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Example: MAPK cascade activated by EGF receptorsRESEARCH ARTICLE

http://biotech.nature.com •       APRIL 2002       •        VOLUME 20       •       nature biotechnology 371

The model shows that EGF receptor autophosphorylation and Shc
phosphorylation follow different patterns of activation. Compared
with EGF receptor autophosphorylation, Shc phosphorylation
exhibits a relative acceleration with decreasing EGF concentration
and shows a decline over time (Fig. 2B).

The activation signal of Ras-GTP (ref. 24) is clearly concentra-
tion-dependent, with greater amplitude and earlier peaks at the
higher EGF concentrations (Fig. 2C). The pattern is similar for Raf
kinase activation25 and for MEK and ERK phosphorylation.
Interestingly, from MEK to ERK (Figs 2E, F) a considerable amplifi-
cation is observed (!70-fold at 50 ng/ml EGF and !550-fold at 0.125
ng/ml EGF). Although the initial signal of receptor autophosphory-
lation is !15% of maximum at the low EGF concentration of 0.125
ng/ml (Fig. 2A), the model predicts that ERK activation still reaches
!70% of the maximum amplitude, indicating a high efficiency of
signal propagation. Thus the model suggests that the cell maintains
high sensitivity over a relatively broad EGF concentration range,
allowing maximum physiological response.

To compare the model’s predictions with experiment, we studied
phosphorylation of ERK-1/2 and expression of the target gene, c-
fos, in HeLa cells exposed to varying concentrations of EGF. We
observed a maximum ERK-1/2 phosphorylation response over a
broad EGF concentration range (50–0.5 ng/ml, which is above the
Kd of the EGF receptor; Fig. 2F; Supplementary Fig. 3A on the
Nature Biotechnology website). This experimental finding fits well
with the simulation results. At 50 and 0.5 ng/ml EGF, maximum
ERK phosphorylation is observed; at 0.125 ng/ml, 70% of the max-
imum is obtained (Fig. 2F). However, the experimental peak maxi-
ma are delayed with decreasing EGF concentration. In addition, a
dose response similar to that of ERK activation was experimentally
observed at the level of expression of the target gene, c-fos
(Supplementary Fig. 3B).

Our model shows that the initial velocity of Shc phosphoryla-
tion and association is greater than that of EGFR activation. The
signal is then transmitted downstream with almost no delay and
amplified through the MAP kinase cascade11, resulting in maximal

Figure 1. Scheme of the EGF receptor–induced MAP kinase cascade. The MAP kinase cascade can be initiated by Shc-dependent and Shc-independent
pathways. Each component is identified by a specific number (blue). Blue numbers in brackets specify the components after internalization. The arrows
represent the reactions specified in Supplementary Table 1 and characterized by reaction rates v1–v125 (green numbers). The second green numbers
identify reaction rates after internalization.
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B. Schoeberl, C. Eichler-Jonsson, E.D. Gilles, G. Müller, Nature Biotechnology, 2002
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Alternate subpathways in cascade

reaction in which it is involved for the purpose of this study. To do
so, the £uxes (velocity of the molecular £ow, which is reaction-specif-
ic) of the reactions were traced. This function is one of the features of
the software GEPASI. The amounts of molecular £ow (which is re-
action-speci¢c, accordingly) were calculated with integration over the
simulation time, using the following formula: molecular £ow=
g(vtUFt), where vt is the small segment of time (typically 1 s in
this study) and Ft is the £ux at time t (in the unit of M/s). With
molecular £ows, it is easy to dissect the ratio of a component pro-
duced by di¡erent reactions, or the £ows of a component into di¡er-
ent reactions.
For reversible reaction steps, unidirectional arrows are used in the

scheme for assignment of the forward and reverse reactions. The £ux
value can be positive or negative. When the value of the £ux is pos-
itive, the £ow of the molecule has the same direction as the arrow. If
the value of the £ux is negative, the molecular £ow has a reverse
direction to the arrow.

