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Abstract

Many functional programming languages rely on the elimination of ‘impure’ features:
assignment to variables, exceptions and even input/output. But some of these are genuinely
useful, and it is of real interest to establish how they can be reintroducted in a controlled
way. This dissertation looks in detail at one example of this: the addition to a functional
language of dynamically generatedmes Names are created fresh, they can be compared
with each other and passed around, but that is all. As a very basic exangidethey
capture the graduation between private and public, local and global, by their interaction
with higher-order functions.

The vehicle for this study is theu-calculus an extension of the simply-typed lambda-
calculus. The nu-calculus is equivalent to a certain fragment of Standard ML, omitting
side-effects, exceptions, datatypes and recursion. Even without all these features, the
interaction of name creation with higher-order functions can be complex and subtle.

Various operational and denotational methods for reasoning about the nu-calculus are
developed. These include a computational metalanguage in the style of Moggi, which
distinguishes in the type system between values and computations. This leads to categorical
models that use a strong monad, and examples are devised based on functor categories.

The idea oflogical relationsis used to derive powerful reasoning methods that capture
some of the distinction between private and public names. These techniques are shown to
be complete for establishing contextual equivalence between first-order expressions; they
are also used to construct a correspondingly abstract categorical model.

All the work with the nu-calculus extends cleanly Reduced MLa larger language
that introduces integaeferences mutable storage cells that are dynamically allocated. It
turns out that the step up is quite simple, and both the computational metalanguage and
the sample categorical models can be reused.
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Chapter 1

Introduction

Functional languages are good for writing programs that work. Clear and well-defined
semantics mean that there is agreement between a programmer’s expectation and what
actually happens, while simplicity in design allows practical methods for reasoning and
program verification. What you intend to write is what | read and what the computer
executes.

The route to achieving this often includes the elimination of language features judged
to be ‘impure’: direct access to memory and other physical devices, expressions with
concealed side-effects, or unstructured control methods (don't even thigk@f* Out
with these go assignment to variables or arrays, exceptions, and even input/output. By
way of compensation, functional languages provide a high level of abstraction and the
powerful techniques of recursion and higher-order functions.

But many of these ‘impure’ features are genuinely useful, and their absence is given
by some as a reason to avoid functional programming. So it is of real interest to establish
how they can be reintroduced in a controlled way, without losing the advantages of a
purely functional language. A. Gordon, for example, has addressed this problem for
input/output [25]. For each other language feature, we can ask: why not give it another
chance?

This dissertation looks in detail at one particular example: the addition of state to a
functional programming language, in the form of dynamically generatades Names
are created fresh, they can be compared with each other and passed around, but that is
all. As a very basic example of state, they capture the graduation between private and
public, local and global, by their interaction with higher-order functions. We examine
their behaviour, develop methods for reasoning about it, and construct categorical models
to capture the meaning of names. As a more substantial example of state, we then extend
all this to a functional language with integesferences mutable storage cells that are
dynamically allocated. It turns out that the step up is quite simple and much of the work
on names can be reused.

While the theory of state in functional languages is far from complete, this work shows
that the apparently ‘impure’ feature of dynamically generated names can be introduced in
a safe and well-behaved way. In particular there are good, strong reasoning methods that

““The purpose of Newspeak was not only to provide a medium of expression for the world-view and
mental habits proper to the devotees of Ingsoc, but to make all other modes of thought impossible”. George
Orwell, 1984



2 CHAPTER 1. INTRODUCTION
can handle names without removing their usefulness.

1 Background

Purely functional languages are based on Church’s lambda-calculus [10], where everything
is a function, and the only operation is application of a function to an argument. In
principle, a program is executed by rewriting the corresponding lambda-calculus expression

according to certain rules: this is callegduction There are two natural strategies for
reduction, which give rise to two families of functional languages:

e In a strict functional language, the arguments to a function are evaluated before
they are passed to the function body. This#dl-by-valueparameter passing; it is
efficient and easy to compile. Strict languages include LISP and Standard ML.

In alazyfunctional language, arguments are given to a function unevaluated, and are
only examined when their value is required. Thisadl-by-nameparameter passing,
generally implemented a=all-by-need where an argument is evaluated when first
used and the value saved to avoid recomputation. Lazy languages are tricky to
compile well on standard machine architectures, but they do introduce some novel
programming techniques, most notably infinite data structures. Ponder, Miranda,
Haskell and Gofer are all lazy languages [128, 130, 33, 35].

In practice the division is not always quite so clear, with certain disputes about the exact
requirements for laziness; see Riecke [112] or Abramsky [4] for a discussion of this.

These languages remain close to their mathematical roots, and compilers often base

optimizations on the behaviour of programs as mathematical objects. For example, this
may allow repeated large-scale code transformations, leading to efficient implementation.
All this eschews many of the features developed for conventional imperative languages;
stepping outside the mathematical purity of the lambda-calculus is carefully avoided. But
there are several practical reasons why such ‘impure’ features are important:

e The real world. Most programs have to interact with the external world, yet the
original lambda-calculus quite reasonably made no provision for input/output.

They might be simply a good idea. The raising and handling of exceptions is a
prime example of a sensible and powerful control mechanism that lies outside the
purely functional.

e Algorithms require them. Some algorithms rely on particular structures, such as

an array that can be updated in place, to execute efficiently [98]. Often there

are alternative algorithms, perhaps less well known, that use the data structures
of functional languages; queues are a good example of this [86]. But sometimes
no such method is known, as is presently the case with various graph traversal
algorithms [38].

They match the machine. Many traditional language features exist because they
accurately represent some aspect of computer hardware; by ignoring this, functional
languages are inevitably inefficient. Today this argument has lost much of its force,

as programs in any high-level language are often drastically transformed under
compilation for modern architectures and operating systems.
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References in Standard ML are a good example of this. Mutable storage cells
would seem to map well onto real memory; but they cause surprising difficulties
for generational garbage collection, as they break the rule that all pointers should
be directed at objects older than themselves.

For various reasons then, real functional languages usually incorporate some ‘impure’
features: for example, LISP has the destructivéa and rplcd, while Haskell has 1/0
primitives. Sometimes these features are not added to the language itself, but effected by
writing programs in a standard way. This preserves the purity of the language, though it
may distort programming style; monads and their associated ‘plumbing’ are a well-known
example [133, 134].

The language most relevant to this dissertation is Standard ML. This is a language
with a formal definition [62] and a number of implementations. It is strongly typed,
with polymorphic types and a sophisticated module system of ‘structures’ and ‘functors’.
Evaluation is strict, though there is a variant ‘Lazy ML [8]. Standard ML provides
exceptions, references and I/O primitives. Of all these we shall look only at references:
these are mutable storage cells, dynamically allocated on a heap and cleared away by a
garbage collector.

No-one could reasonably describe ML as a purely functional language. But much
of it is functional in style and spirit, and the work presented here is evidence that such a
language can still provide the benefits of functional programming, including a well-defined
denotational semantics and powerful reasoning methods.

2 Basic Concepts

This dissertation looks at a single ‘impure’ addition to a functional language: dynamically
generated names. These are brought together with higher-order functions in the nu-
calculus, a small experimental language. In this section we introduce each of these
concepts in turn; the next section describes methods for studying them.

2.1 Names

The idea of a name is one of the most widely used abstractions in programming languages,
from the specification of surface syntax, through the formal meaning of programs, to the
details of implementation. An alphanumeric identifier in C may name a variable, a value
of reference type in ML names a storage cell, and a machine address names a memory
location. The basic, and rather simple, property required of a name is that it should be
distinct from all others. It is usual to assume also that names are drawn from some infinite
supply, so that a fresh one can always be obtained; thus names lie behindemangtive
programming constructions.

Although the abstract concept of ‘name’ is relevant to many aspects of programming,
its presence is not always obvious. Here are a few examples:

e Clearest is the inclusion of names within a language itself: gthesym operation
of LISP produces a new symbol every time it is called.

e Some notion of name may be needed in a formal description: in the definition of
Standard ML, every structure created is tagged with a distinct name [62, rule 53].
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e The implementation of a language may have generative features: a local variable in
a procedural language is one created distinct from all others, usually allocated on a
stack or heap.

e Weakest of all, a user may simply be expected to manage something as if it were
a name: for example, in an exhortation that global identifiers should be chosen
distinct.

A more subtle aspect of naming is its connection with privacy. A name cannot be guessed,
or adjusted, or manipulated, except to pass it on: names are a first examplahstect

type Though any actual representation of hames must have some internal structure,
this should be invisible. The most striking example of this in practice is the use of
‘capabilities’ in the Cambridge CAP computer [138], where such restrictions are enforced
by the processor instruction set; more recent memory protection schemes use similar ideas.

Failure to suitably conceal the implementation details of hames can cause problems.
For example in C the unrestricted use of pointer arithmetic means that privacy is not
respected, and it is quite possible to write to memory locations at random; though this is
generally considered poor programming practice.

But privacy is not always so clear-cut: a module may export the names of some
of its components but not others; one pointer may lead to another in a linked list; a
file may be referred to by two different handles, one for reading and one for writing.
Names can be used to capture all these different degrees of access and shades of visibility.
Names also lie behind ‘object identity’, an important concept in the design of object-
oriented databases [85]. They are well known to be of significance in distributed and
other concurrent systems: they are a key idea in Milner's pi-calculus [60, 61], and
receive attention in the specification of real distributed systems [131]. This field highlights
some of the more complex aspects of privacy, and leads to the area of security, secure
communication, authentication and so forth.

In summary then, the idea of a name is a simple one, relevant to a wide variety of
concepts used in the design, implementation and use of programming languages. This
flexibility has a price: the exact properties of names, and how they are used, can be subtle
and difficult to pin down.

2.2 Higher-Order Functions

In a typed programming language, a function maps values of one type to values of another
type. It is higher-orderif either the argument or result is also a function. For example
most functional languages provideraap function that takes a functiori and a list!

as arguments and appligsto every element of, returning a listl’ as result. Higher-

order functions implement the idea that functions should be ‘first-class citizens’ in a
programming language: all that can be done with values of ground type (integers, booleans
etc) should also be possible with functions.

Higher-order functions are not restricted to functional languages. Reynolds’ ‘Idealized
Algol’ [107] and the original Algol 60 [71] are imperative languages in which functions
and procedures can be passed as arguments or returned as results. However the treatment
of functions as first-class citizens does require the manipulatiariosures a function
paired with an environment giving values for its free variables. This can cause difficulties
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for stack-based languages, so for example C, Modula 3 [72] and Algol 68 [48, 132] cannot
make full use of higher-order functions.

Operations likemap increase generality, but the direct manipulation of functions can
also be used to build procedures ‘on the fly’ and then execute them. A simple example
is a function that takes two function$ ¢ and returns their compositiofy o g). Much
more sophisticated are the combinators to construct parsers described by Hutton [34], or
the use of continuations to manage the flow of control during execution [7].

This facility is like the LISPeval operator, but more closely integrated into the
language: instead of manipulating list representations of procedures and then evaluating
them, we work with the procedures themselves. In a sense, higher-order functions provide
the versatility of run-time code generation without the danger. There remains the issue of
how efficiently any particular compiler manages this technique; even so it seems likely
that its full power has yet to be exploited.

The treatment of functions on a level with other values is also good for the abstraction
of data handling away from the details of representation. For example, a ‘dictionary’
datatype is best seen as a function from keys to value, even though it may be implemented
by a binary tree, hash table or whatever. If treated purely as a function, any particular
dictionary can choose whichever representation is most efficient without affecting the code
that uses it. As another example, Matthews’ language Poly represents assignable variables
as a pair of procedures, one that extracts the current value and one that changes it [56].
The same is possible in Reynolds’ Gedanken, and is also seen in his semantics for Algol,
where a variable is an acceptor paired with an expression [103, 107]. Again, this leaves
the way open for whatever implementation is most appropriate.

