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Abstract— The transition from free motion to contact is a
challenging problem in robotics, in part due to its hybrid
nature. Additionally, disregarding the effects of impacts at the
motion planning level often results in intractable impulsive
contact forces. In this paper, we introduce an impact-aware
multi-mode trajectory optimization (TO) method that combines
hybrid dynamics and hybrid control in a coherent fashion.
A key concept is the incorporation of an explicit contact
force transmission model in the TO method. This allows the
simultaneous optimization of the contact forces, contact timings,
continuous motion trajectories and compliance, while satisfying
task constraints. We compare our method against standard
compliance control and an impact-agnostic TO method in
physical simulations. Further, we experimentally validate the
proposed method with a robot manipulator on the task of
halting a large-momentum object.

I. INTRODUCTION

Safe and robust robot manipulation under switching dy-

namics still poses many challenges. Typically, manipulation

tasks require making and breaking contact with objects.

This results in challenges in motion planning and control

due to, among other factors, (i) the hybrid nature of the

problem [1] and (ii) the uncertainties that arises due to

contact dynamics [2].

Strikingly humans are not only competent in object manip-

ulation, but prefer to make contact with non-zero velocities

to achieve the task faster and smoother [3]. The two key

enablers to realise this are the ability to skillfully switch

between free-motion and contact [4], and the capacity to

shift between a variety of control mechanisms depending on

the stage of the motion and their associated uncertainties [5].

Recent hybrid Trajectory Optimization (TO) methods in

robotics [6], [7], [8] have demonstrated efficient methods for

multi-contact manipulation planning. Yet, it is not trivial to

transfer these behaviours robustly on to the hardware due to

the challenge of regulating the transitions between free mo-

tion and motion in contact, as well as dealing with imprecise

timing of the transition in the reference motions. To address

this, a number of hybrid control [9], [10] and compliance

control [11], methods have been proposed. However, given

the inherent limitations of the hardware [12], the impacts

that a stand-alone controller is capable of dealing with are

limited.
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Fig. 1. Experimental setup where the robot halts an object with a mass of
20 kg travelling at speed of 0.88 m/s.

In this work, we try to address this problem at the level

of ‘impact-aware’ manipulation planning. We ask ourselves,

”How could we plan hybrid motions, such that they are

easily executable by out-of-the-box controllers?”, which can

be re-framed as a problem of planning such that consistent

contact can be maintained during and after impact—even for

tasks with contacts at speed, i.e. moving objects. As a typical

example scenario, consider an agent that attempts to stop an

object in motion, as shown in Figs. 1 and 2. In such a case,

the agent needs to address the following challenges:

• Plan discontinuous motions through contact events and

physical impacts, which may result in state triggered

velocity jumps described by jump maps [13], i.e., jointly

plan continuous motions (flows) and contacts (jumps) to

perform a task.

• Track discontinuous reference motions, where the actual

time of the jumps (impact) may not coincide with the

jump time (impact time) of the reference motion.

A number of motion planning methods have investigated

impact related problems. In [14], [15], non-zero velocities at

contact were avoided to exclude impact events. In [16], a QP

controller ensured that unexpected impacts will not violate

joint limits. They all resulted in either conservative motions

or required a priori knowledge of the exact time of impact.

Catching motions were demonstrated based on learned

dynamical systems [17] and with TO methods [18]. However,

the mass of the intercepted objects was negligible and contact

was realized by caging the object. We consider objects with

large size and mass, and contacts that can break anytime.

In this paper, we address the two challenges mentioned

above with a coherent contact-invariant TO method that

plans ‘impact-aware’ hybrid motions, while the control input

results from a hybrid controller capable of absorbing impacts.



The hybrid controller is based on compliance control that

allows to mitigate the peak error due to the mismatch in time

between reference and actual impact. Our TO method results

in hybrid motions that are inline with the hybrid controller

capabilities, while the controller’s parameters (e.g. stiffness)

are simultaneously optimized, as in [9].

