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Abstract

Movement selection and control is a very difficult inverse dynamics
problem for robotic control that humans and animals accomplish easily.
For the past 10 years there has been a popular theory that biological
movement is made up of sub-routine type blocks, or ‘motor primitives’,
with a central controller timing the activation of these blocks, creating
synergies of muscle activation. Using machine learning techniques, this
project addresses the possibility of extracting useful, and repeatable motor
primitives from handwriting data.

1 Introduction

Animals and humans have evolved a complex motor system for the reason that
our bodies have many joints and muscles that control posture and movement.
Biological movement can be thought of in a high dimensional space, or ‘Joint
Space’. This high dimensional space can be represented in 3 dimensions using
a framework of body dynamics. Therefore, any one point on the body frame-
work can be represented in the high-dimensional joint space, or the 3 dimen-
sional movement space. Movement tasks are specified generally in movement
space, for example in the form of move end point of limb from position [z, y, 2]
to position [2’,y, 2], maybe avoiding some obstacle. This means that most
movement tasks, however simple, can be accomplished in an infinite number of
ways (Wolpert et al., 2001). However, humans and animals find solutions to
movement tasks that are both repeatable to some extent across trials and cir-
cumstances, and subjects (Wolpert et al., 2001). Despite this repeatability, we



are also very adaptable to new tasks, and can quickly adapt learned movements
to cope with new environments (Davidson and Wolpert, 2003). Obviously, we
do not have simple pre-programmed subroutines of movement, as this would
make us very un-adaptable, but at the other extreme, it is unlikely that we
solve the complete set of Newtonian force and motion equations to find an op-
timal movement solution for every situation, as this would involve a good deal
of computation. In fact, as we do not have a complete knowledge of the world
state at any one point, then the solutions to these equations would have to be
statistical in nature, further increasing the computation required for an accurate
result. Although some form of optimisation must be going on, we do not know
the details of A) What is being optimised, and B) How it is being optimised.
(Bizzi et al., 1995) published a paper that suggested that the way motions
are constructed and maybe even planned is by activating a series of overlapping
primitives, or as they put it, superimposing force fields in which the limbs move.
This theory has been supported by several studies into reaching and grabbing
tasks since then (Wolpert and Kawato, 1998; Flanagan et al., 1999). Humans
and animals have a very useful ability to observe another actor’s movement
and copy it. This can be done with partially observed, single trial learning,
even when the observed actor does not have the same body configuration as the
subject. This would be a very useful characteristic for robots to possess, as it
would mean that their movements would not have to be pre-programmed (Alis-
sandrakis et al., 2002; Rao et al., 2004; Matari¢, 2000). There has been much
work on recording the dynamics of all aspects of natural human movement. To
categorise it and dissect it, people have tried to infer motor primitive type sub-
blocks of movement from the sequences (Wolpert and Kawato, 1998; Matari¢,
2004). Most of these attempts have pre-partitioned the sequences into move-
ment sub-blocks, then extracted principal components of these blocks. However,
this is a rather artificial way of extracting information from data. Although we
are assuming that the movement is made up of motor primitive sub-blocks of
motion, we are not placing any a priori constrictions on how long these sub-
blocks can be, and when they are triggered, or even how many are combined
to make up a typical movement. As these studies try to record complete or
partial body configuration trajectories, there are obvious difficulties with data
accuracy and realism, due to the limitations of the sensors, and the difficulties
of creating a natural feeling environment for the subject. Although the data
recorded in joint space is of a higher dimension, and therefore more complete,
it is possible to record data from movement space, which alleviates some of
the recording accuracy issues. This is difficult in reaching and grabbing type
tasks, as there is no easy way of recording movement in 3 dimensions. However,
handwriting is a particularly developed form of movement, surely rich in dif-
ferent motor primitives, and easily recordable using a digitisation tablet. The
digitisation gives a 5 dimensional output characterising the pen position and tip
pressure. The dynamics of this vector over time will reflect the hand motion
and therefore contain projections of motor primitives. The task is therefore to
create a learnable model that represents the activation of these primitives.



2 Literature Review

2.1 Background

Natural handwriting has been a much studied topic in the past 30 years both in
academia and in industry, with most of the research focussing on recognition.
For a review on handwriting recognition, see (Meulenbroek and Gemmert, 2003;
Beigi, 1993). For the purpose of this project, it is possible to split the topic into
3 steps, with different papers focussing on each step. Firstly that of analysis
of natural handwriting, for extraction of information from the data eg. (Mar-
quardt et al., 1999; Kharraz-Tavakol et al., 2000). Secondly, there is generation
of handwriting, and the generalisation to generation of humanoid movements,
in the robotic movement imitation domain eg. (Wolpert and Kawato, 1998;
Matari¢, 2004; Wada et al.). Finally, the most researched area being that of
handwriting recognition mainly because of Human Computer Interaction appli-
cations, an application area that naturally includes the related topic of speech
recognition eg. (Cho and Kim, 2003; Omar et al., 2002).

2.2 Motor Primitives

The number of strategies in which humans and animals can accomplish any sin-
gle motor task in the real world has an infinite number of solutions. Despite this,
we show consistency both in varying situations, and across subjects (Todorov
and Jordan, 2002; Matarié¢, 2004; Wolpert et al., 2001; Wolpert and Kawato,
1998). This suggests that we have some common low level movement behaviour
set, or movement primitives, that are similar in broad terms from one subject
to the next.

