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Analysis with Bio-PEPA

Enzyme-Substrate example

Consider the simple Enzyme-Substrate reaction

kq ko
E+S = ES - E+P
k_1
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Analysis with Bio-PEPA

Formulation in Bio-PEPA

The kinetic functions
rn kl x E xS
r—i k_]_ x E:S
r k2 x E:S

The Bio-PEPA model
nl + r17 + nf
S |nl + rat
ES|ntT + ral + nl

M
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Discrete state-space

Discrete- nalysi: A e e
screte-state analysis Transient probability distribution

Discrete state-space of Enzyme-Substrate example

ki ko
E+S = ES - E+P
k_1

@ In the discrete stochastic domain we can consider the
state-space generated from initial numbers of molecules.
E.g (E,S,ES,P)=(5,5,0,0).

@ We consider the effect of each of the three reactions on the
four molecule counts E, S, E:S, P.
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screte-state analysis Transient probability distribution

Discrete state-space of Enzyme-Substrate example
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Discrete- nalysi: A e e
screte-state analysis Transient probability distribution

Probability distribution across the state-space

ky ko
E—|—5 = E.'S — E—|—P
k-1

@ If we know the initial molecule counts and the values of the
rate constants k; = 1.0, k_1 = 20.0 and k> = 0.05 we can
compute the probability of being in each state of the
state-space at all future time points.

e At time t = 0 we have Pr(5,5,0,0) = 1.
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Transient probability distribution at t =1
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Discrete-state analysis (g oo b robability distribution

Transient probability distribution at t = 2
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Discrete-state analysis (g oo b robability distribution

Transient probability distribution at t = 3

( 3878@—»@ 04982)

@ img@—( 04959)—»”.0 003301
ra( )n ()

( 02318@2»( 0148@2»( 00245)—»@ 0001@
© éon)@i»( gouéél»( (Sooisré—»r@l c()oogs@i»@ 000002)
r(ol.éooglréi»ré éoogar?l 2 o.(()oogzré—»r@l éoog@—»( éoog@—»( oooo@

Stephen Gilmore. LFCS, University of Edinburgh. Continuous-space analysis of Bio-PEPA models



Discrete state-space

Discrete-state analysis (g oo b robability distribution

Transient probability distribution at t = 4
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Transient probability distribution at t =5
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Discrete-state analysis (g oo b robability distribution

Transient probability distribution at t = 6
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Transient probability distribution at t =7
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Discrete-state analysis (g oo b robability distribution

Transient probability distribution at t =9
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Transient probability distribution at t = 20
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Discrete-state analysis (g oo b robability distribution

Transient probability distribution at t = 30
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Transient probability distribution at t = 40
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Discrete-state analysis (g oo b robability distribution

Transient probability distribution at t = 60
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Transient probability distribution at t = 70
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Transient probability distribution at t = 80
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Transient probability distribution at t = 90
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Transient probability distribution at t = 100

-y ry

@.005455 f2 @03509@

r-i r

( 0021@—»( 035029—»
ra( )N 1)

( 00032@2»( 01048@2»( 08935@—»@ 21566)
ra Y raC gn ol )n ral )

( oooo@i»( oom@l»( 0178@—»@ 1076@—»@ 207475)
ra Y raC Jn ral Jn ra( o )n

(.oooo@—»(. 00002@—»@00089@—»@ 0107@—»( 5517)@—»( 08527)

Stephen Gilmore. LFCS, University of Edinburgh. Continuous-space analysis of Bio-PEPA models



Discrete state-space

Discrete-state analysis (g oo b robability distribution

Transient probability distribution at t = 110

( 0035@—»@ 02598)

ra{ )N
( 0014@—»( 02593)—»”
ra_ )N (

( 0002@—»( 0073@2»( 07619@—»@ 21238)
ral Jrno oral Jn ol g ra( )

( oooo@i»( ooo77)l»( 0152@—»@ 105979—»@ 236647)
ra Y raC Jn ral Jn ra( o )n

(.oooo@—»(. oooo@—»@oom@—»@ 0105@—»( 5593@—»@ 11300)

Stephen Gilmore. LFCS, University of Edinburgh. Continuous-space analysis of Bio-PEPA models



Discrete state-space

Discrete-state analysis (g oo b robability distribution

Transient probability distribution at t = 120

( 0022@—»@ 0190@

)6 owo@—”
SIENE (

( 000139—»( 0053@2»( 0639@—»@ 20434)
ral Jrno oral Jn ol g ra( )