An extreme example of the power of higher-order functions is that they can be used to
encode all the other usual datatypes: products, sums, integers, lists and so forth. This
can be done immediately in the untyped lambda-calculus; in a typed setting we need
the second-order lambda-calculus of Girard’'s System F [23], discovered independently by
Reynolds [104]. The technique is presented by Girard in [24, Chapter 11] and extended by
Wraith in [139], while Abadi and Plotkin's paper [97] gives methods for reasoning about
such constructions. Ingenious though it is, the use of higher-order functions to encode
other datatypes usually attracts only theoretical interest; though Fairbairn does argue for
it as a practical implementation method in the design of the language Ponder [17, 18].

2.3 The Nu-Calculus

The nu-calculus is a simple language providing higher-order functions and the dynamic
creation of names. It was identified by Pitts as a sensible subset of ML, and is close to
Stoughton’s ‘identity calculus’. In all respects the nu-calculus is chosen to be as simple
as possible: the only ground types are booleans and names, there is no recursion, and
all evaluation is deterministic and terminating. Even so, one of the abiding lessons of
computer science is that small, simple systems may yet have complex and subtle behaviour,
and we shall see that the nu-calculus is no exception.

The chief use of names in the nu-calculus is to look at questions of visibility. If a certain
name is known to a function, then it can be handled specially; if the name is unknown,
then it must be treated the same as any freshly created name. Or perhaps a function may
not have access to a hame itself, but only a test for it: such a function cannot generate the
name, but can recognise it as an argument. Even more complex, a function might only
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give out a private name as result if it is given some other particular name as an argument;
this is the case with the functiofi, on page 25. The possibilities are endless, and all
capture some subtlety of names, privacy and scope.

The purpose of the nu-calculus then is not to provide a practical programming language,
but rather to bring out a particular aspect of larger languages, so that it can be examined for
itself. As it turns out, the interaction between dynamically generated names and higher-
order functions is worthy of the attention.

3 Methods

Given a language, the nu-calculus, that combines names with higher-order functions, we
want to study its behaviour and find methods for reasoning about it. To this end we use
contextual equivalence to describe the properties of the language, categorical models to
capture its meaning, and logical relations to refine our reasoning. This section describes
these techniques and outlines the motivation behind them.

3.1 Contextual Equivalence

The benchmark relation for describing the operational behaviour of expressions in a
functional language isontextual equivalen¢eriginating with Morris [70] and used by
Milner [59] and Plotkin [94, 95]. Two expressions are judged equivalent if they can be
freely exchanged in any program; there is no way in the language itself to distinguish
between them.

A simple use of contextual equivalence is to explain the properties of particular
language features: for example in ML the equivalence

letvalr =refiin!rend =~ 1 1 €7

illustrates the initialisation of reference cells. This approach is conveniently self-regulating
in that details which properly belong to the implementation simply cannot be expressed; in
this case for example, it does not matter what strategy the compiler uses for heap allocation.

More formally, such equivalences can be used to verify code transformations made
during compilation. This applies to small, even trivial, manipulations as much as it does
to complex and ingenious optimizations: in all cases contextual equivalence is the correct
notion to check against. At a higher level, contextual equivalence is the right way to show
that a programmer can use one algorithm instead of another.

This approach differs considerably from a traditional logic of programs such as Hoare
logic, where assertions are made about machine state before, during and after the execution
of a program [28, 15]. Nor do we have any distinct notion of a specification that some
program must meet, beyond simple type-checking. Nevertheless contextual equivalence
can serve in both theséles. Assertions of a program logic can be replaced by tests within
the language: for example, the equivalence above captures the following proposition in
Hoare logic:

{T} valr = ref i {contents(r) = i}.

Similarly a specification can be replaced either by a test expressed in the programming
language, or a requirement that a program should be equivalent to some clear example.
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For a sorting routine these methods might give

xs :intlist =  sorted(clever_sortxs) ~ true
and

xs :intlist  clever_sortxs = insertion_sortxs

respectively. In all these cases it is a clear advantage that we work entirely within the
programming language itself; in essence, this gives assertion and specification languages
with just the right level of abstraction.

Useful though contextual equivalence is, it can be rather a difficult relation to prove in
specific instances. Itis convenient therefore to identify other relations that imply contextual
equivalence but are simpler to demonstrate. For example, an equivalence relation between
expressions is aongruencsf it is preserved by all constructions of the language; and it
is usually not hard to show that any congruence which respects the operational semantics
of the language, and distinguishes.e from false, implies contextual equivalence. The
complementary relation is rather simpler: to show that two expressions are not contextually
equivalent it is enough to demonstrate some program context that distinguishes them.

3.2 Categorical Models

Methods for reasoning about programming languages can be divided broadly into the op-
erational and the denotational. Operational methods work explicitly with expressions of
the language and their reduction or evaluation to canonical form. This has an appealing
directness, and many of the relations described in this dissertation are described oper-
ationally. Denotational methods on the other hand first interpret the language in some
mathematical setting, and then work within tinidel The intention is to abstract away
from particular details of a programming language and capture its essential ‘meaning’: for
example, a function might be translated from program text into a map between sets. Such
a translation isdequatdf equality in the model implies contextual equivalence; ifully
abstractif this can be used to prove all contextual equivalences. The method is flexible
in that different models can be developed to demonstrate particular equivalences.
Denotational semantics is not just for proving equivalences: a good model will illus-
trate how the features of a programming language fit together, and can be an aid to further
language design. Two examples of this approach applied to functional languages are Milner
on the typed lambda-calculus [59] and Plotkin on PCF [95]. A more general background
on denotational semantics for programming languages is given by Stoy in [122].
Category theory is a general theory of mathematical structures, and provides a suitable
setting for models of functional languages. Mac Lane’s book [51] is the standard introduc-
tory text on categories; Mac Lane and Moerdijk [52] on topos theory is considerably more
comprehensive. Two important examples of how categories assist with denotational se-
mantics are the interpretation of the simply-typed lambda-calculus in any cartesian closed
category [42], and the solution of recursive domain equations in O-categories [119]. The
first of these forms the basis of all the categorical models used in this dissertation. We
shall also use the fact that any category has its overnal language this provides a
logic to carry out equational reasoning about the structure of the category, with an excel-
lent correspondence between categorical properties and constructions in the language [52,
§V1.5].
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Moggi observed that various aspects of computation in a programming language could
be captured by the categorical concept ofteong monad this has turned out to be
a powerful abstraction, unifying several disparate language features [66, 67, 68]. The
corresponding internal language is known as ¢benputational lambda-calculuand is
notable for its type system which separates values from computations. Various rules of
the language describe how to reason correctly about computations, and these are enhanced
in Pitts’ evaluation logicby the addition of certain computation modalities [90].

These ideas lead to a particular denotational approach that falls naturally into two
stages: we first interpret the nu-calculus in a metalanguage based on the computational
lambda-calculus, and then interpret this within a category;

nu-calculus— computational metalanguage— category with strong monad.

The metalanguage can be used to reason about contextual equivalence in the nu-calculus,
and is also the internal language of the categorical model. This division into two translation
steps allows us to build more than one model on the same foundations, and this framework
is reused when we extend the nu-calculus to a language with store.

3.3 Logical Relations

While the methods described above provide a solid basis for reasoning about the behaviour
of the nu-calculus, some extra ingredient is necessary if we are to prove results about
privacy and the visibility of names; if we want to move from the merely correct to the
genuinely informative. The techniques we introduce are basddgical relations

The discussion of any typed language inevitably involves a number of type-indexed
collections: whether of expressions, elements in semantic domains or morphisms in a
category. A type-indexed relation between such collections is said fodieal when
elements of function type are related if and only if they take related arguments to related
results. Typically this means that a logical relation is fixed by its value at ground types,
with the remaining type hierarchy built on top. Clearly this description is rather loose,
and the idea of a logical relation can be reinterpreted in many settings.

The concept was introduced by Plotkin, at the suggestion of M. Gordon, to reason
about definable elements in models of the simply-typed lambda-calculus [96]. There
are similarities with Reynolds’ idea of relational parametricity [109, 50], and with some
constructions of Statman [121]. Its importance is that in general all expressions definable
using the original language are related to themselves; this is the ‘fundamental theorem of
logical relations’ and can usually be proved by induction on the structure of expressions.
For example, Sieber has used this to describe a notion of ‘sequentiality’ in models of the
language PCF; by factoring out non-sequential (and hence unused) elements of models,
he obtains a model that is fully abstract up to third-order types [115].

Logical relations can be of any arity: we use only unary and binary relations. Tra-
ditionally they have been defined over set-based models of languages, in a denotational
approach. However for the nu-calculus we begin by developing logical relations at the
operational level, in a manner similar to Abramsky’s applicative bisimulation [4]. We
then go on to cover the denotational side, constructing models that use categories with
relations, as introduced by O’Hearn and Tennent [82, 83].

This turns out to be a powerful reasoning method for the nu-calculus, as relations
between sets of names capture something of how different expressions use their own private
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names. Probably the strongest result of the dissertation is that logical relations, whether
operational or denotational, are complete for reasoning about contextual equivalence in
the nu-calculus up to first-order function types.

4 Outline of Dissertation

The four central chapters of this dissertation are of roughly equal size: Chapter 2 intro-
duces the nu-calculus, Chapter 3 constructs categorical models, Chapter 4 applies logical
relations, and Chapter 5 extends all this to a language with store. Chapter 6 concludes.
The descriptions below cover the contents of each chapter in more detail.

Chapter 2: The nu-calculus Here we present the nu-calculus, illustrate its behaviour and
develop a basic operational reasoning method. We begin with syntax and type structure,
and go on to give an operational semantics based on that for Standard ML. We present
this in a ‘big step’ evaluation style and also a ‘small step’ reduction style, with a proof
that the two are equivalent.

We define contextual equivalence for the nu-calculus, and give a collection of examples
that illustrate the interaction between higher-order functions and name creation. Contextual
equivalence is hard to show directly, and we give a context lemma that simplifies the
process; proof of this involves a close analysis of the behaviour of nu-calculus expressions
under reduction.

Finally, we describe applicative equivalence, a simpler relation defined by induction
over types, and show that it implies contextual equivalence. This provides an operational
method for reasoning about expressions of the nu-calculus that is straightforward but not
especially powerful.

Chapter 3: Categorical models This chapter falls into two parts: in the first half we
describe a metalanguage that captures the properties needed to model the nu-calculus, and
in the second we turn these into requirements for a category and give two specific example.

The metalanguage extends Moggi's computational lambda-calculus by adding names
and suitable rules for reasoning about them; this allows us to interpret the nu-calculus in a
way that respects its operational semantics. We show that the metalanguage can be used to
reason about contextual equivalence, with power similar to that of applicative equivalence.

We then detail the construction of a categorical model for the nu-calculus, and explain
how this works in two particular cases. The first is a functor catedety, the second a
categoryBG of continuousG-sets for a certain grouy. We investigate which contextual
equivalences these models can and cannot verify: up to second-order types these are the
same as for applicative equivalence.