Motor primitives were first found in frogs (Bizzi et al., 1995) where stimula-
tion of a single spinal motor afferent triggered a complete sweeping movement
of the frog’s leg. In fact the stimulation of specific sites on the spinal column
induced force fields for the limb. These force fields were linearly superimposed
when triggered concurrently. Thinking of these force fields as motor primitives
implies that the motor control and hence behaviour of the frog may be built up
of similar superimposed motor primitives.

There has been much work investigating these motor primitives, or mus-
cle activation synergies. (d’Avella and Bizzi, 2005; d’Avella et al., 2003) used
electromygraphic recording techniques to record the natural activation of frog
leg muscles. Using component factorisation techniques, they showed evidence of
modularisation of the motor control system. Extending this model to higher lev-
els of motor control, (d’Avella and Bizzi, 1998) stimulated the vestibular nerve
in several different places, and performed PCA on the resultant force fields.
They showed that 94% of the total variation of the data could be explained
using only 4 principal components, meaning that the movements were probably
built up in a modular way.

For an overview of the inverse dynamics problem that must be solved for
motor planning and control, see (Mussa-Ivaldi and Bizzi, 2000). They propose



a possible solution through the use of motor primitives and an extension of the
established spinal cord basis of muscle synergies to higher motor planning areas.
For a review of the modularisation of motor control in the spine, see (Bizzi et al.,
2002).

The breaking down of complex movements into superimposed sub-routine
type motor primitives is desirable for robotic control, and the ability of the
robot to mimic novel movements, as it places constraints on the action selection
space. There is also a strong body of evidence to support a sharing of resources
between motor control, and action perception. (Gallese et al., 1996) recorded
from neurons in the pre-motor cortex, and found that they responded similarly
when a specific action was performed by the subject, and also when the same
action was observed. These neurons have become known as mirror neurons,
and they are the strongest evidence that the brain contains structures that deal
both with action and perception. The implications for robotic control are that
to create a control system that replicates animal movements, it should also be
capable of recognising the same movements.

There has been some work into extracting motor primitives from natural
human whole body movement, and then replicating them with robots (Fod
et al., 2002; Schaal et al., 2004; Ijspeert et al., 2003). So far, this has focussed
on the activity of each primitive as a vector at each time step, therefore the
primitives have no temporal dimension. This is most likely not the case in
biological systems, with each primitive being a time extended block of specific
movement, activated independently at different time points. Furthermore, each
primitive would have non-exclusive control of a subset of muscles, with muscle
commands summing probably non-linearly.

The hypothesis that complete movements are made up of superimposed,
time extended blocks of movement implies that somewhere, there must be a
timing circuit that ‘fires’ the appropriate primitive at the appropriate point.
There is evidence that the cerebellum is involved with motor function, and
more specifically with timing of motor function, and perception. (Meegan et al.,
2000) showed that learning rhythms perceptually improved performance in mo-
tor tasks which involved the learned rhythm. (Dennis et al., 2004) showed
a relationship between cerebellar volume in children and performance in mo-
tor timing tasks. (Penhume et al., 1998) used PET imaging to show that the
cerebellum provides a supramodal contribution to motor timing tasks. They hy-
pothesise that the cerebellum provides the necessary circuitry to extract timing
information for the sensory and motor system.

2.3 Motor Planning

The reason for the interest into motor primitives is that they approach the
problem of the transformation from kinematics to dynamics space. This has
been looked at from a biologic perspective by (Padoa-Schioppa et al., 2002,
2004). They believe that there are forward internal model representations in
the supplementary motor area, and that these models solve the kinematics-
dynamics transformation.



Motor primitives go some way to solving the kinematics-dynamics transfor-
mation, but there must still be some form of controller to select which primitive
should be active at which points in time. There must in effect be some in-
ternal world model to predict the outcome of a certain primitive. A model
proposed by Wolpert involves multiple blocks that individually characterise a
certain primitive, with each block providing both a forward (predictor) and
inverse (controller) model.

There has been much work by Wolpert and colleagues (Wolpert et al., 2001;
Davidson and Wolpert, 2003, 2004a; Hamilton et al., 2004; Kording et al., 2004;
van Beers et al., 2004; Witney and Wolpert, 2003; Caithness et al., 2004) look-
ing at how our internal forward models are structured and applied in motor
adaptation tasks. In general, they show that there are multiple forward and
inverse internal models, and that the movement strategies are selected so as
to minimize muscle activation noise, and therefore end point error. For an
overview of their research see (Wolpert and Kawato, 1998). Their model tries
to explain both motor adaptation experimental results, and motor optimisation
strategies. It has long been noted that learning different tasks in a similar envi-
ronment is more difficult than learning two unrelated tasks. The tasks interfere
with each other. However it is possible to switch motor behaviour in different
environments, for instance motor skills when playing tennis, or driving a car.
They believe that there is a modularisation of internal models, which can be
independently activated for specific circumstances. This can go some way to
explaining the phenomenon of motor learning interference. Furthermore, they
hypothesise that movement strategies are evolved to minimise end-point error.
This is a novel alternative to the common idea of minimising some path dis-
tance metric, such as absolute distance, or average muscle force needed, or jerk
minimisation. They have obtained many experimental results to support this
theory, which takes into account the fact that muscle noise is proportional to
muscle activation.

2.4 Modelling Techniques

To extract information from natural data and to then model the system in a
generative manner, there are a number of computational modelling techniques.

A straightforward, and simple approach to feature learning was presented
in (Chiu et al., 2003). They look for re-occurring features in a time series.
However, they do not allow for over lapping of several different features, as the
Factorial Hidden Markov Model (fHMM) model does (see below). However, it
may be a good way to approach the problem if other techniques prove to be too
computationally demanding.

