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Abstract. Writing dependently typed functional programs that capture non-trivial program proper-
ties, such as those involving membership, ordering and non-linear arithmetic, is difficult in current
system due to lack of proof automation. We identify and discuss proof patterns that occur when
programming with dependent types and detail how the automation of such patterns allow us to work
more comfortably with types, particularly subset types, that capture such program properties. We
describe the application of rippling, both for inductive and non-inductive proofs, and generalisation
in discharging proof obligations that arise when programming with dependent types. We then dis-
cuss an implementation of our ideas in Coq with examples of practical programs that capture useful
properties. We demonstrate that our proof automation is generic in that it can provide support for
working with theorems involving user-defined inductive data types and functions.
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1. Introduction

Dependent types allow programmers to capture properties about functional programs so that program
errors can be detected statically. Generally, as more expressive program properties are captured, more
programming errors can be detected at compile-time. However, more expressivity inevitably means that
more demanding theorem proving must be performed. In this work, we describe and provide results for
generic proof automation techniques that make it easier to program with dependent types that capture
useful non-trivial program properties. We are interested in supporting properties such as:

Arithmetic Properties e.g. properties about the number of items in a collection and the size/height/depth
of a data structure. We are particularly interested in non-linear arithmetic properties.

*This research was supported by an EPSRC DTA studentship.
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Membership Properties e.g. properties about how one collection is a subcollection or a permutation of
another and capturing how many of a particular item are stored in a data structure.

Ordering Properties e.g. properties about collections being sorted and whether an item has been added
to a particular position in a data structure.

Program Equivalence e.g. that an optimised version of a program produces the same results as an
unoptimised version.

We make use of Coq [22] and the Program extension [29] as our dependently typed programming
framework to demonstrate our ideas. The contributions of this paper are as follows:

e We identify and describe distinctive common proof patterns that occur when programming with
dependent types (see Section 3) and describe how these can be automated. Our focus is mainly on
programming with subset types (see Section 2.1.2) and the automation of inductive proofs.

e Of particular interest, we identify that rippling [8] can be used to guide the proofs required when
defining recursive functions that output subset types (see Section 3.5). Unlike typical rippling
proofs, our use of rippling is not restricted to the subgoals of inductive proofs. We also identify the
importance of generalisation [2, 4, 7] in reasoning about dependently typed programs in Section
3.7.

e In Section 4, we describe how we have provided automation for the proof patterns we identi-
fied. These tactics provide automation for proofs involving statements about user-defined induc-
tive types and functions over those types. Such statements can then be more easily used as type
indices for inductive families and in the propositional parts of subset types. In Section 5 and 6, we
show how this automation allows us to work more easily with dependent types that capture useful
non-trivial program properties.

2. Background

In this section, we give an overview of a style of programming with dependent types in Coq and draw
attention to where proof automation is helpful in this process. We then give a brief introduction to
rippling as knowledge of when rippling can be used to guide proofs will become important later.

2.1. Dependently Typed Programming in Coq

Coq is a based on the Calculus of Inductive Constructions [6] (CIC), which is both a constructive logic
and a dependently typed functional programming language. Terms reductions in CIC have the confluence
and strong normalization properties. CIC has decidable type-checking and uses intensional equality [30].
There are many approaches to constructing dependently typed programs in Coq, some of which involve
writing the computational and logical terms of a program at the same time. In this work, we find it
more convenient to separate the task of writing programs and writing proofs when programming with
dependent types. Fortunately, the recent Program extension to Coq allows us to do this.
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2.1.1. Program and The Russell Language

Using Program [28, 29], we can first write the computational parts of dependently typed programs in a
language called Russell and leave the construction of the required proof terms to a later time. Russell
programs look like standard simply typed functional programs. After a decidable type-checking proce-
dure, a Russell program is interpreted into a CIC term that is missing the required proof terms. These
missing proof terms become proof obligations that the user must solve to produce a complete CIC term.
We give an introduction to programming with Russell in the next few sections. Note that we make use of
the standard Coq operator <> for “not equals” and, when using simply typed lists, [] for the empty list,
: : for list concatenation and ++ for list append. For ease of presentation, consider all variables used in
theorem statements as being universally quantified unless otherwise stated and note that we usually omit
some assumptions from proof goal examples.

2.1.2. Subset Types

One useful way to specify properties about terms from existing types in Coq is the use of the so-called
subset type. A subset type term combines a computational term x with the propositional term P, where P
is a certificate that property P holds for x. A subset type is denoted as {x:A | P}, where each member is
aterm x in type A paired with a proof of P. Typically, transparent simply typed functions are used to form
the statement P to describe some property of x. For instance, the type {x:1ist A | length x <> 0}
could be used to represent all non-empty lists of type A. A term in this subset type can be constructed
given a list x and a proof that length x <> 0. We make use of the function projl_sig to extract the
computational part from a subset type term.

2.1.3. Subset Type Proof Obligations

Given the usual inductive definition for simply typed lists, the following Russell program reverses the
input list a and returns a subset type term that contains the reversed list o with a proof that o and a are
the same length:

Program Fixpoint revs (A:Set) (a:list A) {struct a} :
{o:1ist A | length o = length a} :=
match a with

o =10
| h::t => (revs t)++[h]
end.