The core insight is based on the duality between the impact

model used and the capabilities of compliance controllers

available in the latest collaborative robots. By modulating the

robot’s end-effector compliance, we can emulate a number of

different types of collisions ranging from elastic to in-elastic,

and deduce the optimal force transmission model given the

system’s limitations, e.g. workspace limits.

The contributions of our work are:

• A parametric programming technique to encode both

hybrid dynamics and hybrid control in a single multi-

mode trajectory optimization formulation.

• A generic impact model formulation based on a second-

order critically damped system to generate smooth

contact forces and simultaneously optimize the stiffness.

• A multi-mode trajectory optimization framework that

can deal with both multi-contact motion planning and

contact force generation for impact-aware manipulation.

This paper is organized as follows: Section II provides

the background on systems with hybrid dynamics and hybrid

control and reviews related work on hybrid motion planning.

The details of the proposed contact force transmission model

and TO method are given in Section IV. Section V presents

the evaluation of the method and the experimental results.

Finally, Section VI discusses current limitations and future

directions.

II. BACKGROUND

A. Hybrid dynamic systems

As described in Section I, motion planning concepts for

manipulation are often based on trajectories that guide an

object to its desired state. In this work, we consider a

class of systems where the trajectories include discontinuous

transitions between different contact states. Similar to [6],

[19], we describe systems with hybrid dynamics as

ẋ(t) = fk (x(t),u(t),v(t)) , if (x(t),u(t)) ∈ Dk, (1)

where x(t) ∈ R
n is the state of the system, u(t) ∈ R

m is

the control actions of the plant, v(t) ∈ R
ν is the control

input applied on the environment, n,m, ν ∈ R define the

dimensions of each quantity and k ∈ {0, 1} indexes to the

different sets Dk. Each Dk ⊂ R
n×m defines the domain

(relative to x(t) and u(t)) of a contact state, i.e. free-motion

or in-contact. Note that (1) defines both the plant’s and

environment’s dynamics.

For dynamic robot manipulation with contact changes, a

number of TO methods [7], [20], [21] have been proposed.

The underlying formulations have been borrowed from the

locomotion domain [22], [23] and can be separated into two

classes. The contact-implicit [22] and the multi-phase [23]

or multi-mode [6] approaches. The former requires special
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Fig. 2. Pictorial description of the multi-mode TO for the task of halting
a moving object.

attention to the relaxation of the problem to avoid spurious

local minima [24]. The latter enables us to obtain a smooth

NLP [24] given a mode sequence, which can be obtained

from an outer-level process [6]. In [6], each mode is associ-

ated with the ”contact activity” (physical interaction between

objects), is specified via path constraints and furthermore, the

modes used can be contact, kinematic and stable. Here, we

adopt the latter paradigm as the sequence of modes is fixed

and it admits a general notion of modes [6] not limited to

on / off contact.

TO methods for contact planning transcribe the state and

the control input of the system, which entails that forces

are optimization variables too. Although [25] indicated that

simply planning contact forces based only on the contact

state does not suffice towards making stable contact and

pointed out the importance of an accurate force model during

contact transitions, most previous works neglected this aspect

of the problem. Typically, a number of assumptions were

made to transfer the motion plans to the robots. In [21],

purely inelastic collision was assumed to impose no-rebound

condition, while in [20], a variable smooth contact model

was used that allows virtual forces from distance. Thus, a

natural design question arises regarding the choice of the

contact force transmission model. Such a model can be used

to constrain the control inputs and could also be conditioned

on the current mode of the system.

B. Hybrid control systems

Hybrid control is useful when dealing with systems that

require multiple separate controllers, e.g. Ott et al. [26]

proposed a hybrid force controller for switching between

impedance and admittance controllers. In this work, different

control modes are used for the deformation and the restitution

phases, shown in Fig. 3. Similar to [8], [27], we describe

systems with hybrid control as

v(t) = hl (u(t)) , if (u(t)) ∈ Tl, (2)

where l ∈ Z indexes to a selected set Tl ⊂ R
m. Each Tl

corresponds to a controller type, e.g. impedance, admittance,

direct force-control. (2) specifies the transformation from the

plant’s control actions to the environment’s control inputs.