A short paper (Vinciarelli and Bengio, 2001) looks at how Hidden Markov
Models (HMM) can be used for character recognition in handwritten digits.
They use a separate HMM for each character, and pre-process the data using
Independent Component Analysis (ICA) to help with an independence assump-
tion between the HMMSs. In effect, they were decorrelating the data, so that the
output covariance matrix could be diagonal. Although they are taking a similar



approach to us, they are addressing a different problem, without caring to break
the characters down into primitives, they are simply trying to distinguish one
character from another.

For a review of ICA methods, see (Hyvérinen, 1999). (Roweis and Alwan,
1997) attempt to use a HMM based approach to infer articulatory information
in speech signals. This is similar to what we are trying to do, in that they try
to represent speech in articulation space (configuration of mouth etc), whereas
we are trying to represent movement in primitive space.

A relevant model is the Factorial Hidden Markov model. This is explored
by Ghahramani (Ghahramani and Jordan, 1997). In this paper, they look at
different methods of learning in fHMMs. To implement the Expectation Max-
imisation technique to infer the optimal parameters, they use different approxi-
mations to speed up the algorithm. Firstly, they implement the exact method,
then they use using Gibbs Sampling to speed up the algorithm, then using
completely factorised variational methods, and finally structured variational
methods. They provide derivations for most of the necessary equations. Their
approach uses the standard Baum-Welch forward backward algorithm to calcu-
late the expected states. These methods are more thoroughly addressed in a
paper by Bilmes (Bilmes 1998). The fHMM modelling done in this project is
based on the Ghahramani paper, so for more details, see section 4.1.

3 Project Outline

The original aim of the project, or at least the founding motivations were to
create a program that attempts to learn motor control of a virtual pen using
visual feedback and some sort of reward type learning, in a similar way that
children learn how to handwrite from examples of simple pen strokes that they
are encouraged to copy.

To approach this problem, the system needs a repertoire of movements that
it uses to control the pen. In fact this is a very important, and contemporary
problem in robot control (Wolpert et al., 2001). Once the appropriate motor
primitives have been identified, and they can be reliably extracted and sepa-
rately analysed, then the problem of how children learn handwriting can be
studied at a more detailed and relevant level.

There has been much work into motor primitives with a view towards better
robotic movement control (Matari¢, 2004; Ijspeert et al., 2002). However, there
is not as yet any conclusive solution, possibly because the approaches have
mainly been from a signal processing perspective rather than a biologically
plausible model. This is probably because of the similarity of the problem with
the Source Separation Problem, in speech recognition. However, the way that
muscle synergies are activated and combined is not the same as the way that
sound signals are linearly superimposed. To propose a learnable model, we must
consider how the brain controls our bodies. For more detail on this, see section
2.2.

Much work has been done on primitive extraction in 3 dimensional move-



ment, for instance reaching and grasping. The problem with this paradigm
is that accurate position data is difficult to collect. An area that spans mo-
tor control, visual character recognition, human computer interaction and even
language is that of handwriting, or more fundamentally, pen control. Using the
medium of pen control to study motor primitives means that much data from
many sources can easily be collected. It is also much easier to carry out adapta-
tion experiments using a computer screen as the paper for visual feedback, and
a digitising tablet to capture the motor output separately.

3.1 The Piano Model

There is much evidence to support the fact that once a particular movement
has been commenced, it cannot simply be switched off. Rather, to modify a
movement trajectory, the movement is superimposed with another movement
(Davidson and Wolpert, 2004b). This evidence suggests that there is a sub-
routine type of movement activation, where the sub-routines are not able to
be quickly altered, but their individual activation can be a fast and globally
relevant process.

To define terms within this project, the sub-routines of movement will be
referred to as motor primitives. Therefore, to formalise the model in a generative
way, the output of the system Y, is defined in (1),

Y(t) =Y izt — ) 1)
(

i,5)

where ¢;; defines the activation strength of a particular primitive, z;(t) are the
primitives, and 7;; represents the time of activation of the primitive 4.

In this definition, there are ¢ primitives, with each primitive being triggered
J times within the sample window, at time 7;;. This model has been called the
Piano Model because of its similarities to the operation of a piano being played,
where the timing controller (the pianist) presses each key at the appropriate
time in the piece of music. The keys on the piano produce a time extended
clip of sound, which are superimposed to create the music that is heard by the
listener. The crucial point is that the only dependence that the music has on
the pianist is the timing and choice of keys he presses, with associated pressure?,
in the same way that in our motor primitive model, the precise movements are
not dictated by a central controller, rather than their exact timings. Figure 1
shows a diagram to illustrate the piano model. Note that the primitives are of
a higher dimensionality than shown.

The generative implementation of this model is not difficult, however, the
learning of the primitives is more complicated, as the number, the length, and
the position of the primitives is unknown (as well as the shape of the primitives).
Therefore, to tackle the problem, simpler models were explored to try to extract

IThis is debatable, as pianos may respond to the speed of key press, the duration of the
key press, and what other keys are being pressed at the time. Pianos also have pedals to
create different effects. The analogy is not intended to be exact.
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Figure 1: The Piano Model. The model is segmented into a timing part and a
movement subroutine, or primitive part. The timing information is encoded in spike
positions, possibly in a similar way to how biological neurons may encode the move-
ment. The movements are encoded as multidimensional muscle activation synergies in
biology. Here they have been simplified to one-dimensional signals. The parallel with
written music being translated into auditory music is also shown.

the shape of the primitives from natural data. Using ICA to separate the data
into independent components yields some interesting results (see section 4),
however, it is difficult to conclude that in principal, ICA should theoretically be
capable of extracting primitives due to a lack of observable dimensions. In effect,
the dimensions are increased by taking multiple samples of the same primitive.
However, to do this we require precise time indexing of the primitives. To further
reduce the attraction of using ICA, the technique was unable to convincingly
recover test primitives from artificially generated data. In effect, there needs to
be some form of pre-processing to ensure that the datums for the ICA contain
stationary primitives within the sample windows.