3. Results

It has been modeled previously that EGFR could be inter-
nalized before or after activation, and the internalized recep-
tors transduce signal as well [11]. However, internalization of
the receptors had very limited e¡ects on production of Raf,
MEK-PP and ERK-PP under the simulation condition used
in this study (with 50 ng/ml EGF) (data not shown), which

was in agreement with the published results [11]. Therefore,
the e¡ects produced by both cell surface and internalized re-
ceptors were combined for the simulation in this study.
The relative contribution of the Shc-dependent and Shc-in-

dependent pathways to MAPK activation was ¢rst assessed.
The index of contribution was evaluated by the molecular
£ow to Ras-GTP from its direct precursors ((EGF-
EGFR*)2-GAP-Shc*-Grb2-Sos-Ras-GDP and (EGF-
EGFR*)2-GAP-Grb2-Sos-Ras-GDP for the Shc-dependent
and Shc-independent pathways, respectively). The £uxes of
the reactions were traced up to 60 min and production of
Ras-GTP was calculated. As shown in Fig. 2, the Shc-depen-
dent pathway was the dominant one used by EGFR to pro-
duce Ras-GTP, while only 2% of the total Ras-GTP was
produced by the Shc-independent pathway, when the initial
concentration of EGF was set at 50 ng/ml and the concentra-
tion of Shc at the reported value [11].
To further determine the extent to which the Shc-dependent

pathway was dominant and also whether it was redundant as
indicated by several experiments, the e¡ects of initial Shc con-
centration on Ras-GTP production by the two pathways were
tested, using the component concentration perturbation scan-
ning, a function provided by GEPASI. The total production

Fig. 1. Partial scheme of the EGFR-induced MAPK cascade. This ¢gure aims to show the Shc-dependent and Shc-independent pathways. The
Shc-dependent pathway is located on the left part, whereas the Shc-independent pathway is located on the right part. The common precursor
of, convergent point of, possible cross-talks between the two pathways, and several initial components are located in the middle of the scheme.
Each component label represents a molecular species at the cell surface, and internalized as well, if applicable. Arrows represent the reaction di-
rection. In the case of a reversible reaction, the direction of the arrows determines the forward and reverse reaction parameters, which is not
shown in the scheme. The IDs for the reactions begin with letter v and are close to the arrows representing the reaction. For simpli¢cation,
only the IDs of the reactions being discussed are displayed. In the case of two IDs, the second one represents the reaction with the internalized
component. (Modi¢ed from [11].)
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(EGF -EGFR∗)2 -GAP ≡ EG
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Comparison of pathways

I two subpathways

I Shc-independent

I Shc-dependent

I Shc-dependent pathway is redundant but dominant
(Gong and Zhao, 2003)

I how can this be shown in Bio-PEPA with bisimulation?

I consider it qualitatively

I construct two Bio-PEPA models

I compare with weak g -bisimulation
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Bio-PEPA semantics

I operational semantics for capability relation −→c

I Choice, Cooperation for α 6∈ L, Constant as expected

I Prefix rules

((α, κ) ↓ S)(`)
(α,[S :↓(`,κ)])−−−−−−−−→c S(`− κ) κ ≤ ` ≤ NS

((α, κ) ↑ S)(`)
(α,[S :↑(`,κ)])−−−−−−−−→c S(`+ κ) 0 ≤ ` ≤ NS − κ

((α, κ)⊕ S)(`)
(α,[S:⊕(`,κ)])−−−−−−−−→c S(`) κ ≤ ` ≤ NS

((α, κ)	 S)(`)
(α,[S:	(`,κ)])−−−−−−−−→c S(`) 0 ≤ ` ≤ NS

((α, κ)� S)(`)
(α,[S:�(`,κ)])−−−−−−−−→c S(`) 0 ≤ ` ≤ NS
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Bio-PEPA semantics (continued)

