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Gentzen 1934: Sequent Calculus
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Part 1

The sequent calculus



Logical rules

' - 0,A I' - 06,8
&R
' - 0,A&B
AT — 06 B, I' - 6
&L
A& B, I' — 0 A& B, I' - 0
[ —-06,A I' - 06,8
VR
' - 0,AVEB ' - 0,AVEB
AT — 06 B,I'— ©
VL
AV BT — 6
AT — 06 ' - 06,A
—-R =L
' —0,-A4 —-A,I'— 06



Structural rules

Id

AT -0, A

[ —-06,A AT — 06

' - 06

Cut



Part 2

The dual calculus



Syntax and Judgements

Type AB === X|A&B|AvVvB|-A
Term M,N == x| (M,N)|(M)inl | (N)inr | [K]not | (5).z
Co-term K,L == z|[K,L]|fst|K]|snd[L]|not{M) | z.(5)
Statement ST 1= MeK
Environment I = x1: A, ...,y Ay
Coenvironment © = X1 : A, ...,T, A,

Term judgment 'O | M: A

Coterm judgment K:A|T'«©6
Statement judgment I'>S <0



Logical rules

'O | M: A I'>®|N:B

&R
IO | (M,N): A& B
K:A|T'«0O L:B|T'«06 o1,
fst|K]: A& B |I'<© snd[L]: A& B|I'<©
'O | M: A I'>®|N:B R
V
'O | (M)inl: AV B '>O | (N)inr: AV B
K:A|T«0O L:B|T'«®© .
V
K,L|: AVB|TI'«©6
K:A|T'«O 'O | M: A

—R

-L
I'>0 | [K]not : -A not(M): —A|T'<x©




Structural rules

IdR IdL
r:AT>pO |z A r:A|'x,2: A
I'>S5«<0,7: A r:AT'>S<0O
RI LI
'O | (5)z: A z.(5):A|T'«06

>0 | M:A K:A|T<«0O
I'>Me K<0O

Cut




Derived rule

Id
r:AT'>brer<®,z: A

IdR IdL
r: A lcO,2:A|lx: A E:A|:C:A,F<1@,:TC:AC
ut

r:ATl>brer<O,z: A




Derived rules

'bO©,2:A|M: A
I'>Mex<®,2: A

RE

IdL
'cO,2:A|M: A r:A|Tl<«0,2: A

Cut
['>Mex<®,x: A
K:A|lxz:AT<0O

LE
r:AT>re K10
IdR
r:AT>bO |z A K:A|lxz:AT'«G
Cut

r:Al'bre K10



Example: Excluded middle

IdR

r:A>Z:AV-A|lz: A R
r:A>zZ: AV -A| (x)inl: AV -A
r:A>(r)inlezaz: AV -A HE
r.({r)inlez): A| <lZ:A\/—|ALI
>z : AV -A|[x.((x)inl e Z)|not : = A
>z : AV A | ([x.((x)inl e Z)|not)inr : AV —A
> ([x.((x)inl @ Z)|not)intre z<xz: AV -A
> | ({|z.({x)inl ® Z)|not)inr e 2).Z : AV —A

—R

VR
RE
RI




Example: Confluence

(weZ)zey. (yez)

/ N\
wey.(yeZz) (weZX)TeZ
N\ /

weZz



Example: Non-confluence

(uev)wex.(yeZ)



Part 3

Call-by-value



Call-by-value reductions

Values VW = o | (V,W) | (V)inl | (W)inr | [K]not
(B8&)., (VW) e fst| K] =, VeK
(B8&). (V,W) esnd|L] =, Wel
(BV )y (V)inl e [K, L] =, VeK
(BV)w (Winr e [K, L] =, WelL
(&), (Ve fst[z]).z, (V esnd[y]).y) = V
(MV )y z.((zx)inle K),y.({y)inre K)| =, K



Call-by-value reductions, continued

Evaluation context £ ::=

| K |not e not (M)
[z.(V enot(x))|not

Veux.(9)
z.(re K)

(S).ze K
(M o Z).7

E{M)}

{3 (B, M) | (V. E) | (E)inl | (E)inr

=

=

M e K
v

S{V/xz}
K

S{K/z}
M

(Meoex.(E{r}eZ)).z,

if M4V



Part 4

Call-by-name



Call-by-name reductions

Covalues P, QQ == =z |[P,Q]||fst[P]]|snd[Q] | not(M)
(B&) (M, N) o fst[P] =, MeP
(B&) (M, N) esnd|[Q] =, Ne(Q
(BV)n (M)inl e [P, ()] =, MeP
(BV)n  (N)inre [P, Q)] =n NeQ

(n&)n (M o fst[z]).z, (M esnd[y]).y) =, M
(NV)n lz.((x)inl e P),y.({y)inre P)] =, P



Call-by-name reductions, continued

Evaluation cocontext G == {}||G,K]| [P, G]]|fst|G]|snd|G]