Assuming discrete time steps, an appropriate modelling framework for the
Piano Model is that of Factorial Hidden Markov Models. These are the same
as standard HMMs, but with multiple, parallel and independent hidden state
chains, as seen in Figure 2.

The output mean is a linear sum of the factor means,

= Z wm) . g(m) (2)

where 1 is the output mean, W is the matrix of contributions towards the mean,
and S is the hidden state.

Attributing a single primitive to each state chain, and taking the observable
output to be a single Gaussian, gives a model that is the same as the Piano
Model given some extra constraints: All the Markov chains should remain in
state 0, contributing towards a zero mean output until a particular primitive is
triggered, at which point the relevant Markov chain progresses monotonically
through the states with high probability until the last state is reached, after
which there is a high probability that the Markov chain returns to state 0. This
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Figure 2: Graphical representation of an fHMM, showing the independence of the
separate Markov chains. Although the observable output is dependent upon the state
of the entire system, the internal states evolve with no interdependencies. With extra
constraints, it is possible to equate each Markov chain, or factor to a separate primitive.

Figure 3: State change probabilities. This shows how the state change probabili-
ties were constrained so that the individual Markov chains can correspond to a time
extended primitive.

state change organisation can be seen graphically in Figure 3.

Factorial HMMs are guaranteed to converge to a local minima in the pa-
rameter search space. Therefore, if the initial state of the system is provided
with enough a priori knowledge about how the primitives should operate, then
performing EM on the model should give optimal primitives.

Using the primitives effectively as feature detectors, handwriting can then
be represented in primitive space, thus allowing more robust recognition prior
to any language or higher level models. The primitives could also be used as
the output of a neural implementation of a handwriting model, to explore the
learning, connectivity, and operational issues of a more biologically plausible
implementation of such a model.

It would be interesting to see how, if at all, the motor primitives of a human
adapt over time, as this would show how they relate to long-term adaptation, or



motor learning. Particularly when new tasks are attempted, such as practising
mirror writing. Using a digitisation tablet, handwriting data can be quickly and
easily acquired, in a very natural writing environment for the subject.

In general, although all the children in the classroom will all learn hand-
writing from the same teacher, with the same teaching materials, they will all
develop different styles of handwriting. This could be due to some difference
in the structure of their arms and hands, or it could be due to a difference in
the control policy for their hands. It is possible that the motor primitives are
roughly constant throughout our lives, and built in to our brains from an early
age. If this is the case it may explain way people converge towards different
styles of handwriting given the same training procedures.

It would also be interesting to explore the mapping from movement space
to joint space in terms of the primitives. Have the primitives evolved to min-
imise noise in muscle control, as is suggested by Wolpert (van Beers et al.,
2004; Hamilton et al., 2004)? Using these techniques to extract primitives, can
joint space data be analysed in a similar way, thus providing a repertoire of
movements for a robot?

3.2 Character Primitives vs. Motor Primitives

Clearly, there will be recurring shapes in characters that are inherent in the
character set rather than naturally occurring motor primitives. A number of
ways to overcome this could be examined.

Firstly, not only Latin style handwriting could be collected, but other lan-
guages, and also scribbling. Analysing people’s handwriting in more than one
language (eg. Greek and English) would provide different character sets from
the same person. There are many people in the University of Edinburgh who
have two natural written languages, so finding subjects would not be a problem.
Furthermore, a simple study in which people are taught an invented character
set could be conducted. The analysis of their motor primitives should show
mostly common motor primitives for both natural characters and the new set.
Also, the learning transition phase would be very interesting to analyse. One
hypothesis is that during learning, the motor primitives would be less well inte-
grated, as the timing and intensity of their activation is the task being learned.

To help distinguish the primitives inherent in the character set from the
primitives inherent in the subject’s movement, it may be possible to take a
baseline of the perfect character set as used for training the subject’s handwrit-
ing originally, and examine the deviations from this.

An analysis of free-form scribbling may also provide reoccurring primitives,
which, as the task is less constrained, would provide a better insight into the
natural primitives used by the subject.

It should be noted that character sets may well have evolved to be directly
based upon common motor primitives. However this is not currently provable,
and a competing theory could be be that character sets have evolved to maximise
visual differentiation between different characters/words. The shapes inherent
in a character set are a function of the character set rather than some built-in
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set of motor primitives, and so should be considered separately, even if there is a
developmental link. A way to visualise clearly the distinction between character
primitives, and motor primitives is by considering the downward stroke in the
letter I. This stroke is common to many characters, and is likely to be picked out
by a motif extraction algorithm running on some handwritten text. Naively, we
may assume that this is a motor primitive, as it is difficult to see how a simple
line could be broken down into constituent parts. However, thinking about how
the hand itself had to move to manipulate the pen in order to create the line,
we can see that perhaps several different motor primitives were used to create
this line. A rigourous statistical analysis of similar shapes within handwriting
should be able to separate truly independent movement sub-blocks.