The {struct a} part of the program says that the function is defined by structural recursion on a;
this can sometimes be inferred. The body of the program looks like a typical functional implementation
of list reverse. However, notice that the program appears to return a simply typed list as a result when
the output type of revs is a subset type. When a term in a Russell program is expected to be of type
{x:A | P}, Russell allows the use of a term t of type A if a proof of P[t/x], in the typing context
of t, is supplied later. After defining a Russell program, such terms generate proof obligations which
we are then prompted to solve. For the function above, the [] result generates the base case proof
obligation of [] = a -> length [] = length a. Notice the equational assumption. Informally, a
proof obligation generated from a term inside a pattern matching clause will contain an equation encoding
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what the pattern matched term matched against. In this case, the term a was matched against the pattern
[1. We refer to these as pattern matching equations.

Russell also allows the use of a term t of type {x:A | P} when a term of type A was expected.
In such cases, the projl_sig function is used to coerce t to the expected type. This happens in the
definition of revs, as the recursive call returns a subset type and yet is used as an input to the simply
typed append function. The result for the second match clause in revs generates what we will refer
to as a recursive call obligation, as a recursive call to the function being defined features in the proof
obligation. This proof obligation, with the omission of some assumptions that give the types of the
variables used, looks like this:

reverse : forall (A : Set) (a : list A), {o : list A | length o = length a}
Heq_a : h::t = a

length ((proji_sig (revs A t)) ++ [h]) = length a

Proving recursive call proof obligations usually involves making use of the propositional term of the
subset type returned by the recursive call. This propositional term can be accessed by destructuring the
result of the recursive call into its computational part s and propositional part p:

Heg_a : h::t = a
s : list A
p : length s = length t

length (s ++ [h]) = length a

Notice how the proof obligation contains computational parts of the program being defined, namely
the terms ++ and [h]. The proof for the above requires a vital lemma about how length, which came
from the subset type being used, interacts with the ++ operator, which originated from the program.
Lemmas like this can be expected when working with subset types that use simply typed functions in
their implementations. Note that we have used the simply typed version of append in revs instead of
a version that returns a subset type that captures the length property of append’s output. This style of
programming avoids the effort to refine types at every level of the program and gives flexibility in that
the simply typed function can be easily reused in programs that capture other properties. Automating
the proofs of such theorems is therefore important when programming with subset types in this style.
In particular, we wish to provide automation for proofs that arise when user-defined inductive types
and simply functions over such types are used in the propositional parts of subsets types and in the
implementation of programs that return subset types.

Russell also allows us to indicate that particular cases of a program will never be evaluated by mark-
ing such places with the ! symbol:

Program Fixpoint head (a:list A | a <> nil) : A :=
match a with
nil => !
| h::t =>h
end.

Note that (a:1ist A | a <> nil) is shorthand notation for (x:{a:1ist A | a <> nil}). The
part of the program where ! is used produces the, simplified, proof obligation of {a:1ist A | [] <>
[1} -> False. These kinds of obligations usually require us to find a contradiction in the assumptions.
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2.1.4. Inductively Defined Dependent Types and Proof Obligations

The following Coq definition declares a familiar inductive family, parametrised by the type A and indexed
by a natural number, that represents lists of a given length:

Inductive vect (A : Type) : nat -> Set :=
vnil : vect A O
| vcons : forall n : nat, A -> vect A n -> vect A (S n).

Russell programs allow the use of a term from the inductive family I with type index x when one
from the inductive family I with type index y is expected. When this is done, a proof obligation is
generated asking for a proof of x = y. Consider this example Russell program that uses vect to capture
the length of the list returned by a function that concatenates a list of m lists of length n together:

Program Fixpoint vapp (A:Set) (x y:nat) (a:vect A x) (b:vect A y)
: vect A (x +y) :=
match a with

vnil => b
| vcons A h t => vcons h (vapp t b)
end.

Program Fixpoint vconcat (A:Set) (m:nat) (n:nat) (a:vect (vect A m) n)
: vect A (m * n) :=
match a with

vnil => vnil A
| vcons A h t => vapp h (vconcat t)
end.

Typically, simply typed functions are used in type indices to express program properties, such as
the use of addition and multiplication in the output types of vapp and vconcat. The base case and
recursive call proof obligation here are 0 =m -> 0 = n * 0and S w =m -> n + n * w = n *
m respectively. If we do not rely on domain specific knowledge, both of these theorems require inductive
proofs if addition and multiplication are defined by structural recursion. In this example, a careful choice
of the type indices used for the output of vapp and vconcat and/or changing which variable addition and
multiplication are structurally recursive on can allow the proof obligations to reduce to trivial theorems.
However, given realistic dependently typed programs, it is inevitable that fundamental lemmas about
the interactions between the functions used in the type indices must be proven eventually. We wish to
provide generic automation for theorems about such functions and their use in inductive families. A
significant element of the automation that we propose later is based on the rippling heuristic and we give
a brief overview of this reasoning technique next.

2.2. Rippling

Rippling [8] is a successful theorem proving technique that captures a common pattern of reasoning
found in mathematical proofs. Rippling applies when there is a theorem, labelled the given, that is
syntactically similar to the conclusion, labelled the goal. The general concept is that the proof attempt
should be directed by using rules that reduce the syntactic differences between the given and goal so
the given can to be used to advance the proof. Rippling was originally devised to aid the automation of
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inductive theorem proving. In this domain, the given is the inductive hypothesis. Applying the inductive
hypothesis is usually crucial to proving the step case in inductive proofs.

