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HOAS by example

HOAS by Example: Syntax of FOL

Signature to encode syntax of FOL:

i : type. % base type of Individuals
zero : 1i. % constants in signature
suc : i -> 1.

plus : i -> 1 —-> i.

¢ : type. % base type of Propositions
imp : 0 => o —> o. % constants in signature
and 0 —> o0 —> o.

or : 0 —> o0 —> o.

forall : (1 -> o) —> o.

eq 1> 1 -> o.

Simply typed framework handles binding (consider forall).
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HOAS by Example: Some Natural Deduction Rules

Signature to encode judgements using dependent types.

4] [A] [B]
B (A= B) A A AvB C C
A= B B AV B C
prf : o —> type.

impi : {A, B : o} (prf A -> prf B) -> prf (A imp B).
impe : prf (A imp B) -> prf A -> prf B.
oril : prf A -> prf (A or B).
ore : prf (A or B) —>

(prf A —> prf C) -> (prf B —> prf C) —>

prf C.

Dependent types to represent judgements.
Framework handles hypothetical and schematic judgements.
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HOAS by Example: Some more rules

[Al
B
A(x) x.A (A = B) C
x A (x fresh) Ah) C (SH)

foralli : {A : 1 -> o}
({x:1} prf (A x)) —-> prf (forall A).
foralle : prf (forall A) -> {t:1i} prf (A t).
—-— A Schroeder-Heister version of imp elim
SH_impe : prf (A imp B) —>
((prf A —> prf B) —-> prf C) —>

prf C

Framework handles freshness and substitution.
The SH rule is clear in the framework (it is third order).
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A look at actual Twelf: Pure lambda terms

tm : type. %$name tm M x. % type of lambda terms
app : tm —-> tm —-> tm.

lam : (tm —-> tm) -> tm.

%abbrev @ = app. % infix application

$infix left 10 @.

% relation of beta reduction on lambda terms
step : tm -> tm —-> type.
s-beta : step ((lam F) @ M) (F M). % contraction
s-=1 : step (M1 @ M2) (Ml’@ M2) % congruence
<- step M1l M1’.
s-2 : step (M1 @ M2) (M1 @ M2'")
<- step M2 M2'.

In s-beta, (F M) is application at framework level.
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A look at actual Twelf: Simple type assignment

tp : type. %$name tp A B. % simple types
o : tp. % base type
arr : tp —-> tp —-> tp.

$abbrev => = arr. % infix arrow
%$infix right 10 =>.

tpng : tm -> tp —-> type.
tapp : tpng (M1 @ M2) B
<- tpng M1 (A => B)
<- tpng M2 A.
tlam : tpng (lam F) (A => B)
<- ({x} tpng x A —-> tpng (F x) B).

No typing contexts; instead natural deduction style discharge.
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Frameworks for relations over syntax

@ Syntax of expressions ( A -terms, FOL terms and formulas) can
be represented in HOAS style using simple types.

@ Used dependent types (but predicative, logically weak) to
represent relations over syntax (FOL provability, typing of
A -terms).
@ There are at least two other approaches to representing relations
over syntax:
e The two layer approach of a logic over a simply-typed framework
(Abella, Hybrid, ...)
e Simply typed higher order logic (Isabelle, [Felty 1991]).
@ Can we reason by induction over structure of expressions or
derivations?
e That is another long story.
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What is a Formal System?

Rules of Inference, Formal Systems

Let J be a set (call these judgements).
A rule of inference is a partial function from 7 -listsinto J .
If R isaruleand Ay,..., A, € J, we say

A‘] P ,An
R[A‘],,An]
is an instance of R, with premises Ai,..., A, and conclusion

R[A1,...,An].

An axiom is a rule all of whose instances have an empty list of
premises.

A formal system, F, is a set of rules.



What is a Formal System?

Derivations, Theorems

Let 7 be a formal system with language of judgements 7 .
Derivation is a relation between 7 -lists and 7, defined inductively
skj jslO(f::fsr) - ¢
. __ erF /'1/'.(//)
jstr(js) jsl@(jsQjsr) ¢

j € J isatheoremiiff - j. Also say that a theorem is provable, and a
derivation of form I j is a proof.

@ No schematic derivations in this model.

e By talking about instances we avoid talk of “variables” and
“substitutions”.