III. PROBLEM FORMULATION

One can observe from (1) and (2), that the investigated

system has a variety of different contact states and controllers

that can alter the system’s behaviour along the time axis.

We refer to a single combination of a contact state and a

controller as a mode of the system. The proposed notion for

contact-control modes is similar to the notion of physical

interaction modes introduced in [6] (see Section II-A). Here,

we only consider a limited number of contact states as

physical interaction modes, but we extend the notion of mode

by considering a variety of different controllers.

The sequential arrangement of these modes zj =
{(kj , lj)} defines the outline of the trajectory, while for

each different sequence of contact-control modes z :
{z0, z1, ...zJ} there is a different optimal solution of state
∗x(t) and control ∗u(t) trajectories. J ∈ Z

+ describes the

total number of modes of the trajectory.

Given a mode sequence, the multi-mode trajectories de-

scribed by (1) and (2) can be explicitly expressed as a

function of the initial state and the plant’s action sequence.

Inspired by [6], [8], [19], we think of impact-aware manipu-

lation planning as a special form of Parametric Programming

(PP) [28], where the sequence of modes z is encoded in the

problem as

min
x(t),u(t),v(t)

c (x(t),u(t),v(t), z) (3a)

s.t. ẋ(t) = f (x(t),u(t),v(t), z) , (3b)

v̇(t) = h̃ (u(t), z) , (3c)

g(x(t),v(t),u(t), z) ≤ 0. (3d)

(3a) - (3d) are piecewise functions from which the appropri-

ate piece (interval) can be selected based on z. (3a) defines

the objective function, and g(·) in (3d) represents both the

equality and the inequality constraints of the system. It is

worth pointing out that Optimal Control (OC) problems with

hybrid dynamics are usually written as in (3), excluding (3c),

while OC problems with hybrid control are usually written

as in (3), excluding (3b). The formulation above defines an

OC problem where both dynamics and control are hybrid.

Further, we enforce (2) as a dynamical system through (3c).

The details on this decision are given in the next section.

Next, we consider one instantiation of such a problem—

characterised as halting a moving object. For this task, the

robot has to be initially soft to absorb the impact and then,

stiff to accurately manipulate the object.

IV. IMPACT-AWARE MOTION PLANNING

A. Impact model

In scenarios where two objects collide (contact transition)

with non-zero relative velocity, an impulsive force results.

The velocity discontinuity between pre-impact and post-

impact is described with the following relationship

M
(

v+ − v−
)

= Λδt, (4)

where M is the mass of the system, v− and v+ are the pre-

impact and post-impact relative velocities, respectively. Λ is

the impact force and δt ≃ 0 is the impact’s duration.
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Fig. 3. Correspondence between Newton’s restitution model and the mass-
spring-damper system.

For a moving object that experiences an impact, the

dissipated energy—due to the impulsive force—during the

collision is

EΛ =
1

2
Mv−

2 − 1

2
Mv+

2
. (5)

In this paper, we adopt the mass-spring-damper system to

model real-world collisions [29]. The equation of motion for

a mass-spring-damper system shown in Fig. 3 is written as

Mẍ+Bẋ+Kx = −Mg, (6)

where K,B,M are the stiffness, damping and mass respec-

tively; g is gravity and x is the state of the system. The

energy dissipation of such a system is caused by the damper

and can be calculated as follows

Ep =

∫ δt

0

Bẋdx =

∫ δt

0

Bẋ2dt. (7)

Thus, by equating (5) with (7), we can model the energy loss

during impact with a spring-damper system [29], where the

dissipated energy during deformation and restitution stages

(see Fig. 3) is related to both stiffness and damping.

In addition, based on [29], [30], the characteristics of the

physical system such as duration of impact and restitution

coefficient1 can be related to the mass, damping and stiffness

parameters of the mechanical system. We utilize this obser-

vation to accurately emulate the physical interaction through

the impedance controller of the manipulator. As shown in

Fig. 3, the negative contact is defined as the deformation

stage during which the contact force for making a stable

contact is generated. The positive contact is defined as the

restitution stage which generates the contact force for the

manipulation tasks, such as pushing an object away. We

encode these two stages of the contact as

l =

{

−1, v− → 0
1, 0 → v+.