3.3 Robotics

On paper, the pen has 2 degrees of freedom (DOF), or 3 if one includes the
raising of the pen, and the intensity of the line drawn. However, the arm and
the hand have many more DOFs. It would be interesting from a robotic control
perspective to create a higher DOF robotic ‘hand’ with control of a pen, that
could recreate the primitives on paper, and then to examine the primitives that
are given rise to in the separate motors of the hand.

3.4 Handwriting Style

One of the principle problems faced by handwriting recognition programs is that
of different handwriting styles. It is also a problem that children face when try-
ing to read a handwriting style that is vastly different from their own, although
once tackled, humans can easily read many different handwriting styles, without
explicit classification of the style. Although different cultures and countries gen-
erally have different handwriting styles, it is also interesting to note that within
a country, and even within a group with a common training set (ie. Pupils from
the same school), many different handwriting styles emerge. Moreover, although
handwriting styles diverge around the time of acquisition, they do not appear
to change much once acquired. This leads to the hypothesis that handwriting
style is determined to a large extent by the motor primitives at the disposal of
the subject. Furthermore, this suggests that if the set of motor primitives was
subtly altered, it should affect the handwriting style.

4 Work accomplished / Underway

Using some handwriting trajectory data from the UNIPEN standard data set
openly available on-line 2, I started by creating a framework to display and seg-
ment the raw data into characters. Figure 4 shows a screenshot of this frame-
work. Most past studies have characterised handwriting data using the number
of times the y-axis velocity crosses zero per character (Marquardt et al., 1999).

2http://unipen.nici.ru.nl/
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Figure 4: Screenshot of ICA program framework. This is a Gaussian smoothed sample
of the UNIPEN data set, with the calculated velocity and acceleration profiles.

This analysis was incorporated into the program, to allow better comparison
with previous studies. Also a small amount of pre-processing was incorporated,
such as a low pass Gaussian smoothing filter. All the data available in fact
was quite noisy, seemingly acquired at a lower resolution than stored. This is
perhaps due to a lack of post-processing at the data acquisition end that would
normally be used before recording.

Using this framework, it was easy to calculate velocity and acceleration in-
formation for the pen trajectories. The first attempt to extract motor primitive
information from the data involved using ICA algorithms to separate statis-
tically independent components of the data, under the hypothesis that these
components would be related to the motor primitives. This is because in the
proposed model, the Piano Model, (see section 3.1) the primitives are statisti-
cally independent from each other, with the statistical dependencies necessary
to create a coherent movement arising from the timing of the triggering signals.
Therefore, ICA should identify the primitives as the most statistically indepen-
dent components. The FastICA algorithm developed by Jarmo Hurri, Hugo
Gvert, Jaakko Srel, and Aapo Hyvrinen, available on-line® was used. Positional
data, and velocity data was analysed. Datums were defined in several different
ways. Firstly the simplest way, where each time slice represented one datum.
This gave the result that the slant of the writing was picked out as one principal
component, thus skewing the axes of the frame of reference (the paper).

Figure 5 shows a collection of some of the components generated by the
FastICA algorithm, taking 60 time samples from each character as one datum.

Shttp://www.cis.hut.fi/projects/ica/fastica/code/dlcode.html
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Figure 5: Example of ICA components extracted. Here, the datums were created by
taking whole characters. As the data set was not very large, little generalisation oc-
curred, resulting in ICA components largely representing individual characters. They
are plotted here as x,y co-ordinates.

Clearly, the components are single characters, and show little generalisation.
This is because the ICA algorithm is not able to partition the characters into
segments that are more readily generalisable. In Figure 6, we see the coefficients
used to perfectly reconstruct the sample seen in Figure 4, which suggest that
the data has a very sparse representation in the coefficient matrix. To examine
this further, a generative model was developed to explore how the components
could generate data. This model adapts the linear mixture model of ICA, remov-
ing the coeflicient matrix, and replacing it with an extended matrix of timing
information, thus implementing a generative form of the Piano Model, with
pre-defined primitives specified by the ICA component matrix.

The ability to control the timing information and individual primitive acti-
vation strength allowed us to select the largest component, and compare it with
the original character, also to add noise to the temporary coefficients used for
the character in question, and to select random coefficients. In Figure 7, we
can see the effects of adding noise to the coefficients. This showed that there
was virtually no generalisation across characters with this approach, with most
components representative of a single character, with small alterations, such as
the slant at the beginning being dependent on many, smaller components.

Sliding windows were then used to provide several datums per character, as
seen in Figure 8. This method provided more hope, however the components
generated were dependent really on the distribution of samples selected from
the whole data set. There is no guarantee that they represent distinct motor
primitives.

The general problem with these approaches was that the length of the prim-
itives was not known. This meant that the length of the windows could not be
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Example ICA Coefficient for b sample
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Figure 6: ICA coefficient. Single row of the mixing matrix from the ICA compo-
nent decomposition, showing the coefficient values used to reconstruct a single sample
perfectly. It shows the relatively sparse representation of the data.
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Figure 7: Reconstruction of data set. With 10% noise added to the coefficients, there
is little change to the reconstruction of the data set. This shows that the components
have not generalised much over the whole data set.

14



ICA Components
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Figure 8: Example of components extracted using ICA with sliding windows to gener-
ate the datums. Although the components seem to have provided a more generalised
representation of the data, it is difficult to see whether they correspond to motor
primitives.

defined. Also there was the problem of the timing of the primitive. As a single
delta time shift completely changes the datum for the ICA, it was difficult to
know how to position the windows.

To attempt a simple best-fit type reconstruction using the primitives gener-
ated, an extension to the program allowed for several different fitting algorithms
to be tested on the primitives generated. An example of one algorithm working
with the primitives is shown in Figure 9.

