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Counting starts at zero
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Zero appears in India, 7th century CE
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Part 1

Aliens



How to talk to aliens

HYPERFINE TRANSITION OF SILHOUETTE OF BINARY EQUIVALENT
MEUTRAL HYDROGEN SPACECRAFT OF DECIMAL &

POSITION OF SUN PLANETS OF SOLAR

RELATIVE TO 14 SYSTEM AND BINARY
PULSARS AND THE RELATIVE DISTANCES

CENTER OF THE GALAXY



Independence Day




A universal programming language?
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Part 2

Boolean algebra



George Boole (1815-1864)

Qn./
Y

AN INVESTIGATION OF

THE LAWS
OF THOUGHT

ON WHICH ARE FOUNDED
THE MATHEMATICAL
THEORIES OF LOGIC

AND PROBABILITIES




Boole 1847: Mathematical analysis of logic

The primary canonical forms already determined for the expression of Pro-
positions, are

All Xs are Ys, x(1—y) =0, s 5 il
No Xs are Ys, Xxy=4g, S ¥ o
Some Xs are Ys, U= Xy, sae & plks
Some Xs are not Ys, v=x(1—-y) ....0.

On examining these, we perceive that E and I are symmetrical with
respect to x and y, so that x being changed into y, and y into x, the equa-
tions remain unchanged. Hence E and I may be interpreted into

No Ys are Xs,
Some Ys are Xs,

respectively. Thus we have the known rule of the Logicians, that particular
26|27 affirmative and universal negative Propositions admit of simple conversion. |



Boole 1854: Laws of Thought

Prorosition 1V,

That axiom of metaphysicians wlich ts termed the principle of
contradiction, and which affirms that it is impossible for any being to
possess a quality, and at the same time not 1o possess ity s 4 conse-
quence of the fundamental law of thought, whose expression s 2° = x.

Let us write this equation in the form

whence we have

z (1 -a)=0; (1)

both these transformiations being justified by the axiomatic laws
of combination and transposition (1I.13). Let us, for simplicity
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Frege’s Begriffsschrift



Gotlob Frege (1848-1925)




Frege 1879

We could write this inference perhaps as follows :

This would become awkward if long expressions were to take the places of 4 and B,
since each of them would have to be written twice. That is why I use the following



Frege 1879

In view of the preceding it is easy to state what the significance of each of the three
parts of the horizontal stroke to the left of A is.

F—4
g e

means ““The case in which A4 is denied and the negation of B is affirmed does not
obtain’’, or *“ A and B cannot both be denied . Only the following possibilities remain :

A is affirmed and B is affirmed ;

A is affirmed and B is denied ;

A 1s denied and B is affirmed ;
A and B together exhaust all possibilities. Now the words “or’ and “either—or”
are used in two ways: 4 or B means, in the first place, just the same as

— 4
-8B,

hence it means that no possibility other than 4 and B is thinkable. For example, if



Frege 1879

It 15 clear also that from

F— %)

we can derive

Fro— ()
—— 4

if A 18 an expression in which a does not occur and if a stands only in the argument places

of P(a).** If —C—(a) is denied, we must be able to specify a meaning for a

such that @(a) will be denied. If, therefore, —%— ®(a) were to be denied and



Frege 1879
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Frege 1879

52 FREGE BEGRIFFSSCHRIFT
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Frege in modern notation

FB— A =B
- A

FA— (B— A)
F(C = (B—A)—((C—B)—=(C—A4)
F(C—(B—A) = (B—(C—A4)
= (=(=4)) - A
- A — (=(=4))

A& B = =(A— (-B))
AV B = (—lA)—>B
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Gentzen’s Natural Deduction



Gerhard Gentzen (1909-1945)




Gentzen 1934: Natural Deduction
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Gentzen 1934: Natural Deduction
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Gentzen 1934: Sequent Calculus
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Gentzen 1934: Natural Deduction

—1Id

AFA
I, A+ B r'A—B AFA .
>—I —
I'-A— B I, A+B
I'-A AFB I'-A& B I'-A& B
&-1 &—EO &‘El
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Simplifying proofs

— 1d
AF A
U ¢
I''AF B I 4 AFA
r-A—B  AFA U
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A proof

Id Id
B& A-B& A B& AFB& A
&-Eq &-E,
B&AE A B&AFB&I
B&AF A& B )
—-1

F(B& A) — (A& B)

Id ——1Id

B+FB AFA

A BFB&A

A BFA&B



Simplifying a proot

Id Id
B&AFB& A B&AFB& A
&-Eq &-Eq
B& AR A B& A B
&-1 Id —1Id
B& AFH A& B B+ B AF A
—-1 &-1
F(B& A) — (A& B) A BEFB&A
A BHFA&B
4
Id —1Id Id —1Id
B+ B AF A B+ B AF A
&-1 &-1
A, BFB&A A BEFB&A
&-Fq &-Eq
A BFA A,BI—B&I