(8)

In terms of impact-aware manipulation, the stiffness

should be minimized during negative contact while it should

be maximized during positive contact, to achieve accurate

manipulation. These contact stages are encoded in (3) in

the form of controllers according to (2). In this way, the

controller parameters (stiffness) are optimized to conform

with the different stages of the contact.

1The restitution coefficient value ǫr = 1 represents a perfectly elastic
collision, 0 ≤ ǫr ≤ 1 represents a real-world inelastic collision. ǫr = 0

represents a perfectly inelastic collision.



B. Contact force transmission model

For a smooth transition from free-motion to contact, the

contact duration and contact force profile should obey the

impact model shown in Fig. 3. As such (6) becomes

M∆c̈+B∆ċ+K∆c = fd, (9)

where fd is the desired contact force, ∆c, ∆ċ, and ∆c̈ are

the deformed position, velocity and acceleration.

In order to plan smooth contact force without oscillations,

we model the force transmission as a second-order critically

damped dynamical system (cd-DS). A cd-DS [31] was first

used to guarantee that the motor position is tractable, and it

was further used to provide constraint consistent output for

any admissible input. In this paper, we formulate a cd-DS

for contact force transmission as

f̈(t) + 2αḟ(t) + α2f(t) = α2fd, (10)

where the contact force f(t) satisfies f(t) ∈ [0, fd], while ḟ(t)
and f̈(t) are its first and second derivatives. For any α > 0,

the contact force f(t) is critically damped.

Additionally, we enforce the second-order contact force

transmission model (10) to have the same characteristics as

the impact model (9), i.e. the same natural frequency ωn

and damping ratio ζ. Give that the K∆c = f,∆ċ ≈ 0 and

∆c̈ ≈ 0 at the maximum deformation point of (9) and the

Laplace transform of (9) and (10),

∆c =
1

Ms2 +Bs+K
fd =

K
M

s2 + B
M
s+ K

M

fd
K
, (11)

f(t) =
α2

s2 + 2αs+ α2
fd, (12)

we can obtain the following relationship between parameter

α and the parameters of the impact model (9):

α =

√

K

M
, (13) B = 2

√
MK. (14)

Thus, given the mass of the object and the stiffness

parameter we can obtain the cd-DS parameter α. Further,

for the differential equation (10) with output f(t), input fd
and damping factor ζ = 1, we can obtain the relationship

between α and settling time ts (within 5%, ts ≈ 3.0
ωnζ

= 3.0
α

).

This reveals that α is coupled to the contact duration. Also,

the feasible contact duration is related to the velocity of ob-

ject and the workspace of the robot; thus, α should be limited

according to the attributes of the physical system. In the

multi-mode TO (see next section), both α—i.e. stiffness—

and contact duration are optimized to satisfy the workspace

limits of the robot.

Simultaneously, the mass-spring-damper system which

establishes the relationship between force and position is

also adopted in the impedance control to regulate the op-

erational force of the manipulator. To achieve fast tracking

performance without oscillation with such a controller, the

mass, damping and stiffness parameters of (9) need to form

a second-order critically damped system. Thus, based on

the optimized parameter α, the optimal inertia, damping and

stiffness of the impedance controller are obtained from (13)

and (14) which satisfy the critically damped constraint. This

enables impact-aware contact transitions and fast contact

force tracking performance without oscillations.

C. Multi-mode trajectory optimization for hybrid systems

To solve the continuous optimization problem in (3), we

discretize the trajectory according to direct transcription [32].

