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Quantum computing
as a completion

“It’s really something that is special for 
quantum computation because it’s 
somehow ‘complete’ — quantum 
computation is some kind of completion, 
mathematically, of classical computation. 
I think of this as maybe similar to the fact 
that the complex numbers are an 
algebraic closure of the real numbers.”



Universality

Characterise property up to isomorphism
by behaviour rather than construction





Circuits



Circuits 

morphism in monoidal category (C, ,0) =⊕
string diagram with wires Ob(C) and gates Mor(C)

Boolean circuits 
Bool / Perm

Wires are 2={0,1}    /    n
Gates are bijections

Parallel by cartesian product

Quantum circuits 
Unitary

Wires are ℂ2      /    ℂn

Gates are unitary matrices
Parallel by tensor product



● PROP is a strict symmetric monoidal category (C, ,0) ⊕

where objects are n∈  ℕ and m n=m+n⊕

● It is presented by generators {gi∈C}i 

and relations {equations}

if any f∈C is a circuit of gi’s and two circuits represent 
the same morphism iff they are equal by equations

Presentations



● Bool = <  X, CX, CnX
             |  X2 = 1,  CX2 = 1,  CnX2 = 1,  …  >

● Full & faithful / Sound & complete: 
f=g in Bool     f=g by equations⇔

Fundamental theorem of reversible computing:



What about quantum circuits?

Unitary   <  X, CX, CCX, H, T  |  X⊇ 2 = 1,  CX2 = 1,  CCX2 = 1,  …  > 

         <  X, CX, CCX, H  |  X⊇ 2 = 1,  CX2 = 1,  CCX2 = 1,  …  > dense

But syntactic relations unknown or unwieldy



Controlled Circuits



● Controllable PROP (CROP) is a PROP (P, ,0) of ⊕
endomorphisms with fixed x : 1 → 1 

● Given P, build cP by generators and relations
f : n → n                           from P
Cb f : 1+n → 1+n     for f from P

Crops



Fundamental theorem of reversible computing revisited:
Bool  =  c<  X : 1 → 1   |  X2 = 1 >

Similar result for Unitary?



Matrices



“Eighty percent of mathematics is linear algebra”

Both Perm and Unitary have more structure than ⊗



Rig category: Categorification of natural numbers

Bipermutative category: Strict version



● Perm is the initial rig category

● Unitary is a rig category with  direct sum⊕

● Classical reversible computing sits inside quantum 
reversible computing via permutation matrices: 
there is a unique rig functor Perm → Unitary

● Note:  is not a biproduct⊕

Permutations and rig categories



Programming with Permutations



Matrix Completion



● Given prop (P, ,0), define ⊕
m  n = mn on objects⊗
f  g = (f  1) (1  g) on morphisms⊗ ⊗ ⊗
f  1 = f  ⊗ ⊕ …  f⊕

force bifunctoriality (f  1) (1  g) = (1  g) (f  1)⊗ ⊗ ⊗ ⊗

● This gives the free strict semisimple rig category.

● Variation: for crops, additional relation x = swap1,1

● Example: Bool = < X >

Kronecker product



Matrix = Control



Theorem:  cP  =  P
    n   2⟼ n

    f    f⟼
                 1 f⟼ ⊕

 uses Gray codes⟻

Matrix = Control



Optimisation



Square Roots



Square roots

Not all reversible classical programs in 
Bool have square roots.

But all quantum programs in Unitary do!

Can we regard reversible quantum 
computing as a completion of 
reversible classical computing?



A Few Square Roots

Add two generators

    ω : I → I
    V : I ⊕ I → I  ⊕ I

and three relations

     V2 = swap
     ω8 = id
     VSV = SVS

where S = 1⊕ω2



Gates
Unitary matrices form a model with

     ω = e2πi/8     V = 

In addition to classical reversible gates
can now model phase gates
    T = id ⊕ ω     S = id ⊕ ω2     Z = id ⊕ ω4

and the Hadamard gate
                        H = ω7 V S V



Whence the equations?
Unitaries describe discrete time evolution
In continuous time, f=eitH for Hamiltonian H

Square root of evolution is simply evolution 
for half a discrete time step: ei(t/2)H ei(t/2)H = eitH

Borne out in quantum hardware: 
superconducting and trapped-ion

Third equation: anyonic quantum computing



Free Quantum Computing
Definition: Q = < ω : 1 → 1, V : 2 → 2   |    
                           ω8 = 1,   V2 = X,   S V S = V S V >

Proposition: Q exists.

Theorem (universality): Unitary  ⊇ Q  dense. 
In fact Q = Unitary( [½, ℤ e2πi/8] ).

Theorem (soundness, completeness): 
f=g in Q  iff f=g in Unitary. (*)

(*) f⊕f’=g⊕g’  f=g, not needed when we add measurement⇒



Can be mechanised! Example:

Detailed proofs in papers, 
substantial part formalised in Agda

Equational reasoning



Conclusion
Universal Quantum Programming Language

● Universal

● Fully abstract

● Finite equational presentation

● Equations natural

● Rig operations axiomatise control

● Square roots axiomatise quantum 
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Measurement
● Theorem: classical computation 

      = classical reversible computation 
      + information effects

● Can copy and delete classical bits with
          erase : b ⇝ 1

                 create : 1 ⇝ b
● Idea: model quantum measurement similarly

          measure : qubit → qubit
           measure 



● Given rig category P, make new one mP 
with same objects but 

mP(A, B) = P(A ⊕ H, B ⊗ G) / ~
where f ~ (1 x g) f (1 + h)

● Theorem: universal way to make a rig 
category coaffine (O initial, I terminal)

● Theorem: mUnitary = CPTP

● Practically, can compile dynamic program 
with measurements anywhere into static 
one with measurements at the end

Garbage and Heap



It’s just a phase
● Many (most?) quantum algorithms come down to 

eigenspace decomposition and eigenvector manipulation

● Lift to primitive

● Universal

● Grover now one-liner:



More ancillae, more problems
● Cannot reuse dirty qubits

● Rust type system: ownership, borrowing

● Compiler automatically inserts uncomputation



Programming with equations

● Word problem decidable

● Normalisation by evaluation

● Fewer generators than Π

● Theorem (completeness):  ⟦f⟧=⟦g⟧ iff ⦅f =⦆ ⦅g  ⦆



Orthogonal group presentations

Proposition: there is finite presentation for unitary matrices On( [1/√2])ℤ
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