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What is Information Visualisation ?
● Visualising discrete data with no or minor spatial 

information 

● Visualisation of important information contained in abstract 
data types (trees, graphs) 

– Needs to be intuitive  
– Such that people can easily and quickly understand  

● Tools for  
– Extraction of information from the data 
– Discovery of new knowledge
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Overview
● Information Visualisation 

– Univariate, bivariate, trivariate, multi-variate data 
– Relations visualized by trees, and graphs 
– Document visualization
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Data types
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Univariate Data, Bivariate Data
• Data samples with one or two attributes 
• Can use scatter plots, histograms
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Trivariate Data
Scatterplots 
Scatterplot matrix 

Not clear if D is more expensive 
Than B and C
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Trivariate Data
Scatterplot Matrix : Visualizing the relations of every 

two variables 
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Multivariate Data
Parallel Coordinates 
Star plots 
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Parallel Coordinates
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Parallel Coordinates

Car data :  
http://eagereyes.org/techniques/parallel-coordinates
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Parallel Coordinates

Direct correlation 
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Parallel Coordinates

Inverse Relations 
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Brushing
Select some data using one of the coordinates 
Brushing years 1980 to 1982  
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Brushing
Brushing the years 1970 to 1972 
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Limitations 
Visual clutter  

- Many lines cluttered together making it impossible to see 
anything  

-  Too many dimensions make things difficult to see



CAV : Lecture 18

16

Solutions
• Re-ordering the axes to make the correlated 

coordinates adjacent to each other 
• Negating the coordinates such that the inverse 

correlation becomes direct correlations 
• Clustering the axes 
We can use the biclustering algorithm that considers 

both the samples and the dimensions 
Watanabe et al. 2015
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Figure 1: Screenshot of our system interface for finding correlated subspaces based on biclustering. (a) Classical parallel coordinate plot (PCP).
(b) Clustered PCP. (c) Contracted PCP. (d) Block matrix diagram. (e) History tree. (f) Objective function value.

ABSTRACT

Exploring feature subspaces is one of promising approaches to an-
alyzing and understanding the important patterns in multivariate
data. If relying too much on effective enhancements in manual in-
terventions, the associated results depend heavily on the knowledge
and skills of users performing the data analysis. This paper presents
a novel approach to extracting feature subspaces from multivari-
ate data by incorporating biclustering techniques. The approach
has been maximally automated in the sense that highly-correlated
dimensions are automatically grouped to form subspaces, which
effectively supports further exploration of them. A key idea be-
hind our approach lies in a new mathematical formulation of asym-
metric biclustering, by combining spherical k-means clustering for
grouping highly-correlated dimensions, together with ordinary k-
means clustering for identifying subsets of data samples. Lower-
dimensional representations of data in feature subspaces are suc-
cessfully visualized by parallel coordinate plot, where we project
the data samples of correlated dimensions to one composite axis
through dimensionality reduction schemes. Several experimental
results of our data analysis together with discussions will be pro-
vided to assess the capability of our approach.
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1 INTRODUCTION

With the rapid proliferation of high-performance computing and
measurement facilities, the simulated/measured numerical datasets
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have been in common getting bigger and more complicated at an
accelerated pace. A larger number of samples with higher preci-
sion and more associated attributes would deserve being analyzed,
whereas it would become much harder for the data analysts to ex-
tract the important patterns due to their overwhelming structural
complexity. Indeed, pursuit of effective mechanisms that allow the
analysts to explore feature subspaces from the given dataset can be
thought of as a central research topic in the current visualization
and VAST communities [24, 31]. If relying too much on effective
enhancements in manual interventions, as seen in several conven-
tional approaches [24, 31], the associated results depend heavily on
the knowledge and skills of the data analysts.

This paper therefore builds upon biclustering techniques to come
up with a novel approach to extracting feature subspaces from
multivariate data [7, 17]. Unlike the conventional approaches,
highly-correlated dimensions are automatically grouped to form
subspaces, where we project the data samples of the correlated di-
mensions to one composite axis through dimensionality reduction
schemes. To achieve simultaneous clustering of highly-correlated
dimensions and data samples, we derive a novel asymmetric bi-
clustering method that combines spherical k-means clustering for
grouping highly-correlated dimensions [4, 3], together with ordi-
nary k-means clustering for identifying subsets of data samples. A
progressive style of visual exploration of subspaces, coupled with
graceful elimination of uncorrelated blocks of subspace, can lead
effectively to lower-dimensional representations of data in feature
subspaces, which are successfully visualized by parallel coordinate
plot (PCP) and its recent variants ameliorating intrinsic visual clut-
ter artifacts.