A B+A&B



Simplifying a proot

d —1Id d —1Id
BF B A A BF B A A
&-1 &-1
A BFB&A A, BFB&A

&-F, &-Eo
A BF A A BEB

A B+A&B

4

—Id
AFA B+-B

A BFA&B

Id
&-1
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Church’s Lambda Calculus



Alonzo Church (1903-1995)




Church 1932: Lambda Calculus

AanaLs of M ATHREMATICS e, A voL. 33 (\"\303

A SET OF POSTULATES FOR THE FOUNDATION
OF LOGIC.!

By Aroxzo CHURCH.?

1. Introduction. In this paper we present a set of postulates for the
foundation of formal logic, in which we avoid use of the free, or real,
variable, and in which we introduce a certain restriction on the law of

excluded middle as a means of avoiding the paradoxes connected with the
mathematics of the transfinite.



Church 1932: Lambda Calculus

In consequence of this abstract character of the system which we are
about to formulate, it is not admissible, in proving theorems of the system,
to make use of the meaning of any of the symbols, although in the appli-
cation which is intended the symbols do acquire meanings. The initial
set of postulates must of themselves define the system as a formal struc-
ture, and in developing this formal structure reference to the proposed
application must be held irrelevant. There may, indeed, be other appli-
cations of the system than its use as a logic.



Church 1932: Lambda Calculus

An occurrence of a variable x in a given formula is called an oceurrence
of X as a bound variable in the given formula 1f it 1s an occurrence of x
in a part of the formula of the form 2x [M]; that is, if there is a formula M
such that Zx[M] occurs in the given formula and the occurrence of X in
question is an occurrence in Ax|M]. All other occurrences of a variable
in a formula are called occurrences as a fiee variable.

A formula is said to be well-formed if it is a variable, or if it is one



Church 1932: Lambda Calculus

Ae.x+2)2=2+2



Church-Rosser Theorem

Az.z+2)(\y.y+1)1)

e N
(Ar.z+2)(1+1) (Ay.y+1)1)+((A\y.y+1)1)
N /

(1+1)+(14+1)



Reduction rules

(Az.u)t = wult/x]



Reducing a term



Church 1940: Typed Lambda Calculus

Id
r:AFx: A
I' v:AFuw: B I'Fs: A— B AFt: A
- | —-B
I'FXx.v: A— B I' A\Fst: B
'F¢t: A Aru:B I'Fs: A& B I'Fs: A& B
&-1 &-Eq &-Fq

Iy AF(t,u): A& B ['Fsyg: A I'+s,:B



Simplitfying programs

Id
x:Aljx:A
U t
I''c:AFu:B j AFt: A
—-1 1 -
'-Xx.u:A— B AFt: A

“E = T,AFult/s]:B
AR (Az.u)t: B

 t U
I't: A Aru: B

&-1 »
D,AF (tu): A& B )
&-Eq = I'F¢: A
P,Al‘ <t,u>0:A




A program

Id Id
2B& AFzB& A 22B& AFzB& A
&-Eq &-Eo
22B& AF z1:A 22B& AtF z9:B
&-1 Id Id
2B& AF (z1,20):A& B y:BFyB AR x:A .
—-1 -1
- Az (21,20):(B& A) — (A& B) r:Ayy:BF (y,z):B& A

—-E

r:A,y:BF (Az.(z1,20)) (y,x):A& B



Simplifying a program

Id Id
22B& A z22B& A 22B& A z:2B& A
&—El &-EO
z22B& Al z1:A 22B& AF z9:B
&-1 Id Id

22B& A& (z1,20):A& B y:BFyB AR x:A
—-1 &-1
- Az (21,20):(B& A) — (A& B) rv:Ay:BF (y,z):B& A

r: A, y:BF (Az.(z1,20)) (y,x):A& B

U

Id Id Id Id
y:B+Fy:B r:AFx:A y:B+y:B A x:A
&-1 &-1
r:A,y:BF (y,x):B& A r:A,y:BF (y,x):B& A
&-Eq &-Eq
v Ayy:BF (y,x)1:A r:Ayy:B & (y,x)0:B .

