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In 2000 Jurdzinski and Nielsen proved that hereditary history preserving bisim-
ilarity (hhp-b) is undecidable for finite systems [7,8], and thereby resolved a
long-standing open problem. The negative outcome contrasts the weaker his-
tory preserving bisimilarity (hp-b), for which decidability is well-established
[15,6]. A definition of (h)hp-b on labelled 1-safe Petri nets (net systems) fol-
lows.

A labelled net N is a tuple (Pyn,Ty, Fy,ln), where Py is the set of places
(depicted as circles), Ty is the set of transitions (depicted as boxes), Fiy :
(Py x Tn) U (Ty x Py) — {0,1} is the flow relation, and Iy : Ty — Act
is the labelling function, where Act is a set of actions. (In our examples, Iy
is determined by the transition identifiers: e.g. a, a;, and a} are labelled by
a.) The pre-set of x € Py U Ty, *x, is {y | Fn(y,z) = 1}, the post-set of z,
x*, similarly is {y | Fy(x,y) = 1}. A marking M of N is a map Py — N
(depicted as tokens in places). M enables t € Ty iff Vp € Py. M(p) > F(p,t).
If M enables ¢ then t can occur, denoted by M L M, where M’ is the
resulting marking: Vp € Py. M'(p) = M(p) — F(p,t) + F(t,p). We extend
this notation to sequences w € T% as usual. A labelled Petri net N is a pair
(N, My), where N is a labelled net and M, is the initial marking. A marking
M is reachable in N, M € Reach(N), iff My = M for some w € Tj. N is
I1-safe ifft VM € Reach(N). ¥p € Py. M(p) < 1.

Let NV be a net system. We associate an independence relation, Iy C Ty X
Ty, with N: ¢ Iy ¢/ iff (¢t U t*)n (' U ¢'*) = 0. We allow ourselves to
remove pairs (t,t') from Iy if ¢t and ¢’ can never occur concurrently, i.e. if
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AM € Reach(N') such that M enables both ¢ and ¢'. r = t1ty...t, € T% is
a run of N, r € Runs(N), iff My = M for some M. We write |r| for the
length of r, that is |r| = n. We associate a strict order with r. Let <, be the
transitive closure of the following ‘proximate cause’ relation: let i, j € |n|;
the ith transition proximately causes the jth in r iff i < j and =(¢; In ;).
The ith transition is a mazimal cause of the jth in r, i € mcauses(r,7), iff
i <, j and there is no k € |n| such that i <, k <, j. Let k € |n|; the kth
transition is backtrack enabled inr, k € BEn(r), iff t; In t; for alll € [k+1,n].
We define §(r, k) to be the result of deleting the kth transition in r, that is
5(7", /{Z) = tl R tk—ltk—H . tn.

The (h)hp-b game between Spoiler and Duplicator on two net systems N7, Ny
is played as follows. Positions are pairs (r1,79) € Runs(N7) x Runs(N3). The
initial position is (g,e). A play proceeds by the following rules: (1) Spoiler
chooses one of N or N, say N, and picks a transition #; that is enabled
at r1. Duplicator has to respond by executing a transition ¢, that is enabled
in the opposite system such that [;(t1) = la(t2) and mcauses(rity, |rit1]) =
mecauses(raota, |rata|). Play continues at (rity,72t2). (2) In the hhp-b game,
Spoiler may alternatively perform a backtrack move: Spoiler chooses one of
N7 or Ny, say Ni; he picks k € BEn(ry), and backtracks the kth transition in
r1. Duplicator has to respond by backtracking the kth transition in r5. Play
resumes at (6(rq1, k), 0(rq, k)). (3) The play continues like this forever, in which
case Duplicator wins, or until either Spoiler or Duplicator is unable to move,
in which case the other participant wins. N7 and N3 are (h)hp bisimilar iff
Duplicator has a winning strategy in the (h)hp-b game.