Chapter 4: Logical relations This chapter refines the operational methods of Chapter 2,
and the denotational methods of Chapter 3, by the introduction of logical relations that
capture how expressions use local names. We define operational logical relations first,
and show that they can be used to reason about contextual equivalence through the more
general notion of contextual relations. Most importantly, we show that this method is
complete up to types of first order; this is a significant improvement over the methods
described earlier.
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We also present a denotational analogue, using categories with relations to construct a
modelP of the nu-calculus that is fully abstract up to first-order types. Just one equivalence
from the examples of Chapter 2 remains unverified, and to prove this we develop predicated
logical relations, which provide an even finer description of how expressions use their local
names.

Chapter 5: A language with store In this chapter we show how the techniques devel-
oped for the nu-calculus can be applied to generative features within a larger programming
language. The example that we choose is integer references, and we devise a language
‘Reduced ML that combines these with higher-order functions. As the name suggests,
Reduced ML is a proper subset of Standard ML, and it has the same operational seman-
tics.

We recapitulate all that was done with the nu-calculus, beginning with a definition of
contextual equivalence and an assortment of examples. We look at operational reasoning
methods: applicative equivalence and various logical relations. We describe a metalang-
uage for store that is simply an extension of that for names, and set out the properties
required for a categorical model. Remarkably, all the categories built to model the nu-
calculus can also be used to interpret Reduced ML.

Although many of the details are omitted, this chapter does illustrate how a thorough
understanding of dynamically generated names can make a significant contribution to
reasoning about references in Standard ML.

Chapter 6: Conclusion We summarise the results of the dissertation, discuss its relation
to other work in this area, and suggest directions for further research.



Chapter 2

The Nu-Calculus

In this chapter we introduce theu-calculus a small language designed to show the
interaction between dynamically generated names and higher-order functions. We give
its syntax and describe an operational semantics based on that for Standard ML [62]. We
go on to define a notion of equivalence for expressions of the language, based on their
observable behaviour, and present some ways to prove examples of this.

The nu-calculus is a typed call-by-value lambda-calculus extended with the notion
of a name names have their own type they can be created fresh, passed around and
tested for equality. Higher-order functions and booleans are also available, but to ensure
termination functions cannot be defined recursively. New names are created in expressions
of the formwvn.M, which binds a fresh name to the identifierand then evaluated/.

The use of a call-by-value semantics means that although only the exprédsicem
refer ton explicitly, the new name itself may escape from this scope. For example,
(Az:v.x = z)(vn.n) evaluates tarue, with  bound to a name rather than#a.n itself.

The nu-calculus is equivalent to a fragment of Standard ML. In particular, names
correspond to values of typenit ref, cells that can only contain the valge The form
vn.M corresponds to

letvaln = ref ()in Mend.

The operational semantics of the nu-calculus is based on that of ML, with call-by-value
(strict) function application and left-to-right evaluation order. In fact the evaluation order
turns out to be irrelevant for the nu-calculus, as there are no side-effects. It is still worth
taking care over this though, because the storage of values, to be considered in Chapter 5,
is sensitive to the order of evaluation.

We present the operational semantics of the nu-calculus in two forms; primarily in a
‘big step’ evaluation style, but also in a ‘small step’ reduction style. We prove that the two
forms are entirely equivalent, and that the evaluation of expressions always terminates.
This is the reason for omitting recursion from the nu-calculus: non-termination would
complicate the language without helping us to understand the behaviour of names.

Expressions of the nu-calculus are judged to be equivalent if they can be freely
exchanged in any program; we use this as the basis of a notioontéxtual equivalence
for the language. We give a number of examples of expressions that are equivalent or
inequivalent. These demonstrate the subtle and complex behaviour that can arise from the
combination of names with higher-order functions.

Contextual equivalence is hard to prove directly, and we giverdext lemmahat

11
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simplifies the process. The proof of this result requires a close analysis of the behaviour
of nu-calculus expressions under reduction.

An alternative approach is to define other relations between expressions and show
that they entail contextual equivalence. We descapgplicative equivalencand logical
equivalenceboth defined by induction over types, and show that they have certain useful
properties. In fact they turn out to be equivalent for the nu-calculus, both implying
contextual equivalence; in general the reverse implication does not hold, so this is not
a complete proof method.

1 Syntax

The syntax of the nu-calculus is based on the simply-typed lambda-calculus. Types are
built up from ground types of booleansandv of namesby formation offunction types

o — o’. We frequently omit parentheses in types, withassociating to the right. Each
type has arorder, given by

Ordero) = Ordelv) 0
Orderc — ¢') = maxOrdefs) + 1,O0rderc’)).

So for example first-order types are all of the foom— o9 — -+ — o, Wheren > 1

ando; € {o,v} fori=1,...,n. We shall user, 7 and decorated variants to range over
types.
Expressions of the nu-calculus have the form:
M = =z variable
| n name
|  true | false truth values
| if M then M else M conditional
| M=M compare names
|  vn.M create new name
| Azio.M function abstraction
| MM function application.

There are separate infinite supplies of typed variables and names. Function abstraction
Ax:0.M binds the variabler of type o, and name creatiomn.M binds the names.
We implicitly identify expressions which only differ in their choice of bound variables
and namesd-conversion). An expression dosedif it has no free variables; a closed
expression may still have free names.

We shall useVf to represent general expressions, &hdV, F' to suggest expressions
of boolean, name and function type respectively. Variables are usually taken:fram,
with n for names and variants affor finite sets of names. A useful abbreviationmisw
for vn.n; this is the expression that generates a new name and then immediately returns
it.

We denote byM/[M’/z] (respectivelyM [M’/n]) the result of substituting the expres-
sion M’ for free occurrences of the variahle(respectively, the name) in the expres-
sion M. The substitution igapture avoiding the free names and variables &f should
be disjoint from the bound names and variables\6f This can always be arranged by
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(x:0€l) (nes) (b = true, false)

s,'Fx:o s,I'kn:v s,T’'Fb:o0

s,I’'FB:o s,T’FM:o s,TEM :0
s, '+ if Bthen M else M’ : o

s,THFN:v s,TFN :v s®&{n},I'FM:0o
s,'F(N=N'):o0 s,'vnM:o
s,P'&{zx:0}F-M:o s, I’'FF:0—0o s,I'FM:o
s, ’'FXz:ic. M :0 — o' s, ' FM : o

Figure 2.1: Rules for assigning types to expressions of the nu-calculus

a-convertingM . Simultaneous substitution is also to be capture avoiding; we write this
asMI[M,/z,...,M,/x,], often abbreviated td/[M /Z].
Expressions are given types according to the rules in Figure 2.1. The type assertion

s,TFM:o

says that in the presence ofand I' the expression/ has types. Heres is a finite set
of names,I" is a finite set of typed variables, and is an expression with free hames
in s and free variables ii". The symbol® represents disjoint union, here in® {n}
andI’ @ {z : o}. We may omitl’ when it is empty.
From now on we shall consider only well-typed expressions. The assignment of types
behaves much as we might expect:

Lemma 2.1 If s,I'+ M : o holds then the type is unique. Further, if the expressia
has free names inm and free variables i, then

ssTFM:0 <+ 535 T0I'FM:0o
for any s’ andT".
Proof Both follow by induction on the structure d. O

An expression is itanonical formif it is either a name, a variable, one of the boolean
constantstrue or false, or a function abstraction. These are to be vhtiesof the nu-
calculus, and correspond to weak head normal form in the lambda-calculus. We define
the sets

= {M|s,T-M:0}
{C]C € Exp,(s,I'), C canonical

)
)

Exp,(s) = Exp,(s,0)
) = Cany(s,0)

of expressions and canonical expressions at anydygoed for any finite sets, I" of names
and typed variables.
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2 Evaluation Semantics

The operational semantics of the nu-calculus is specified by the inductively defined
evaluation relationgiven in Figure 2.2. Elements of the relation take the form

sEM |, (s)C

wheres ands’ are disjoint finite sets of names/ € Exp,(s) andC € Can,(s @ s’). This
is intended to mean that in the presence of the namespressionV/ of type o evaluates
to canonical formC' and creates fresh namgs We may omits or s’ when they are empty.

The setss ands @ s’ can be seen as initial and finstatesof the computation. The
arrangement of these states shows the left to right order of evaluation. For example, with
the expressioV = N/, the rules (EQ1) and (EQ2) both evaluafebefore N'. The call-
by-value nature of the nu-calculus is captured by the choice of a strict (APP) rule. Here
the argument\/ is evaluated to canonical fordi before being substituted in the body of
the abstraction\z:o.M’.

Occasionally, in applying these rules it is necessary to relabel bound names. For
example, to evaluaten.n = vn.n we do not use- vn.n = vn.n |, (n,n)true because
it is not well formed; new names have to be distinct, and this is enforced by the use
of disjoint union in the (LOCAL) rule. Instead we relabel one of thé to obtain
Fvnn =wvn'.n' |, (n,n')false. As we have previously identified expressions upyto
conversion, this is quite legitimate, but perhaps surprising. The phenomenon is identical
to the reduction of a term such &sy.A\x.yx)x in the traditional lambda-calculus, where
the bound occurrence af has to be relabelled to allow

Ay Azyz)r —  Az.zz.

In principle, these difficulties can be resolved by using de Bruijn indices, but at the cost
of a considerable loss of clarity. In practice we simply avoid the problem wherever we
can by choosing sensible bindings to begin with.

The abbreviatiomew for vn.n was introduced earlier. This has the derived evaluation
rule

(NEW) n ¢ s.

st new , ({n})n
The side condition confirms that the name generatedidy is fresh, and corresponds
precisely to the disjoint unios @ {n} in the premise of the (LOCAL) rule for eval-
uatingvn.M. Indeed the rules (LOCAL) and (NEW) are entirely equivalent, and we
could formulate the nu-calculus withew as primitive andvn.M an abbreviation for
(An:v.M)new. This then makes precise the connection between the relabelling of names
bound byr and of variables bound b), mentioned above as necessary to avoid capture.
In a setting withnew primitive, they are the same thing.

Unfortunately both of the formsn.M and(An:v.M )new tend to blur the distinctions
between a name, a location bound to a name, and a variable of tyRather than resort
to heavy meta-syntactic machinery for a solution, we shall simply choose whichever of
new andvn.M seems appropriate.

The evaluation of a nu-calculus expression is independent of any unused names:
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(CAN)

(COND1)

(COND2)

(EQD)

(EQ2)

(LOCAL)

(APP)

m C canonical

st B, (s1)true s@®siE M|y (s2)C
sk if Bthen M else M' |, (s1 & s2)C

st B, (s1)false s®s1 B M |, (s2)C"

st if Bthen M else M' |}, (s1 @ s2)C’

st Ny (s1)n s®s1H N |, (s2)n

sk (N =N")J, (s1 D sa)true nes

s N, (s1)n s®s N |, (s2)n

/ distinct
SE (N = N') o (51 @ 59)false e dIstine

s®{ntt M, (s1)C
stvn.M |, {n} @ s1)C

né¢(s®s)

st F ooy (s1)\x:0. M’ s®siFM |, (s2)C

s® 81D syt M|[C/z] o (s3)C

st FM |, (s1® s2® s3)C’

Figure 2.2: Rules for evaluating expressions of the nu-calculus
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Lemma 2.2 For any M € Exp,(s),
sEM |, ()0 = sas"'FMl, (s)C
whenevers” is disjoint froms’.
Proof By induction on the structure of the derivation of the evaluation judgements

Evaluation always terminates, and is deterministic up to choice of new names. This
might seem obvious, as the nu-calculus has no explicit construction for recursively defined
functions. Nevertheless there are many surprising ways to encode recursion in other
language features; for example, we shall see later that a mutable store of functions can do
this. So it is as well to have a formal proof of termination in the nu-calculus. The proof
is our first use of a (unary) logical relation, as described in the introductory chapter. We
define the two predicates

P,(s) C Can,(s) and  P,(s) C Exp,(s)
according to
P,(s) = {true, false}

P,(s) = s
Py,_r(s) = {Mz:0.M € Can,_,(s) |Vs,C € Py(s®s'). M[C/x] € P.(s®s')}

M € P,(s) <= There ares’ andC € P,(s @ s') such thats - M |, (s')C,
and these are unique up to renaming the elementg ahd
a-conversion ofC'.

