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Biological background

I DNA, genes

I transcription of mRNA

I translation to proteins

I proteins

I various roles, structural, enzymes

I transcription factors

I inhibitory – repressors

I promoting – activators

I feedback loops
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The Repressilator

I synthetic network

I three genes with three inhibitors

I reporter of green flourescent protein (GFP)

I negative feedback cycle

I each gene produces a protein

I protein inhibits transcription of mRNA by another gene

I other gene cannot produce its protein

I quantities of proteins oscillate over time
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HYPE syntax

I two types of action

I events — instantaneous, discrete changes

a ∈ E

I activities — influences on continuous aspects, flows

α ∈ A α(~X ) = (ι, r , I (~X ))

���* 6 H
HHY

influence name rate influence type

with JI (~X )K = f (~X )

where ~X is a formal parameter.

I not stochastic
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The Repressilator in HYPE

I degradation

Gdegr
A (X )

def
= init : (dA,−kd , linear(X )) .Gdegr

A (X )

I production

Gprod
A

def
= init : (pA, kp, const) .Gprod

A

+ expressA : (pA, kp, const) .Gprod
A

+ inhibitA : (pA, 0, const) .Gprod
A

I composed

GeneA(X )
def
= (Gdegr

A (X ) BC
{init}

Gprod
A )

I “controller”

ConA
def
= inhibitA.expressA.ConA
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The Repressilator in HYPE (cont.)

Rep
def
= (GeneA(AB ) BC

init
GeneB(BC ) BC

init
GeneC (CA )) BC

L

init.(ConA ‖ ConB ‖ ConC )

L = {init, inhibitA, inhibitB , inhibitC ,

expressA, expressB , expressC}
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The Repressilator in HYPE (cont.)

V = {AB ,BC ,CA}

JconstK = 1 Jlinear(X )K = X

iv(dA) = AB iv(pA) = AB

iv(dB) = BC iv(pB) = BC

iv(dC ) = CA iv(pC ) = CA

ec(init) = (true, (AB = cA ∧ BC = cB ∧ CA = cC ))

ec(inhibitA) = (CA > p,T ) ec(expressA) = (CA ≤ p,T )

ec(inhibitB) = (AB > p,T ) ec(expressB) = (AB ≤ p,T )

ec(inhibitC ) = (BC > p,T ) ec(expressC ) = (BC ≤ p,T )
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The Repressilator in HYPE (cont.)
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Operational semantics

I state: σ : IN → (R× IT )

I configuration:
〈
ConSys, σ

〉
I labelled transition system: (F , E ,→ ⊆ F × E × F)

I updating function: σ[ι 7→ (r , I )]

σ[ι 7→ (r , I )](x) =

{
(r , I ) if x = ι

σ(x) otherwise

I change identifying function: Γ : S × S × S → S

(Γ(σ, τ, τ ′))(ι) =


τ(ι) if σ(ι) = τ ′(ι)

τ ′(ι) if σ(ι) = τ(ι)

undefined otherwise
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Operational semantics (cont.)

Prefix with
influence:

〈
a:(ι, r , I ).E , σ

〉 a−→
〈
E , σ[ι 7→ (r , I )]

〉
Prefix without
influence:

〈
a.E , σ

〉 a−→
〈
E , σ

〉
Choice:

〈
E , σ

〉 a−→
〈
E ′, σ′〉〈

E + F , σ
〉 a−→

〈
E ′, σ′

〉 〈
F , σ

〉 a−→
〈
F ′, σ′〉〈

E + F , σ
〉 a−→

〈
F ′, σ′

〉
Constant:

〈
E , σ

〉 a−→
〈
E ′, σ′〉〈

A, σ
〉 a−→

〈
E ′, σ′

〉 (A
def
= E )
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Operational semantics (cont.)

Parallel without
synchronisation:

〈
E , σ

〉 a−→
〈
E ′, σ′〉〈

E BC
M

F , σ
〉 a−→

〈
E ′ BC

M
F , σ′

〉 a 6∈ M

〈
F , σ

〉 a−→
〈
F ′, σ′〉〈

E BC
M

F , σ
〉 a−→

〈
E BC

M
F ′, σ′

〉 a 6∈ M

Parallel with
synchronisation:

〈
E , σ

〉 a−→
〈
E ′, τ

〉 〈
F , σ

〉 a−→
〈
F ′, τ ′

〉〈
E BC

M
F , σ

〉 a−→
〈
E ′ BC

M
F ′, Γ(σ, τ, τ ′)

〉
a ∈ M, Γ defined
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The Repressilator – transition derivation

〈Gdegr
A (AB), τ 〉 init−→ 〈Gdegr

A (AB), τ1 〉 〈Gprod
A , τ 〉 init−→ 〈Gprod

A , τ2 〉

〈Gdegr
A (AB) BC

init
Gprod

A , τ 〉 init−→ 〈Gdegr
A (AB) BC

init
Gprod

A , τ3 〉

〈GeneA(AB), τ 〉 init−→ 〈GeneA(AB), τ3 〉

τ = {dA 7→ ∗ , pA 7→ ∗ , . . .}

τ1 = τ [dA 7→ (−1, l(AB))] = {dA 7→ (−1, l(AB)) , pA 7→ ∗ , . . .}

τ2 = τ [pA 7→ (kp, c)] = {dA 7→ ∗ , pA 7→ (kp, c) , . . .}

τ3 = Γ(τ , τ1 , τ2 ) = {dA 7→ (−1, l(AB)) , pA 7→ (kp, c) , . . .}
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The Repressilator – labelled transition system