Figure 1 shows a screenshot of our system interface of coordi-
nated view, where a synthetic 12D dataset is being analyzed with
the proposed approach. After two noisy dimensions and a small
cluster of data samples have been identified and removed from the
original dataset, the remaining 10D data are visualized with clas-
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K-Means Clustering

Figure 2: Visual analytic framework of correlated subspace mining.

data since their characteristics are implicitly smoothed out as the
dimension increases, and visual clutter occurs when projecting the
data to the limited screen space. Thus, they aim to reduce the num-
bers of dimensions and data samples in order to extract global pat-
terns through exploring significant correlation in the multivariate
data. To achieve this, we develop a block modeling framework
where each block represents a group of highly-correlated dimen-
sions and data samples in the dataset, so that we can provide an
efficient guide to the data analysts by allowing them to systemati-
cally reduce poorly-correlated contents.

Figure 2 shows the overall framework of the present approach.
We provide two main functions, including simultaneous clustering
of highly-correlated dimensions and data samples and data explo-
ration for sophisticated data analysis. Our approach begins with
an automatic clustering step, where the highly-correlated dimen-
sions and data samples are simultaneously grouped through the pro-
posed biclustering algorithm (Step 1). By referring to the objective
function values, analysts can evaluate the goodness of the current
clustering results with colored blocks, where the red color indicates
poorly-correlated data samples and green color represents highly-
correlated ones based on the HSV model. Thanks to this color as-
signment scheme, analysts can selectively delete poorly-correlated
dimensions (Step 2), which is followed by eliminating a limited
number of outlier data samples (Step 3). Note that user interven-
tion is involved here in the second and third steps, because analysts
can intentionally generate a highly-correlated subspace and remove
outlier data samples for further exploration iteratively until reach-
ing a satisfactory result. The present feature subspace extraction
is accomplished by incorporating the biclustering algorithm (Sec-
tion 4), while the data exploration is composed of several views
together with the history tree (Section 5).

4 BICLUSTERING METHOD

In this section, we describe the biclustering method, which clus-
ters dimensions and data samples simultaneously. As the distance
measure for the clustering of dimensions, we focus on the corre-
lation coefficient, which is suitable for PCP, and is in fact applied
to the ordering of dimensions [28, 21]. More specifically, we use
the clustering method, called spherical k-means, which has the sum
of the correlations from the cluster center vectors as the objective
function, and conducts k-means clustering on a high-dimensional
unit sphere [4, 3]. After describing the objective function of the
classical k-means algorithm (Section 4.1), we introduce an exten-
sion of the spherical k-means that takes into account negative cor-
relation as well as positive correlation (Section 4.2). Then, we
describe a fundamental biclustering algorithm based on the block
model (Section 4.3). Finally, incorporating the same constraints as
the spherical k-means, we extend the biclustering algorithm so as to
deal with the correlation coefficient as the objective function (Sec-
tion 4.4). We develop an optimization method for the block model
which maintains the spherical constraints during the optimization to

(a) (b)

Figure 3: (a) Data matrix, and (b) schematic representation of the
block model for K = 4 and L = 3.

Figure 4: A concept illustration of spherical k-means.

guarantee the monotonic improvements of the objective function.

4.1 K-Means Algorithm

Given n samples in d-dimensional space, {r1, · · · ,rn}, ri =
(xi1, · · · ,xid)∈Rd , the k-means clustering algorithm with K clusters
iteratively updates the cluster mean vectors {θk = (θk1, · · · ,θkd) ∈
Rd}K

k=1 and cluster labels {κ(i) ∈ {1,2, · · · ,K}}n
i=1, which is guar-

anteed to converge to a local minimum of the following objective
function [15],

n

∑
i=1

||ri −θκ(i)||
2 =

n

∑
i=1

d

∑
j=1

(xi j −θκ(i) j)
2. (1)

4.2 Spherical K-Means Algorithm

Let us consider clustering of dimensions c1, · · · ,cd where c j =
(x1 j, · · · ,xn j) ∈ Rn. Normalizing each dimension, we define c̃ j =

(x̃1 j, · · · , x̃n j) ∈ Sn−1 (i.e. c̃ j ∈ Rn and ||c̃ j|| = 1), where

x̃i j =
xi j − x̄ j

!

∑n
i=1(xi j − x̄ j)2

,

and x̄ j = 1
n ∑n

i=1 xi j is the average of the jth dimension for j =
1, · · · ,d. Figure 3(a) summarizes the notation of the data matrix.

