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Bio-PEPA

I stochastic process algebra for modelling biological systems
[Ciocchetta and Hillston 2008]

I different analyses: ODEs, CTMCs, stochastic simulation

I semantic equivalences – capture notion of same behaviour

I can base on ideas from biology

I time-scale differences

I quasi-steady-state assumption, Michaelis-Menten

I qualitative – consider action, not rate

I allows parameter fitting on fewer parameters
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Bio-PEPA syntax

I two-level syntax

I sequential component, species

S ::= (α, κ) op S | S + S op ∈ {↑, ↓,⊕,	,�}

I α action, reaction name, κ stoichiometric coefficient

I ↑ product, ↓ reactant

I ⊕ activator, 	 inhibitor, � generic modifier

I model component, system

P ::= S(`) | P BC
L

P

I work with a more constrained form
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Well-defined Bio-PEPA systems

I well-defined Bio-PEPA species

C
def
= (α1, κ1)op1C +. . .+(αn, κn)opnC with all αi ’s distinct

I well-defined Bio-PEPA model

P
def
= C1(`1) BC

L1
. . . BC

Lm−1
Cm(`m) with all Ci ’s distinct

I well-defined Bio-PEPA system

P = 〈V,N ,K,F ,Comp,P〉

I well-defined Bio-PEPA model component with levels
I minimum and maximum concentrations/number of molecules
I fix step size, convert to minimum and maximum levels
I species S : 0 to NS levels
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Bio-PEPA semantics

I operational semantics for capability relation −→c

I Choice, Cooperation for α 6∈ L, Constant as expected

I Prefix rules

((α, κ) ↓ S)(`)
(α,[S :↓(`,κ)])−−−−−−−−→c S(`− κ) κ ≤ ` ≤ NS

((α, κ) ↑ S)(`)
(α,[S :↑(`,κ)])−−−−−−−−→c S(` + κ) 0 ≤ ` ≤ NS − κ

((α, κ)⊕ S)(`)
(α,[S :⊕(`,κ)])−−−−−−−−→c S(`) κ ≤ ` ≤ NS

((α, κ)	 S)(`)
(α,[S :	(`,κ)])−−−−−−−−→c S(`) 0 ≤ ` ≤ NS

((α, κ)� S)(`)
(α,[S :�(`,κ)])−−−−−−−−→c S(`) 0 ≤ ` ≤ NS
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Bio-PEPA semantics (continued)

I Cooperation for α ∈ L

P
(α,v)−−−→c P ′ Q

(α,u)−−−→c Q ′

P BC
L

Q
(α,v ::u)−−−−→c P ′ BC

L
Q ′

α ∈ L

I operational semantics for stochastic relation −→s

P
(α,v)−−−→c P ′

〈V,N ,K,F ,Comp,P〉 (α,fα(v ,N ,K)/h)−−−−−−−−−−→s 〈V,N ,K,F ,Comp,P ′〉
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Competitive inhibition, bimolecular

I S + EI −→←− S + E + I −→←− SE + I −→ P + E + I

I S(`S) BC
∗

E (`E ) BC
∗

I (`I ) BC
∗

P(`P) BC
∗

EI (`EI ) BC
∗

SE (`SE )
where

S
def
= (β1, 1) ↓ S + (β−1, 1) ↑ S

E
def
= (α1, 1) ↓ E + (α−1, 1) ↑ E +

(β1, 1) ↓ E + (β−1, 1) ↑ E + (γ, 1) ↑ E

I
def
= (α1, 1) ↓ I + (α−1, 1) ↑ I

P
def
= (γ, 1) ↑ P

EI
def
= (α1, 1) ↑ EI + (α−1, 1) ↓ EI

SE
def
= (β1, 1) ↑ SE + (β−1, 1) ↓ SE + (γ, 1) ↓ SE

I

Vashti Galpin
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Competitive inhibition, abstracted

I S
E ,I−→ P

I S ′(`S ′) BC
∗

E ′(`E ′) BC
∗

I ′(`I ′) BC
∗

P ′(`P′) where

S ′
def
= (γ, 1) ↓ S ′

E ′
def
= (γ, 1)⊕ E ′

I ′
def
= (γ, 1)	 I ′

P ′
def
= (γ, 1) ↑ P ′

I bimolecular model, states have form (`S , `E , `I , `P , `EI , `SE )

I abstracted model, states have form (`S ′ , `E ′ , `I ′ , `P′)
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Bio-PEPA Motivating example Fast-slow bisimilarity Proof technique Congruence Conclusions