The transcription of our hybrid parametric optimization prob-

lem is an extension of the phase-based parameterization used

in our previous work [7] and is similar in spirit to [6]. For

each ith knot2, the decision variables are (i) the pose of

the object yi, (ii) the velocity of the object ẏi ∈ R
ν , (iii)

action timings ∆Ti, (iv) the end-effector’s position ci, (v)

the contact force fi and the cd-DS parameter α. We group

these quantities into three vectors

xi =
[

yi ẏi ci ċi c̈i
]T

,
(15)

ui =
[

αi ∆Ti

]T

,
(16)

vi =
[

fi ḟi f̈i
]T

,
(17)

where ∀i ∈ N, the trajectories of xi, ui and vi describes a

multi-mode motion. In addition to the decision variables, the

transcription of the continuous problem can be customized

through the mode sequence z. This results in a TO problem

that is separated into modes with different constraints.

Mode-free constraints: Here we introduce all the con-

straints that are applied independently to the modes of the

trajectory, i.e., constraints that are free of parameter set z.

We note that ψc ∈ R
2ν defines the reachable area of the

agent’s end-effectors, referred to as workspace.

• Initial state of the object: y0 = y∗
0 and ẏ0 = ẏ∗

0 .

• Desired final state of the object: yN = y∗
N and / or

ẏN = ẏ∗
N .

• Kinematic limits of the end-effector: ci ∈ ψc, approxi-

mated with box bounds.

• Lower and upper bound on time between each knot:

∆T l ≤ ∆Ti ≤ ∆Tu, ∀i ∈ {0, ..., N}.

Mode-conditioned constraints: The set of contact-control

modes allows to specify the subset of constraints needed

to be satisfied at each discretization point (knot). Here,

we organize the description of the constraints into time-

dependent and time-independent constraints, respectively.

a) Time-dependent: (3b) describes the dynamics of the

system, which includes both the dynamics of the object and

the motion of the end-effector. We note that the object’s

dynamics fo(·) ∈ R
2ν and the end-effectors’ motion fe(·) ∈

R
ν are integrated using trapezoidal quadrature. Additionally,

(3b) depends on the current mode and therefore, will be

written in a piecewise form.

Object’s dynamics: As discussed in Section II, when

k = 0, the object is in free motion while when k = 1, the

object is in contact. According to the above, the dynamics

2Knots are the discretization points of the transcribed continuous problem.



of the object are described by
[

yi+1

ẏi+1

]

=

{

fo(yi, ẏi, ci,∆Ti), if ki = 0,
fo(yi, ẏi, ci,∆Ti, fi), if ki = 1,

(18)

while (18) for k = 1 in more detail is
[

MI 0
0 J

]

ÿi +

[

Mg

ẏω
i × (J ẏω

i )

]

=

[

I

ĉi

]

fi, (19)

where M ∈ R and J ∈ R
ν×ν
≥0 are the mass and inertia of

the object, I is the identity matrix, g is the acceleration due

to gravity, ẏω
i is the object’s angular velocity, and we refer

to the cross product matrix formed by the input vector with

(̂·). With (19), the hybrid nature of the system’s dynamics is

evident (see Section II-A). If k = 1 the RHS of (19) remains

while if k = 0, the RHS of (19) disappears.

End-effector’s motion: When planning motions with

impacts, particular care needs to be taken while enforcing

the integration constraints of the motion [13]. The motion of

the end-effector is described with the following function

[

ci+1

ċi+1

]

=







fe(ci, ċi, c̈i,∆Ti), if ki = 0 or 1
fe(ci, ċi,∆Ti), if ki = 0, ki+1 = 1
fe(ci, ċi,∆Ti), if ki = 1, ki+1 = 0

(20)

where time integration from accelerations to velocities needs

to be skipped at specific mode transitions, similar to [10].

These transitions are the making and the breaking of contact,

which are liable to impact and are noted by ki = 0, ki+1 = 1
and ki = 1, ki+1 = 0, respectively. By omitting c̈ at these

transitions, velocity jumps are possible. Hence, the space of

solutions of the mathematical program includes state jumps,

typically described with jump maps [13]. Note that we need

to omit the time integration of the plant, but not the one of

the object. The forces in (18) are unbounded (can trigger

velocity jumps), while the accelerations of the plant need

to be bounded—which constrains velocity changes (curb

velocity jumps)—according to the capabilities of the plant.