The spherical k-means clustering uses the following objective
function,

d

∑
j=1

s( j)c̃ j ·µλ ( j), (2)

where · denotes the inner product, µl ∈ Sn−1 is the lth mean vector
of dimensions, and λ ( j) ∈ {1,2, · · · ,L} is the cluster label repre-
senting which cluster the jth dimension belongs to. Here we have
also introduced s( j) ∈ {−1,+1} which shows that µλ ( j) is posi-

tively (negatively) correlated with c̃ j if s( j) = +1 (s( j) =−1) while
the original spherical k-means deals only with the positive correla-
tion, i.e., s( j) = +1 for all j [4, 3].

The objective function (2) is equivalent to

d

∑
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sions and data samples are simultaneously grouped through the pro-
posed biclustering algorithm (Step 1). By referring to the objective
function values, analysts can evaluate the goodness of the current
clustering results with colored blocks, where the red color indicates
poorly-correlated data samples and green color represents highly-
correlated ones based on the HSV model. Thanks to this color as-
signment scheme, analysts can selectively delete poorly-correlated
dimensions (Step 2), which is followed by eliminating a limited
number of outlier data samples (Step 3). Note that user interven-
tion is involved here in the second and third steps, because analysts
can intentionally generate a highly-correlated subspace and remove
outlier data samples for further exploration iteratively until reach-
ing a satisfactory result. The present feature subspace extraction
is accomplished by incorporating the biclustering algorithm (Sec-
tion 4), while the data exploration is composed of several views
together with the history tree (Section 5).

4 BICLUSTERING METHOD

In this section, we describe the biclustering method, which clus-
ters dimensions and data samples simultaneously. As the distance
measure for the clustering of dimensions, we focus on the corre-
lation coefficient, which is suitable for PCP, and is in fact applied
to the ordering of dimensions [28, 21]. More specifically, we use
the clustering method, called spherical k-means, which has the sum
of the correlations from the cluster center vectors as the objective
function, and conducts k-means clustering on a high-dimensional
unit sphere [4, 3]. After describing the objective function of the
classical k-means algorithm (Section 4.1), we introduce an exten-
sion of the spherical k-means that takes into account negative cor-
relation as well as positive correlation (Section 4.2). Then, we
describe a fundamental biclustering algorithm based on the block
model (Section 4.3). Finally, incorporating the same constraints as
the spherical k-means, we extend the biclustering algorithm so as to
deal with the correlation coefficient as the objective function (Sec-
tion 4.4). We develop an optimization method for the block model
which maintains the spherical constraints during the optimization to
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Rd}K
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4.2 Spherical K-Means Algorithm
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terns through exploring significant correlation in the multivariate
data. To achieve this, we develop a block modeling framework
where each block represents a group of highly-correlated dimen-
sions and data samples in the dataset, so that we can provide an
efficient guide to the data analysts by allowing them to systemati-
cally reduce poorly-correlated contents.
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tion is involved here in the second and third steps, because analysts
can intentionally generate a highly-correlated subspace and remove
outlier data samples for further exploration iteratively until reach-
ing a satisfactory result. The present feature subspace extraction
is accomplished by incorporating the biclustering algorithm (Sec-
tion 4), while the data exploration is composed of several views
together with the history tree (Section 5).
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function, and conducts k-means clustering on a high-dimensional
unit sphere [4, 3]. After describing the objective function of the
classical k-means algorithm (Section 4.1), we introduce an exten-
sion of the spherical k-means that takes into account negative cor-
relation as well as positive correlation (Section 4.2). Then, we
describe a fundamental biclustering algorithm based on the block
model (Section 4.3). Finally, incorporating the same constraints as
the spherical k-means, we extend the biclustering algorithm so as to
deal with the correlation coefficient as the objective function (Sec-
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of the correlations from the cluster center vectors as the objective
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unit sphere [4, 3]. After describing the objective function of the
classical k-means algorithm (Section 4.1), we introduce an exten-
sion of the spherical k-means that takes into account negative cor-
relation as well as positive correlation (Section 4.2). Then, we
describe a fundamental biclustering algorithm based on the block
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and x̄ j = 1
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1, · · · ,d. Figure 3(a) summarizes the notation of the data matrix.

The spherical k-means clustering uses the following objective
function,
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senting which cluster the jth dimension belongs to. Here we have
also introduced s( j) ∈ {−1,+1} which shows that µλ ( j) is posi-
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Biclustering

Clustering the samples and the dimensions so that the 
correlated dimensions are joined into the same 
dimension cluster 

when the signs {s( j)} are optimized. Since the mean vector µl
satisfies µl · 1 = 0, where 1 is the vector of all 1’s, during the op-
timization, the objective function is the sum of the absolute values
of the correlation coefficients between the dimensions {c j} and the
assigned mean vectors {µλ ( j)}.