@ We will need rules for weakening and permutaion of premises.
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Remarks on Formal Systems

@ Relational rules Some presentations generalize the notion
“rule” to decidable relations between 7 -lists and 7 .
e Closer to informal notion; e.g. side conditions may refer to the
conclusion as well as to the premises.
e For relational rules, the definition of derivation is modified

, reF, r(js,c)
jskc

@ Number of premises Some presentations restrict each rule to a
fixed number of premises.
e In reasonably strong meta systems lists of premises can still be
represented.
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Derivable Rules

Let 7 be a formal system over judgements J .

Arule, R, is derivable in F if, for every instance of R, thereis a
derivation in F of its conclusion from its premises.

premises of R

conclusion of R

@ Informally, a rule is derivable in F if it can be proved by gluing
rules of in F together.

@ If R is derivable in F, then R is derivable in any extension of
F by new axioms and rules.

@ Adding derivable rules to a formal system does not change its
set of theorems.
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A Derivable Rule: forgetting an assumption

GkFb
Gt a—b

A derivation of its conclusion from its premise:

GF b—(a—b) GFb
GFa—b




What is a Formal System?

Admissible Rules

Arule, R, is admissible in F if, for every instance of R, whenever
its premises are provable (from no assumptions), then so is its
conclusion.

@ Every derivable rule is admissible.

@ R is admissible in F iff adding R to F does not change F’s
set of theorems.

@ Admissibility in F is not necessarily preserved by extending F
with new axioms or rules.

@ For axioms, admissible and derivable coincide.
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An Admissible Rule: weakening

KFa
Gt a

Prove weakening is admissible by induction on the derivation of
KFa:

(KC@G)

————— AXIOM ———— AXIOM
K,b,ak b G,b,aF b
—— INTRO — ——— INTRO
K,bt a—b G,b+- a—b
INTRO INTRO
K+ b—(a—b) G+ b—(a—b)

@ We must eliminate the particular premise to construct a
derivation of the particular conclusion.

@ Weakening cannot be proved by gluing rules together.
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Structural Completeness

@ By definition every derivable rule is admissible.
@ In some formal systems (structurally complete) every admissible
rule is derivable.

@ Classical proposotional logic (CPC) (Hilbert style rules, including
a constant for False), is structurally complete.

o Let g be a rule that is not derivable.

e Since CPC is complete for truth tables, there is an assignment, o,
of truth values to propositional constants such that o(A) is True
and o(B) is False.

e Since CPC is sound for truth tables, o(A) is a theorem and o(B)
is not a theorem.

@ Thus B is not admissible. O
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Logical strength

@ The Edinburgh Logcal Framework (ELF, used in Twelf) types no
more functions than STLC.

e Being dependently typed, it gives more informative types.
o We can erase the dependency in an ELF derivation to get simple
typing [Luo, Paulin-Mohring].
@ Normalization of ELF (hence consistency) can be proven in
Peano Arithmetic.
@ The representation of an object system describes its syntax, not
its logical strength.

e In most representations, exactly the derivable rules of a
judgement are typed in the framework.

e To prove the admissible rules (requires induction over structure) is
a whole different story.

@ E.g. we can represent ZFC, and check derivations of ZFC
judgements in ELF without committing to consistency of ZFC.
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Expressiveness

@ ELF can represent many formal systems.
e “Natural deduction” style sytems are most naturally represented.
e Many other styles can be “coded”: explicit contexts, explicit
mention of variables, ...
@ But some formal systems cannot be represented in ELF
o A standard example is any linear system, since ELF has a
multiplicative context.
@ Anew Linear Logical Framework LLF must be defined.
e Unary substitution comes for free, but what about simultaneous
substitution ...
@ ...or binding a set of variables at once?
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A Simply Typed Framework

A simply typed framework: Signatures and Contexts

@ Atomic types of the framework: A set of atomic types, A, B, ....
These are the types being represented.

e To represent pure \ terms, only base type is tm.
o To represent FOL, base types are i and o.
@ Simple types over the set of atomic types, S, T,....
@ A signature X of constants for the representation.
e To represent pure \ terms, the signature is:
app:tm->(tm->tm), lam: (tm->tm)->tm.
o To represent FOL,

zero:1i, suc:i->i, ..., forall: (i->o)->o0...
@ app, lam, zero, forall,... are aclass of framework
constant names.