The idea now is to show thaP and P are both total, and then use the fact that
implies termination. To make the induction work, we use an intermediate result on open
expressions.

Lemma 2.3 If M € Exp,(s,I'), wherel' = {z1 : 01,...,2, : 0p}, @andC; € P, (s ® &)
fori =1,...,n and somes’, thenM[C /7] € P,(s @ &').

Proof By induction over the structure of the derivation 9f' - M : ¢. We consider
three example cases:

e Function abstraction. Suppose that the type derivation ends with

s,Pe{r:0}b-M:o
s,'FAx:oc.M:0— o'

and that theC; are as above. By the induction hypothesisyiE P, (s @ s’ @ s”)
for some s’ then M[C/Z, C/z] € P,(s® s @ s"). But this is precisely the
condition for (Az:0.M)[C /@] € P,_.(s @ '), from which it follows trivially that
(Az:0.M)[C /] € Pyeyi(s @ ).
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e Function application. Suppose that the type derivation ends with

s,I'FF:0— o s, I'FM:o
s,I'FFM: o

and that theC; are as before. Then by the induction hypothesis:
s® s+ F[C/Z] boogr (s1)Azi0. M’
with Az:o.M' € P,_,/(s® s & s1), and
s®s s M[C/7] Uy (52)C
with C' € P,(s ® s’ & s1 & s2). This then means that
s®s @s1@so b M[C/x] g (s3)C

with C' € P,/(s ® s’ ® s1 & s2 @ s3). Combining these with the (APP) rule gives

s@ s+ FM[C/Z] o (51 52 ® 53)C".

Moreover all these evaluations are unique up to renamingcandnversion, so
FM|C/Z] € Py (s ® s') as required.

e Name abstraction. Suppose that the type derivation ends with

s®{n},TFM:o
s,'Fvn.M:o

and thatC; € P,(s @ s’). Applying the induction hypothesis gives
s@{n}@s +M[C/T] I, (s")C
with C € P,(s® {n} @ s’ & s”). We can then apply the (LOCAL) rule to obtain
s® s F (vn.M)[C/T] Iy ({n} ® s")C.

Again these evaluations are unique up to renamingcandnversion, so as required
(vn.M)[C/Z] € Py(s® ¢).

The remaining cases are similar. |

Theorem 2.4 (Termination) If M € Exp,(s) then there ares’, C' with s = M |, (s)C.
Moreover, these are unique up to relabelling the elementg ahd a-conversion ofC'.

Proof This is Lemma 2.3 applied to the type assertidn M : o. O
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Reduction expressions:

E(=) == (=)M | (Azio.M)(-)
|  if(=)thenMelse M | (=)=N | n={(-)
Redexes:
if true then M else M' —, M n=n —, true

if false then M else M' —, M’ n=mn' —, false n#n

(Ax:0.M)C — 45 M[C/x]

Rules:
(REDEXP) E<z\% :: ]\b{;M,>
(ABSTRACT) m% :Z fb/ e
(EXTRUDE) n ¢ fn(E(-))

E(wn.M) —q vn.E(M)

Derived forms:
M —" M’ M —, M"
M _>g+l M

M =2 M

M —% M' if there is somen with M —7 M’

Figure 2.3: Step reduction for the nu-calculus
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3 Reduction Semantics

The evaluation relation gives a ‘big step’ operational semantics for the nu-calculus, taking
expressions directly to canonical form. We can also give a ‘small step’ semantics which
illustrates how it happens. This useseaduction relationwhose elements are of the form

M —, M

and indicate that the expressian of type o reduces in a single step to the expressidh
Here M, M’ € Exp,(s) for some set of names. The relation corresponds to Plotkin’s
left reductionM e N for the Ay -calculus [94].

The rules specifying the reduction relation are in Figure 2.3. This also defines the
derived relations
M - M and M —: M

of n-step and finite step reduction respectively. For brevity weredaction expressions
to describe some of the rules: these are expressions with a singlehgpeeg-), taking
one of the forms

E(-) == ()M | (Az:e.M){—)
| if (=)thenMelse M | (=Y=N | n=(-).

We write (—:0) if we wish to make explicit the type of the hole. M is an expression
of the appropriate type thefA' (M) denotes the expressidi(—) with M replacing the
single occurrence of the hole. There is no possibility of name or variable capture. The
free namegn(E(—)) of a reduction expression are the free names of its subexpressions.
It is significant that we use reduction expressions simply as an abbreviation; they could
be avoided by replacing (REDEXP) and (EXTRUDE) with ten more specific rules.

A more complex notion is that of @duction contextThis is also an expression with
a single typed hole, fitting the description

RE-) 5= (0 | ROM | (woM)R(-)
|  if R(—)thenMelse M' | R(=)=N | n=R(-).

It is clear that a reduction context is just a nested sequence of reduction expressions. Again
there can be no name or variable capture by the reduction context: the hole may be filled by
an open expression, but the free variables of suchemain free inR(M). For example,
we write \z:0.R(z) for the abstraction with variable replacing the hole.

Reduction contexts were introduced by Felleisen and Friedman in [19]; their purpose
is to identify where in an expression the first reduction lies. Section 6 examines this in
detail, so for the moment we observe only that the rules

M —, M’
(RCONTEXT) RODY =0 ROD)
and
(EXTRUDE) n & fn(R(-))

R{vn.M) —%, vn.R(M)
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can be derived for any reduction conték{—:o).

Unlike the evaluation relation, the reduction semantics is not entirely deterministic,
as some expressions have more than one reduction available. However reduction is still
confluent and this choice makes no difference to the eventual outcome. In fact the
relation — obeys thediamond property

Lemma 2.5 (Diamond) If M —, M, and M —, M> are valid reductions, then there is
some expressiof/’ such thatM, —, M’ and My —, M'.

Proof The base case where an expression has two distinct reductions is

M —, M’
vn.M —5 vn.M’ and  E(vn.M) —, vn.E(M),
E(wn.M) —, E{vn.M')

wherelM, M’ € Exp,(s) ands E(—:0) : ¢’ is a reduction expression. These two choices
can immediately be reconciled by

M —, M’

E(wn.M'") —, vn.E(M") and E(M) —, E(M")
vn.E(M) —q vn.E(M').

All other cases are instances of this within a series of reduction expressions and name
abstractions. O

We can avoid this indeterminacy by only allowing reduction under name abstraction at
the top level. By always choosing the (EXTRUDE) rule over (ABSTRACT), we obtain
a deterministic reduction for any expression; we call it #tandard reduction. It is
possible to enforce this, if we introduce another reduction relation and replace the
(ABSTRACT) rule with

M —, M and M -, M’
M —>, M’ vn.M —>, vn.M'"

The relation =" now follows only the standard reduction sequence.

There is an exact correspondence between the reduction and evaluation semantics, if
we consider taking an expression to canonical form. This is the analogue of Plotkin’s
result relating the evaluation and reduction semantics\{o{94, Section 4, Theorem 4].
Define M — vs'.C to mean that there is an ordering on the names i {n,...,n,}
such thatM —} vn) ...vn}.C.

Theorem 2.6 For any closed expressiond € Exp,(s) andC € Can,(s),
skEMl, (s)C = M-=!vs.C.

Proof The forward direction follows by induction on the structure of the proof of the
evaluation judgement - M |}, (s')C. This requires a proof step for each of the rules of
Figure 2.2. We give a couple of examples; the others follow a similar format.

e (CAN) The evaluation of a canonicat C |}, C'is axiomatic; but so is the reduction
Cc -2 C.
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e (COND1) Suppose thatt if B then M else M’ |}, (s')C, with the last rule of the
proof being (COND1). Then we must haye= s; & so with
st B, (s1)true and s@s1 M|y (s2)C .
By the induction hypothesis the first of these givés—} vs;.true and so
if Bthen M else M' —7% vsy.(if true then M else M').

We have
if true then M else M' —, M

and from the second evaluation above, by the induction hypothesis
M —! vsy.C.
Putting these together gives
if Bthen M else M' —% vs1.v55.C
as required.
For the reverse direction we start by showing that
M-, M & stMl,(s)C = stMIJ,(s)C.

We do this by induction on the structure of the proofMf—, M’; again, a couple of
cases are enough to show the method.

e Consider the judgement$ true then M else M’ —, M ands + M |, (s')C. We
can use the evaluation rules (CAN) and (COND1) to obtain

s true |, true st M, (s)C
s b= if true then M else M’ |}, (s")C

as required.

e Suppose that' M —,, F'M ands + F'M |}, (s')C’. The last rules in the proofs

of these must have been
F—, o F

FM —, F'M
and
st F Uy (s1)A2:0. M’ s®s1EM |y (s2)C
s®s1® syt M[C/x] o (s3)C"
sEF'M Jy (s)C
wheres’ = s; @ so @ s3. By the induction hypothesis we obtain- F' {},_,
(s1)A\x:0.M' and then build

sEF oy (s1)A\z20. M’ s®si My (s2)C
s®s1 @ syt M[C/x] o (s3)C"
sF FM Uy (8)C

as desired.
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It now follows that
M-=IM & sEM |, (Y)C = sFMJ, (s)C.

by induction on the number of steps The particular case when the expressidhis of
the formvs’.C, for some ordering of’, gives

M—iviC = skMJ,(sC

which is the required result. O

4 Contextual Equivalence

We construct a notion of equivalence for expressions of the nu-calculus, based on their
behaviour when used in larger expressions. Informally, two expressions are equivalent if
they can be freely exchanged; there is no way in the language itself to distinguish between
them. To capture this formally requires a little preliminary work.

Define aprogramto be a closed expression of boolean type. All that we can observe
of a program is whether it evaluates taue or false; the creation of new names is not
directly observable. In calculi with the possibility of non-termination, it is common to
use termination as the basic observable. We cannot do this for the nu-calculus, as all
expressions evaluate to some canonical form; in particular, no observation at all can be
made of expressions of function type without using them in some larger expression.

A program contextP((—)) is a program with zero or more occurrences of a Hple).

If M is some expression theR{MY) is the program obtained by substitutidd for

every occurrence of this hole. Often the notion of a program context is left at that, with
the possibility of type clashes and variable capture. We shall be rather more precise and
annotate holes to track types and the use of free variables.

A hole of arityo,...,0, — o is ann-place operator added to the nu-calculus, whose
arguments must be in canonical form. We have the rule

s,’TmCy:00 --- s, I'HC,:0p,

..., C, canonical
S,Fl_«i:0-17""O-n4)0->>(017-"70n):O' Cl’ ’C I

where the annotatio{— : 01,. . .,0,—0)) indicates the arity of the hole. We wrife ((—))

to denote an expression formed with zero or more occurrences of some hole. Such a hole
can be filled by any open expression of typahose free variables have types . . ., o,.