The spherical k-means can be viewed as the k-means algorithm
on the unit hypersphere, as illustrated schematically in Figure 4
for n = 2 and d = 7. Specifically, the spherical k-means algo-
rithm, initializing the cluster labels {λ ( j)}, iterates the following
two steps, which monotonically increases the objective function (2),
and hence is guaranteed to converge to a local maximum:
Update step: For l = 1, · · · ,L,

µl =
∑ j:λ ( j)=l s( j)c̃ j

!

!

!∑ j:λ ( j)=l s( j)c̃ j

!

!

!

,

where the numerator sums the (signed) dimensions that are assigned
to the lth cluster, and the denominator normalizes µl .
Assignment step: For j = 1, · · · ,d,

λ ( j) = argmax
1≤l≤L

"

"c̃ j ·µl

"

" , (3)

and set s( j) to the sign of c̃ j ·µλ ( j).

Note that the maximization of the above objective function is
equivalent to the minimization of

d

∑
j=1

∥c̃ j − s( j)µλ ( j)∥
2 = 2d −2

d

∑
j=1

s( j)c̃ j ·µλ ( j),

which is the objective function of the original k-means algorithm
in (1) applied to the columns of the data matrix instead of the rows
when s( j) = 1 for all j and ||µl || = 1 for l = 1, · · · ,L. In the update
step, the mean vector is normalized, so as to have the norm 1, which
is the main difference of the spherical k-means from the original k-
means algorithm.

4.3 Biclustering

We turn to the biclustering algorithm which simultaneously clus-
ters dimensions and data samples. Basic biclustering methods are
based on the block model [7, 17], where the data matrix of the size
n×d is divided into K×L submatrices (blocks), each of which has
the size nk ×dl (k = 1, · · · ,K and l = 1, · · · ,L). Here nk is the num-
ber of data samples assigned to the kth cluster of samples, and dl
is the number of dimensions assigned to the lth cluster of dimen-
sions. Hence, ∑K

k=1 nk = n and ∑L
l=1 dl = d hold. The biclustering

algorithm defines as the objective function, the following squared
error,

n

∑
i=1

d

∑
j=1

(xi j −νκ(i),λ ( j))
2,

which is minimized with respect to the mean value of each block
νk,l ∈ R (k = 1, · · · ,K, l = 1, · · · ,L), and sample and dimension
cluster assignments κ(i) ∈ {1, · · · ,K} (i = 1, · · · ,n) and λ ( j) ∈
{1, · · · ,L} ( j = 1, · · · ,d). Figure 3(b) shows a schematic represen-
tation of the block model where the rows and columns of the data
matrix are permuted according to the row and column cluster as-
signments.

Initializing the sample and dimension cluster labels, {κ(i)} and
{λ ( j)}, the biclustering algorithm iterates the following steps:
Update step: For k = 1, · · · ,K and l = 1, · · · ,L,

νk,l =
1

nkdl
∑

i:κ(i)=k
∑

j:λ ( j)=l

xi j,

which is the mean of the elements of the data matrix assigned to the
klth block.
Assignment step: For i = 1, · · · ,n,

κ(i) = argmin
1≤k≤K

d

∑
j=1

(xi j −νk,λ ( j))
2,

and for j = 1, · · · ,d,

λ ( j) = argmin
1≤l≤L

n

∑
i=1

(xi j −νκ(i),l)
2.

This biclustering algorithm can be considered as applying k-
means algorithms to samples and dimensions, where for samples,

the mean vector of the kth cluster is θk = (νk,λ (1), · · · ,νk,λ (d))∈Rd ,

and for dimensions, the mean vector of the lth cluster is µl =
(νκ(1),l , · · · ,νκ(n),l) ∈ Rn.

4.4 Spherical K-Means Based Biclustering

4.4.1 Spherical Constraints

The biclustering algorithm in Section 4.3 uses k-means clustering
both for clustering of samples and clustering of dimensions. Hence,
it does not take into account the correlations between dimensions of
each cluster, which are directly dealt with by the spherical k-means
presented in Section 4.2. To incorporate the correlation between
dimensions, we propose to introduce the constraints on the block
mean values, for l = 1, · · · ,L and k = 1, · · · ,K,

νk,l =
1
nk

ν̄k,l
#

∑K
k=1

(ν̄k,l)2

nk

, (4)

for ν̄k,l ∈ R satisfying ∑K
k=1 ν̄k,l = 0. Hereafter, we consider ν̄k,l as

a parameter instead of the block mean value νk,l . Its update rule will
be given in (7) of Section 4.4.2. We see that under the constraint (4),
the block mean values satisfy the constraints for the mean vectors
of the spherical k-means, i.e.,

∥µl∥
2 =

K

∑
k=1

nkν2
k,l = 1,

for l = 1, · · · ,L, where µl = (νκ(1),l , · · · ,νκ(n),l) is the lth mean vec-

tor of dimensions. Furthermore, µl · 1 = ∑K
k=1 nkνk = 0 holds for

l = 1, · · · ,L.
Thus, we propose the biclustering algorithm that minimizes the

following objective function subject to the constraints in (4),

D =
d

∑
j=1

∥c̃ j − s( j)µλ ( j)∥
2 = 2d −2

d

∑
j=1

s( j)c̃ j ·µλ ( j), (5)

Note that in (4), the block mean value νk,l depends on the sample
cluster label κ(i) (i = 1, · · · ,n) through nk.