Using a sensible algorithm to choose appropriate components to be acti-
vated at particular times makes a reasonable reconstruction possible. It should
be noted that as the components are based on a data set that at best only
partially encompasses the character in question, it could not be expected that
the components would be able to perfectly reconstruct the data, as with the
coefficients for the original, randomly sampled data set.

To test how well this system recovers artificially generated primitives from a
trial data set, a one-dimensional example was used. There were two primitives
present, one being a sine-wave, and one a ramp. There was also noise present.
Figure 10 shows a sample of the components calculated.

Clearly, the components show aspects of the primitives, but because the
windows were not guaranteed to be positioned in the same place with respect
to the start of the primitives, the component separation algorithm sees them
as completely different components (as they are represented along different di-
mensions).

ICA was investigated for its ability to extract components that are statisti-
cally independent from each other, thus if there is partitioning in some under-
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Figure 9: Example of a simple fitting algorithm trying to reconstruct the data. The
components used were generated from ICA performed on datums taken from sliding
windows in the velocity domain. The reconstruction looks like a reasonable approxi-
mation to the original sample.
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Figure 10: Components after performing ICA on a dummy data set. The genera-
tive components were a sine-wave and a ramp. ICA fails to cleanly find the original
primitives, although the primitives seem to be partially represented.
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lying generative model, then ICA should separate the constituent parts of the
data pertaining to the different parts of the model. This works well in source
separation problems, where there are many dimensions to the observable data
(taken from microphones in different positions). However, our data is of a low
dimension compared to the hypothesised generative model. To get around this,
we tried to take each complete primitive as a single datum, by performing ICA
in the time domain. This means that ICA would be comparing different exam-
ples of the same primitive, and so should be able to generalise across different
trials. Unfortunately, without some clear, and precise indication of where the
primitives occur, they are non-stationary with time, and if ICA is performed in
the time domain, the primitives are therefore non-stationary with dimension.
It was concluded that ICA could not yield useful results without a separate
triggering facility to detect the position of the primitives.

4.1 Factorial HMMs

The reason that ICA could not extract primitives from the data was that the
ICA model assumes nothing about the structure of the generative model that
gives rise to the data, except that the components of the model are not Gaussian.
The Piano Model specifies much more about the behaviour of the underlying
model. Given the restrictions of using ICA, the problem of how to implement
the Piano Model was reconsidered. As discussed in section 2.4, one of the com-
monly used models to represent systems with unobservable states, and regular
statistical dependencies between the different variables, and with mainly short
term time dependencies, is the Hidden Markov Model (HMM). When there are
many independent hidden states that are combined to give the single observable
output, then it is possible to use a HMM to represent them, however the num-
ber of hidden states explodes exponentially (Ghahramani and Jordan, 1997). A
distributed representation of the hidden state is more versatile, and gives rise
to a variation on the HMM model, a factorial HMM. For more details, and
justification of this model over a simpler HMM, see (Ghahramani and Jordan,
1997). The fHMM model is arguably closer to real life, as it allows multiple in-
dependent processes to evolve over time, interacting only to produce the output.
Also it is possible to perform more efficient (and approximate) inference with
the fHMM, by using a variational approximation of the model structure for the
E-step, allowing a traditional Baum-Welch approach, with minor changes.

Therefore, to implement the Piano Model, it was decided that the fHMM
model should be used. (see section 3.1). The paper by (Ghahramani and Jor-
dan, 1997) was used to provide the details of the model. For a more complete
description of the model, please refer to this paper. Here is a summary of the
model dynamics.

Each hidden Markov chain, or factor, models one primitive. The observables
are one dimensional real-valued outputs. The graphical model of an fHMM was
shown in Figure 2. There are M independent Markov chains, and K states
possible within each chain. As you can see in the graphical model, the hidden
state S depends solely on the previous time step. As the Markov chains are
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uncoupled, the state transition probabilities can be factorised. The observables
depend only upon the hidden state at a particular time step. The hidden state
transition probabilities are specified by M separate K x K matrices. The ob-
servable output is defined as a multivariate gaussian. Here are the probability
distributions that define the model dynamics:

P({Y:,8:}) = P(S1)P(Y1]S1) [ [ P(S:]Si-1)P(Yi]Sy) (3)
y t=2
P(Sy) = [[ =™ (4)
P(Y|S;) = N(, C) (5)
M
e = Z W(m)st(m) (6)
mj\jl
P(Si|Si-1) = [ P (7)

m=1

The parameters are specified by these matrices: The initial hidden state
probabilities, 7(™ is K x 1, the hidden state transition probabilities, P(™ is
K x K, the output means, W™ is D x K, and the output covariance, C is
D x D.

The structured variational approximation was chosen for the E-step infer-
ence. This means that each Markov chain needs a responsibility factor, h;
associated with it, that takes the place of P(Y|S), where Y is the observed
vector, and S is the hidden state. Here is the factor,

’ ~ ].
h}(fn)new _ eXp{W(m) Cfly;s(m) _ iA(m)} (9)
where ,
Alm) = diag(W(m) Cflw(m)) (10)
and
~ M
Y;(m) =Y, - Z W(l)<5§l)> (11)
l#m

where fft is the residual error.
In the M-step, the parameter update equations used were
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Figure 11: Sample data set generation. The top two figures show the primitives used,
the bottom left figure shows the hidden states, and the bottom right figure shows the
reconstructed data.
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where Wi(m) is the contribution of factor m to the output mean if in state ¢.
W is a concatenated matrix of all these means, thus storing the primitives. Y;
is the observable output vector. (S;) is the expected value of the hidden states

at time t. 7 is a vector of the initial hidden state probabilities. P;;’” is the
hidden state transition probability from state j to state i in factor m. C' is the
output covariance matrix. (As we are dealing with one-dimensional outputs, it
is simply the output variance.)