@ A context, I', as usual, binding atomic types to framework
variable names.
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A simply typed framework: Typing rules

Yvald Tvald C:Tex Yvalid Tvalid X:AerTl
Y:r=C:T Y TEX:A

>:T'm:A—B >:T'kn:A
>:THmn:B

(YA Ak m: B
Y Ir+[Ym: A—»B

@ Contexts only contain atomic types.
o We only need to abstract over objects being represented.
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Representation of object systems

@ We represent pure A\ terms by
e specifying tm as the only atomic type,

e giving the signature

A
Y = app:tm->tm->tm, lam: (tm->tm)->tm

@ There is a representation function of informal lambda terms into

framework:
I—X—I é X
I—m n—l é app.l_m—l.l—n—l
Tax.m’ 2 lam-([x]"m")
—-— and [ —]— are the framework level constructors.

@ "—7 should be an adequate representation:

e A substitution preserving isomorphism between informal A\ terms
and canonical forms in the framework with signature X .



What Does it Mean?

Outline

e What Does it Mean?



What Does it Mean?

Adequate representation

Let ~ be the signature of A terms, and m be an (object level) A
term,

@letlN= xl:tm, ..., xn:tm
e where x1, ..., xnincludes all the free variables of m.

T—Tiswelltyped: X;T-"m':tm

@ "7 respects substitution: "[m/X|n? = ["TmYX]"n".
e Substitution comes for free in this style of framework.

@ "—" isinjective.

@ " is surjective? Here we must be careful.
e Surjection on canonical forms of the framework.



What Does it Mean?

Canonical Forms: a3 -equivalence

@ We want a compositional isomorphism between object language
expressions and canonical forms of the LF.

e We have implicitly been speaking up-to « -equivalence.

@ In order for the framework to handle substitution, we identify
meta-terms up to 3.

@ The framework definition of 3 -contraction:
step : tm -> tm —> type.
s—-beta : step ((lam F) @ M) (F M). % contraction
@ step ((lam«([x]"mM)@™n") (([x]"m™)-"n7)
@ In object system (Ax.m)n —P [n/x]m.
@ So the framework must identify (([x]"m™)-"n7) with ["n/x]"m™,
i.e. up to 3 -equivalence.
@ Canonical forms are 3-normal.
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Canonical Forms: n-equivalence

@ A3 is not enough, we need n -equivalence in the notion of
canonical.
e The two B -normal, well-typed framework terms
suc [x:1] (suc x)
represent the same object expression (a function symbol of the
language of FOL).

@ n-equivalence identifies these two terms
MX.Mx) L M (x¢M)
@ Problem: 7 reduction is not Church—Rosser on raw terms of
ELF:
[x : A]lC L x:A((ly:B]C)x) - [y:B|C x¢B,C

@ Equality becomes mutually recursive with the typing relation.
@ Thus, the meta theory of Bn-equivalence for the ELF language
(with type tags) is complicated.
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Canonical Forms: n-equivalence

@ Further, many extensions (singleton types, dependent pairs,
linear types, ...) interact badly with 7.
@ Consider aunittype =€ 1. n equivalence is

m 2 x (fmet)

With n -reduction (left to right), confluence is lost, because for
any variable f: S—1 we have two normal forms:

Mo & (fx) B f

But n-expansion preserves confluence.
@ n-expansion (left to right) must be controlled by typing

f & Mx.fx iff: S—Tisavariable

m & o« if m:1

With this we have Bn strong normalization and confluence.
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Canonical LF

Canonical LF

@ Accepts exactly the canonical judgements accepted by ELF.
@ Developed by Watkins, Pfenning, and co-workers
[WCPWO02, HLOE6].
@ This work precedes both Adams’ TF and Plotkin’s DMBEL.
@ Only B-normal terms are syntactically formed.
@ Only canonical terms (n -expanded, 3-normal) are well-typed.

e Equality is syntactic identity of expressions.
e A notion of hereditary substitution is needed.

@ Bi-directional typechecking: syntax directed and decidable.
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Canonical LF: Syntax

identifiers a (type constants), c (term constants),
X (term variables)

kinds K :=type|NxAK

types A B:=P|NxAB

atomictypes P :=a|PM

terms M :=R| XM

atomicterms R :=c|x|RM

contexts MNA:=e|lxA

signatures r —o]Z aK|x cA



Canonical LF
[ JeJele]

Canonical LF: Judgement Forms

Validity of signatures and contexts:
F X sig Fs [ ext

Checking correctness of kinds and types:

Ny K kind s A type
Inferring kinds of atomic types, and the types of atomic terms:

lN-sP=K lrN-sR=A
Checking the types of terms:

lMNEs M= A

@ Bi-directional typechecking, completely syntax directed.
@ Cannot infer the type of Ax.M: no type annotation on x.