I Cooperation for α ∈ L

P
(α,v)−−−→c P ′ Q

(α,u)−−−→c Q ′

P BC
L
Q

(α,v ::u)−−−−→c P ′ BC
L
Q ′

α ∈ L

I context of model 〈T ,P〉 = 〈V,N ,K,F ,Comp,P〉

I can define stochastic relation which is quantitative

I work with capability relation and context, well-defined

P
(α,w)−−−→c P ′

〈V,N ,K,F ,Comp,P〉 (α,w)−−−→c 〈V,N ,K,F ,Comp,P〉
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Weak g -bisimilarity

I function

g : (A×W)× P̃ × P̃ → X ∪ {τ} for arbitrary X

I new transitions

P
g((α1,w1),P,P1) ... g((αn,wn),Pn−1,P′)−−−−−−−−−−−−−−−−−−−−−−−−→g P ′ represents

P
(α1,w1)−−−−−→c P1

(α2,w2)−−−−→c . . .
(αn−1,wn−1)−−−−−−−→c Pn−1

(αn,wn)−−−−→c P
′

P
φ1...φn

====⇒g P ′ for φi ∈ X ∪ {τ} represents

P (
τ−→g )∗

φ1−−→g (
τ−→g )∗ . . . (

τ−→g )∗
φn−−→g (

τ−→g )∗ P ′
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Weak g -bisimilarity (cont.)

I weak g -bisimilarity, P ≈g Q if whenever

1. P
τ−→g P ′ then Q (=⇒g )∗ Q ′ and P ′ ≈g Q ′

2. Q
τ−→g Q ′ then P (=⇒g )∗ P ′ and P ′ ≈g Q ′

and for all φ 6= τ

3. P
φ−→g P ′ then Q (=⇒g )∗

φ−→g (=⇒g )∗ Q ′ and P ′ ≈g Q ′

4. Q
φ−→g Q ′ then P (=⇒g )∗

φ−→g (=⇒g )∗ P ′ and P ′ ≈g Q ′

I based on Milner’s weak bisimilarity

I allows for abstraction from some details of reactions

Vashti Galpin

Applying bisimulation and invariants to alternate pathways PASTA 2011



Alternate pathways Bio-PEPA Weak g -bisimilarity Application Conclusions

Weak g -bisimilarity (cont.)

I weak g -bisimilarity, P ≈g Q if whenever

1. P
τ−→g P ′ then Q (=⇒g )∗ Q ′ and P ′ ≈g Q ′

2. Q
τ−→g Q ′ then P (=⇒g )∗ P ′ and P ′ ≈g Q ′

and for all φ 6= τ

3. P
φ−→g P ′ then Q (=⇒g )∗

φ−→g (=⇒g )∗ Q ′ and P ′ ≈g Q ′

4. Q
φ−→g Q ′ then P (=⇒g )∗

φ−→g (=⇒g )∗ P ′ and P ′ ≈g Q ′

I based on Milner’s weak bisimilarity

I allows for abstraction from some details of reactions

Vashti Galpin

Applying bisimulation and invariants to alternate pathways PASTA 2011



Alternate pathways Bio-PEPA Weak g -bisimilarity Application Conclusions

Weak g -bisimilarity (cont.)

I weak g -bisimilarity, P ≈g Q if whenever

1. P
τ−→g P ′ then Q (=⇒g )∗ Q ′ and P ′ ≈g Q ′

2. Q
τ−→g Q ′ then P (=⇒g )∗ P ′ and P ′ ≈g Q ′

and for all φ 6= τ

3. P
φ−→g P ′ then Q (=⇒g )∗

φ−→g (=⇒g )∗ Q ′ and P ′ ≈g Q ′

4. Q
φ−→g Q ′ then P (=⇒g )∗

φ−→g (=⇒g )∗ P ′ and P ′ ≈g Q ′

I based on Milner’s weak bisimilarity

I allows for abstraction from some details of reactions

Vashti Galpin

Applying bisimulation and invariants to alternate pathways PASTA 2011



Alternate pathways Bio-PEPA Weak g -bisimilarity Application Conclusions

Weak g -bisimilarity (cont.)