Consider the step case of an inductive proof for length (a ++ b) = length a + length b
from a rippling perspective after applying induction on a. Note that the variable b in the given is univer-
sally quantified; all other variables are free:

Given: forall b, length (t ++ b) =

Goal: length ((h::t) ++ b) =

length t + length b
length (h::t) + length b

The given here is syntactically similar to the goal, the only differences being the extra “h::” terms
around the occurrences of t. We say that an embedding exists between the given and the goal when
the term tree for the given can be decorated with terms to produce a term that matches the goal [27].
The terms that must be added indicate the differences between the goal and the given. Here we show
differences between the goal and the given as shaded terms:

Annotated Goal: length ((h:: t) ++ b) = length (h::t) + length b

We know that the differences have been correctly annotated when removing the annotated terms
produces the given. Rippling guides the use of proof steps, typically rewrite rules, to reduce differences
between the goal and the conclusion. Modifications of the goal are only allowed if differences are either
removed or reduced with respect to the given. Rules that perform such modifications are are called
wave rules. The following proof shows how differences can be “rippled out” using the theorems (h: : t)
++ b = h::(t ++ b), length (h::t) =S (length t),Sx+y=S (x+y)andx =y ->
S x = S y, which will be labelled w1, w2, w3, and w4 respectively. After each proof step, the differences
between the modified goal and the given are annotated again:

length (((h:: t) ++ b)

length (h::(t ++ b))
S | (length (t ++ b))

S | (length (t ++ b) )

S | (length (t ++ b))

length (t ++ b)

length ((h:: t) + length b

length ((h:: t) + length b

length [(h:: t ) + length b

S (length t) + length b

S ( length t + length b))

length t + length b

Original conclusion.

LHS differences rippled out (w1).
LHS differences rippled out (w2).

RHS differences rippled out (w2).

RHS difference rippled out (w3).

Final differences removed (w4).

When the goal contains a term that matches the given, this term can be replaced with True. This is
called strong fertilisation. When the given is an equation and one side of the equation matches a term
t in the goal, the given can be used as a rewrite rule to replace t. This is called weak fertilisation and
is possible after the first two steps in the proof just described. When the given contains a universally
quantified variable x, strong/weak fertilisation can still occur if differences are moved next to the x term
in the goal. Terms like this in the given are referred to as sinks. Rippling allows differences to be
“rippled-in” towards sink positions to allow fertilisation to occur. As differences can only be reduced
a finite number of times, rippling will eventually terminate. Theorems, such as commutativity rules,
are usually troublesome in automated theorem proving because they cause looping when used without
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care. Such theorems can be applied without worry in both directions in rippling as not all uses of such
theorems will be difference reducing.

Automating inductive proofs is difficult due to the huge number of choices in the search space.
There are choices such as which variable to perform induction on, which induction scheme to use, if
the original goal should be generalised before performing induction and which theorems to use during
induction. Non-trivial inductive proofs usually rely on auxiliary lemmas that need to be discovered.
Rippling, although not complete, offers a practical solution to some of these problems. For instance,
lemma calculation allows missing lemmas to be discovered [19]. Briefly, when differences can no longer
be reduced, a new theorem proof is started on a weak fertilised and generalised version of the current
goal. When proven, this theorem is then used as a wave rule in the original proof. The technique can be
used to discover to discover the w3 lemma in the above proof.

In the domain of dependently typed programming, we find that rippling is invaluable for automating
the proof obligations that arise in practice. We discuss the uses of rippling in this context later, such as
in Section 3.5.

3. Proof Patterns

When writing dependently typed programs in Coq in the style discussed in Section 2.1, we observed that
common proof patterns emerged when discharging proof obligations by hand. In this section, we discuss
what these proof patterns are and why they arise in our domain. For each proof pattern, we describe
the pre-conditions that must be met for the pattern to apply, what transformation are made to the goal
and what features the modified goal has. We first describe these patterns in isolation, starting with the
simplest patterns, and then discuss how these patterns interact to describe the proofs of common proof
obligations.

3.1. The simplification Proof Pattern

A common first step when doing any theorem proving is to transform the goal into a simpler form before
more complex reasoning techniques, like induction, are used. Simplifying subset type proof obligations
is required to make any progress most of the time as the propositional parts of the subset types, such as
equations, must be made accessible to prove the goal. Applications of functions that return subset types
and references to subset type terms generally need to be eliminated from the goal. Here we describe the
simplification pattern:

Pre-conditions: Applies to any goal but is usually performed when we expect a goal will not be in its
simplest form, such as initial proof obligation goals.

Description: The basic simplification steps taken are:

1. Apply standard term reductions that simplify the goal.

2. If the goal contains a subterm with a type of the form t: {x | P}, replace all occurrences of
t with a fresh variable £ := t then destructure f into its computational part s and proposi-
tional part p. After doing this, terms that were of the form proj1_sig t can then be reduced.
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3. Destructure any assumptions that have non-recursively defined types such as subset types
and pairs. This usually allows more term reductions to take place.

4. For each assumption of the form x = y, where x is not a subterm of y (a non-recursive
equation), replace all occurrences of x by y in the goal and then discard x. Equations like
these sometimes appear when subset types make use of equations in their propositional parts.
Non-recursive equation readily appear when using pattern matching in Russell programs.