Contact force transmission: Based on the impact model

and the contact force transmission model, the forces of the

TO are generated according to the following differential

equation
[

ḟi

f̈i

]

=

[

0 1
−αl

2 −2αl

] [

fi

ḟi

]

+

[

0
α2

l

]

fd. (21)

According to (21), the contact force transmission model is

parameterized by only one parameter αl. Hybrid control (see

Section II-B) is realized with two controllers (i) l = −1 and

(ii) l = 1, one for each contact stage defined in (8). For each

controller, αl is optimized to modulate the contact time and

contact force profile. Furthermore, based on the relationship

between α and K in (13), the stiffness characteristics are also

optimized in a coherent way through αl—without separating

the contact scheduling from stiffness modulation into two

levels as in [33].

b) Time-independent: These constraints are grouped

with respect to the modes of the trajectory.

Free-motion mode (k = 0):

• End-effector away from object: d(ci,yi) > 0, where

d(·) ∈ R is the signed distance between the end-effector

and the object.

Contact mode (k = 1):

• Permissible contact forces: ψ(fi) ≥ 0.

• End-effector at the contact point: d(ci, gpt) = 0,

where gpt ∈ R
ν is the defined desired contact point on

the object’s surface.

Next, further design choices of this TO problem are listed.

Permissible contact forces: These forces should be uni-

lateral and should lie inside the friction cone. We choose to

enforce these constraints using the vertex representation [34].

Representations: The end-effector’s position is repre-

sented relative to the world in Cartesian coordinates. The

object’s surface is represented with a closed cubic spline [7].

Input variables and hyper-parameters: The two required

input variables are the sequence of contact-control modes

z and the description of the manipulation task. The latter

is expressed as the initial
[

y∗
0 ẏ∗

0

]

and the goal state
[

y∗
N ẏ∗

N

]

of the object. Other type of specifications can

be embedded either via the cost function c(·), e.g. minimize

duration of motion, or via the constraints g(·), e.g. set

forbidden regions of the workspace. Further, to solve the

TO problem, the number of knots N needs to be specified.

V. ABLATION STUDIES AND EXPERIMENTS

In this section, we first perform a simulation ablation study

on methods that could halt a moving object. We investigate

whether standard compliance controllers can reduce the

contact force by tuning their compliance parameters. We also

study the effects of realizing the motion plans obtained by

TO methods in physical simulation. Specifically, we compare

an impact-agnostic method against the impact-aware method.

Next, we report computational results in which contact force

profiles are optimized to satisfy both workspace limits of

the robot and the task of manipulating a large-momentum

object. Last, we evaluate the proposed method with real-

world experiments and compare against standard compliance

control. See the attached video3 for a physical simulation and

robot experiments of impact-aware manipulation tasks.

Implementation setup: We use CasADi [35] and its

automatic differentiation capabilities to realize the multi-

mode TO method. Motion planning is done in the task space

and the motions are projected into the configuration space of

the robot with IK. All simulations are conducted on a 64-bit

Intel Quad-Core i9 3.60GHz computer with 64GB RAM and

are realized with the Bullet physics simulation library.

Simulation setup: The task is to halt a moving object, as

shown in Fig. 4. The object’s mass is 20 kg and its velocity

is [0.0 0.65 0.0] m/s. There is no sliding friction between

the object and the table, while the contact is rigid.

A. Standard compliance control

In the first ablation scenario, the manipulator attempts to

halt the moving object only utilizing a compliant controller.

The desired contact force is 0 N . This means that the robot

3Link to video: https://bit.ly/338BTY1



(a) (b) (c) (d)

Fig. 4. In these keyframes the robot halts a moving object travelling with 0.65 m/s. The cyan transparent box is an illustration of the robot’s workspace.
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Fig. 5. Impact-agnostic versus impact-aware. Relative distance between
object and the end-effector (a) for both methods. (b) and (c) show planed
and measured in simulation contact forces for each method.

will remain still till contact occurs and then, it will give

in according to the selected compliance characteristics. We

explored a set of different mass-spring-damper parameters,

yet independently of the parameters—as there is no pre-

contact motion by the robot, the speed of the object at impact

is v− = 0.65 m/s—the resulting impact force is ≈ 680N
and the force profile is similar to ones shown in Fig. 10.