That is:

s,¢{x1:01,...,xpn ot M:0o s, T’EM{—:01,...,0p—0) : 0’
s, ' M'{(z1:01,...,Tn:0n)M)) : 0’

where(z;:01,...,x,:0,)M is a ‘meta-abstraction’ that makes explicit the free variables
of M. The filled holes are then removed by replacing

((x1:01, ..y xpion) M) (Ch, ..., Cp)  with  M[Cy/z1,...,Ch/zy],

where the substitution on the right hand side is capture avoiding as usual. It is possible
that some of the”; will themselves contain uses ¢f-)), and these must be substituted
first. Despite this complication, it is still a finite and well behaved procedure.
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For brevity we shall generally omit the aridy, . . ., 0, — o of a hole, and abbreviate
the substitutionM’ {((z1:01, ..., xp:0,) M) to M'{((Z)M) or even M’'{M) when M
is closed. The argument&’y, ..., C,) we shall write as(C) and theinstantiation
M[Cl/xl,...,Cn/xn] asM[C/aE’}

With this machinery the substitution/’{(Z)M)) is certain to be a well-typed ex-
pression, without capture of free variables. We can safely relabel bound and even free
variables of M and M’ without worry. In particular we implicitly identify program con-
texts P{—)) up to a-conversion. The usual arrangement, allowing the capture of free
variables fromM, can be simulated by forbidding-conversion and always using the
hole in the form{(—) (x1,...,z,), where ther; are the free variables d¥/.

Now that we have fixed how we substitute an open expressioin a program
context P{(—), we can use this to describe the behaviou\éf In calculi where non-
termination is possible, it is convenient to do this through a preorder. Here we go directly
to an equivalence relation:

Definition 2.7 (Contextual Equivalence)lf M;, My € Exp,(s,I') then the assertion
s, ' M ~, My

means that for all suitably typed program contek{$—)) defined oves, and each boolean
valueb € {true, false},

(3s1. s PU@MY) Uo (s1)b) <= (Isa. sk PUD)MY Yo (s2)b).

That is, P((—)) always evaluates to the same boolean value, whether the hole is filled by
M or M>. When this holds, we say that'; and M5 are contextually equivalentif both
s andI’ are empty then we write simply/; ~, Mo.

This is the most general notion of equivalence for nu-calculus expressions that we shall

consider, and the one that most interests us; as discussed in the introductory chapter, it
combines powerful applications with a sensible and intuitive meaning. Other equivalences

are useful if they imply contextual equivalence, and are easier to compute.

5 Examples

Much of the work of this dissertation is concerned with methods for proving contextual
equivalence or inequivalence for particular expressions of the nu-calculus. This section
gives a summary of results, in increasing order of difficulty of proof.

It is straightforward to show from the definition that contextual equivalence is a
congruence:

1. s, DM ~, My = s&sTal'FM[M/z]~, M [My/x]

whereM’ € Exp,.(s® s, T @ T" @ {x: 0}).
Unused names are irrelevant, as is the order in which names are generated:

2. s, 'k vn.M =, M n ¢ fn(M)

3. s,T'F vnon' M ~, vn'.vn.M .
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For any finite set of nameswe definevs.M to bevn; ...vng.M whens ={nq,...,n;}
and M whens is empty. By the above, this is unambiguous up to contextual equivalence
even thoughs is unordered.

Evaluation and reduction both respect contextual equivalence:

4. sEM, (s)C = stM=,vs.C
5. M —, M’ = skM=~, M

where M, M’ € Exp,(s) andC € Can,(s @ ¢').

In Section 3 we defined the notion of a reduction contkt), an expression with a
single typed hole in a position where reduction can occur. We can use this to state some
equivalences that rearrange expressions without materially affecting the evaluation order.
Suppose that,I' - R(—:0) : ¢’ is a reduction context, then:

6. s,T't  (Az:0.R(x))M =, R(M)
7. s,I'F R(vn.M) =, vn.R(M)
8. s, 't R(Ax:d”". M)M'") =, (Ax:c”.R(M))M'

where M and M’ have the appropriate types. The first of these is a weak form- of
equivalence; the last is théy;; rule from Sabry and Felleisen’s axiomatization of the
call-by-value lambda-calculus [114]. Some simple instances of these are:

s,I'F M =~, (Ar:io.x)M
s,I'F if (vn.B) then M else M’ ~, vn.(if Bthen M else M’)
s, ' MNy:m.Q)(Az:0.P)M) =on (Ax:o.(Ay:7.Q)P)M

Function application also satisfies Plotkimfs-equivalence [94]: ifC' € Can,(s,I") and
M € Exp,/(s,I'@® {z : o}) then

9. s, 't (A\x:0o.M)C =, MI[C/x].
However, generaB-equivalence fails because the nu-calculus is call-by-value:
10. (A\z:v.x = x)new #, (new = new).

The left-hand side here reduces ta.e and the right-hand side tfnlse. Local name
declaration and function abstraction do not in general commute:

11. vn.Ax:0.n %oy, AT0UNM .

These can be distinguished by the contexf : o — v . (ftrue = ftrue)) {(—)), giving
true and false respectively.

Expressions may be contextually equivalent if they differ only in their use of ‘private’
names:

12. vnr:v.(r =n) =,_, \r:v.false

13. vnwn' Afw—o.(fn = fn') =y oo Afiv—o.true.
In this last example the boolean tgst = fn’ is an abbreviation for

if fnthen fn' else (if fn' then false else true).
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The idea in (12) is that no external context can supply the private marBamilarly in (13)
no externally produced function can distinguish the private namasdn’'.

It is however extraordinarily hard to make precise this notion of privacy, particularly
where higher-order functions are involved. The next case shows two expressions which
look at first sight to be contextually equivalent for the same reason as those in (13):

14. vn\fiv—own'.(fn= fn') E(—o)—o Afiw—o.true .
These are distinguished by the context
(AF : (v —0) —o. FAxw.FQyve =y))) (—)-

The problem here is that although the name bound t@mains private, the function
Az:v.F(Ay:w.x = y) is able to distinguist from the fresh names successively bound
ton'.

Another tricky example shows that it may be necessary to apply functions repeatedly
in order to distinguish them, without any private hames being revealed:

15. vnwvn/ \f v —o.if fn= fn/
then (Ax:v.if © = n then true
else if x = n' then false
else fx)
else (Ax:v.true)

%(yeo)a(y—m) )\f ‘Vv—=o0. f .
These are distinguished by
(AF : (v — 0) — (v — o) . F(F(\x:v.false))new) (—)).

What is happening here is that the two functions differ noticeably only on arguments of type
(v — o) that can distinguisu from »n’/. As both names are private, we cannot construct
such a function directly. However when we pass the first expression an argument that we
can construct, such dsuz:v.false), we get back one that does distinguisrom »’, in
this case(Az:v.(z = n)). Although this is externally no different from what we started
with (see equivalence (12) above), it is a suitable argument to separate the two original
expressions.

Up to contextual equivalence, the only closed expressions ofdpetrue andfalse,
and the only closed expressions of typare the names in the name context arnad.
Higher types are more complicated, and there are infinitely many operationally distinct
closed expressions of tyge — v). Consider for eacl > 1 the expression which creates
(p+ 1) local namesny, ...,n, and then acts as the function which cyclically permutes
them, and maps any other namerig

F, = vng...vnpAziv.if x = ng thenny
else if x = ny then no
else if x = my, then ng else ng .
Take the test function

B, = M :v—v.vn. (f9n) = f(n)
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where (¢12) is an abbreviation forf iterated(q + 2) times. This satisfies

F ByF, 4o (no,...,np)false qge{1,...,p—1}
F ByFy o (no, ..., np)true

and so can be used to distinguish the variéysgiving
16. F, #,-, Fy  whenevemp # p'.
The F,, can be regarded as numerals; we can even define addition by taking

A= AN:v—ov.dg:v—v.vn. x:v.if f(fr)= fnthengzx
else if gx = gn then fx else gx

of type (v — v) — (v — v) — (v — v), which satisfies
17. AF,Fy %y Fpig.

For example, suppose th#t, cycles the private namesy, ..., n, and F, the names
ng, - - -, g, then AF,F, does the same thing over the names. .., n, 1, ng, - - ., 1.
The trick here is that the tesf(fz) = fn) is only true whenz is n,_;, while (gx = gn)
is true whenz is any ofny, ...,n, 1,n; or some unknown name. These are then used
to select which name to return.

These examples show that the nu-calculus has all the properties we might expect for a
language of names, and for a call-by-value lambda-calculus. They also illustrate the subtle
and perhaps surprising behaviour that can arise from the interaction between names and

higher-order functions.

6 A Context Lemma

While contextual equivalence is the relation on expressions of the nu-calculus that we
would like to work with, there are certain problems in doing so. The most obvious is
that program context$’(—) are far too numerous and varied; a direct proof that two
expressions behave similarly in all program contexts is generally too unwieldy to be
attempted. In this section we show that a smaller collection of contexts is sufficient.
Later we consider other equivalences that are simpler to demonstrate yet imply contextual
equivalence

A result showing that it is not necessary to consider all program contexts, but only
those having a certain form, is calle¢antext lemmgaafter Milner’s result for the simply-
typed lambda-calculus [59]. The equivalent result for our system would be that it is only
necessary to considepplicative contextswhich take the form

(=W(C)My ... M,

where an expression is instantiated and then applied to some arguments. Milner’s context
lemma is particularly useful because the types of Mieare all structurally simpler than

that of the hole. This means that various results on contextual equivalence can be proved
by induction on the structure of types.



6. A CONTEXT LEMMA 27

Unfortunately the context lemma in this form is not valid for the nu-calculus. The
simplest counter-example is the inequivalence (11) of Section 5 above:

vnAzIon %4, Axrovn.n .

Both of these expressions, when applied to eithere or false, return a fresh name.

Only by using a context such d9f:0 — v.(ftrue = ftrue)){—) can we detect that

the first always returns the same name, while the second repeatedly generates new ones.
The inequivalences (15) and (16) also provide counterexamples. However we can give a
weaker result that is suitable for the nu-calculus:

Theorem 2.8 (Context Lemma) Two expressions are contextually equivalent
s, ' M;j =, My

if and only if for all name sets’, functions\z:0. B € Can,_,(s & ), instantiationg C /]
defined over(s ¢ s’), and boolean values € {true, false},

(3s1.5® 8 F (\w:0.B)M,[C /] Vo (s1)b)
<
(3sy . s @ ' F (\x:0.B)M[C/T] Lo (s2)b).

We call a context of the forms’.(Az:0.B)({(—))(C)) anargument contexand (\z:0.3)

atest function Although less dramatic than the usual result, this still narrows down the
contexts that we have to consider. In the first place, because the nu-calculus is call-by-
value, an argument context only evaluates the contents of its hole to canonical form once.
Additionally, in a general context the arguments to the hole can have free variables, or
even contain holes themselves. In an argument context@heare closed and have no
holes. Unfortunately the technique mentioned above, using a context lemma to prove other
results by induction on the structure of types, fails to go through as the typecef. B)

is larger than the type of the hole.

Results similar to Theorem 2.8 have been found for other calculi. A. Gordon in
his thesis shows that ‘experimental order’ coincides with ‘contextual order’ for the lan-
guageurM L [25, Lemma 4.4.7]. Honsell, Mason, Smith and Talcott consider an untyped
lambda-calculus extended with storage cells and show that to establish ‘operational equiv-
alence’ it is enough to consider all ‘closed instantiations of usie) Of an expression [30,
§2.3.2].

For expressions with no free variables, we can further simplify the range of contexts
required:

Corollary 2.9 Two closed expressions are contextually equivatent)/; =, M, if and
only if for all test functions\z:0.B € Can,_,(s) and all b € {true, false},
(3s1.sF (Az:o.B)My o (s1)b) <= (3Fs2.sk (Ax:0.B)Ma |, (s2)b).