5. For each subterm t in the goal of the form match x with ..., destructure x to simplify ¢,
possibly producing subgoals. Such subterms come from functions that contain conditional
statements.

6. Repeat the above steps until no progress can be made.

3.2. The elementary Proof Pattern

Some goals only require the use of simple reasoning to discharge and are described by the elementary
pattern:

Pre-conditions: None.

Description: The goal is proven using standard reasoning techniques such as propositional reasoning
and proof by reflexivity.

3.3. The impossible case Proof Pattern

Some goals are proven by finding contradictions in the assumptions such as for the theorems x = y ->
X <>y -> Falseand h::t = [] -> False. Parts of Russell programs that have been marked as
cases that cannot occur during evaluation generate proof obligations like this, where the conclusion is
always of the form False. The impossible case case pattern is described as:

Pre-conditions: Always applies to goals when the conclusion is False. However, some goals that
follow this proof pattern, such as base cases for inductive proofs, do not have this form.

Description: A contradictory assumption can sometimes be found by reasoning about how terms of a
specific type can be constructed. For instance, by reasoning about the constructors for the 1ist
type, it is impossible to construct a term with the type h::t = []. Other goals require the use
of standard propositional reasoning to find a contradiction, such as finding two propositions of the
form P and not P.

3.4. The induction Proof Pattern

Proof by induction is an essential tool when reasoning about inductively defined data types and recur-
sively defined programs. Subset types that make use of inductively defined types naturally generate proof
obligations that require induction to prove. Inductive families indexed by inductively defined types gen-
erate universally quantified equations as proof obligations that usually require induction to prove as well.
The induction pattern is:
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Pre-conditions: Induction can be applied whenever the conclusion contains a universally quantified or
free variable that is of an inductively defined type.

Description: When there are several choices of variable, one must be chosen on which to perform
induction on along with a suitable induction scheme. Before induction is applied, the conclusion
should be transformed so that as many free variables as possible are universally quantified. This
makes the inductive hypothesis/hypotheses stronger and provides extra sinks in the step case(s).
Induction produces one or more base cases subgoals and one or more step case subgoals. When
standard induction schemes are used, such as those generated automatically by Coq, the inductive
hypothesis/hypotheses in the step case(s) are guaranteed to embed into conclusion i.e. the rippling
heuristic will be applicable to such subgoals. Base cases can sometimes contain contradictory
assumptions.

3.5. The recursive call Proof Pattern

This proof pattern requires some analysis before it is presented. Assume that we are defining a depen-
dently typed function that matches the following template, where g has type T -> T:

Program Fixpoint f x1 x2 ... xn : {o:T | P o x1 x2 ... xn} :=
match ...

| ... =>g (fyly2 ... yn

The term g (£ y1 y2 ... yn) will generate a subset type proof obligation. The conclusion of
this proof obligation will have the formP (g (proji_sig (f y1 y2 ... yn))) x1 x2 ... xn.
Ifthef y1 y2 .. ynterm is destructured into its computational term s and propositional term p and
the projl_sig term is reduced, the proof obligation goal is transformed into the form:

P (gs) x1 x2 ... xn

Notice that the assumption p and the conclusion contain syntactic similarities. This is because both
of these terms were generated from the propositional part of the output type of function £.

3.5.1. Embeddings

In fact, it is possible for an embedding to exist between p and the conclusion. As the term P is common to
the term tree of both the conclusion and the type of assumption p, an embedding exists if each argument
of P in p embeds into the argument in the same position of the function P in the conclusion. The first
argument, s, will always embed into (g s) i.e. the difference is annotated as |g s |. Embeddings can
only be expected between xn and yn, for each n, if yn is a subterm of xn.

In terms of the body of Russell function for £, this situation occurs when, for each n, f is called
recursively with the argument yn being a subterm of xn . Fortunately, most structurally recursively
functional programs are actually defined in this manner. As such, we can expect embeddings to occur
frequently in recursive call proof obligations. The presence of an embedding is useful as rippling can
then be used to find a sequence of proof steps that allow the recursive call assumption to be used. The
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observation of embeddings in proof obligations is interesting as embeddings are usually only expected
in the step cases of inductive proofs.

Pattern matching equations in proof obligations usually need to be substituted to reveal embeddings.
Consider what happens if the input term xn was pattern matched against the pattern a in the definition
of £ above. This produces a pattern matching equation xn = a in the recursive call proof obligation.
If a subterm of a is used as an argument to P in assumption p and the corresponding argument in the
conclusion is the variable xn, an embedding will only exist if we substitute xn first.

3.5.2. Example

If we reexamine the function and recursive call proof obligation shown in Section 2.1.3, we see that
there is an embedding between the recursive call assumption and the conclusion if we first substitute the
pattern matching equation. This annotated goal is as follows:

p : length s = length t

length| ( s | ++ [h]) =length (h ::t)

Here, P would be the function fun s t => length s = length t and g would be the function
fun x => x ++ [h]. The rippling proof for this example has similarities with the proof shown in
Section 2.2. When a proof obligation contains multiple recursive calls, each recursive call will produce
its own proof term. By the same reasoning above, we can expect these proof terms to embed into the
conclusion most of the time. For instance, this situation occurs when defining functions that manipulate
inductively defined trees. An example of this is shown in Section 5.3

3.5.3. Pattern Description

We now describe the recursive call proof pattern:

Pre-conditions: The conclusion of the goal contains a function call to a function £ that returns a subset
type.