Canonical LF
0@00

Canonical LF: Rules

Signatures
F X sig Fs K kind F X sig Fs A type
F e sig F X, aK sig F X, c:Asig
Contexts
F X sig Fs I oxt s A type

ks o cxt Fs I, x:Acxt



Canonical LF
[e]e] o]

Canonical LF: Rules

Kinds .
Fs I ext I x:Aks K kind
I 5 type kind ks Nx:A.K kind
Types
M x:Aks B type Iy P = type
s Nx:A.B type 5 P type
Atomic Types
Fs T cxt (aK € ¥) My P=Nx:AK r_l—Z M<«<= A
s a= K sy PM = [MA”/X]K



Canonical LF
[e]e]e] ]

Canonical LF: Rules

Terms

MNxAkFs M<= B FI—;R:>P(*)
M-y \Xx.M <= Tix:A.B NrN-sR<=P

Atomic Terms
Fs I ext
Ny x= A

N -s R=TxAB lNEs M= A
[ AM = [MA /x]B

Fs I oxt

(xAer) Frscm A

(cAeX)

(x) This restriction to atomic types, P, makes judgements canonical.
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o0

Hereditary Substitution:

Let L, M, N be lambda terms.

M /x]x =
M /xly = it x #y
M /x](A\y.N) = )‘K‘[M /X]N yiresh
M /x(LN) = (N M) it L= (M)
= LN otherwise
where L = [M /x]L and N =[M /x]N

@ If M and N have no (3-redexes, then [M/x]N

e is 3-equal to the usual substitution [M/x]N
e contains no 3 -redexes

@ However [M/x]N may not terminate.
@ We use types to control how deep the substitution goes.

RS
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o0

Hereditary Substitution: [Abe06]

Let L, M, N be lambda terms.
Let A, B, C be simple types

[MA/x]x = MA
[MA/x]y =y if x £y
IMA/X](Ay.N) = \y.[MA/x]N y fresh
[MA/X)(LN) = ([NB/y]M)C  if L= (\y.M")B=C
= LN otherwise
where L = [MA/x]L and N = [MA/x]N

@ If M and N have no (3-redexes, then [M/x]N
e is 3-equal to the usual substitution [M/x]N
e contains no 3 -redexes if the type annotation is correct
@ Always terminates: newly created substitutions operate on
subterms, or have syntactically smaller types.
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oe

Hereditary Substitution:

@ LF types exactly the same lambda-terms as simple types ...
@ ...just throw away the dependency.

(a)” = a
(PM) = (P
(Mx:AB)~ = (A)—(B)~

Only the shape of the simple type matters: can take (a)” = e.
@ One more problem: canonical terms cannot contain redexes.
e Instead of returning a term with a redex (when the given type is
incorrect), the canonical hereditary substitution algorithm must
return failure.
e Finally, [MA)~ /x]_ is a congruence, generated by the
replacement of term variables in terms, as explained above.
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Judgements are Canonical by Stratified Syntax

We want to know that no two derivable judgements differ only by (7.

@ Let X = atype.
e (a—a) is a non-atomic type, syntactic class A, notclass P.

Direction = :

@ f:(a—a)ts f= (a—a) is derivable,
@ f:(a—a)tsx \x.f x = (a—a) is not derivable:

e Mx.fx isofclass M, notofclass R,
o there are no rules of shape 'y M = A.



Canonical LF
o] ]

Judgements are Canonical by Stratified Syntax

Direction <«

@ f(a—a)ts f < (a—a) is not derivable.
e f is notof shape Ax.M and a—a is not of shape P, so no rule
applies.
@ f:(a—a)ts \x.f x <= (a—a) is derivable:
Let T = f:(a—a), x:a.

s x=a
l-—sf=(a»a) Ttrzx<«a () [x/_Ja=a
f:(a—a) s a = type l-sfx=a ()
f:(a—a) s a < type ls fx<a

f:(a—a) ks MAx.f x <= (a—a)

(x) At atomic type.
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