While hp-b is consistent with the classical branching-time view, where a sys-
tem is modelled as a tree of possible behaviour, (Rule (1) only allows Spoiler
to check for concurrency along a fixed run) hhp-b goes beyond this view:
by allowing Spoiler to backtrack, the game is taken to the truly-concurrent
unfolding level (think event structures), where the relationship of transitions
concerning concurrency and conflict is globally captured. This is the root cause
of the higher power of hhp-b. Results of [12,13,10] already suggest that prob-
lems which exploit the truly-concurrent unfolding level are hard to compute:
such problems seem strong enough to encode tiling problems, and hence the
computations of Turing machines, in a relatively straightforward sense. The
undecidability of hhp-b strengthens this trend. One key insight of the proof
is: (A) A domino system D, to be played on the w X w grid, is universally
encoded by a finite system N (D) such that the building of a domino snake can
be faithfully mimicked by a special pattern of forwards and backtrack moves
in the unfolding structure of N'(D). N (D) is a variant of a gadget exhibited
in [10]. Motivated by (A) a new tiling connectability problem, domino bisim-
ilarity, is introduced, designed to reduce to hhp-b. A second key insight of
the proof is:  (B) Domino bisimilarity is undecidable by a reduction from the
halting problem of 2-counter machines.
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Fig. 1. Counter-example 1

To achieve (A) it seems crucial that the systems under study are free to en-
gage in a complex but variable interplay between conflict and concurrency.
This is confirmed as follows. First, hhp-b loses its power for system classes
with a tree-like unfolding structure: hhp-b is decidable for BPP [2]; hhp-b co-
incides with hp-b for ‘concurrency-degree finite’ communication-free net sys-
tems and simple BPP [3] (and by [9] this means hhp-b is polynomial-time
decidable here). Second, hhp-b is decidable for finite systems with transitive
independence relation [5]. And third, hhp-b is decidable for finite bounded-
asynchronous systems, which are tightly synchronized in that no thread can
be left behind indefinitely [5]. Simplified, N'(D) encodes the w X w grid by two
loops of independent transitions: 2" ||y™ encodes (n, m). This brings about un-
bounded asynchrony. At each grid point (n,m) and for each choice of domino
d there is a transition d,, ,, sticking out of the grid. This introduces synchro-
nization. To enable the mimicking of domino snakes, the domino transitions
are interwoven by concurrency and conflict, among themselves: compatibility
between dominoes translates into independence between domino transitions
of neighbouring grid points; as well as with the grid: domino transitions can
wander off a little from their grid point to let us check for compatibility with
neighbouring domino transitions. This brings about non-transitivity of inde-
pendence. Further, it brings about the scenario confusion: two concurrently
enabled transitions t;, t such that the occurrence of ¢, changes the set of
transitions that are in conflict with ¢;. Indeed, it has long been believed that
hhp-b coincides with hp-b for free-choice systems, which exclude confusion [1].
N is free-choice iff for each arc (p,t) € Fy N (Py x Ty) p* = {t} or *t = {p}.
However, Counter-example 1 (Figure 1) demonstrates:

Theorem 1 Hp-b and hhp-b do not coincide, in general, for free-choice sys-
tems.

Spoiler wins the hhp-b game by the move a,b,, backtrack ay, asco. In the hp-b
game Spoiler’s first move resolves whether a c-transition can occur, and, if
so, which a and b will act as its causes; Duplicator can orientate her match
accordingly. Hhp-b may well be decidable here, but there is also a contrasting



Fig. 2. Counter-example 2, System S

intuition: since the free-choice condition acts only locally there is a sense in
which free-choice systems can simulate any mixture of concurrency and con-
flict. This is no longer true if we additionally require that every transition can
always be made to occur again. Indeed, it has been shown: coherent hhp-b
(chhp-b) is decidable for a subclass of live free-choice systems; chhp-b, hhp-
b, and hp-b all coincide for a slightly more restricted class [3]. Given these
results, one would conjecture hhp-b is decidable for live free-choice systems.