Description: The result of each function call to f is destructured, reductions are applied to any projl_sig
terms and pattern matching equations are substituted. The resultant goal is now likely to contain
an assumption that embeds into the conclusion if the goal is a recursive case proof obligation.

3.6. The rippling Proof Pattern
The rippling proof pattern is described as follows:

Pre-conditions: One or more assumptions embed into the conclusion.

Description: The rippling heuristic is used to apply difference reducing proof steps to the conclusion,
such that fertilisation with the embeddable assumptions is possible. When no more difference
reducing progress can be made and strong fertilisation is not possible, lemma calculation [19] can
be used to conjecture required lemmas. The proofs of these new lemmas are attempted as new
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goals, the conclusions of which are typically universally quantified statements about inductively
defined types.

3.7. The generalisation Proof Pattern

Generalisation [2, 4, 7] is a theorem proving technique where, instead of proving the current goal g, we
prove a lemma ¢’ that is a generalised version of ¢ and use ¢’ to prove g. Typical ways of generalising
are to generalise common subterms, generalising variables apart and removing assumptions. Somewhat
counter-intuitively, ¢’ is usually easier to prove than the more specialised version g. In some cases,
generalisation is required before performing induction so that the inductive hypothesis is strong enough
for a proof to be found. At other times, generalisation only reduces the search space. More general
theorems are also more reusable in other proofs than less general theorems; this is relevant to proof
automation as rippling becomes more powerful when given access to more general theorems. However,
generalisation can be an unsafe proof step in that a provable goal can be generalised to form a new
goal that is not provable. The typical approach is to make use of a counterexample generator to detect
overgeneralisations. We find that in our domain opportunities for generalisation readily crop up in several
places. See Section 5 for several examples of this.

3.7.1. Common Subterms in Proof Obligations

Common subterm generalisation involves identifying a set of common non-variable subterms in the
conclusion and replacing these subterms by a fresh variable. When working with equations, the usual
technique is to only generalise a subterm if it occurs in both the LHS and the RHS of the conclusion. We
have observed that proof obligations from dependently typed programs tend to be susceptible to common
subterm generalisation. Common subterms are to be expected for most functions that capture non-trivial
properties:

e Subset type proof obligations contain some of the computational parts of the program being de-
fined, as shown in Section 2.1.3. Reductions are normally possible in initial proof obligations,
usually due to the presence of constants. Such reductions typically reveal common subterms that
can be generalised. This pattern is also present in proof obligations generated by the use of induc-
tive families.

e Assume that we are defining the function f with the type forall x1 x2 ... =xn, {o:T | P
o x1 x2 ... xn} and the computational result of f is called s. For some function g, many
useful instances of P compare the result of (g s) to (g x1), (g x2) ... and/or (g xn). For
instance, if £ was a function to append lists and g was length, P could be the statement that the
length of the output from f was the same as the sum of the lengths of the input lists. If £ returns
one of its inputs, such as x1, as a result, the generated proof obligation is likely to contain common
subterms of the form (g x1). Such subterms are sometimes productive to generalise.

3.7.2. Removing Irrelevant Assumptions

Another form of generalisation is to remove assumptions from the goal that are not required for a proof
to be found. For instance, top-level proof obligations usually contain all the input terms of the function
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being defined as assumptions. Often, some of these assumptions are not relevant to the current proof
obligation and can be safely discarded.

3.7.3. Pattern Description

We now describe the generalisation pattern:

Pre-conditions: Applies to any goal.

Description: Some form of generalisation is applied to the goal, such as replacing common subterms
by fresh universally quantified variables. The goal produced will be a more general version of the
original. Overgeneralisations can be detected with the use of a counterexample checker.

3.8. Combining Proof Patterns

Typical proof obligation proofs can be described by a combination of the previously identified patterns.
Here we explain how these patterns interact to describe the general shape of the proofs that we want to
automate:

e Simplification followed by basic reasoning techniques will discharge many non-trivial theorems.
Proofs for base case proof obligations and for the base cases generated from the use of induction
typically have this shape. These proofs are described by the simplification pattern followed
by the elementary or impossible cases pattern.

e Non-trivial goals usually require the use of induction. Before performing induction, it is beneficial
to have the current goal in its simplest and most general form. This process can be described by
following the simplification, generalisation and then the induction pattern. Step cases
of induction follow the rippling pattern. Bases cases can involve trivial proofs or will require
the use of induction again.

e Asrecursive call proof obligations can contain embeddings if manipulated correctly, it is important
not to apply generic simplification steps to these proof obligations initially. The recursive call
pattern is followed on these proof obligations to reveal potential embeddings. If embeddings are
found, the rippling pattern is followed.