The normalized error for the klth block is then defined by

Ek,l =
1

nkdl
∑

i:κ(i)=k
∑

j:λ ( j)=l

{x̃i j − s( j)νk,l}
2, (6)

which is used for the block matrix diagram, as will be described in
Section 5.2. The total error D in (5) and the normalized block errors
are related by D = ∑K

k=1 ∑L
l=1 nkdlEk,l .

The spherical k-means described in Section 4.2 has L(n−2) de-
grees of freedom. This flexibility may cause severe overfitting to
the data matrix. The block model with the spherical constraints,
reducing the degrees of freedom to L(K −2), can control the flexi-
bility of the method by choosing K.

κ(i) ∈ {1,···, K} (i = 1,···, n) : sample cluster
λ(j) ∈ {1,···, L} (j = 1,···, d) : dimension cluster 
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data since their characteristics are implicitly smoothed out as the
dimension increases, and visual clutter occurs when projecting the
data to the limited screen space. Thus, they aim to reduce the num-
bers of dimensions and data samples in order to extract global pat-
terns through exploring significant correlation in the multivariate
data. To achieve this, we develop a block modeling framework
where each block represents a group of highly-correlated dimen-
sions and data samples in the dataset, so that we can provide an
efficient guide to the data analysts by allowing them to systemati-
cally reduce poorly-correlated contents.

Figure 2 shows the overall framework of the present approach.
We provide two main functions, including simultaneous clustering
of highly-correlated dimensions and data samples and data explo-
ration for sophisticated data analysis. Our approach begins with
an automatic clustering step, where the highly-correlated dimen-
sions and data samples are simultaneously grouped through the pro-
posed biclustering algorithm (Step 1). By referring to the objective
function values, analysts can evaluate the goodness of the current
clustering results with colored blocks, where the red color indicates
poorly-correlated data samples and green color represents highly-
correlated ones based on the HSV model. Thanks to this color as-
signment scheme, analysts can selectively delete poorly-correlated
dimensions (Step 2), which is followed by eliminating a limited
number of outlier data samples (Step 3). Note that user interven-
tion is involved here in the second and third steps, because analysts
can intentionally generate a highly-correlated subspace and remove
outlier data samples for further exploration iteratively until reach-
ing a satisfactory result. The present feature subspace extraction
is accomplished by incorporating the biclustering algorithm (Sec-
tion 4), while the data exploration is composed of several views
together with the history tree (Section 5).

4 BICLUSTERING METHOD

In this section, we describe the biclustering method, which clus-
ters dimensions and data samples simultaneously. As the distance
measure for the clustering of dimensions, we focus on the corre-
lation coefficient, which is suitable for PCP, and is in fact applied
to the ordering of dimensions [28, 21]. More specifically, we use
the clustering method, called spherical k-means, which has the sum
of the correlations from the cluster center vectors as the objective
function, and conducts k-means clustering on a high-dimensional
unit sphere [4, 3]. After describing the objective function of the
classical k-means algorithm (Section 4.1), we introduce an exten-
sion of the spherical k-means that takes into account negative cor-
relation as well as positive correlation (Section 4.2). Then, we
describe a fundamental biclustering algorithm based on the block
model (Section 4.3). Finally, incorporating the same constraints as
the spherical k-means, we extend the biclustering algorithm so as to
deal with the correlation coefficient as the objective function (Sec-
tion 4.4). We develop an optimization method for the block model
which maintains the spherical constraints during the optimization to
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Given n samples in d-dimensional space, {r1, · · · ,rn}, ri =
(xi1, · · · ,xid)∈Rd , the k-means clustering algorithm with K clusters
iteratively updates the cluster mean vectors {θk = (θk1, · · · ,θkd) ∈
Rd}K
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and x̄ j = 1
n ∑n

i=1 xi j is the average of the jth dimension for j =
1, · · · ,d. Figure 3(a) summarizes the notation of the data matrix.