(B=)n | K |not e not(M) =, MeK
(1)n not(([z|not e P).z) =, P

(6L), M e x.(S) =, S{M/z}
(L) r.(re K) =, K
(6R)n (S).zeP =, S{P/z}
(nR)n (M o x).Z =, M

($)n G{K} =, 2.((zeG{x})xeK), ifK#P



Part 5

Duality



Duality

(X)° = X

(A& B)° = A°V B°
(AVB) = A°&B°
(
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Call-by-value is dual to call-by-name

F>O|M:A [ M°:A° | @° 4l
K:A|T«O p iff § ©°pT°|K°: A°
['>5<40 | | O°> 5%l
Mee (M
Kee » = § K
SOO ) \ S
M=, N \ ( M°® =, N°

K=,L p iff ¢ K°=, L°
SirUT \SO:>nTO




Part 6

Call-by-value

Continuation-passing style



Continuation-passing style



Nz Zx

AZ. M? (Ax. N (\y. Z (z,y)))
AzZ. M? (\z. z ({z)inl))

Az NV (Ay. Z ((y)inr))

Az 2 (M. KV x)

AT SV

N2. T2

Az.case z of (x)inl — K"z, (y)inr — Ly
Az.case z of (x,—) — K%«

Az.case z of (—,y) — L'y

Az MP z

Ax. SY

M? K"®



Inverse CPS translation



(K, L)
fst| K, ]
snd|L,]
not(Vy)
not((S,).2)
x.(Sy)

Vyex

Vy e [Ky, Ly
Vy e fst[K,]
Vv esnd|L,]
Vv e K,
(Sy).7 e K,



CPS preserves types and reductions

F>0|M:A )
K:A|T<xe p iff ¢ (DY, (-0)Y>KY: (-A4)Y
I'>S<0 MY, (-0)Y >S5 R

/

M =, N, MY = N
K=,L, ¢ it ¢ K'=1
S =,T,




A reflection on CPS

(M7)y)" = M
(K))" = K
((5))" = 5

M=, N (MY = NV
K=,L , 1implies ( K'Y= [V
S=,T | | SY =T

M' = N’ [ M, =, N,

K' =1L ; implies <¢ K', =, L/,
S =T’ L S/,U = T,’U




Part 7

Call-by-name

Continuation-passing style



Continuation-passing style

(X)) = X

(A& BN = AN 4+ BYN
(AvB)Y = AN x BYN
(—A)N = AY - R
(z)N = I
(P.ep™ = PY.QV)
(fst[P)N = fst[PY]
(snd[@Q])Y = snd[QV]

(

=

S
=
=

I

M?’L



AZ.xZ

AZ.case z of fst|z] — M™Z, snd|y] — N™y
AZ.case zZ of (T,—) —» M" =T

A\z.case z of (—, ) — N™gy

Az, K™z

AT. S

Az 2 T

Az. K™ (AZ. L™ (\§. 2 (Z,9)))
Az, K™ (\Z. z (fst[z]))

Mz, L" (S\Q z (snd[g]))

Az z (AT M™ T)

Az, S™

K™ M™"™



Inverse CPS translation
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case P of fst[z] — M z, snd|y] — N g)p,

>~
§~a| §\z| §\z| '\ N N §\z|
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N
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i
E
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P)n

.case z of (—

.case z of fst[z] — M z, snd[y] — N §)n
.case z of (z,—) — M ),

) = NU)n

case P of (z,—) — M ),

case P of (—

M
(A\z.

P)n

S)

M)

i) — N Y)n

X

My, Nn)

<

(M n}ml

(N p)inr

[Py |not

[.(S,,)|not
).

(S

re Py

(M, N,)e Py
(M ,)inl @ Py
(Np)inr e Py
M, o Py

M, ex.(S,)



CPS preserves types and reductions

>0 |M:A OV, (-D)N s M (=AY
K:A|T<«0 , iff ¢ ©)N (-I)Y¥p> K": (-=A)N
I'>S<0 | - ©O)N, ()N S": R
M =, Ny \ ( M"™ = N

K=,L, ¢ iff ¢ K"=1
S=,T,




A reflection on CPS

M =, N
K=, L
S=,T
M’ = N’
K'= 1L
S =T

implies

9




Part &

Functions



Call-by-value Functions

x:A>© | N: B R 'O | M: A L:B|T'«0©
>0 |\ N:A—B MQ@QL:A—B|F<©
(B

— )y (Az.N)e(MQL) =, Mex.(NelL)
(n —) Ae.(Vex@Qy)ly =, V

A—-B = —-AVBEB
A.N = (([x.((N)inr e Z)|not)inl e 2).Z
MQL = [not(M),L]



Call-by-name Functions

L:B|T«<0©,z: A K:A|T<® TprO|N:B

> L

Me.L:A— B|T'«0© '> | KQN:A— B

(6 —)n (KQN)e(M2.L) =, (NeL)TeK

(n —) \o.y.(rQyeP) =, P

A—- B = -A&B
M. L = z.(zefstlnot((z esnd[L]).z)])
KQN = ([K]not,N)

> R



Part 9

Conclusions
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