A second aspect to explore is the role of the labelling. In [8] it is shown
that domino bisimilarity and hhp-b do not lose their power when we impose
that every domino, respectively transition, is labelled by the same action:
domino bisimilarity reduces to unlabelled domino bisimilarity, which reduces
to unlabelled hhp-b. This is in analogy with results of the interleaving world
[14]. On the other hand, there are certain aspects, intrinsically provided by the
unlabelled versions, which seem crucial for (B). The reduction from the halting
problem to domino bisimilarity employs two tiling systems each of which is a
combination of several variants of a primary tiling system (which encodes a 2-
counter machine). This brings about nondeterminism: there is choice between
two transitions with the same label at some state; as well as a certain interplay
between labelling and independence: the corresponding systems are not trace-
labelled: there isno I C Act x Act such that V¢, ¢’ € Tiy. t Int' iff In(2) I In(t).

Hhp-b does lose its power when we exclude nondeterminism: Duplicator has
at most one winning strategy in the hp-b game, which, if it exists, is also a
winning strategy in the hhp-b game [3]. This also implies domino bisimilarity
is decidable for domino systems with injective labelling: N'(D) is deterministic
for such D. In contrast, Counter-example 1 further demonstrates:

Theorem 2 Hp-b and hhp-b do not coincide, in general, for trace-labelled



Fig. 3. Counter-example 2, System S’

free-choice systems.

Although it is claimed in [11] that hhp-b is decidable for finite trace-labelled
systems the following will show that this is an open problem after all. [11] sug-
gests that on this class hhp-b is captured by allowing Spoiler to backtrack
within concurrent steps, that is sequences of pairwise independent transitions,
only. The corresponding concept step bisimilarity > does not adequately cap-
ture this idea, and consequently the proof of ‘hhp-b implies step bisimilarity’
is incorrect (and it seems unlikely that this direction can be achieved other-
wise; c.f. [4] for details). The corrected version hp-b plus backtracking within
matched steps (btstep-b) is played as follows: Spoiler chooses one of N7 or N,
say N1, and performs a concurrent step v; that is enabled at 7. Duplicator has
to respond by executing a concurrent step v, that is enabled at r5 such that vy
matches v; with respect to labelling and maximal causes. At this point, and
only at this point, Spoiler is allowed to backtrack any set of transitions u; C v,
in ryv1; Duplicator has to backtrack the corresponding transitions in ryvs, and
play continues at the new position. It is routine to check that hhp-b does
imply btstep-b. However, Counter-example 2 (Figure 2 and 3) demonstrates
that [11] cannot easily be repaired:

Theorem 3 Btstep-b and hhp-b do not coincide, in general, for trace-labelled
free-choice systems.

To win the hhp-b game Spoiler performs ce b fs: after ce; there is the potential
of i, which forces Duplicator to match e; by €}; after ce;bf, transition g; is
enabled, and Duplicator has to match f, by f{. But then Spoiler can backtrack
ey and ¢, perform d, and expose the j. To detect the difference between S and
S’, Spoiler needs to backtrack over two causally dependent transitions such as
bfs. But this is not possible in the btstep-b game.

2 This equivalence is finer than what is usually referred to by ‘step bisimilarity’.



A slight variation of Counter-example 2 refines our understanding of the role
of nondeterminism: replace the one preplace of ¢; and e5 by two: one for eq, one
for ey; proceed similarly for the f’s and in S’. The two systems are hp-b but
not hhp-b. An instance of nondeterministic choice, say between t; and t5, can
arise because t; and ¢y are in conflict, or because t; and t, are concurrent. The
undecidability proof and all counter-examples exhibited previously leave open
whether the second type of nondeterminism, that is auto-concurrency, is at
all relevant for the power of hhp-b. The modified counter-example proves that
it is indeed: we can employ auto-concurrency rather than nondeterministic
conflict to distinguish between hp-b and hhp-b. The simple result demon-
strates that true-concurrency may realize its power in many different ways.
This makes borderline investigations of truly-concurrent problems more diffi-
cult, but also highlights how intriguiging true-concurrency can be and that it
deserves further investigation.
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