8 configurations represent all possibilities with 8 distinct states

σ0 = D ∪ {pA 7→ (0, c) , pB 7→ (0, c) , pC → (0, c)}
σ1 = D ∪ {pA 7→ (0, c) , pB 7→ (0, c) , pC 7→ (kp, c)}
σ2 = D ∪ {pA 7→ (0, c) , pB 7→ (kp, c), pC 7→ (0, c)}
σ3 = D ∪ {pA 7→ (0, c) , pB 7→ (kp, c), pC 7→ (kp, c)}
σ4 = D ∪ {pA 7→ (kp, c), pB 7→ (0, c) , pC 7→ (0, c)}
σ5 = D ∪ {pA 7→ (kp, c), pB 7→ (0, c) , pC 7→ (kp, c)}
σ6 = D ∪ {pA 7→ (kp, c), pB 7→ (kp, c), pC 7→ (0, c)}
σ7 = D ∪ {pA 7→ (kp, c), pB 7→ (kp, c), pC 7→ (kp, c)}

where
D = {dA 7→ (−1, l(AB)), dB 7→ (−1, l(BC )), dC 7→ (−1, l(CA))}
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Hybrid semantics

I extract ODEs from each state σ in the lts of CS

CSσ =
{

ODE for variable V
∣∣∣ V ∈ V

}
where

dV

dt
=

∑{
rJI ( ~W )K

∣∣ iv(ι) = V and σ(ι) = (r , I ( ~W ))
}

I for any influence name associated with V
I determine from σ its rate and influence type
I multiply its rate and influence function together
I sum these over all associated influence names
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The Repressilator – ODEs

σ4 = {dA 7→ (−1, linear(AB)), pA 7→ (kp, const),

dB 7→ (−1, linear(BC )), pB 7→ (0, const),

dC 7→ (−1, linear(CA)), pC 7→ (0, const)}

The ODEs for this state are

dAB

dt
= −kdAB + kp,

dBC

dt
= −kdBC ,

dCA

dt
= −kdCA

Use ABC for this set of ODEs

Likewise the ODEs for σ3 would be ABC and for σ7, ABC
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The Repressilator – hybrid automaton
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The Repressilator in ACP srt
hs

I different style of modelling

I explicit ODEs

GeneA
def
= (dAB = cA) ∧N OnA

OnA
def
= (dAB/dt = −kdAB + kp ) ∩H σ∗

rel(
(CA > p) :→

(
(A•

B = •AB) uH inhibit · OffA
))
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= (dAB/dt = −kdAB ) ∩H σ∗

rel(
(CA ≤ p) :→

(
(A•

B = •AB) uH express · OnA
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Rep
def
= GeneA ‖GeneB ‖GeneC
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Thank you

This research was funded by the EPSRC SIGNAL Project
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Appendix

HYPE syntax

I two types of actions

I events: instantaneous, discrete changes

a ∈ E

I activities: influences on continuous aspect of system, flows

α ∈ A α(~X ) = (ι, r , I (~X ))

I influence name ι ∈ IN
I rate r ∈ R
I influence type I (~X ) with JI (~X )K = f (~X )

I parameterised by formal variables ~X
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Appendix

HYPE syntax (cont.)

I subcomponents: S ::= a:α.Cs | S + S a ∈ E , α ∈ A

I subcomponent names: Cs(~X )
def
= S

I components: P ::= C (~X ) | P BC
L

P L ⊆ E

I component names: C (~X )
def
= P or subcomponent name

I uncontrolled system: Σ ::= C (~V ) | Σ BC
L

Σ L ⊆ E

I controller: M ::= a.M | 0 | M + M a ∈ E
Con ::= M | Con BC

L
Con L ⊆ E

I controlled system: ConSys ::= Σ BC
L

init.Con L ⊆ E
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Appendix

HYPE syntax (cont.)

I HYPE model: (ConSys,V,X , IN, IT , E ,A, ec , iv ,EC , ID)

I IN influence names, IT influence types

I ec : E → EC , association of events with event conditions

I EC , event conditions, (activation condition, reset)

I iv : IN → V, association of influence names with variables

I ID influence descriptions, JI (~X )K = f (~X ),

I well-defined HYPE model

I subcomponents:

Cs(~X )
def
= a1 :α1.Cs(~X ) + . . . + an :αn.Cs(~X ) ai 6= aj

I init : (ι, , ) appears exactly once

I a:(ι, , ) appears at most once

I synchronisation on shared events
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Appendix

Hybrid automata

I (V ,E ,X, E , flow , init, inv , event, jump, reset, urgent)

I X = {X1, . . . ,Xn}, Ẋj , X ′
j

I control graph: G = (V ,E )

I (control) modes: v ∈ V

I associated ODEs: Ẋ = flow(v)
I initial conditions: init(v)
I invariants: inv(v)

I (control) switches: e ∈ E

I events: event(e) ∈ E
I predicate on X: jump(e)
I predicate on X ∪ X′: reset(e)
I boolean: urgent(e)
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I predicate on X: jump(e)
I predicate on X ∪ X′: reset(e)

I boolean: urgent(e)
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Appendix

HYPE model to hybrid automaton

I modes V : set of reachable configurations

I edges E : transitions between configurations

I variables X: variables V
I if vj = 〈Pj , σj〉 then

flow(vj)[Xi ] =
∑
{rJI ( ~W )K | iv(ι) = Xi and σj(ι) = (r , I ( ~W ))}

I inv(v) = true
I let e be an edge associated with a and let ec(a) = (acta, resa)

I event(e) = a and reset(e) = resa

I if acta 6= ⊥ then jump(e) = acta and urgent(e) = true
else jump(e) = true and urgent(e) = false

I init(v) =

{
resinit if v = 〈P, σ〉 with primes removed

false otherwise
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