( oooo@i»( ooo5e)l»( 0127@—»@ 1019@—»@ 261722)
ral Y raC Jn ral Jn ol gn o ra )n

(.oooo@—»(. oooo@—»@oooe@—»@ 0101@—»( 06529@—»@ 1441:@

Stephen Gilmore. LFCS, University of Edinburgh. Continuous-space analysis of Bio-PEPA models



Discrete state-space

Discrete-state analysis (g oo b robability distribution
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Transient probability distribution at t = 170
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Transient probability distribution at t = 260
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Transient probability distribution at t = 270
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Transient probability distribution at t = 280
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Transient probability distribution at t = 290

( 00000)—»@ 00005)

( ooooo)—»( oooo@—»”
ra_ )N (

( 0000@—»( ooog@i»( 0011@—»@ 02247)
© éoog@i»( googorél»( (Sooz)zré—»r@l 5112@—»@ 183090)
E.éoogoré—:é SOO§JO§—>C§OO§I§—>'6 5011)@—»( 5463@—»( 72710)

Stephen Gilmore. LFCS, University of Edinburgh. Continuous-space analysis of Bio-PEPA models



Discrete state-space

Discrete-state analysis (g oo b robability distribution

Transient probability distribution at t = 300
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Transient probability distribution at t = 310
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Transient probability distribution at t = 320
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Transient probability distribution at t = 330
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Transient probability distribution at t = 340
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Transient probability distribution at t = 350
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The kinetic functions and the Bio-PEPA model

The kinetic functions
rn kl x E xS
r—i k_]_ x E:S
r k2 x E:S

The Bio-PEPA model

nl + ral + ni
S |nl + rat

ES|ntT + ral + nl
P r T

M
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The Bio-PEPA model and the differential equations

The Bio-PEPA model

E nl + ral + n
5 nl 4+ r17

E:S nt + r1l + nl
P rn

The differential equations
dE/dt | -n + r1 + n
dS/dt —n + r—q

dES/dt n = r—q = r
dP/dt r
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The differential equations and the Jacobian

The differential equations
dE /dt —ki x ExS+k 1 x ES+ k x E:S
dS/dt —kixExS+k 1 xES
dE:S/dt | ki X ExXS —k_1 x ES—ky x ES
dP/dt ky x E:S

The Jacobian

E S ES 3
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The differential equations and the Jacobian

The differential equations

dE /dt —ki Xx EXS+k_ 1 x E:S+ ky x E:S

dS/dt —kixExS+k 1 xES

dE:S/dt | ki X ExXS —k_1 x ES—ky x ES

dP/dt ko x E:S

The Jacobian
E S E:S P

E —ki xS —ki X E k1 + ko
S —kl x S —kl x E k_l
E:S kl x S kl x E —k,1 — k2
P ko
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Obtaining and using the Jacobian

@ The Jacobian (and Hessian and higher derivatives) are
computed automatically from the differential equations using
symbolic differentiation.
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Obtaining and using the Jacobian

@ The Jacobian (and Hessian and higher derivatives) are
computed automatically from the differential equations using
symbolic differentiation.

@ ODE solvers generally use finite differences to approximate the
Jacobian matrix if it is not supplied, but an implementation of
the analytically derived Jacobian can improve the speed,
accuracy and reliability of the program.

Stephen Gilmore. LFCS, University of Edinburgh. Continuous-space analysis of Bio-PEPA models



Differential equations and the Jacobian

. . Differential equation analysis
Continuous-space analysis

Obtaining and using the Jacobian

@ The Jacobian (and Hessian and higher derivatives) are
computed automatically from the differential equations using
symbolic differentiation.

@ ODE solvers generally use finite differences to approximate the
Jacobian matrix if it is not supplied, but an implementation of
the analytically derived Jacobian can improve the speed,
accuracy and reliability of the program.