Proof Observe that for any test functiqiz:0.B) € Can,_,(s @ s’) applied to a closed
expressionV, € Exp,(s),

s®s' F (A\v:o.B)YM |, ("0 <= st (Aziows .B)M |, (s' & s")b.

So with no free variables to instantiate, the argument contek{\z:0.B){—) from
Theorem 2.8 can be replace by the test functidm:o.vs’.B){(—)). ]
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Before we can prove the context lemma, we have to examine more closely the
process of reduction. In Section 3 we defined reduction expresgi¢ns and reduction
contextsR(—) to be expressions with a single typed hole, taking the following forms:

E(—) == (=)M | (Az:o.M){—)

| if(=)thenMelse M' | (=)=N | n={-)
R(=) == (=) | REM | (AoM)R >

| if R(=)then M else M' | R(—)= | n=R(—).

Any reduction context can be represented uniquely as a nested sequence of reduction
expressions. Aedexis an expression taking one of the forms

(Ax:o.M)C | if true then M else M' |  if false then M else M’
| n=n" | n=n.

As shown in Figure 2.3, all of these have immediate reductions, regardless of the nature
of the subexpressions/, M’ or C. We can use this classification to break down closed
expressions of the nu-calculus and identify their first reduction step.

Lemma 2.10
1. Each closed expression of the nu-calculus is just one of the following:

e in canonical form

e a redex

e a hame abstraction

e a reduction expression with the hole) filled by some non-canonical expres-
sion.

2. Any M € Exp,(s) decomposes uniquely as one of the following:

vs'.C C' canonical
vs' .R(E(vn.M')) E(—) a reduction expression
vs' .R(M') M’ a redex,M' —, M"

where s’ is some ordered set of names, possibly empty, Rfd) is a reduction
context.

Proof Item (1) is straightforward, giving consideration to each of the forms of nu-calculus
expressions. For example:

e A lambda abstractiofiAz:0.M) is always in canonical form.

e An expression of the fornk"M is a redex if " and M are both in canonical form.
Otherwise,F'M is a reduction expression with a non-canonicak i), as either
F(M) or (F)M according ag- is in canonical form or not, respectively.

To obtain (2) we apply (1) repeatedly, using the fact that a succession of nested reduction
expressions is precisely a reduction context. O
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For anyM € Exp,(s) this result determines its unique standard reduction as:

vs'.C none
vs . R(E(vn.M")) —, vs Rvn.E(M"))
vs' . R(IM") —, vs .R(M").

The next lemma is a weak-rule that we need later. It is related to equivalence (6) from
Section 5 above.

Lemma 2.11 Suppose that - R(—:c) : ¢ is a reduction context and/ € EXp,(s).

1. If M =% vs'.C whereC' is in canonical form, then

R(M) —%, vs' .R(C) and  (\z:io.R{(z))M —} vs' .R(C).

(e

2. For canonical formC,

stER(M) |y (5)C <<= st (Az:o.R{z))M | (s')C.

Proof The first part of (1) is derived by applying the (REDEXP) and (EXTRUDE) rules
repeatedly, while for the second part we combine

(Az:o.R(x))M —%, vs' . ((Az:0.R{x))C)

with
(Ar:0.R(z))C —5 R(C).

For (2), suppose that - M |, (s')C’. Then by (1), bothR(M) and (A\z:0.R{x)) M
reduce tovs’.R(C"), from which the result follows. |

To understand the behaviour of expressions in context, we must go a stage further.
Define anextended expressiol/ to be what we have previously termed a context: an
expression of the nu-calculus with a hgle- : 04, ..., 0,—0)) appearing zero or more
times. We also need extended versions of canonical form, reduction expression, reduction
context and redex; the details are given in Figure 2.4.

To determine the complexity of an extended expression, we use a measure for holes
that takes account of their nesting in arguments for other holes. Defineothecount
for an extended expression to be a list of the number of holes at each depth of nesting,
deepest first. For example the extended expression

if (= :o0,v—0)(C1,Cy) then true else (=) ({—=)(Cs,C4),C5)

has a hole counftl, 2]. Hole counts are ordered by list length and then lexicographically,
for example:
4] C [1,3] C [3,1] © [1,1,1].

The set of hole counts is well ordered: there are no strictly decreasing infinite sequences.
Another way to look at this ordering is to attach weights to holes, with nested holes being
infinitely heavier.

We can break down extended expressions as we did ordinary expressions, using an
extended form of Lemma 2.10.
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Extended expressions:

M == (-) hole | =xvariable | nname
| true | false | if M then M else M
| vnM | M=M
| AziooM | MM

Extended canonical form:

Cu=2z | n | true | false | Ivio.M

Extended reduction expressions:

E(-) == (=M | (Azo.M)(-)
| if (~)thenMelse M | (=)=N | n={(-)

Extended reduction contexts:
R(—) n= (=) | R(—)]\Z/ | (Ax:U.M)R<—>
| if R(=)thenMelse M' | R(-)=N | n=R(-)
Extended redexes:

if true then ]\:4 else ]\:J’ —g ]\:4 n=mn —, true
if false then M else M' —, M’ n=n' —, false n#n

(Ar:0.M)C —, M[C/x]

Figure 2.4: The extended nu-calculus
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Lemma 2.12
1. Each closed extended expression is just one of the following:

e an application of the hol&—)(C1,...,Cy)

¢ in extended canonical form

e an extended redex

e a name abstraction of some extended expression

e an extended reduction expression with the hole filled by some non-
canonical extended expression.

2. 1f s M : o is some closed extended expression, then it takes exactly one of the
following forms:

vs'.C C an extended canonical

vs' R{{(=)(C) _

vs' .R(E(vn.M')) E(—) an extended reduction expression
vs' .R{M' M' an extended redex\!’ —, M"

wheres’ is some ordered set of names aRd-) is an extended reduction context.

Proof As for Lemma 2.10, part (1) follows by consideration of the structure of the
extended expression, while (2) comes by repeated application of (1). O

In part (2) above, suppose thaf, € Exp,(s,I') is some open expression suitable to
fill the hole in M. Then in the last two cases the standard reductiondf(z) M,)) is
independent of\/y:

o vs . R{vn.E(M")){((%)Mo)
o vs . R{M"){((Z)Mo)).

vs' . R(E(vn.M"){(Z)Mo)) —
vs R(M')((£)Mo) —
This pinpoints the nature of reduction sufficiently for us to prove the context lemma:
Proof of Theorem 2.8 The ‘only if’ direction is immediate as an argument context
vs'.(Az:0.B) (=) ()

is clearly a restricted form of context. For the ‘if’ direction, suppose that we have two
expressions\/;, Ms € Exp,(s,I') satisfying

(3s1.5® s F (\z:0.B)M,[C /7] o (s1)b)
<
(3sy. s @ s+ (\w:0.B)My[C /T U (s2)b)

for all suitables’, (Az:0.B), (C) andb. By symmetry it is enough to show that for any
extended program - P : o and booleard that

(3s1 . sF PUT)MY) Uo (s1)b) = (Isz. sk PUD)MY Uo (s2)b).
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We prove this by a double induction over the length of the left-hand reduction, under the
semantics of Section 3, and the hole countof

By Lemma 2.12(2) there are four possible forms for In the simplest case, it is a
name abstraction of some extended canonical, necessaridyor false, and the result is
immediate. IfP = vs'.R(E(vn.M)) then as we saw above the first reduction step is the
same however the hol¢-)) is filled. So if we setP’ = vs'.R{vn.E(M’)) then

P{(@)My)) —o P'((Z)My))  and  P(Z)Ma)) —o P/(((2)Ma)).

Now P’({(Z)M;)) will have a shorter reduction g and the result follows by the induction
hypothesis. A similar approach appliesif=vs’.R(M’) whereM’ is an extended redex.

The final possibility is that? = vs'.R{({—)(C)). In this case we fill this particular

occurrence of the hol¢—)) and consider the extended expressiehR (M [5/5}), which
has a lower hole count thaR. We have

PY(@)My) = vs' RIM[C/Z)){(#)M1))
and use this to reason as follows:

Js1 . s = PY(Z)M1) I (51)b

< ds1.skvs . R(M [é’/"]}(((f)Ml» o (s1)b
= ds3.skuvs . R(M [C’/f]}(((:i")Mg)) o (s3)b
= 3sy.s08 b (o R(@) (ML IC/)(@Me) bo (s3)b
= ds2.sdsF (()\xza;_(x>)(M2[C_'/f]) (@) M2) Vo (s2)b
<=  dsy. sk vs R(M[C/T]){((Z)M2) {o (52)b

)

382 .Sk P«(f M2>> UO (82

J

Here we use in turn induction on the hole count, Lemma 2.11(2), the original hypothesis
of equality under test functions, and Lemma 2.11(2) again. O

7 Applicative Equivalence

In this section we define two notions of equivalence for expressions of the nu-calculus,
each with particular good properties. We then show that these are in fact the same relation,
and that they imply contextual equivalence. This gives a technique sufficient to prove all
but two of the examples in Section 5.

Abramsky introduced the notion @fpplicative bisimulatiorfor the untyped lambda-
calculus, based on bisimulation of labelled transition systems [4]. Loosely, one lambda-
expression simulates another if it is no less defined and behaves similarly at all arguments.
Howe’s relation< is a similar construction for lazy computation systems [31]. A. Gordon’s
applicative similarityis a version of this for a typed lambda-calculus [25%.,5]. As usual,
because there is no non-termination in the nu-calculus, we work with an equivalence, rather
than a preorder.

Definition 2.13 (Applicative Equivalence) We define the relations - C; ~5** (5 for
C1,Cy € Cany(s) and s = M; ~g? M, for My, My € Exp,(s) inductively over the
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structure of the typer, according to:

sk b Ngan by «<— b =0by

can

skFEmny ~g

Nng <— N1 ="ny

sk Azio. My~ Ao My <= Vs, CeCan(s®s).
s® s+ Mi[C/z] ~5F Mp[C/a]

sk M Nfi"”p Mo <~ ds1, 89, C1 € Can,(s @ 81), Cy € Can,(s D 82) .
sk M1 UU (81)01 & sk Mg UU (SQ)CQ
& s@ (81 U 52) FCy N(cfan Ch.

It is immediate that~c"” coincides with~%*" on canonical forms; we write them in-
discriminately as~, and call the relatiorapplicative equivalencé We can extend the
relation to open expressions: M, My € Exp,(s,I") wherel' = {z1 : 01,...,2, : o}
then we define

$,'EM ~; My <= Vs, CieCan,(s®s) i=1,...,n.
s® s+ M[C/Z] ~y My|C/ ).

Lemma 2.14 If My, M> € Exp,(s,I') then
s, ' My ~5 Mo < SEBS/,F@FII—legMQ
for any s’, T".

Proof Induction on the structure of the typegives the result for closed expressions, and
the general result follows. |

Lemma 2.15 Applicative equivalence is an equivalence relation.
Proof Also by induction on the structure of types. |

Applicative equivalence is only a useful relation if we can show that it implies
contextual equivalence; however, it is well known that a direct proof is problematic.
Abramsky uses the technique @dmain logicto solve this [3]. Howe defines an auxiliary
relation, roughly the congruence closure of applicative simulation, and shows that this
satisfies the same defining properties; this is also the approach taken by Gordon [31, 25].

Because the nu-calculus is simply typed, we can use an original and much simpler
method based on logical relations. As described in Chapter 1, these were introduced by
Plotkin as a tool to show the undefinability of certain elements in models of the simply-
typed lambda-calculus [96]. Our logical relation remains entirely in the syntax of the
nu-calculus; nevertheless it keeps the basic idea that functions are related if they take
related arguments to related results.