I weak g -bisimilarity, P ≈g Q if whenever

1. P
τ−→g P ′ then Q (=⇒g )∗ Q ′ and P ′ ≈g Q ′

2. Q
τ−→g Q ′ then P (=⇒g )∗ P ′ and P ′ ≈g Q ′

and for all φ 6= τ

3. P
φ−→g P ′ then Q (=⇒g )∗

φ−→g (=⇒g )∗ Q ′ and P ′ ≈g Q ′

4. Q
φ−→g Q ′ then P (=⇒g )∗

φ−→g (=⇒g )∗ P ′ and P ′ ≈g Q ′

I based on Milner’s weak bisimilarity

I allows for abstraction from some details of reactions

Vashti Galpin

Applying bisimulation and invariants to alternate pathways PASTA 2011



Alternate pathways Bio-PEPA Weak g -bisimilarity Application Conclusions

Congruence of weak g -bisimilarity

I congruence for cooperation if g set-stable and species-blind

P1 ≈g P2 ⇒ P1 BC
L
Q ≈g P2 BC

L
Q and Q BC

L
P1 ≈g Q BC

L
P2

I species extension operator, A and B have no shared reactions

A
def
=
∑n

i=1(αi , κi )opiA and B
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=
∑m

j=1(βj , λj)opjB
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=
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i=1(αi , κi )opiA{B} +
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j=1(βj , λj)opjA{B}

I congruence for extension operator if g is species-blind
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Application to alternate pathways

I construct two Bio-PEPA models

I Shc-independent model has 11 species

I Shc-dependent model has 17 species

I how can they be compared?

I 7 species appear in both models

I insufficient just to compare shared species

I need to consider structural roles of species

I analysis of models is required
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Bio-PEPA Eclipse Plug-in

I software for Bio-PEPA

I dynamic analyses

I stochastic simulation

I ODE simulation

I Markov chains (via PRISM)

I static analyses

I sink/source identification

I species invariants: constant linear combinations of species

I reaction invariants: sets of reactions that keep species constant

I available at www.biopepa.org
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Static analysis of models

I sink/source

both models have a source, Ras-GTP∗ and a sink, Ras-GTP

I reaction invariant analysis - Shc-independent model

4 species invariants involving species present initially
1 reaction invariant involving EG and EG -Grb2 -Sos
4 reactions not involved in a reaction invariant

I reaction invariant analysis - Shc-dependent model

5 species invariants involving species present initially
4 reaction invariants involving EG and EG -Shc∗-Grb2 -Sos
1 reaction invariant not involving EG or EG -Shc∗-Grb2 -Sos
4 reactions not involved in a reaction invariant
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Revisit model diagram

I original conception

I pathway from (EGF -EGFR∗)2 -GAP to Ras-GTP

I reconceptualise

I consider reactions that are not part of invariants

I transformation of Ras-GTP∗ to Ras-GTP

I consider reactions that are part of invariants

I in presence of EG , Ras-GTP∗, Sos, Grb2 and Shc

I new diagram to support reconceptualisation
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Alternate subpathways in cascade

reaction in which it is involved for the purpose of this study. To do
so, the £uxes (velocity of the molecular £ow, which is reaction-specif-
ic) of the reactions were traced. This function is one of the features of
the software GEPASI. The amounts of molecular £ow (which is re-
action-speci¢c, accordingly) were calculated with integration over the
simulation time, using the following formula: molecular £ow=
g(vtUFt), where vt is the small segment of time (typically 1 s in
this study) and Ft is the £ux at time t (in the unit of M/s). With
molecular £ows, it is easy to dissect the ratio of a component pro-
duced by di¡erent reactions, or the £ows of a component into di¡er-
ent reactions.
For reversible reaction steps, unidirectional arrows are used in the

scheme for assignment of the forward and reverse reactions. The £ux
value can be positive or negative. When the value of the £ux is pos-
itive, the £ow of the molecule has the same direction as the arrow. If
the value of the £ux is negative, the molecular £ow has a reverse
direction to the arrow.