4. Implementation

We have implemented Coq tactics that automate the proof patterns that we have described using a combi-
nation of Ltac [15], Coq’s built-in tactic language, and OCaml. Depth-first-search is used when choices
must be made, such as when choosing which variable to perform induction on or whether to prove the
left/right side of a disjunction. The following gives a brief explanation to how each pattern was imple-
mented:

e The rippling pattern is automated using an implementation of dynamic rippling [16, 17]. This
tactic automatically identifies assumptions that embed into the conclusion and uses supplied rewrite
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rules to modify the conclusion so that fertilisation can occur. Rewrite rules can be generated auto-
matically from function definitions, such as ++ and length, for use in rippling. Lemma calculation
has been implemented, which uses a combination of weak fertilisation and generalisation to con-
jecture auxiliary lemmas that are needed for a proof. The implementation also supports rippling
proofs that require case splits.

e The generalisation pattern is implemented using a maximal common subterm generalisation
tactic. Assumptions that are not used in the conclusion or assumptions that do not contain variables
used in the conclusion are removed as being irrelevant. A quickcheck-like [11] counterexample
finder is used to identify overgeneralisations. This is also useful for identifying unprovable proof
obligations, such as those generated from faulty programs.

e The impossible case pattern makes use of Coq’s inversion tactic. This tactic will prove a
goal when applied to an assumption x when x is impossible to construct given the type of x and
the available constructors for that type.

e The induction, recursive call, simplification and elementary patterns are implemented
using Coq’s built-in tactics that perform standard theorem proving proof steps.

5. Some Examples

Here we give delve into some practical examples of the kinds of programs and types we can now work
more comfortably with. We sketch the proofs required and describe how such proofs are automated by
our implementation. We draw particular attention to the applications of rippling and generalisation. All
proofs examined can be fully automated by our system.

5.1. Example: Queues as List Pairs

An efficient way to represent a purely functional queue involves the use of a pair of lists [10]. The list
pair ([£f1; fo; ...;fn], [b1; bo; ...; byl)represents the queue [f1; fo ...; f,; bp; ...;
ba; bil, where £ is considered the front of the queue. We label the first and second list of the list pair
as T and b respectively. The queue is in normal form when either f is empty or b is empty. The queue
must be in normal form and non-empty to allow dequeueing. We formalise these definitions with the
following:

(* A queue is a pair of lists *)

Definition queue := prod (list A) (1list A).

(* Describes how to convert a list pair queue to a single list queue *)
Definition queue_to_list (q : queue) := (fst q) ++ (rev (snd q)).

(* Predicate for when a queue is empty *)

Definition is_empty (q : queue) := (fst q = [1) /\ (snd q = []).

(* Queues are equal when their list representation is equal *)
Definition queue_eq ql q2 := (queue_to_list ql) = (queue_to_list g2).
(* Predicate for when a queue is in normal form *)

Definition normal_form (q : queue) := (fst q <> [1) \/ (snd q = [1).
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We now go on to specify several queue functions, where the exact order of the items in the queue
returned are verified in each case. We start by defining a function that puts a queue into normal form.
We use a subset type to state that the resultant queue is in normal form and maintains the queue order:

Program Definition normalize (q : queue) : {o : queue | normal_form o /\ queue_eq o q} :=
match fst q with
nil => ((rev (snd q)), [1)
| h::t =>q
end.

The first match clause generates a proof obligation that has a subgoal for each side of the conjunc-
tion used in the output subset type. During proof automation, we automatically unfold the basic queue
definitions given previously. The first subgoal is trivial. The second subgoal is rev x ++ [] = rev
x. This goal can be generalised to x ++ [] = x and proven with a short inductive proof. Similarly,
the second match clause generates two subgoals. The first subgoal is h::t <> []J \/ 10 = [] and
requires reasoning that an assumption of the type h::t = [] is impossible to construct. The second
subgoal is proven with reflexivity. We now define the enqueue function:

Program Definition enqueue (q : queue) (x : A) :
{o : queue | queue_to_list o = (queue_to_list q) ++ [x]} :=
(fst q, x::(snd ).

The generated proof obligation simplifies to x ++ (rev y ++ [2]) = (x ++ rev y) ++ [z].
This can be generalised to x ++ (y ++ z) = (x ++ y) ++ y. This requires a short inductive proof
where a choice must be made on which variable to perform induction on. The following dequeue function
returns a pair containing the dequeued item and the modified queue:

Program Definition dequeue (q:queue | normal_form q /\ not(is_empty q))
{o : A * queue | (fst o)::queue_to_list (snd o) = queue_to_list q} :=
match fst q with
nil => !
| h::t => (h, (t, (snd q)))
end.

The impossible case generates the proof obligation ([J <> [] \/ 10 = [1) -> not ([] = []
/\ 10 = [1) -> False) which requires propositional reasoning to solve. The step case proof obliga-
tion is proven with reflexivity. We finish by defining a function that appends the contents of one queue
onto the end of another:

Program Definition append_queue (a:queue) (b:queue) :
{o:queue | queue_to_list o = queue_to_list a ++ queue_to_list b} :=
(fst a, (rev (queue_to_list b)) ++ (snd a)).