The spherical k-means clustering uses the following objective
function,
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where · denotes the inner product, µl ∈ Sn−1 is the lth mean vector
of dimensions, and λ ( j) ∈ {1,2, · · · ,L} is the cluster label repre-
senting which cluster the jth dimension belongs to. Here we have
also introduced s( j) ∈ {−1,+1} which shows that µλ ( j) is posi-

tively (negatively) correlated with c̃ j if s( j) = +1 (s( j) =−1) while
the original spherical k-means deals only with the positive correla-
tion, i.e., s( j) = +1 for all j [4, 3].
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More results

(a) K = 9 and L = 6 (b) K = 9 and L = 5 (c) K = 9 and L = 4

(d) K = 8 and L = 4 (e) K = 7 and L = 3 (f) K = 4 and L = 3

Figure 5: System screenshots for exploring subspaces in a 12-dimensional synthetic data.

(a) K = 9 and L = 9 (b) K = 9 and L = 7

(c) K = 9 and L = 5 (d) K = 3 and L = 2

Figure 6: Experiments on the USDA national nutrient data.

L = 6, which are simply determined by half number of the orig-
inal dimensions and the logarithm of data samples, respectively.
Thus, the isolated dimensions generated by the algorithm can be
considered as poorly-correlated, so that analysts can delete them
to maintain the correlation of the reduced dataset. Our guideline
here is to eliminate subspaces having uncorrelated and often iso-
lated dimensions first, and then data samples by cutting off rows
and columns of the block matrix diagram, until we can fully iden-
tify correlation among dimensions and data samples in the remain-
ing subspaces. Figures 5(a) and (b) show that the selected columns
(i.e., clusters of isolated dimensions) were interactively eliminated.
Then, we were about to arbitrarily remove all the small uncorrelated
data samples (23 only as shown in Figures 5(c) and (d)). Figure 1
presents an intermediate screenshot of our prototype interface af-
ter the above processes, where we finally obtained most correlated
subspaces through merging similar clusters into ones (Figures 5(e)
and (f)).

6.2 USDA National Nutrient Data

We employed the USDA food composition dataset [1] as the first
real-world example, which has been also employed in the experi-
ments conducted by Tatu et al. [24] and Yuan et al. [31]. In this
dataset, each data sample corresponds to a specific food while each
dimension represents a kind of nutrient composed in each food. Af-
ter having deleted data samples having missing values and selected
interpretable dimensions as a preprocessing by following [24, 31],
we finally employed 722 records of 18 dimensions as the input.

We conducted biclustering analysis with the aforementioned ini-
tial setting (K = 9 and L = 9) in our experiment. Dimensions la-
belled as Vitamin B12, Vitamin A, Sodium, and Vitamin E, which
are not highly correlated with the remaining dimensions, were first
deleted from the block matrix diagram to preserve the correlation
in the data (Figure 6(a)). Following the guideline we discussed in
Section 6.1, we deleted isolated dimensions step by step to extract
a new set of feature subspaces, as shown in Figures 6(b) and (c).
Removing additional small data outliers (Figure 6(b)) finally re-
sulted in the small set of correlated feature subspaces (Figure 6(d)).
Throughout our experiments with 573 records left, we can observe
that a pair of Energy and Water is the most strongly correlated while
a pair of Protein and Vitamin B6 is also highly correlated.

Comparison with the case study by Tatu et al. [24] shows that our
results also support their claim that Protein is dominant within a set
of dimensions and strongly influences on the results of subspace
clustering. Yuan et al. [31] also stated Energy, Lipid, and Water are
highly correlated after removing unnecessary dimensions and data
samples manually in their system, which was also supported by our
results where we could clearly find three data clusters as shown
in Figure 6(d). Meanwhile, we could further extract the second
highly-correlated subspace spanned by Protein and Vitamin B6, and
identify relationships between the two subspaces in our contracted
PCP representation.

6.3 Blazar Data

Our second practical case study targets at diurnally-measured light
of blazars being emanated from active galactic nuclei (supermas-
sive black holes) [27]. The dataset of interest contains 12 blazars
whose properties are commonly characterized with 8 parameters,
that is, total intensity (I); two variables for polarization (Q and
U); corrected variables for polarization (Q/I and U/I); degree of

polarization (PD =
!

(Q/I)2 +(U/I)2); angle of polarization
(PA = 0.5arctan(U/Q)); and color index (V −J). Note that each of
the parameters is accompanied with its own measurement deviation,
and the total dataset contains 1,285 samples in 17D, indexed with
observational day (JD) [11]. The challenging task here is to visu-
ally explore correlations among these parameters, aiming at blazar

(a)

(b) (c)

Figure 7: Analyzing blazar dataset of 1,285 samples in 17D. (a) Plot-
ting original data. (b) Plotting final data clustered with 3 sample-by-2
axis clusters. (c) Plotting final data (strip-rendered view).

classification and behavior abnormity isolation based primarily on
such polarized light observations.