*This is a different relation to the applicative equivalence of [91, Definition 13] and [92, Definition 3.4]
which (rather unfortunately) turns out not to be an equivalence at all.
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Definition 2.16 (Logical Equivalence) We define the two relations - C; ~5*" Cy for
C1,Cy € Cany(s) and s = My ~5" M, for My, My € Exp,(s) inductively over the
structure of the typer, according to:

sk bl :gan bg <~ b1 = b2

sk np o

Ny <= N1 ="ns

sk Ario My >~ Axio. My <= Vs, C1,Co e Can(s @ s') .
s®ds +C Zg(m Cy
= s® s F M[C)/x] >~ M[Cy/x]

sk M ~" My <= sy,s9, C1 € Can(s® s1), Co € Cany(s D s2) .
sk M s (s1)C1 & st My s (52)Co
& sd (81 U 82) FCy o San Ch.

Again ~;" and~£" coincide on canonicals and we write, indiscriminately, calling the
relationlogical equivalence We extend the relation to open expressions; ¥br, Ms €
Exp,(s,I') with T = {z1 : 01,..., 2, : 05} We take

s, I'FM ~, My <= Vs CjicCan,(s®s) i=12 j=1,....n.
(&) . s@ 8 O~y Cyy)
— S@Sll—Ml[Cl/f] s MQ[Cg/f]

Lemma 2.17 If My, M> € Exp,(s,I") then
s, TEM ~, My <= s&s,ITdl'FM ~, M
for any s’,T".

Proof Induction on the structure of the typegives the result for closed expressions, and
the general result follows. An irritating detail is the necessity to show that there are at
least some related canonical expressions of each type, which is also shown by induction
over types. O

Unlike applicative equivalence, it is not immediately obvious that logical equivalence
is reflexive, transitive or symmetric. However it iscangruenceit is preserved by all
the rules for forming expressions of the nu-calculus. From this it follows that logical
equivalence is reflexive and that it implies contextual equivalence.

Proposition 2.18 Logical equivalence is a congruence.

Proof Definition 2.16 and the evaluation rules of Figure 2.2 are enough to show that each
of the expression-forming rules of Figure 2.1 preserves logical equivalence. O

Proposition 2.19 Logical equivalence is reflexive:
s,T’HFM~, M M € Exp,(s,T).

Proof By induction on the structure of the expressibh using Proposition 2.18. O
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Proposition 2.20 Logical equivalence implies contextual equivalence:
S,FFMlﬁaMQ — S,FFMlngQ.

Proof By Proposition 2.19, any test function is related to itself s’ - \z:0.B ~,_,,
Az:0.B. The result then follows from the Context Lemma (Theorem 2.8) and the definition
of logical equivalence at function types and booleans. O

Applicative and logical equivalence are clearly very close, with the only difference
being in the treatment of values of function type. Logical equivalence places the stronger
constraint here, so it is not too surprising that it implies applicative equivalence; less
expected is the result that the reverse implication also holds.

Lemma 2.211If s,T'+ My ~, My thens,I' = M7 ~, M.

Proof We show each of the following:
1. sECy =8 Cy = sk Cp ~5" Ch.
2. s My ~5" My = s+ My ~5" M.
3.5, F My ~y My => s,T'+ My ~y M.

The first two are proved by mutual induction over the structure.o€ase (1) at ground
types is immediate. For function types, suppose that \z:0. My ~2" , Ax:0.M>
andC € Can,(s @ s’). By Proposition 2.19 above we hawed s’ - C' ~, C, and so
s@®s F M[C/x] ~5F My[C/x]. Applying the induction hypothesis gives® s’ -
M, [C/x] ~7 M;[C/x] which confirms thak - Az:0. My ~5" | Ax:0.Mo.

For (2) suppose that- M; ~;" M. We must have - M; |, (s1)C; ands - Ms |,
(82)02 with s @ (81 U 82) FCh ,.:(cyan Cs. By (1) this giVGSS D (81 U 82) FCh Ngan Cy
and sos - My ~5"* M, as required.

Finally, for (3) suppose that,I' - M; ~, M, andC; € Can,, (s @ s') for somes’
andi = 1,...,n. By Proposition 2.19 eacht C; ~,, C; and sos @ s’ - M, [(j/f] ~,
M,[C/i]. By (2) thens & s’ - M[C//Z] ~5 My[C/Z] and hences, T - M, ~, M, as
desired. O

Lemma 2.22 If s,I'+ M; ~, My thens, I' = My ~, Mo.

Proof We show each of the following:
1. sECp ~8" Cy = sk Cp =5 Cs.
2. s My ~5P My = s+ My ~5 M.
3.5, ' M ~; My = s,I'+ My ~, M.

Again the first two are proved by mutual induction over the structure dimplication (1)
at ground types is immediate. Suppose now that\z:o. My ~5¥ , Ax:0.M3 and that we

have some&”;, Cy € Can, (s @ s') with s @ s’ - C; ~5* C. The definition of applicative
equivalence at function types gives

s@® s F M[Cy/x] ~27 Ms[Cy/x]
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while Proposition 2.19 fos @ s',{z : 0} - M> : ¢’ gives

s® s F Mo[Cy/a] =27 M[Co/x]
which by Lemma 2.21 implies

s® s b M[Cy/z] ~5F Ma[Co/x].
Now ~&* is transitive, so

s® s b M[Cy/z] ~3F Ma[Co/x]

and the induction hypothesis givess s' - M;[C) /x] ~5F M,[Cy /], from which we
obtains - Ax:o. My ~5* , \x:0.M> as required.

For (2) suppose that - M; ~;7 M,. We must haves - M; |, (s1)C7 and
sk Ms |, (52)02 with s ® (51 U 82) FCy ~can Cs. By (1) thens @ (81 U 82) FHCq zgan Cy
and sos - M; ~Z% M.

Finally, for (3) suppose,I' - M; ~, M, and that we hav€);; € Can,, (s © s’) with
s@ s Oy ~g; Oy forj=1,...,n and somes’. Then

s® s F M[C)/T] ~E Ms[Cy )]
and by Proposition 2.1%, " - M, ~, M, from which
s@ s b My[Ch/Z] ~E My[Cy/ ],

giving
s @ s = My[C1/E] ~EP Ms[Co /7],

by Lemma 2.21. Transitivity of-;" gives
s @ s F Mi[Cy /) ~&P My |Ch /)

which by (2) impliess ® s’ b M;[C) /&) ~&" My[Cy/]. Thuss,T' b My ~, M, as
required. O

Theorem 2.23 Applicative and logical equivalence are the same relation; it is an equiv-
alence, a congruence and implies contextual equivalence.

Proof We simply combine Lemma 2.21, Lemma 2.22, Lemma 2.15, Proposition 2.18 and
Proposition 2.20. O

Applicative equivalence verifies examples (2)—(9) of Section 5: these concern unused
names, order of name generation, evaluation, reduction, rearrangement around reduction
contexts and3,-equivalence. It also confirms the equivalenté,F, ~,_.,, I, that
represents addition in example (17). However it is unable to capture the notion of ‘private’
names, and does not prove examples (12) or (13).

The difficulty is that the definition of applicative equivalence at function types quanti-
fies over every possible argument, and an external context may be unable to construct all
of these. The refinements of logical equivalence described in Chapter 4 begin to tackle
this problem.



Chapter 3

Categorical Models

Consideration of the nu-calculus has so far been entirely operational; we now develop
a denotational semantics for the language, using category theory. This provides abstract
models for the behaviour of nu-calculus expressions, and further methods for reasoning
about contextual equivalence. A particular feature is that we follow Moggi in using a
categoricalstrong monado encapsulate the notion of ‘computation’ [67].

This chapter falls into two parts. In the first three sections we descret@anguage
based on Moggi’'s computational lambda-calculus [66, 68, 90]. This captures the general
properties required for a model of the nu-calculus. In the last four sections we turn these
into conditions for a categorical model, and give two specific examples. This two stage
technique of

nu-calculus— computational metalanguage— category with strong monad

makes the construction simpler, and allows us to build more than one categorical model on
the same foundations. Both parts are significant; the metalanguage serves as the internal
language of the category, while the existence of categorical models proves the consistency
of the metalanguage.

The most important feature of the metalanguage is that it distinguishes between values
and computations; for the nu-calculus, a computation will create some names and then
return a value. This separation makes explicit the order of computation, which in the
operational semantics was only implicit. It also allows equational reasoning, with the
reintroduction ofg andn axioms at function types.

We give an interpretation of the nu-calculus in the metalanguage, and show that it
respects the operational semantics. The translation is adequate, so we can use the meta-
language to reason about contextual equivalence; it is also fully abstract for expressions
of ground type. Further, if two expressions of first-order type are applicatively equivalent,
then their translations can be proved equal in the metalanguage.

Section 4 explains the conditions for a category to model the metalanguage, and hence
the nu-calculus. The interpretation is in many ways quite standard, with all the usual
machinery of products, exponentials and so forth; only the monad is affected by names and
their equality test. All the results on reasoning in the metalanguage immediately carry over
to the categorical setting. The final sections describe two particular models: the functor
categorySet”, whereZ is the category of finite sets and injections, and the cateBary
of continuousG-sets, wherd? is a certain topological group.

37
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Although these categories provide an adequate denotational semantics for the nu-
calculus, they are not fully abstract. We still cannot prove equivalences (12) or (13) of the
last chapter, concerning private names. However the methods used here are quite general,
and in the next chapter we shall see how more abstract models can be built on the same
framework.

1 A Computational Metalanguage
The types of the metalanguage are given by:

= DBool booleans
| Name names

| A— A functions

| TA computations.

There is a unary type constructor if A is a type, then elements 6fA arecomputations
of type A. In this particular metalanguage the difference between a value and a compu-
tation is that a computation may generate new names before returning a value. We shall
use A, B and their variants to range over the types of the metalanguage.

The term forming operations of the metalanguage are as follows:

let x<=aina sequential computation.

a = =x variable
| it ff truth values
|  cond(a,a,a) conditional
| eq(a,a) compare names
| new generate new name
|  Az:Aa function abstraction
|  aa function application
| [d] value as trivial computation
|

There is an infinite supply of typed variables, where A indicates that variable is of
type A. Function abstractionz:A.a binds the variabler in the terma, and sequential
computationlet x<e in ¢’ binds the variabler within the terme’. We implicitly identify
terms up toa-conversion, which allows us to require substitution, writtén’/z] and
alay/x1,...,an/xy,], to be capture avoiding. A term iosedif it has no free variables;
there is no possibility of free names. We shall generally denote terms by variamts,on
and take variables from, y, z. Terms of computation type are usually represented by
variants ofe, terms of function type by, g and terms of typeVame by n.

There are three forms of term involving computationaIfs a value, thera] is the
trivial computation which simply returne. The sequential forniet z<e in ¢’ carries out
the computatiore, binds the result taz and then computes. Both of these are standard
constructions of the computational lambda-calculus. To them we add the constanft
type T'Name which denotes the computation that generates a fresh name.