The generated proof obligation simplifiestow ++ rev (rev (x ++ rev y) ++ z) = (w ++ rev
z) ++ x ++ rev y. This can be generalised to x ++ rev (rev y ++ z) = (x ++ rev z) ++ y.
This theorem is particularly challenging to prove. One proof involves performing induction on x. The
step case is provable by reflexivity after rippling out and weak fertilising. The simplified base case is the
statement rev (rev y ++ z) = rev z ++ y. By induction on y, the base case produced, when sim-
plified, isrev z = rev z ++ []. This requires a short inductive proof. The step case of the inductive
proof onrev (rev y ++ z) = rev z ++ ylooks like the following from a rippling perspective:
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H : forall y : list h, rev (rev x ++ y) = rev y ++ x

rev (rev (h::x) ++y) =revy ++ hi:x

Our rippling tactic gets stuck on this goal as it can neither strong or weak fertilise after applying
difference reducing steps. This is a situation where the user can help by suggesting theorems that can
be used to move differences such that fertilisation can occur. One approach is to suggest the lemma
rev (h::x) ++ y = rev x ++ h::y. This lemma can be proved automatically by a short inductive
proof. A proof can then be found automatically to the unproven step case above by using this lemma
from left-to-right on the LHS of the conclusion and from right-to-left on the RHS of the conclusion to
produce:

rev (rev x ++ [(h::y)) =rev (h::y) ++ x.

As both differences are now in a sink position, strong fertilisation can take place. Another approach
involves suggesting associativity of ++ as a lemma and using this with the basic definition of rev to allow
weak fertilisation on the LHS.

5.2. Example: Verifying Quick Reverse

This function implements an efficient way to reverse a list using an accumulator. The output type of
grev verifies that the implementation produces the same results as rev:

Program Fixpoint qrev’ (a b: list A) {struct a} : {o : list A | o = (rev a) ++ b} :=
match a with

nil =>b>
| h::t => qrev’ t (h::b)
end.
Program Definition qrev (a: list A) : {o : list A | o = rev a} := qrev’ a [].

The recursive call proof obligation for qrev’, after weak fertilisation and generalisation, requires a
proof of the lemmax ++ h::y = (x ++ [h]) ++ y. The proof obligation for qrev requires a simple
inductive proof of x ++ [] = x. The use of rev in the computational part of append_queue and
normalize from before can be replaced by qrev to make them more efficient. Uses of qrev in proof
obligations will be replaced by rev when the non-recursive equality from the proof term from qrev
is used during simplification. Apart from this, the proofs previously examined about queue functions
remain the same.

An interesting aspect of this definition of qrev is that proving the correctness of such a function in
a simply typed setting has frequently been used to motivate the need for generalisation to strengthen the
inductive hypothesis. The natural theorem to attempt first in the simply type setting is rev x = qrev
x []. However, the more general theorem rev x ++ y = qrev x y is needed to allow fertilisation
in the step case, which is not obvious at first when attempting a proof of the previous statement. In
this dependently typed formulation of qrev, the appropriate invariant for qrev’ becomes obvious when
proving the base case proof obligation.
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5.3. Example: Height of a Mirrored Tree

Here we define a datatype for binary trees and a function that calculates the height of a tree:

Inductive tree (A : Type) : Set :=
empty : tree A
| node : A -> tree A -> tree A -> tree A

Fixpoint max n m {struct n} : nat :=
match n, m with

o, _ =>m
| Sn’, 0 =>n
| Sn’, Sm’> => S (max n’ m’)
end.

Fixpoint height (a : tree A) : nat :=
match a with

empty =0
| node v 1 r => 8 (max (height 1) (height r))
end.

We then define a function that mirrors a tree and capture the property that the mirrored tree should
have the same height as the original tree:

Program Fixpoint mirror (a : tree A) : {o : tree A | height o = height a} :=
match a with
empty => empty
| node v 1 r => node v (mirror r) (mirror 1)
end.

Typical recursive functions for trees, such as those that perform searches or generate pre/in/post-
order node lists, contain recursive calls that act on each subtree. Each recursive call that appears in a
proof obligations will generate a proof term. The step case proof obligation for mirror, after following
the recursive call pattern, is:

X_p : height x = height r
y_p : height y = height 1

height [ (node v. x| y) = height (node v.1 r)

Notice that the proof terms generated from the two recursive calls to mirror embed into the con-
clusion. The parts of the conclusion that are not part of either assumption are shaded in to indicate the
differences. When performing rippling on such goals, the conclusion is only modified in ways where all
terms that embedded before still embed. By using the definition of height, the goal differences can be
rippled out to get:

S (max ( height x) (height y)) =S (max ( height 1) ( height r))
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Domain Theorem Proven Time taken (s)
Linear arithmetic n+m=m+n 0.74
(x+y)+z=x+(y + 2) 0.36
Non-linear arithmetic m*n=mn3x*m 1.30
n*x (m+p)=n*m+mn *p) 1.20
(n*m) *xp=nx* (m* p) 0.82
x " (@+m=x"n*x"m 1.70
Lists (1 ++m) ++n =1 ++ (m ++ n) 0.34
length (x ++ y) = length x + length y 0.36
rev (rev x) = x 1.10
rev (a ++ b) = rev b ++ rev a 1.36
revx ++h :: y=rev (h :: x) ++y 0.38
count (y ++ x) n = count (x ++ y) n 6.10
h <> n -> (count (x ++ [h]) n = count x n) 5.10
Trees mirror (mirror t) =t 0.41
num nodes (mirror t) = num nodes t 0.57
height (mirror t) = height t 0.65

Table 1. Selection of example theorems that can be fully automated with our proof automation from only basic
definitions. Timings were produced on Coq version 8.1 running on an AMD 3800 X2 CPU.

The conclusion can then be weak fertilised to:

S (max (height r) (height 1)) = S (max (height 1) (height r))

This can be generalised tomax n m = max m n. The proof of this requires a short inductive proof
involving a case split. Generally, we find that we must prove fundamental properties of all functions
that we make use when capturing non-trivial program properties. As such, we find automated inductive
proofs invaluable when working with dependent types.