3. Results

It has been modeled previously that EGFR could be inter-
nalized before or after activation, and the internalized recep-
tors transduce signal as well [11]. However, internalization of
the receptors had very limited e¡ects on production of Raf,
MEK-PP and ERK-PP under the simulation condition used
in this study (with 50 ng/ml EGF) (data not shown), which

was in agreement with the published results [11]. Therefore,
the e¡ects produced by both cell surface and internalized re-
ceptors were combined for the simulation in this study.
The relative contribution of the Shc-dependent and Shc-in-

dependent pathways to MAPK activation was ¢rst assessed.
The index of contribution was evaluated by the molecular
£ow to Ras-GTP from its direct precursors ((EGF-
EGFR*)2-GAP-Shc*-Grb2-Sos-Ras-GDP and (EGF-
EGFR*)2-GAP-Grb2-Sos-Ras-GDP for the Shc-dependent
and Shc-independent pathways, respectively). The £uxes of
the reactions were traced up to 60 min and production of
Ras-GTP was calculated. As shown in Fig. 2, the Shc-depen-
dent pathway was the dominant one used by EGFR to pro-
duce Ras-GTP, while only 2% of the total Ras-GTP was
produced by the Shc-independent pathway, when the initial
concentration of EGF was set at 50 ng/ml and the concentra-
tion of Shc at the reported value [11].
To further determine the extent to which the Shc-dependent

pathway was dominant and also whether it was redundant as
indicated by several experiments, the e¡ects of initial Shc con-
centration on Ras-GTP production by the two pathways were
tested, using the component concentration perturbation scan-
ning, a function provided by GEPASI. The total production

Fig. 1. Partial scheme of the EGFR-induced MAPK cascade. This ¢gure aims to show the Shc-dependent and Shc-independent pathways. The
Shc-dependent pathway is located on the left part, whereas the Shc-independent pathway is located on the right part. The common precursor
of, convergent point of, possible cross-talks between the two pathways, and several initial components are located in the middle of the scheme.
Each component label represents a molecular species at the cell surface, and internalized as well, if applicable. Arrows represent the reaction di-
rection. In the case of a reversible reaction, the direction of the arrows determines the forward and reverse reaction parameters, which is not
shown in the scheme. The IDs for the reactions begin with letter v and are close to the arrows representing the reaction. For simpli¢cation,
only the IDs of the reactions being discussed are displayed. In the case of two IDs, the second one represents the reaction with the internalized
component. (Modi¢ed from [11].)

FEBS 27792 5-11-03 Cyaan Magenta Geel Zwart

Y. Gong, X. Zhao/FEBS Letters 554 (2003) 467^472468

Y. Gong, X. Zhao, FEBS Letters, 2003

(EGF -EGFR∗)2 -GAP ≡ EG
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Alternate subpathways, reconceptualised

Ras-GTP∗

EG-Shc∗-Grb2-Sos-Ras-GTP EG-Grb2-Sos-Ras-GTP

Ras-GDP

EG-Shc∗-Grb2-Sos-Ras-GDP EG-Grb2-Sos-Ras-GDP

Ras-GTP

EG-Shc∗-Grb2-Sos EG-Grb2-Sos

Shc∗-Grb2-Sos

Grb2-Sos

Sos

Shc∗-Grb2EG-Shc∗-Grb2

Grb2 EG-Grb2

EG-Shc∗ Shc∗

EG-Shc Shc

(EGF-EGFR∗)2-GAP EG

1
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Construction of bisimulation

I vector notation for well-defined Bio-PEPA models

Shc-independent
(Ras-GTP∗, Ras-GDP, Ras-GTP, EG -GS-Ras-GTP, EG -GS-Ras-GDP, ...)

Shc-dependent
(Ras-GTP∗, Ras-GDP, Ras-GTP, EG -Shc∗-GS-Ras-GTP, EG -Shc∗-GS-Ras-GDP, ...)