Firstly, to show that the Expectation Maximisation technique of learning
the parameters and the hidden states is sufficient to recover the generating
primitives, the model was tested on artificially constructed data.

In Figure 11, the first two plots show the primitives used, and the third plot
shows the observable data in blue, and the hidden state sequence in white. The

bottom plot shows the observable data with output variance in blue, and the
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Convergence of data reconstruction
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Figure 12: Five plots showing the progressively more accurate reconstruction of the
observable data, after each iteration of the EM inference algorithm.

perfectly reconstructed data in red.

Figure 12 shows the observable state, reconstructed from the inferred hidden
states after individual EM iterations, compared to the original observations. It
can be seen that the EM algorithm does act to make the reconstruction of the
data from the inferred hidden states converge towards the original observed
data.

There were a few problems with convergence. These arose due to the heavy
constraints placed on the state transitions. The states, representing the internal
time sequences of the primitives, were constrained to progress monotonically.
This provided expectations with very ‘hard’ probabilities, meaning that the
E-step was very sure of the states. However, this meant that the M update
became very unstable due to a very thin metric (ZtTﬂ(StSé))T. To solve this
problem, an identity matrix was added to the step, to increase the rank of the
Zle (S¢S;) matrix. This slowed down the overall convergence of the algorithm,
but prevented the W values from exploding.

The temporal dependence of the primitives is modelled in the hidden state
transitions. However, the transition probability matrix does not take into ac-
count the linear, or rather monotonic state progression that is implied by such a
model. Therefore, to add this constraint, the transition matrix was fixed so that
the states could only progress in a monotonic fashion, and that the primitive
could only be reset to the rest state after reaching the final state. In fact, the
only probability that was learned was the probability of starting a primitive.

A further constraint was that each primitive should remain in a rest state
until triggered. The output of this rest state should be zero. This was modelled
first by simply setting the output of state 0 of each primitive to zero. This did
not work, as the W update equation would take into account that the average
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Figure 13: Reconstructed primitives. In these nine independent trial runs, it can be
seen that partial fragments of primitives were identified by the fHMM algorithm.

observable output was zero, and would therefore try to make the combined
average output of all the primitives to be zero, with the effect of shifting the
primitives up or down. To resolve this, instead of setting the output of state 0
to zero, the whole primitive was shifted up or down by a fixed amount, so that
the output of state 0 was zero. This means that the primitives kept their shape.

Now the problem was that the primitives tended to pick out parts of the
original primitive, and as the transition matrix was constrained as detailed
above, they could not find all the primitive. Figure 13 shows an example of
the results produced, showing examples of 9 different initial conditions. Two
primitives were used, a sine wave, and a ramp. We can see different parts of the
primitives in the data, but none of the results perfectly represent the whole of
both primitives.

A quick fix to this problem is to translate the primitives along the time axis,
and re-run the algorithm. This was implemented by looking for zeros at the
start of the primitive.

e If there are more than 2, then the primitive is shifted to the left so that
there are only 2 zeros at the start.

o If there are less than 2 zeros, then the primitive is shifted right by one
notch.

The EM algorithm is then re-run to optimise the model with these primitives as
initial conditions. This procedure is re-run until all the primitives remain the
same.

There are other solutions to this problem that may be implemented in the
future, such as allowing a cyclic hidden state progression, with the rest state
removed from the cycle.

Using the current model, it is possible to extract in a reasonably reliably
way the original primitives from the data, as seen in the relatively successful
results in Figure 14. Here we can see a reliable performance of the algorithm,
successfully recovering both primitives in all samples.
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Inferred primitives from nine runs
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Figure 14: Reconstructed primitives. With the shifting procedure to identify the start
of the primitive, these nine sample runs show that the fHMM algorithm is capable of
finding the original primitives.

4.2 Summary of Problem History and Discussion

Once the computational issues with the algorithm were solved, the main prob-
lems have been associated with the adaptation of the generalised fHMM model
to a more restricted version that corresponds to the Piano Model. The main
difference is that the Piano Model has a ‘rest state’ in which none of the primi-
tives are responsible for producing the observable output. In the fHMM model,
this state is not present, and at any one point, a weighted sum of all the primi-
tives is present at the output. However, as the weights corresponding to specific
states are really the primitives themselves, it is necessary to specify that for
all primitives, there is one state that corresponds to a rest state, giving a zero
contribution to the output. To restrict the model in this way, the M-step was
modified so that the W (™) values for the rest state were set to zero. The prob-
lem with this was that the other W values did not take into account this state
when being updated. The rest of the primitive was effectively shifted so that
its average was zero, as this was the overall average. To address this, the rest
state value, instead of being simply set to zero, was subtracted from the whole
of the primitive, thus maintaining the shape of the primitive, and ensuring that
the rest state output value was set to zero.