Figure 7(a) plots the original dataset. Starting with the initial set-
ting of K = 6 and L = 6, iterative axis contractions and elimination
of outlier data samples (finally reduced to 1,093) made the dataset
manifest its own correlation structure in a 3 sample-by-2 axis block
cluster, as shown in Figure 7(b). Besides, the clustered structure
of the final data plot can be enhanced with a strip-rendered view in
Figure 7(c) [20]. It is not surprising that those deviations and tem-
poral index have been eliminated as uncorrelated properties. Also,
it can be observed that polarization variables (Q/I and U/I) cor-
rected with total intensity (I) have strong correlations with their
originals (Q and U), respectively. This suggests that the temporal
behavior of blazars is governed not by the variations in unpolarized
emission, but that by polarized emission. In addition, it was con-
trary to the expectation from astrophysics that color index (V − J)
did not remain as a key blazar discriminator.

6.4 Discussions

In the previous subsections, we demonstrated several experimental
results of our prototype system. We successfully retrieved highly-
correlated subspaces of several experimental data by following the
proposed applicable guideline, and the results can be reproduced
through different trials. Moreover, in a reduced subspace, trends
in the data samples are further clarified due to the suppression of
visual distractions. Thus, our approach not only allows us to inves-
tigate data samples individually in different clustered dimensions,
but also explore the behaviors between clusters simultaneously. The
aforementioned benefit provides the users with a different impact
when analyzing meaningful data samples, where they can compose
the overall knowledge of the dataset from possible local clusters
within a subspace as well as global clusters between the subspaces.
A limitation of the present approach is that we cannot apply it
for analyzing uncorrelated dataset, such as datasets for classifica-
tion purposes. Moreover, although we have employed k-means++
method for initializing sample labels, we cannot always reach the
best objective value without a few trial and error analyses. For the
conventional block model, extensions based on Bayesian estima-
tion have been proposed, which offer a way to select the numbers
of clusters, K and L [23, 22]. It is an important undertaking to de-
rive such an extension of the spherically constrained block model.
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Data types
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Visualizing Relations
Relation:  A logical or natural association between two 

or more things; relevance of one to another; 
connection  

Usually use lines to represent the relations 
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http://vcg.informatik.uni-rostock.de/~hs162/treeposter/poster.html
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Treemaps
Display hierarchical (tree-structured) data as a set of 

nested rectangles 
The area representing a scalar attribute 
The leaf nodes are often colored to visualize another 

attribute data 
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http://sasi.group.shef.ac.uk/worldmapper/

Distorted maps according to numbers:   Cartograms 
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Facebook relations
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Facebook relations

 “I defined weights for each pair of cities as a function of the Euclidean 
distance between them and the number of friends between them. 
Then I plotted lines between the pairs by weight, so that pairs of 
cities with the most friendships between them were drawn on top of 
the others. I used a color ramp from black to blue to white, with each 
line's color depending on its weight. I also transformed some of the 
lines to wrap around the image, rather than spanning more than 
halfway around the world." 
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Formal Aesthetics 
Minimize node-node / node-edge occlusions 
Minimize edge crossings 
Minimize edge bends 
Maximize symmetry 
Maximize the minimum angle between edges 
Maximize edge orthogonality 
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Another Application
metro maps : Wu et al. 2013 

Eurographics Conference on Visualization (EuroVis) 2013
B. Preim, P. Rheingans, and H. Theisel
(Guest Editors)

Volume 32 (2013), Number 3

Spatially Efficient Design of Annotated Metro Maps

Hsiang-Yun Wu1, Shigeo Takahashi1, Daichi Hirono1, Masatoshi Arikawa1, Chun-Cheng Lin2, and Hsu-Chun Yen3

1The University of Tokyo, Japan
2National Chiao Tung University, Taiwan

3National Taiwan University, Taiwan

(a) (b)

Figure 1: Wheelchair accessible stations in Prague metro. (a) Octilinear and (b) orthogonal annotated maps.

Abstract

Annotating metro maps with thumbnail photographs is a commonly used technique for guiding travelers. However,

conventional methods usually suffer from small labeling space around the metro stations, especially when they are

interchange stations served by two or more metro lines. This paper presents an approach for aesthetically design-

ing schematic metro maps while ensuring effective placement of large annotation labels that are sufficiently close

to their corresponding stations. Our idea is to distribute such labels in a well-balanced manner to labeling regions

around the metro network first and then adjust the lengths of metro line and leader line segments, which allows

us to fully maximize the space coverage of the entire annotated map. This is accomplished by incorporating ad-

ditional constraints into the conventional mixed-integer programming formulation, while we devised a three-step

algorithm for accelerating the overall optimization process. We include several design examples to demonstrate

the spatial efficiency of the map layout generated using the proposed approach through minimal user intervention.

