The Trace transform in a Nutshell

M. Petrou and A. Kadyrov

Introduction 
The Trace transform, a generalization of the Radon transform, consists of tracing an image with straight lines along which certain functionals of the image function are calculated.  Different functionals may be used to produce different trace transforms from the same image. 

A trace transform of the image is a 2D function of the parameters of each tracing line.  In the plane a line is characterised by two parameters.  The simplest example of a trace transform is the Hough Transform which is used for the detection of lines: the Hough transform is applied to binary edge maps and counts the number of edgels along each tracing line.  This number then is plotted as a function of the two line parameters to form the Hough space.  

Applying two other functionals to the trace transform, one for each parameter, yields a number which characterises the original image, called triple feature. 

This tutorial presents the properties the three functionals must have in order to be useful in construction of features invariant to rotation, translation and scaling of the image.

What is the Trace transform? 
The Radon transform of an image is a 2D representation of the image in coordinates ( and p with the value of the integral of the image computed along the corresponding line, placed at cell ((,p).

The Trace transform calculates functional T over parameter t along the line, which is not necessarily the integral
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Example transforms


The first image is the Radon transform of the image above and the rest are Trace transforms of the same image computed using formulas from the following table.  

In the table the designation median{x,w} means the weighted median of the sequences x with weights in the sequence w. For example, median{{5,4,9,3},{3,2,1,1}} means the median of numbers 5,4,9 and 3 with corresponding weights 3,2,1 and 1. This means the standard median of the numbers 5,5,5,4,4,9,3, i.e. the median of the ranked sequence 3,4,4,5,5,5,9. The result is 5. 
	Trace

transform
	Functional used

	1
	T(f(x))= ([0,(] rf(r)dr
where r = x–c, and c=medianx{x,f(x)}

	2
	T(f(x))= ([0,(] r2f(r)dr
where r = x–c, and c=medianx{x,f(x)}

	3
	T(f(x))= medianr(0{f(r), (f(r))½}

where r = x–c, and c=medianx{x,f(x)}

	4
	T(f(x))= medianr(0{rf(r), (f(r))½}

where r = x–c, and c=medianx{x,f(x)}

	5
	T(f(x))=([0,(] eiklogr rpf(r)dr, (p=0.5, k=4)

where r = x–c, and c=medianx{x,(f(x))½}

	6
	T(f(x))=([0,(] eiklogr rpf(r)dr, (p=0, k=3)

where r = x–c, and c=medianx{x,(f(x))½}

	7
	T(f(x))=([0,(] eiklogr rpf(r)dr, (p=1, k=5)

where r = x–c, and c=medianx{x,(f(x))½}


Construction of the triple features

1. Produce the trace transform of the image by applying a Trace functional T along lines tracing the image.

2. Produce the “circus function” of the image by applying a diametric functional P along the columns of the trace transform.

3. Produce the triple feature by applying a circus functional ( along the string of number produced in step 2.

The procedure is illustrated in the Figure below:
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Which functionals should we use?
The choice of functionals depends on the type of invariance we require.  To be able to choose them properly, we must first understand some of the types of functional that exist and their relevant properties. 

Functionals 

The purpose of a functional is to characterise a function by a number. 
A functional is an operation ( defined on a set of functions and resulting in numbers.  Let (x) denote a function of variable x(R (R stands for the set of real numbers).  Then the result of applying functional ( to function (x) is denoted by (( or ((x)), and it is a single number.  

Homogeneous functional.  To work with scaled images we assume that a functional has also the following abscissa homogeneous property

(((ax) = a(((((x))  for all a>0      (Property i1)

and it may have another ordinate homogeneous property 

((c(x) = c((((x))  for all c>0      (Property i2)

The constants (( and ( are called homogeneity constants of functional (. 

Generally, functionals do not necessarily obey these properties.  However, commonly used functionals usually have such properties or they can be easily modified to acquire them.

Invariant functional.  Shift invariance means that the value of the functional does not change if the function shifts.  Examples are the integral, the median value, the maximal value of a function, etc.  One might say that an invariant functional chooses an ordinate independently of the shift.

A functional ( is called shift invariant if for any admissible function (
(((x+b) = (((x)  for all b(R     (Property I1)

Sensitive functional.  A functional ( is called shift sensitive, if for any admissible function ((x) x(R)

((((x+b)) = ((((x)) – b  for all b(R     (Property S1)

For scaled images, the following property may be necessary:

((((ax)) = (1/a) ((((x))   for all a>0      (Property s1)

Both properties result in

((((ax+b)) = (1/a) ((((x)) – b/a 
(Property S1s1)

Another property is

((c((x)) = ((((x))   for all  c>0      (Property s2)

Properties s1 and s2 show that a shift sensitive functionals may have its homogeneity constants and they are (( = –1 and (=0. It can be proven that no other values of homogeneity constants may occur in conjunction with property (S1). 

The critical parameters that characterise an invariant functional ( are (( and (. We can construct functionals of a desired value of (( and ( by combining other functionals.  The table below shows how.

	
	(
	

	((
	(( + ((
	( + (

	(q
	q((
	q(

	((
	(( – ((
	( – (


Triple features for invariance to rotation, translation and scaling

To construct features invariant to translation, rotation and scaling, choose functionals T, P and ( with the following properties: 

Combination A:

· T is shift invariant and has homogeneity constant (T
· P is shift invariant and has homogeneity constants (P and P
· ( is shift invariant and has homogeneity constants (( and (
Then the triple features are connected by the formula 

(2 = (((TP(P(1  


(A)

where ( is the scaling factor between the two images. 

Combination B:

· T is shift invariant and has homogeneity constant (T
· P is shift sensitive with properties (s1) and (s2) and has homogeneity constants (P and P
· ( is shift invariant, has homogeneity constant (, and is not sensitive to the first harmonic of the function. That is, it produces the same result either it is applied to a function or to a function minus its first harmonic.

Then the triple features obtained using such functionals are connected by the formula

(2 = (((1




(B)
Both equalities (A) and (B) can be presented in the form,  

(2 = ((1
where ( is defined differently for the equalities (A) and (B). 

If (=0 then the triple feature is invariant to rotation, scaling and displacement of the image.  

However, the condition (=0 is too restrictive.  So we consider features with ((0. Having many such features, (i, one may raise them to the power 1/( and get features ((i)1/( which depend linearly on the scaling factor ( of the image.  Then considering the ratio of two such features ((1)1/(/((2)1/( can produce scale invariant features. This resulting triple feature is independent of scaling, rotation and displacement. 

For more details see [1]. 

10 Many triple features can be easily constructed
The more classes of objects one has to identify, the more features are needed, particularly when the objects are subject to complex transformations under which their appearance may change significantly. The triple feature method allows the construction of many features easily. If one uses only 10 functionals for each stage of the construction (i.e. 10 T functionals, 10 P functionals  and 10 ( functionals), one may construct 10(10(10=1000 features. These features may have not any physical meaning according to human perception, but they may have the right Mathematical properties which will allow one to distinguish objects under a certain group of transformations. 
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