6. Proof Automation Results

In this section, we provide a few non-trivial examples of the kinds of theorems that can be fully automated
by our rippling tactics. Table 1 gives a selection of example theorems from various domains, such as non-
linear arithmetic, lists and trees, that can be proven automatically. Theorems such as these occur naturally
when capturing program properties with dependent types. For instance, the power operator appears in
proof obligations when capturing the number of items in a binary tree and the number of items in a
powerset. List functions like append and reverse are useful for capturing properties about the order of
items in a collection, such as checking items in a queue appear in the right order. Functions that count
the number of items in a collection are useful for verifying that functions return permutations of their
inputs, remove particular items, contain a particular item or contain no duplicate items.

Each theorem in Table 1 is proven using induction with the standard induction schemes generated
by Coq. Each proof is produced using only the information from basic function definitions and with
no help from additional theorems. This lack of domain specific knowledge demonstrates that the proof
automation is able to work with new user-defined inductively defined data types and recursively defined
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functions that use such data types. This means users can define their own types and functions for use as
the propositional part of subset types and/or type indices and our proof automation can provide support
for this.

Despite there being scope for optimisation in our implementation, we have found our proof automa-
tion to have satisfactory performance in experiments. Typical proofs of non-trivial theorems tend to be
found quickly, as shown in Table 1. Searches for proofs of non-theorems and for theorems that cannot
be proven are abandoned in similar time frames. For theorems that cannot be proven, the user is able to
suggest new theorems to be proven that can allow rippling to progress. An example of this is shown in
Section 5.1 for a difficult theorem involving reversing lists.

7. Related Work

In this section, we review some related work on dependently typed functional programming and proof
automation. The DML [31], ATS [14] and Sage [18] languages each provide some support for automating
proofs that arise when programming with dependent types. Unlike Coq, DML [31] restricts the user to
type indices that form linear arithmetic statements. This is done so that generated proof obligations can
be solved by a constraint solver during the type checking process. ATS [14] provides proof automation
for the same kinds of statements as DML but allows user-defined types and the functionality for the
user to write proofs. The use of such types when programming will usually require the user to write
inductive proofs. Clearly, automated inductive theorem proving would be beneficial here. The Sage [18]
language also allows user defined types but, again, provides little proof automation support for working
with them. Proof obligations, generated during type checking, are translated into a form that can be
processed by an external theorem prover that handles linear arithmetic statements. As with our system,
a counterexample checker is employed to identify unprovable proof obligations. When Sage’s proof
automation fails to verify a program property statically and a counterexample cannot be found, Sage can
enforce the program property at run-time using a dynamic check. This is a useful alternative for when
the user is unable to provide a proof in cases where proof automation fails.

The Cayenne [5], Epigram [23] and Agda [13] systems allow user-defined dependent types but pro-
vide little in the way of proof automation and proofs need to be written by the user for even trivial
theorems. Programs in these languages tend to rely on the structure of proofs to closely follow the struc-
ture of the programs themselves to avoid the need for manual theorem proving. Proofs that are written
are typically performed using induction and, as such, rippling technology would be beneficial in these
systems.

The Oyster-Clam [9] and NuPRL [12] systems, which are based on Martin-Lof type theory [21],
both provide rippling based automation tactics. However, rippling has not been used in these systems in
the context of automating proof obligations that arise from dependently typed functional programs. In
the case of NuPRL, the focus of the rippling work was the instantiation of meta-variables in inductive
proofs and its use in program synthesis [26]. The Isabelle theorem prover [24] is another system that
has an implementation of rippling [17]. Although there is a representation of dependent types in Isabelle
for reasoning about theory modules [20], there are no facilities for writing functional programs with
dependent types. We are also aware that there were plans to bring rippling to PVS [25] for use in
inductive proofs [1] but an implementation of this is yet to appear. Coq [22] comes with many tactics
that are useful when discharging proof obligations. Several tactics are available that can solve/simplify
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goals using a database of supplied theorems and there are also useful decision procedures, such as those
for Presburger arithmetic and intuitionistic propositional calculus. However, as far as we are aware, there
are no tactics that provide automation for working with user-defined types that require inductive proofs.
We also find that our proof automation can solve theorems about built-in data-types, such as variants of
standard list and non-linear arithmetic theorems, that Coq’s regular tactics fail on.

8. Conclusions

In this paper, we examined several patterns of proof that commonly emerge when discharging proof obli-
gations that arise when working with expressive dependent types. We observed that induction, rippling
and generalisation are important reasoning techniques in this domain. This included the novel observa-
tions that, if manipulated correctly, embeddings can be found in the recursive call proof obligations of
programs that make use of subset types and that generalisation was particularly relevant to subset type
proof obligations. We gave initial results in automating the proof patterns we identified with some prac-
tical examples of what programs and properties such automation allows one to work more comfortably
with. Already, we can work with examples that are either not automated in other dependently typed sys-
tems or would require difficult and/or tedious theorem proving to be performed by hand. In future work,
we plan to improve the power of our proof automation and carry out larger case studies into how such
automation can aid programming with dependent types. This includes looking at how the user can in-
teract with the proof automation when it fails and how counterexamples to unprovable proof obligations
can be used to help the user correct faulty programs.
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