-1

v: A,y B ((y,2)1,(y, )0): A& B

—-I




Simplifying a program

Id Id Id Id
y:Bt+y:B rAFx:A y:B+y:B rAFx:A
&-1 &-1
v:A,y:BF (y,x):B& A v:A,y:BF (y,x):B& A
&-Eq &-Eo
T Ay y:B & (y,x)1:A r:Ayy:B & (y,z)0:B

v:A,y:BF <<y,$>1, <y,$>0>3A & B

4

Id Id
r A x:A y:BFy:B
&-1

rv:A,yBF (z,y):A& B
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The Curry-Howard Isomorphism



Haskell Curry (1900-1982) / William Howard




Howard 1980

THE FORMULAE-AS-TYPES NOTION OF CONSTRUCTION

W. A. Howard

Department of Mathematics, University of
Illinois at Chicago Cirele, Chicago, Illinois 60680, U.S.A.

Dedicated to H. B. Curry on the occasion of his 80th birthday.

The following consists of notes which were privately circu-
lated in 1969. Since they have been referred to a few times in
the literature, it seems worth while to publish them. They have
been rearranged for easier reading, and some inessential correc—

tions have been made.



Howard 1980

1. Formulation of the sequent calculus

Let P(D) denote positive implicational propositional logic.
The prime formulae of P(D) are propositional variables. If
@ and B are formulae, so is o DB . A sequent has the form
I'> B, where T 1is a (possibly empty) finite sequence of formu-
lae and B 1is a formula. The axioms and rules of inference of

P(D) are as follows.

(L2 Axioms: all sequents of the form
o > o
'y a > R
(1.2) ' >a 2B
(1.3) L =0 oy A E BB
L5 =+ B
(1.4} Thinning, permutation and contraction

rules



Howard 1980

2. Type symbols, terms and constructions

By a type symbol is meant a formula of P(D) . We will con-

sider a A-formalism in which each term has a type symbol o as

a superscript (which we may not always write); the term is said

to be of type «. The rules of term formation are as follows.

2.1) Variables Xa, YB,... are terms
(2.2) A-abstraction: from FB get

Gx* FhHye 2B
(2.3) Application: from & 2 B and H"

get (GCLDBHu)B .
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Programs and Proofs



Programs

o Lisp (McCarthy, 1960)

e Iswim (Landin, 1966)

e Scheme (Steele and Sussman, 1975)

o ML (Milner, Gordon, Wadsworth, 1979)

e Miranda (Turner, 1985)

o Haskell (Hudak, Peyton Jones, and Wadler, 1987)
e O’Caml (Leroy, 1996)



Proofs

e Automath (de Bruijn, 1970)

e Type Theory (Martin Lof, 1975)

e ML/LCF (Milner, Gordon, and Wadsworth, 1979)
e HOL (Gordon and Melham, 1988)

o CoQ) (Huet and Coquand, 1988)

o Isabelle (Paulson, 1993)



Proofs/Programs

e Hindley/Milner (1969/1975)

e Girard/Reynolds (1972/1975)

e Linear Logic/Syntactic Control of Interference (1985)

e Classical Logic/Continuation-Passing Style (1990)

e And dual to Or/Call-by-value dual to Call-by-name (2000)



Part &

Programs and Proofs on the Web



Java (Gosling, Joy, and Steele, 1996)




Proof-Carrying Code (Necula and Lee, 1996)

ma
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Typed Assembly Language (Morrisett et al 1998)

typed assembhy language
- o m p i | e ¥



Typed Assembly Language (Morrisett et al 1998)

o~
g -
typed assembly language
- o m p i | e ¥

What do you want to type check today?



Part 9

Conclusion



Russell’s paradox

Let w be the predicate: to be a predicate that cannot be
predicated of itself. Can w be predicated of itself? From each
answer the opposite follows.

— Bertrand Russell to Gottlob Frege, 16 June 1902

wew iff wéw



Russell on Frege

“As I think about acts of integrity and grace, I realise there is
nothing in my knowledge to compare to Frege’s dedication to
truth. His entire life’s work was on the verge of completion, much
of his work has been ignored to the benefit of men infinitely less
capable, his second volume was about to be published, and upon
finding that his fundamental assumption was in error, he
responded with intellectual pleasure, clearly submerging any
feelings of personal disappointment. It was almost superhuman,
and a telling indication of that which men are capable if their
dedication is to creative work and knowledge instead of cruder

efforts to dominate and be known.”

— Bertrand Russell, 23 November 1962



Frege
Undone by Russell’s Paradox

Church and Curry
Attended 1982 Conference on
Lisp and Functional Programming

Gentzen
“He once confided in me that he was really
quite contented since now he had at last time to think

about a consistency proof for analysis.”



Frege
Undone by Russell’s Paradox

Church and Curry
Attended 1982 Conference on
Lisp and Functional Programming

Gentzen
“He once confided in me that he was really
quite contented since now he had at last time to think

about a consistency proof for analysis.”
Died in prison, 4 August 1945
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