Such impact force can be catastrophic for the real robot and

the object and may lead to a failure to effectively control the

object.

B. Impact-agnostic vs Impact-aware methods

Impact-agnostic is a term we use to refer to TO methods

that plan the contact force solely on the complementarity

condition [7], [20], [21], while the impact-aware TO is

realized with the multi-mode TO that utilizes the proposed

contact force transmission model (see Section IV-B). In the

second ablation study, we compare these two methods on

the same halting task. The computation time for the impact-

agnostic method is on average 63 ms and for the impact-

aware 141 ms. In Fig. 5a, we show the relative distance

between object and the end-effector. For the impact-agnostic

method, the contact transition is abrupt and drives the object

away from the manipulator (t ≈ 1.2s). For the proposed

method, the contact transition is smooth and results in stable

contact. The reason behind the two different outcomes is

the planned force profiles displayed in Figs. 5b and 5c. The

impact-agnostic method plans a single impulsive force with

duration δt ≈ 0.15s—similar to [21]—which stops the object

abruptly. The planned force cannot be tracked accurately,

which results in an even higher impulsive force. In contrast,

due to the enlarged duration (δt ≈ 0.9s) of the planned

force, our proposed method generates tractable force profiles

that smoothly halt the object. It is worth noticing the scale

difference of the y axis in Figs. 5b and 5c.

C. Halt-Push the object with multi-mode TO

Here, the task is altered. In addition to the task of halting

the object, the manipulator needs to push it back to a desired

location. The initial object’s velocity is [0.0 0.4 0.0] m/s.
This task emphasizes the stiffness regulation capability of the

proposed method. We report the optimized αl and contact

force profile that simultaneously satisfy the task and the

workspace limits of the robot. The computation times for

these evaluation are between 96 ms and 512 ms.

In Fig. 6, we display the planned contact force profile

for a number of different workspace limits (box bounds)

and a number of different desired positions for the object.

For the same desired position 0.8 m, if the workspace

limit of the manipulator is increased, the optimized α−1

(halting stage) gradually decreases from 7.72 to 2.23, while

α1 (pushing stage) remains at the maximum value of 20.

Also, the contact duration is increased and the maximum

contact force is decreased. On the other hand, by reducing

the workspace limit towards zero, the planned force becomes

an impulsive force–similar to impact-agnostic methods. For

a fixed workspace limit 0.5 m, if object’s desired position is

varied from 0.8 m to 0.4 m, the maximum contact force

decreases, while α−1 (halting stage) gradually decreases

from 2.23 to 1.75 and α1 (pushing stage) remains at the

upper bound value 20. In these cases, the contact duration is

similar and only the force magnitude is adapted.

Furthermore, in all cases, due to the individual stiffness

regulation for each contact stage based on αl, the planned

contact force increases slowly to refrain from impacts during

the halting stage (l = -1), while in the pushing stage (l = 1)

the planned contact force increases rapidly in order to push

the object to the desired position.
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D. Robot experiments

We validate our approach in a real setting with the KUKA

LWR arm and the Vicon motion capture system, where the

latter is used to measure the position of the object in real

time. The experimental setup is shown in Figs. 1 and 7.

The object is 20 kg and its initial position on a slope

accelerates it to an initial velocity. Once the object arrives in

a predefined position range—based on measurements of its

position—we estimate its velocity and acceleration on-the-

fly. These are estimated by fitting a rolling friction model

with the coefficient of determination being in the range

0.5 ≤ r2 ≤ 0.8, which implies that there is uncertainty in the

motion estimation. These estimated values are then passed on

to the impact-aware method, which predicts (by integration)

the future motion of the object, and computes an optimal

motion plan in less than 150 ms to halt the object within

the workspace limits. The position and stiffness profiles of

the motion plan are streamed to the robot, such that, the

joint position with Cartesian stiffness control mode of the

KUKA LWR arm tracks the optimal motion. The impact-

aware position trajectory is optimized in the task space and

is realized on the robot in an open-loop fashion after being

mapped to the configuration space using IK, along with the

task space stiffness trajectory. The manipulator is controlled

at 200 Hz, while the Vicon tracking runs at 100 Hz. The

material of end-effector is stiff to have rigid contact.