Abstraction from fast reactions

I quasi-steady state assumption (QSSA)

I possible to partition reactions into fast and slow

I assume species affected by fast reactions in steady state

I concentration of intermediates shows almost no change

I derive new model with new rates

I for example, Michaelis-Menten kinetics for substrate and single
enzyme

I for Bio-PEPA models

I partition actions into fast, Af and slow, As

I define P � P ′ if P
(α,w)−−−→c P ′ and α ∈ Af
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Bio-PEPA Motivating example Fast-slow bisimilarity Proof technique Congruence Conclusions

Fast-slow bisimilarity

I fast-slow bisimilarity, P ≈Af
Q if whenever

1. P � P ′ then Q (�)∗ Q ′ and P ′ ≈Af
Q ′

2. Q � Q ′ then P (�)∗ P ′ and P ′ ≈Af
Q ′

and for all α ∈ As

3. P
(α,w)−−−→c P ′ then Q (�)∗

(α,v)−−−→c (�)∗ Q ′ and P ′ ≈Af
Q ′

4. Q
(α,w)−−−→c Q ′ then P (�)∗

(α,v)−−−→c (�)∗ P ′ and P ′ ≈Af
Q ′

I similar definition to Milner’s weak bisimilarity

I fast reactions play same role as τ labelled transitions
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Competitive inhibition example

I first let Af = {α1, α−1, β1, β−1}

I what starting values to consider

I model assumption: more substrate than enzyme and inhibitor

I model assumption: no product

I only substrate

I only substrate and inhibitor

I only substrate and enzyme

I substrate, enzyme and inhibitor

I (n, 0, 0, 0, 0, 0) ≈Af
(n, 0, 0, 0)

I (n, 0, p, 0, 0, 0) ≈Af
(n, 0, p, 0)
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No inhibitor present

I basic Michaelis-Menten abstraction

I are (n,m, 0, 0, 0, 0) and (n,m, 0, 0) fast-slow bisimilar?

I relation over state vectors{
((n − (k + j),m − j , 0, k, 0, j), (n − k,m, 0, k)) |

0 ≤ k ≤ n, 0 ≤ j ≤ min{m, n − k}
}

I this is a fast-slow bisimulation

I why?

I consider the labelled transition systems
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Enzyme and inhibitor present

I are (n,m, p, 0, 0, 0) and (n,m, p, 0) fast-slow bisimilar?

I relation over state vectors{
((n − (k + j),m − (j + l), p − l , k, l , j), (n − k,m, p, k)) |

0 ≤ k ≤ n, 0 ≤ j ≤ min{m, n − k}, 0 ≤ l ≤ p, j + l ≤ m
}

I this is a fast-slow bisimulation

I similar insight
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Proof technique

I considering all transitions is time-consuming

I identify a match list in the relation

I si1 , . . . , sip and tj1 , . . . , tjp
I where values are related: sik = atjk + b

I for example
{
((s1, r , . . . , sn), (t1, . . . , r , tm)) | 1 ≤ r ≤ l , . . .

}

I if fast reactions have no effect on match list elements then
only need to check slow reactions

I technique to identify which species are only modified by slow
actions

I further work: use of invariants to capture match list
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Congruence of fast-slow bisimilarity

I congruence with respect to cooperation if no shared fast
reactions, P1 ≈Af

P2 ⇒ P1 BC
L

Q ≈Af
P2 BC

L
Q

I hence not identical to weak bisimilarity

I define new operator to add new reactions to existing species

I given two well-defined species with no shared reactions

A
def
=

∑n
i=1(αi , κi )opiA and B

def
=

∑m
j=1(βj , λj)opjB

A{B} def
=

∑n
i=1(αi , κi )opiA{B} +

∑m
j=1(βj , λj)opjA{B}

I A{B} is identical to B{A} as a species

I congruence with respect to new operator

A1 ≈Af
A2 ⇒ A1{B} ≈Af

A2{B} and B{A1} ≈Af
B{A2}
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Importance of congruence in biological modelling

I A, detailed model, typically large state space

I B, reduced model, smaller state space

I A ≡ B, capturing some notion of same behaviour

I P another model of a related system or supersystem

I P BC
∗

A ≡ P BC
∗

B by congruence

I can reduce size of overall model by replacing A with B

I can understand how P interacts with other systems

I use in model checking with appropriate logics
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Conclusions and further work

I equivalence based on quasi-steady-state assumption

I abstraction from fast reactions, time-scale difference

I qualitative so far – need quantitative aspects

I use of invariants to determine match list

I investigate application to other process algebras for biological
modelling

I more examples
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