VTMV = x y
a b
b c

x
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= ax2 + 2bxy+cy2
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ÿ Bruce A. Draper

Back to Image Eigenspaces
ÿ Entire set of training images treated as one set of

points.

ÿ The sample covariance matrix is computed.

ÿ You may think of covariance in terms of a
Gaussian r.v.
ÿ The theory of principle components is more general,

but the Gaussian model helps understanding.

ÿ Bruce A. Draper

More Image Eigenspaces

ÿ The Eigensystem associated with Covariance tells
us:
ÿ The rotation of the principle components

(Eigenvectors)

ÿ Variance along each component (Eigenvalues)

ÿ The maximum number of eigenvectors with non-
zero variance is Max(samples-1, orig. dimensions)
ÿ Low variance means little change - disregard.

ÿ Eigenspace is cheap way to find highest
correlation!

ÿ Bruce A. Draper

Assumptions
ÿ Each image contains one object.

ÿ Objects imaged by a fixed camera under weak
perspective.

ÿ Images are normalized with respect to size.

ÿ Images are zero-mean

ÿ The energy of the pixel values is normalized to 1.

ÿ The object is completely visible.

ÿ Each image is represented as a vector.

I1 i, j( )
j =1

Nÿi =1

Nÿ
2

=1



ÿ Bruce A. Draper

Visualization

ÿ An aside to test your visualization skills
ÿ Images are points on an NxN dimensional

hyper sphere.

ÿ Cross correlation is the cosine of the angle
between the vector from the origin to that point.

ÿ Bruce A. Draper

An Example

Class 1 Class 2 Class 3

ÿ Class 1 is dark around the edges and bright in the middle.

ÿ Class 2 is light with dark vertical bars.

ÿ Class 3 is light with dark horizontal bars.

ÿ All classes initially use 2 for low value, 7 for high value.

ÿ Each instance is corrupted by sigma=1 Guassian Noise.

ÿ Bruce A. Draper

The Image Matrices
ÿ Consider 9 training images, 3 from each class.
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Normalized Image Vectors

= X
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ÿ Each element is a 9x1 vector representing an image.

ÿ Each vector is normalized to have magnitude (length) one.
ÿ Mistake: not zero-meaned

ÿ Each vector has the centroid for the set subtracted from it.

ÿ Bruce A. Draper

Brute Force Correlation
ÿ Correlation is now the dot product of elements in X

= CC
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Eigenspace Theorem
Let x1,� xn be vectors inℜNxN,andx =

1

n
xjj =1

nÿ their average.

Given theN2 × nmatrix

X = x1 − x( )� xn − x( )[ ]
we canwrite eachxj as

xj = x + gj,i
i=1

n

ÿ ei

wheree1,� ,en aretheeigen vectors ofQ = XXT ,andgj = g1,� ,gn

arethe vector componentsofxj in eigenspace
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First k Principle Axes
ÿ Now consider using only the firstk eigenvectors.

ÿ This assumes an ordering such that:

ÿ Consider the following case
ÿ 100 training images.

ÿ 100x100 pixels for each image.

ÿ What is the maximum possible value for k?

ÿ A typical value is even smaller.

xj ≈ gj ,i
i=1

k

ÿ ei + x

λ1 ≥ λ2 ≥ � ≥ λk and λ i ≈ 0 fori > k

ÿ Bruce A. Draper

Eigenspace Example 1
ÿ Consider three examples from the three classes.

Class 1

Class 2

Class 3

ÿ Bruce A. Draper

Singular Value Decomposition
ÿ The general form for SVD:

ÿ Below are the actual values for this example.

ÿ The eigenvalues are 1.2, 0.55, 0.19 etc.

ÿ The eigenvectors are the columns of theU matrix.

Ω = U DU T
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U D U T
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Subspace Projection
ÿ Project the images onto the first three Eigenvectors

= P
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Class 1 Class 2 Class 3
P= XT S
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Subspace Projection Pictures

Legend
Class 1
Class 2
Class 3

ÿ Bruce A. Draper

Eigenspace Example 2

ÿ Consider 12 4x4 images.

ÿ Again, low value is 2, high value is 7, noise sigma
1.0

Class 1

Class 2

Class 3



ÿ Bruce A. Draper

Example 2 Subspace 3D

Legend
Class 1
Class 2
Class 3

ÿ Bruce A. Draper

Eigenspace Example 3

Class 1

Class 2

Class 3
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Example 3 Subspace

Legend
Class 1
Class 2
Class 3
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Example 3 Subspace: 99 Samples

Legend
Class 1
Class 2
Class 3

ÿ Bruce A. Draper

Example 3: Consider PC 3, 4 & 5

Legend
Class 1
Class 2
Class 3 ÿ Bruce A. Draper

Example 3 Observations
ÿ The first two Principle Components carry no information

with respect to image class.

ÿ However, Principle Components 3 and 4 carry all the
information necessary for a nearest neighbors classifier.

ÿ The Eigenvalues, which record variance along each axis,
show higher PC’s have more variance:

ÿ Even when the first principle components are irrelevant to
classification task, this does not mean lessor components
will be irrelevant as well.

[ ], , , ,4.775 3.846 .4245 .3970 .07430
1 2 3 4 5
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Looking at Eigenvectors…

��� � � �� � �� � �� � � � � �� �� � � � �

The eight Eigenvectors with the largest Eigenvalues