Keywords: Metro maps, annotation labels, efficient space coverage, mixed-integer programming

1. Introduction

Schematic representation of metro maps significantly im-
proves the visual readability of the map contents due
to its clear and simplified layout design, especially for
guiding complicated metro networks. Currently available
metro maps usually follow the aesthetic criteria invented by
Beck [Rob03], where the metro lines are aligned to horizon-

tal and vertical directions and optionally 45 degree diagonal
directions. In addition, annotating the map with comprehen-
sive explanations and photographs effectively allows us to
find sufficient information on our own places of interest. Ac-
tually, this type of schematic representation with such large
annotation labels has been widely employed in commer-
cially available metro maps and travel guidebooks [Gui12].

c⃝ 2013 The Author(s)
Computer Graphics Forum c⃝ 2013 The Eurographics Association and Blackwell Publish-
ing Ltd. Published by Blackwell Publishing, 9600 Garsington Road, Oxford OX4 2DQ,
UK and 350 Main Street, Malden, MA 02148, USA.
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Document Visualisation
● Motivation: 

− visualisation is considerably faster than hearing / reading!

12,500Visualisation and Pattern 
Recognition

60Hearing

3-40Reading

2Mouse Operations.

1Typing at 10 bytes per 
second 

Units of Information 
transfer

Action

Source :  
Silicon Graphics Inc.
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Visualisation of Documents
● Motivation : large bandwidth of human visual system 

− 100s millions of documents available on-line 
− information only in textual form 

● ‘Visualising the non-visual’ 
− searching for scientific papers 
− analysing witness statements 
− awareness of events in news bulletins
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2D and 3D projections of documents

Pacific Northwest National Laboratory.

3D Visualisation of 567,000 cancer literature abstracts.

Articles in a collection of news items (2D).
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Multidimensional Scaling
A dimensionality reduction scheme useful for 

information visualization 
Visualizing the information contained in a distance 

matrix  
Computing the 2D coordinates of the projected 

samples such that the following stress is minimized  

distance between sample i and j
coordinates of i and j
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1D visualisation of news articles

A ‘Theme River’ 
shows the relative 
importance of 
themes over the 
course of a year 
from press articles. 

Pacific Northwest 
National Laboratory.
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Wordle
http://www.wordle.net/create 
Produces a word cloud from a document
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Document Querying
● Keyword search is problematic 

− ambiguity  
− ~7-18% of people describe same concept with same word (Barnard '91)

   

● Interested in  
− distribution of keywords in the document 
− related articles to the keyword entered 

● Tile bar scheme (Hearst 1995)  

− display a list of documents with a tile bar 
− tile bar shows the occurrence of keywords in document



CAV : Lecture 18

42

Title Bar Method

Research

Prevention

Cancer

User query

Columns represent paragraphs or pages in a document. 
Shade indicates relevance shown by word occurrence. 
Shows length and likely relevance. 
System allows interactivity by clicking on box.

● Visualisation - Use of document topology / colour-mapping / interaction
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Example : Title Bar Query / Result

Marti Hearst
SIMS 247

Query terms:

What roles do they play in retrieved documents?

DBMS (Database Systems)

Reliability

Mainly about both DBMS 
& reliability

Mainly about DBMS, discusses 
reliability

Mainly about, say, banking, with 
a subtopic discussion on 
DBMS/Reliability

Mainly about 
something different
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DocuBurst
● A radial, space-filling layout of hyponymy (IS-A 

relation)  
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Summary
● Information Visualisation 

– Univariate, bivariate, trivariate, multi-variate data 
– Relations visualized by lines, tree visualization 
– Document visualization
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Reading

● Marti A. Hearst TileBars: Visualization of Term Distribution 
Information in Full Text Information Access 

● Collins, Christopher; Carpendale, Sheelagh; and Penn, Gerald. 
DocuBurst: Visualizing Document Content using Language Structure. 
Computer Graphics Forum (Proceedings of Eurographics/IEEE-VGTC 
Symposium on Visualization (EuroVis '09)), 28(3): pp. 1039-1046, June, 
2009 

● Westin et al. ‘02, “Processing and visualization for diffusion tensor MRI” 
● Watanabe et al., “Biclustering Multivariate Data for Correlated Subspace 

Mining”, PacVis 2015 
● Wu et al. Spatially Efficient Design of Annotated Metro Maps, EuroVis 

2013 
● http://faculty.uoit.ca/collins/research/docuburst/index.html 
● http://searchuserinterfaces.com/book/

sui_ch11_text_analysis_visualization.html

http://searchuserinterfaces.com/book/sui_ch11_text_analysis_visualization.html