@ Programs that compute bifurcations will use the Hessian and
higher derivatives.
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Differential equation analysis

Several different differential equation solvers exist.
@ SUNDIALS — ODE integrators in C
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@ Matlab — numerical computing platform
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Several different differential equation solvers exist.
@ SUNDIALS — ODE integrators in C
@ Matlab — numerical computing platform

@ MatCont — Matlab toolbox for continuation analysis
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Several different differential equation solvers exist.
@ SUNDIALS — ODE integrators in C
@ Matlab — numerical computing platform
@ MatCont — Matlab toolbox for continuation analysis
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AUTO — C and Fortran package for numerical continuation
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Differential equation analysis

Several different differential equation solvers exist.
@ SUNDIALS — ODE integrators in C
@ Matlab — numerical computing platform
@ MatCont — Matlab toolbox for continuation analysis
@ AUTO — C and Fortran package for numerical continuation

Different formats and languages for problem description.
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VFGEN: A Vector Field File Generator

@ VFGEN is a vector field file generator for differential equation
solvers and other computational tools.
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@ VFGEN is a vector field file generator for differential equation
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@ VFGEN lets you define your vector field once (using XML),
and export the vector field in several formats.
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VFGEN: A Vector Field File Generator

@ VFGEN is a vector field file generator for differential equation
solvers and other computational tools.

@ VFGEN lets you define your vector field once (using XML),
and export the vector field in several formats.

@ VFGEN uses a C++ symbolic algebra library (GiNaC) to
generate Jacobians and higher derivatives automatically.

@ Warren Weckesser.
VFGEN: A Code Generation Tool.

Journal of Numerical Analysis, Industrial and Applied Mathematics,
Volume 3(1-2):151-165, 2008.
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VFgen representation of the Enzyme-Substrate model

<?xml version="1.0"7>

<!—— VFgen model compiled from Bio— PEPA input file " mm" by

Bio— PEPA Workbench Version 0.9.8 " Hillel Slovak” [20— June— 2008] >
<VectorField Name="mm001" >

< Parameter Name="k1_." Description="k1" Latex="k_1" DefaultValue="1"/>
< Parameter Name="km1_" Description="km1" Latex="k_{—1}" DefaultValue="0.1"/>
< Parameter Name="k2_" Description="k2" Latex="k-2" DefaultValue="0.01"/>

< Expression Name="r1_" Description="r1" Latex="r_1" Formula=" k1. % E_ % S_"/>
< Expression Name="rm1_" Description="rm1" Latex="r_{—1}" Formula=" km1_ * E_colon.S_" />
< Expression Name="r2_" Description="r2" Latex="r_2" Formula=" k2. * E_colon.S_" />

< StateVariable Name="E_" Description="E" Latex="E" DefaultlInitialCondition="100"
Formula=" — rl_ 4 rml_ 4 r2." />

< StateVariable Name="S_" Description="S" Latex="S" DefaultlnitialCondition="100"
Formula=" — rl_ 4 rm1." />

< StateVariable Name="E_colon_S_" Description="E:S" Latex="\hbox{ \textit{E:S}}" DefaultlnitialCondition="0"
Formula="rl_ — rml_ — r2." />

<StateVariable Name="P_" Description="P" Latex="P" DefaultInitialCondition="0"
Formula="r2_"/>

<!—— End VFgen model compiled from mm ——>
< /VectorField >
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Analysing Bio-PEPA models with Matlab
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Analysing Bio-PEPA models with Matlab
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Conclusions

@ We now have some support for more general analysis of ODE
models generated from Bio-PEPA descriptions.
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@ We can now perform bifurcation analysis and continuation
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Conclusions

@ We now have some support for more general analysis of ODE
models generated from Bio-PEPA descriptions.

@ We can now perform bifurcation analysis and continuation
analysis on Bio-PEPA models.

o Useful for studying systems which oscillate.

e Can compute phase response curves
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Phase response curve

Responsa

o 02 0.4 06 08 1

@ A. Dhooge, W. Govaerts, Yu.A. Kuznetsov, W. Mestrom, A.M. Riet
and B. Sautois

MATCONT and CL_.MATCONT: Continuation toolboxes in Matlab
December 2006.
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Derivative of the phase response curve

dPRC

Derivative of response

@ A. Dhooge, W. Govaerts, Yu.A. Kuznetsov, W. Mestrom, A.M. Riet
and B. Sautois

MATCONT and CL_.MATCONT: Continuation toolboxes in Matlab
December 2006.
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Phase response curve

The phase response curve of a limit cycle, or PRC, is a
curve, defined over the period of the cycle, that
expresses, at each time of that period, the effect of a
small input vector on the cycle. In experimental
circumstances, this may correspond to injected current,
to the addition of more chemical agents, etc. A positive
value means that the current cycle is shortened in time, a
negative value means that the period is prolonged.

@ A. Dhooge, W. Govaerts, Yu.A. Kuznetsov, W. Mestrom, A.M. Riet
and B. Sautois

MATCONT and CL_.MATCONT: Continuation toolboxes in Matlab
December 2006.
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