In Fig. 8, we report the measured contact force obtained

by an ATI F/T sensor at 100 Hz. The object travelled at

the speed of approx. 0.66 m/s and the proposed method

halts its motion with a maximum force less than 20 N
in a full workspace scenario, and less than 30 N with

reduced workspace (see video). As a baseline—similarly

to Section V-A—we report the measured force with a very

soft configuration (K = 10 and λ = 1) of the LWR arm’s

compliance controller. In this case, the maximum impact

force is 199.47 N (see Fig. 10), which is 10 times larger

than the one shown in Fig. 8.

Furthermore, to emphasize the capabilities of the method,

we consider the same object with a speed of 0.88 m/s. The

positions of the object and the end-effector are shown in

Fig. 9 to display their alignment, while the contact force is

spread-out as shown in Fig. 8. For these initial conditions the

contact force remains smaller than 55 N , while the baseline

is omitted in order to avoid stressing the hardware.

VI. CONCLUSION

This paper presents a novel impact-aware multi-mode

Trajectory Optimization method that encodes both hybrid

dynamics and hybrid control in a single formulation. This

enables planning smooth transitions from free-motion to

contact at speed. The method uses the proposed contact force

transmission model to compute the optimal halting motion

and stiffness profile that respect hardware’s limitations such

as force and workspace limits. We evaluated the method

both in simulation and real-world experiments for a task of

halting a large mass and fast moving object with a compliant

robot. Both results demonstrate that the proposed method

enables much lower contact transition forces than standard

compliance controllers and impact-agnostic TO methods.

Currently the robot computes the impact-aware trajectories

online, but executes them in open-loop, requiring fairly

accurate estimation of motion parameters such as velocity

and rolling friction. Future aspirations include extending the

framework to a bimanual setup, towards manipulating flying

and tumbling objects. To realize this aspiration, we will

explore extending the proposed framework to a fully closed

loop MPC implementation.
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[12] S. Haddadin, A. Albu-Schäffer, and G. Hirzinger, “Requirements for
safe robots: Measurements, analysis and new insights,” The Interna-

tional Journal of Robotics Research, vol. 28, no. 11-12, pp. 1507–
1527, 2009.

[13] R. Goebel, R. G. Sanfelice, and A. R. Teel, “Hybrid dynamical
systems,” IEEE control systems magazine, vol. 29, no. 2, pp. 28–93,
2009.

[14] L. Yan, Y. Yang, W. Xu, and S. Vijayakumar, “Dual-arm coordinated
motion planning and compliance control for capturing moving objects
with large momentum,” in International Conference on Intelligent

Robots and Systems (IROS). IEEE, 2018, pp. 7137–7144.

[15] W. Amanhoud, M. Khoramshahi, and A. Billard, “A dynamical system
approach to motion and force generation in contact tasks.” Robotics:
Science and Systems (RSS), 2019.

[16] Y. Wang and A. Kheddar, “Impact-friendly robust control design with
task-space quadratic optimization.” Robotics: Science and Systems
(RSS), 2019.

[17] S. S. M. Salehian, M. Khoramshahi, and A. Billard, “A dynamical
system approach for softly catching a flying object: Theory and
experiment,” IEEE Transactions on Robotics, vol. 32, no. 2, pp. 462–
471, 2016.

[18] R. Lampariello, D. Nguyen-Tuong, C. Castellini, G. Hirzinger, and
J. Peters, “Trajectory planning for optimal robot catching in real-time,”
in IEEE International Conference on Robotics and Automation, 2011,
pp. 3719–3726.

[19] T. Marcucci, R. Deits, M. Gabiccini, A. Bicchi, and R. Tedrake,
“Approximate hybrid model predictive control for multi-contact push
recovery in complex environments,” in IEEE-RAS International Con-

ference on Humanoid Robots (Humanoids). IEEE, 2017, pp. 31–38.
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