The next problem was associated with the transition probabilities restric-
tion. These were restricted so that the primitives must progress monotonically
through the states, as seen in Figure 3. This meant that the transition proba-
bilities were not free to adapt to add in extra states at the end of the developing
primitive. In practise what was happening can be seen in Figure 13. Primitives
were identified but only half way through the state sequence. The simplest way
to approach this was to shift the primitive to the right or left, depending on
the number of zeros at the front of the primitive, in the ‘lead in’ section. The
problem with this approach, is that the lead in part can conflict with other
occurrences of the primitive in the data just beforehand. One way to solve this
may be to relax the transition probabilities so that the primitive can begin either

22



at the start of the lead in, or just after it. Alternatively, a cyclic form of state
transition restriction could replace the shifting routine. So far, the cyclic state
transitions have not been successful, as it is too easy for very short primitives
to develop, and be fitted trivially to the data.

Another problem has been that the primitives identified by the algorithm
are not always unique. This is a standard clustering problem, with two sets
being assigned to a single cluster, whilst neglecting a separate cluster. One
way to approach this is to merge two sets together if they are very similar. To
implement this, the primitives will be compared by taking the maximum of their
convolutions, giving a similarity metric, and then if two are very similar, their
average will replace one of the two, and the other will be randomised.

As the EM-algorithm is only guaranteed to converge to a local minimum, it
is dependent sometimes strongly on the initialisations of the parameters. Thus
far, they are randomly initialised, within a bound that is similar to the range of
the data. It may be better to use the main ICA components as initialisations,
as these do contain fragments of the primitives in question, and so may speed
up the convergence of the EM algorithm.

5 Future Targets

One problem with the current implementation of the model is its speed of ex-
ecution. It may be necessary to look at ways to speed up the model if it is to
be used on large data sets. This may involve a slightly different optimisation
technique, or simply writing the code in a more efficient manner.

The precise details of how the fHMM model is constrained to relate more
to the Piano Model may change to make the model more reliable. A more
generalised state transition structure may relieve the need to shift the primitives
back and forth to get them to fit nicely.

In general, the current target is to develop a technique that can extract
primitives from natural data (handwriting data), using the Piano Model as a
basis. These primitives would be very useful both for modelling handwriting in
a generative manner, and to study skill learning in humans, and whether these
primitives adapt, or are constant across tasks. Discovery of these primitives
would be very important for many different fields of research, from handwriting
recognition to robotics.

Once a suitable modelling environment has been developed, then natural
data can be used. This will be collected from a digitisation tablet, with a layer of
carbon paper on top. This will enable natural visual and proprioceptive feedback
for the subjects whilst writing. The data collected will be in 5 dimensions. 2
for position, 1 for pressure, 2 for angle or tilt of pen. Several different types
of adaptation experiment could be performed in this manner. Here are some
examples:

e Learning new characters: Does this affect the shape of the motor primi-
tives, or just their timing?
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e Adaptation in the young: When children are learning to handwrite, do
the primitives adapt to a particular character set, or maybe style of hand-
writing?

e Character set vs. Handwriting style: For people who can write fluently in
more than one character set (eg. Latin and Arabic), do the primitives re-
main constant over character sets, or are they influenced by the particular
task at hand?

5.1 Further Points to Explore

Here are some sketches of ideas for further exploration.

There has been evidence that the size of the characters is independent to the
style of the character, and adaptation studies have looked at micrographia in
Parkinson’s patients. Possibly linear scaling effects are not connected to motor
primitives, rather than a scaling applied by output gating mechanism (with a
maximum scaling factor 2.5, as demonstrated in adaptation studies).

Recognition based not only on visual input, but associated motor planning.
Motor knowledge used as an ‘informed padding’ for gaps in input. Can be gen-
eralised to all recognition tasks? Easier to recognise what we ‘understand’?
Approach focusses on important, functional aspects of input, acting as a ‘func-
tion filter’?

Internal forward models of motor control allow the subject to simulate motor
commands and their consequences without physically performing them. This
could be likened to an internal visualisation of a movement. Can internal
simulated completion of partial characters improve on pixel-based recognition?
Could internal visualisation of character + drawing strategy help to separate
character from obscuring marks / missing sections of character?

Drawing from memory. Can a convincing ‘sketch’ be produced by such a
program? Do handwriting styles influence sketching ability? Can a training set
improve sketching ability?

Are scribbling, sketching, and handwriting linked? Can scribbles be regarded
as motor / character primitives?

Does learning a new character set affect old primitives?

6 Aims and Possible Outcomes

The aim of this project is to help us understand how we learn to handwrite,
and more generally, learn motor tasks. This understanding goes hand-in-hand
with possible improvements to robotic control strategies, which would also be a
valuable outcome.

A motor primitive theory which is more faithful to the biological evidence
is aimed for. There are many studies looking at precise motor timing in the
cerebellum. These ideas may well be complimentary to ours, where the precise
trajectories are separate entities from the timing of their activations.

24



Because paper and pen trajectories are easily modelled in a virtual environ-
ment, it will be a logical step to incorporate these ideas into a virtual model of
an agent with a virtual drawing pad, through which it may be possible to sim-
ulate the process of copying and internal modelling that presumably goes with
natural handwriting acquisition. If successful, this would provide an extremely
interesting environment to explore different methods of teaching handwriting,
and how different feedback techniques may influence learning.

The method of inferring where independent, overlaid natural signals lie in a
time series is clearly not limited to handwriting. Most human generated signals
share this property of consisting of several, semi-independent, super-imposed
motifs, or primitives. Particularly speech, where very complex, rapidly changing
waveforms are created by a slowly changing underlying structure (the mouth
shape). There will also be movement primitives associated with the mouth,
which could help with understanding the speech waveform.

The robotics community have been trying to define what a useful motor
primitive is for some years now. Clearly, this is because having primitives is as
useful for robotic movement planning and execution, as it is for human move-
ments. Using statistical techniques to find optimal primitives may well be a
solution to this problem.
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