Type judgements of the metalanguage are of the form

T'kFa:A
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—— (x: A€l
FI—J}:A(x €T) I' - new : TName I' - ¢t : Bool I'+ ff : Bool
I'Fn,n' : Name '+ b: Bool 'kta,ad:A
't eq(n,n’) : Bool '+ cond(b,a,a’) : A
I'kFa:A Ix:AFb: B
'Hla]: TA 'FXx:Ab: A— B
'ke:TA Dyx:Abe : TA r-f:A—B lkFa:A
'k letz<=eine : TA ' fa:B
Figure 3.1: Rules for assigning types to terms of the metalanguage

which asserts that in the presencelpfterma has typeA. Herel is a finite set of typed
variables; unlike the nu-calculus, there is no set of free names. The rules for forming type
judgements are given in Figure 3.1, where we abbreviate {z : A} by I',z : A and

write I'F aq,...,a, : Ato indicate that all of the judgements-a; : A4,...,'Fa,: A

hold. From now on we shall consider only well-typed terms.

Lemma 3.1 If I' - a : A holds then the typdl is unique. Moreover, if the term has free
variables inT", then
'a:A4 < Tol'kFa:A

for any I".
Proof Both results follow by induction on the structure af O

We reason about terms of the metalanguage with an equational logic of Horn clauses.
This could be extended to a fidivaluation logiowith modalities [90], but we shall manage
without this sophistication. If the type judgememts o : A andI'+ o’ : A are valid then

'a=d:A

is anequation in context’; we usually omit the type and writé - a = o’. A sequenis
a judgement
riokFo¢

wherel is a finite set of typed variable, is a finite set of equations in contektand ¢

is a single equation in conteXt We may omitl’ or ® when empty, and writ®, a = a’

for ®® {a=d': A}. The free variablegy(®) of ¢ are the free variables of its component
terms.

Figures 3.2 and 3.3 detail the rules for deriving sequents. Figure 3.2 gives the usual
rules for Horn clauses and equational logic, congruence rules for all the term forming
operations and3, n axioms at function types. Figure 3.3 contains rules particular to
this metalanguage. The rules for computations are those described by Moggi for any
computational lambda-calculus, and include the (MONO) rule, that the opefafitaking
values to computations is an inclusion. The rules for boolean values and the comparison of
names are straightforward; a derived property is tét-, —) is an equivalence relation.
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Horn clauses:
[0F ¢ v, o4

Sl CASR )

Lok o Louw k-
Equality:
'Fa:A '+a,d:A 'k aq,as,a3: A
I'Fa=a Iia=adFad =a a1 = ag,a0 = ag a1 = ag
Congruence:
—(x:Ael)
lFz==x I'F new = new F'Ftt=1tt 'rff=f

I'Fb,b : Bool I'Faj,d),az,a;: A
b =V,a1 = a, a2 = d F cond(b, a1, a2) = cond(V, a}, dl)

'k ny,ny,ng,nb : Name

I';ny = nf,ng = nl F eq(ng, n2) = eq(ny,nf)

r-ff:A—B 'Fa,ad: A
Nf=fra=dr fa=Ja

T'kFa,d:A Fex:A®dFb=b:B
? ) ) (b
[ia=dt[a] = [d] o F A Ab= A x: AV (@ ¢ fo(®))

I'kepe):TA Iz:A;®kFes=¢,:TB

P
[;®,e1 =€) F let x<=e; in ey = let x<=€] in € (z ¢ fo(®))
Functions:
3 I''z:A+b: B I'Fa:A '+f:A—B

Figure 3.2: Rules for equational reasoning in the metalanguage (I)




1. A COMPUTATIONAL METALANGUAGE

41

Computations:

FFe:TA 'ta,ad:A
MONO -
I'Fletx<=ein[z] =e ( ) Iifa) =[d]Fa=da

I'Fa:A Nz:AkFe:TB
't let x<=[a] ine = e[a/x]

I'Fe:TA Dxz:AFe :TA Lo :AFe:TA"”
I'F let a'<=(let <=eine’) ine” = let v<=e in (let x'<=€ ine")

Booleans:
I®b=tt-¢ T;0,b=fFo L0k it =ff
[0k ¢ [0+ ¢
I'Fa,d: A I'Fa,d:A
't cond(tt,a,a’) =a [+ cond(ff,a,a') = o
Testing names:
T'Fn: Name I'+n,n' : Name

'k eq(n,n) =tt Tieq(n,n’)=ttEn=n'

Generating names:

T'Fe:TA

DROP N r
( ) I'Fe=letnsnewine (n : Name ¢ T)
(SWAP) __Iim n': Namele:TA |

I' F let n<=new in let n’<=new in e = let n’<=new in let n<=new in e
(FREsH) L niNeme T.n':Name;®, eq(n,n) = ffFe=¢

I @ - let n<=new in e = let n'<=new in e’

Figure 3.3: Rules for equational reasoning in the metalanguage (ll)
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The final three rules describe the behaviour of the computatian asserting that
unused names are ignored, the order of generating names is irrelevant, and new names are
distinct from all others. The choice of these particular rules is ratidroc in their favour
we argue that they are sufficient to carry through the interpretation of the nu-calculus, and
that there are models to validate them. Stronger versions of the first two are

I'e: TA T'kHe:TA

DROP*
(DROP) I'Fe=letz<e ine

(x: A" ¢T)

I'Fe:TA I'He :TA Dx:TA 2 :TA -¢e": TA"

T'F let x<=ein let x'<=e’ in e’ = let x'<=¢€’ in let x<=e in "

(SWAP")

These say that any computation whose value is unused may be discarded and that all
computations can be reordered. They are not essential to model the nu-calculus, and
would be false in a metalanguage extended to handle store or exceptions, for example.
Nevertheless, all the categorical models to follow satisfy them.

An equivalent formulation of the last rule (FRESH) is

I',b: Bool,n' : Namete:TA ' n: Name
I+ let n’<=new in e[eq(n,n’) /b] = let n'<=new ine[ff /b]

(FRESH)

The alternative candidate

I' =n: Name
I'F let n’<<=new in [eq(n,n')] = let n'<=new in [ff]

can be derived, but appears to be strictly weaker. In particular it is not strong enough
to complete the proof of Lemma 3.2 and hence Proposition 3.6, that the metalanguage
correctly interprets the nu-calculus.

As it stands the rule (FRESH) only allows for comparison of a new name with one
other. This is no restriction, as the following derived rule shows:

Lemma 3.2 For any finite set of term$n, ..., n;} of type Name the rule

I'nq,...,n; : Name [,n: Name; ®,eq(n1,n) =ff,...,eq(ng,n) =ff-e=¢

I'; @ - let n<=new in e = let n<=new in e

is derivable.

Proof We proceed by induction oh. The case: = 0 follows from the congruence rules
for new andlet. The rule (FRESH) is the cage= 1. Suppose then that we have derived
the rule fork and wish to prove the it fofk + 1). Simple equational reasoning gives

I,n: Name; ®, eq(ni,n) = ff,...,eq(ngr1,n) =ffHe=¢

F,?’L : Name; (1)7 eq(nl,n) = ﬁa ) eq(nk-‘rlv n) = ﬁ F COﬂd(@q<7’Lk+1, TL), €, 6/) =€
and also

I',n: Name; ®, eq(n1,n) = ff,..., eq(ng,n) = ff,
eq(ngs1,n) = ttF cond(eq(ngs1,n),e,e’) =e
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from which we can eliminateg(nx41,n) and obtain

[,n: Name; ®, eq(ni,n) =ff,...,eq(ngr1,n) =ffe=¢

Fvn : Name; q)a eq(nla n) = ﬁ? cee 6‘](”]@5 n) = ﬁ - Cond(EQ(nkJ-f-l?n)? ¢, el) =e
The induction hypothesis then provides the rule

I',n: Name; D, eQ(nlv n) = ﬁ? ) €Q(nk‘a n) = ﬁ - Cond(GQ(nk-f-l?n)? €, 6/) =e€
;@ F let n<=new in cond(eq(ngi1,n),e,€e') = let n<=new in e '

It is straightforward that

[',n: Name; ®, eq(ngy1,n) = ff + cond(eq(ngi1,n),e,e’) =€
which by the (FRESH) rule gives

[;® + let n<=new in cond(eq(ngy1,n),e,¢e’) = let n<=new in e’
Combining all these we have

[,n: Name; ®,eq(ny,n) =ff,...,eq(ngy1,n) =ffFe=¢

I'; @ F let n<=new in e = let n<=new in €

as required, and the proof is complete. O
The rule
I'Fnq,...,ng: Name I'by,...,b, : Bool,n: Namele: TA
'k let n<=new ineleq(ni,n)/bi, ..., eq(ng,n)/bg]

= let n<=new inelff /b1, ..., ff/bk]
extending (FRESH is also valid.

2 Interpreting the Nu-Calculus

Now that we have a metalanguage for reasoning about names and higher-order functions,
we describe a suitable interpretation of the nu-calculus. This must be chosen to respect
the operational semantics, in particular call-by-value function application and left-to-right
evaluation order. We use an extension of Moggi's call-by-value interpretation of the
simply-typed lambda-calculus in the computational lambda-calculus [68]. The translation
is correct with respect to the operational semantics of the nu-calculus, in both evaluation
and reduction forms.

Types are translated from the nu-calculus to the metalanguage according to:

[o] = Bool
[v] = Name
[ec — o] = [o] — T[o].

Function types use the constructBr the application of a function to a value may result
in a computation, that is, the generation of new names.

There are two mutually defined schemes that translate nu-calculus expressions into
terms of the metalanguage. Figure 3.4 describgsfor expressions in canonical form
and[—] for general expressions, name and variable contexts. The interpretation respects
types and substitution of values; it also treats reduction expressions and contexts in a
uniform way. The following results make this precise.
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Canonical forms:

[ = @
In| = n
|true| = 1t
|false| = ff
|[Az:o. M| = Xx:[o].[M]
Expressions:
[€1 = cl]
[if B then M else M'] = let b<=[B] in cond(b, [M], [M'])
[N =N'] = letn<[N]inletn’<[N']in [eq(n,n’)]
[vn.M] = let n<=new in [M]
[FM] = let f<[F]inletm<[M]in fm
Contexts:
[s,T] = mni,...,ng: Name, x1:[o1],...,2n : [on]
wheres = {nj,...,ng}
I' = {z1:01,...,2y: 0n}

Figure 3.4: Interpretation of the nu-calculus in the computational metalanguag

je
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Lemma 3.3 For any well-typed nu-calculus expressidh, or expressiorC' in canonical
form:

s, 'FM:0 <= [s']F[M]:T]o]
s, T'FC:0 < [sT]F|C|:][o].

Proof By induction over the structure of the type judgement in the nu-calculus, using
unigueness of types in the metalanguage. O

Lemma 3.4 If M € Exp,(s,'®{z:0}) andC € Can,(s,I") then
[s, TT F [M[C/x]] = [M][|C|/x]
in the metalanguage.

Proof By induction on the structure oM, using only the fact that equality in the
metalanguage is a congruence. O

Lemma 3.5 If M € Exp,(s,T") ands,I' - E(—:0) : ¢ is a reduction expression then
[s,T] F [E(M)] = let m<[M] in [E(m)]

and for any reduction context I' - R(—:0) : ¢’,
[s,T] F [R(M)] = let m<[M] in [R(m)].

Proof Consider for example the reduction expressiofl - (—)M : ¢/, and suppose that
F € Exp,_,..(s,I'). Then, using the equalities of the computational lambda-calculus,

[s,T]F let f<[F]in[fM] = let f<[F]inlet f'<[f]inlet m<[M]in f'm
= let f<[F] inlet m<[M]in fm
= [FM].

The other reduction expressions are similar. For the second result, we recall that a
reduction context is a nested series of reduction expressions, and proceed by induction
on the length of this series. Suppose that we already have the result for the reduction
contexts,I' = R(—:0) : ¢/, and thats,I" -