I equivalence relation over vectors, R

{(
(k1, k2, k3, k4, k5, x6, . . . , x17), (k1, k2, k3, k4, k5, y6, . . . , y11)

)}
how to choose g?
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Construction of bisimulation (cont.)

I generic definition, reusable

I function to capture change in a species

∆(A,w) =


κ if A ↑ :(l , κ) appears in w

−κ if A ↓ :(l , κ) appears in w

0 otherwise

I function to capture changes for a set of species

g{A1,...,Am}((α,w),P,P ′) =


(∆(A1,w), . . . ,∆(Am,w))

if any Ai appears in w

τ otherwise
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Proof of weak g -bisimilarity

I show R is a weak g{Ras-GTP∗,Ras-GDP,Ras-GTP}-bisimulation

I 5 cases to consider

I example: reaction produces EG -Shc∗-GS-Ras-GTP

(k1,k2,k3,k4,k5,x6,...,x17)
(−1,0,0)−−−−−→g (k1-1,k2,k3,k4+1,k5,x ′6,...,x

′
17)

is matched by

(k1,k2,k3,k4,k5,y4,...,y11)
τ−→g (k1,k2,k3,k4,k5,y ′6,...,y

′
11)

...
...

τ−→g (k1,k2,k3,k4,k5,y ′′6 ,...,y
′′
11)

(−1,0,0)−−−−−→g (k1-1,k2,k3,k4+1,k5,y ′′′6 ,...,y ′′′11 )
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Example: alternate pathways

I pathways are weak g{Ras-GTP∗,Ras-GDP,Ras-GTP}-bisimilar

I pathways have been compared in terms of their main role,
production of Ras-GTP

I they produce the same outputs from the same inputs

I abstraction from unimportant species and reactions

I identification of species to be present at start

I robust method, generic technique and function
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Conclusions and further work

I weak equivalence that abstract from reaction details

I congruence with respect to composition and extension

I application to alternate pathways

I use of static analysis to construct bisimulation

I comparison with fast-slow bisimilarity as further work

I quantitative aspects as further work

I investigate application to other process algebras
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Thank you
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Use of congruence in biological modelling

I M, detailed model, large state space

I M ′, reduced model, smaller state space

I M ≡ M ′, capturing some notion of same behaviour

I L, another model of a related system or supersystem

I then L BC
∗
M ≡ L BC

∗
M ′ by congruence

I can reduce size of overall model by replacing M with M ′

I can understand how L interacts with other systems

I use in model checking with appropriate logics
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Bio-PEPA

I stochastic process algebra for modelling biological systems
[Ciocchetta and Hillston 2008]

I different analyses: ODEs, CTMCs, stochastic simulation

I semantic equivalences – capture notion of same behaviour

I can base on ideas from biology

I how to decide which behaviours are the same?

1. different abstractions of the same model – discretisation

2. ideas from biology – fast/slow reactions, grouping of species

3. existing equivalences – PEPA, bisimulation-based
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Bio-PEPA syntax

I two-level syntax

I sequential component, species

S ::= (α, κ) op S | S + S op ∈ {↑, ↓,⊕,	,�}

I α action, reaction name, κ stoichiometric coefficient

I ↑ product, ↓ reactant

I ⊕ activator, 	 inhibitor, � generic modifier

I model component, system

P ::= S(`) | P BC
L
P

I work with a more constrained form
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Well-defined Bio-PEPA systems

I well-defined Bio-PEPA species

C
def
= (α1, κ1)op1C +. . .+(αn, κn)opnC with all αi ’s distinct

I well-defined Bio-PEPA model

P
def
= C1(`1) BC

L1
. . . BC

Lm−1
Cm(`m) with all Ci ’s distinct

I well-defined Bio-PEPA system

P = 〈V,N ,K,F ,Comp,P〉

I well-defined Bio-PEPA model component with levels
I minimum and maximum concentrations/number of molecules
I fix step size, convert to minimum and maximum levels
I species S : 0 to NS levels
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Alternate subpathways, reconceptualised
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