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Quantum computing
as a completion

‘It's really something that is special for
quantum computation because it's
somehow ‘complete’ — quantum
computation is some kind of completion,
mathematically, of classical computahon

| think of this as maybe similar to the fact (N
that the comp ex numbers are an /
algebraic closure of the real numbers.” /




Universality

Characterise property up to isomorphism
by behaviour rather than construction

Axioms Free model

\ :3!

Any model
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Quantum computing improves substantially on known classical algotithms for various
important problems, but the nature of the relationship between quantum and classical
computing is not yet fully understood. This relationship can be clarified by free models,
that add to classical computing just enough physjcal pnnclples to represent quantum
computing and no more. Here, we develop an of quantum p

that replaces the standard continuous postulates with a small number of discrete
equations, as well as a free model that replaces the standard linear-algebraic model
with a category- theoretical one. The axioms and model are based on reversible classical

compi ge in the ability to tak in well-behaved square
roots, and link to. varmus quan(um compu[mg hardware platforms. This approach
allows bi 1 optis ding brute force computer search, to optimize

quantum computations. The free model may be interprered s a programming linguage
for quantum computers, that has the same and
as the standard model, but additionally allows d verification and

reversible computing | axiomatization | free model | category theory

Quantum computing improves :ubsmnmlly on known dassical algorithms for certain
problems (1) including prime factorization (2), boson sampling (3}, and Hamiltonian
simulation (4). The nature of the relationship between classical and quantum compuring
is not yer fully understood. The literature only identifics several notions that do not
explain the difference on their own (5), including superposition (6), entanglement (7),
nonlocality (8), contextuality (9), and interference (10). The advantage of quantum
computing over classical computing is often considered quantitatively: just how much
advantage does a specific quantum algorithm have over classical ones (11)? Here, we
consider it qualitatively: does a model of computation allow algorithms that have
advantage over classical ones, or does it not?

“The question s difficult parely because quancum compuring i ofcen implicicy confined
to a standard model, that uses complex linear maps (12). For a meaningful comparison,
both classical and quantum computing must be situated within a larger landscape of
models, We use as models bipermurative categories, the most permissive notion of
model of computation possible. Within this framework, we identify a unified free model
of quantum computing that can express all quantum algorithms with advantage over
classical ones.

To explain the free property of a model by way of example, consider

.

‘Quantum computing holds

great promise, but its foundations
and the source of its advantages
remain conceptually obscure. We
develop a framework that con-
tains no extraneous mathematical
assumptions and clearly sepa-
rates what is truly quantum from
what is just classical computing in
disguise. Instead of relying on the
infinite precision of continuous
complex numbers, this symbalic
approach uses a small finite num-
ber of discrete building blocks that
reflect physical implementations.
Unlike traditional models, this
model supports purely symbolic
combinatorial reasoning,
enabling the use of powerful
classical computer science
techniques. This framework is just
as effective as traditional ones,
and offers a rigorous, simpler
foundation to understand and
engineer guantum computation.

Author affiliations: °Department of Computing and
Software, McMaster University, Hamilton, ON LES 41,
Canada; ¥School of Informatics, University of Edinburgh,
Edinburgh EHS 1DF, United Kingdor; “Department of

The natural numbers can be completed with negatives in multiple ways: N embeds
into Z while preserving addition as » > », but also as n > —u or n > 2n. The
fact that these are completions with negatives means that an additive inverse for the
number 1 is adjoined, and entails that all these embeddings are in fact the same up
to an unimportant global scalar. The fact that it is the free completion means that
any other completion has w encompass it. The real numbers also contain N and
allow subtraction, but additionally have many other properties that are superfluous
for counting. Any addition-preserving embedding N — R factors uniquely through the
free model Z (of natural numbers with negatives). In this sense, the integers are the
smallest model, devoid of ints, of nawural numbers
with negatives. This is exactly what being a free madel captures. See Fig, 1. Generally,
free models are unique: they are completely determined by their defining properties
(such as having negatives) up to a unique isomorphism (such as an unimportant
global scalar).

This article explains the relationship between classical and quantum computing in
a similar way. Like adjoining —1 to the nawral numbers, we adjoin a small number
of generacors with physical significance to reversible classical computing and show that

reversible quantum computing arises as the free completion. Like the real numbers,
any other model of reversible quantum computing, including the standard model of
complex unitary matrices, must factor uniquely through cthis free one. Conversely,
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One rig to control them all
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Abstract

Controlled commands—computations whose execution depends on a separate in| —play a central
role in reversible Boolean circuits and quantum circuits. However, existing formalisms typically treat
control only implicitly, entangled with ether aspects of computation, Flom a semantic perspective,
control is mest naturally 1 in isi rig categories, wh like standard circuit
models such as props—support both parallel and conditional compesition.

We present a construction that freely adjoins an explicit syntactic notion of control to a cirenit
theory specified as a suitable prop, subject to eight universally quantified equations. Our main
result is that these equations are sound and complete for the intended semantics of control: the
resulting theory satisfies a universal property, identifying it exactly as the circuit subtheory of the
free semisimple rig completion. The praof combines coherence for rig eategories with a new method
Dased on induction over Gray eodes

We illustrate the usefulness of the framework by showing that it simplifies several existing sound
and complete axiomatisations of quantum circuits, isolating a small and conceptually clean set of
generators and equations. In addition, the same equations yield a sound and complete axiomatisation
of the multiply controlled Toffoli gate set, that is universal for reversible Boolean circuits,
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1 Introduction

Is, that is, commands that are executed

Many computations contain controlled
depending on the value of some memory cell. By control we mean the aspeets of a computation
that govern these dependencies.! Typically, the controlled command acts on one part of
memory, and the controlling memory cell resides in another part of memory. To be more
precise, for example, consider controlled negation in reversible Boolean circuits: the target

* We do not mean ‘control theory” as used in e.g. engineering [22]
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Circuits



Circuits

- morphism in monoidal category (C,®,0) =
u string diagram with wires Ob(C) and gates Mor(C)

Boolean circuits ' Quantum circuits
Bool / Perm e Unitary

Wires are 2={0,1} / n 4 Wiresare C2 / (n
Gates are bijections e Gates are unitary matrices
Parallel by cartesian product Parallel by tensor product

X cX
2—2 2xX2—2x2
0—1 00 — 00 1 T:(l .0
0 e’m/S
1—0 01 — 01
10— 11
11 — 10




Presentations

® PROP is a strict symmetric monoidal category (C,®,0)
where objects are n€EN and m@&n=m+n

e Itis presented by generators {g€C}.

and relations {equations}

if any fEC is a circuit of g's and two circuits represent
the same morphism iff they are equal by equations




Fundamental theorem of reversible computing:

® Bool =< X, CX, CX
| X2=1, CX2=1, C"X2=1, ... >

fan)
>
[4n\
A\
fan)
vy
.
A\
P
fanY
A\
fany
A\
S

e Full & faithful / Sound & complete:
f=gin Bool & f=g by equations




What about quantum circuits?

Unitary 2 < X,CX,CCX,H, T | X2=1, CX2=1, CCX2=1, ... >
2< X,CX,CCX,H | X2=1, CX2=1, CCX2=1, ... > dense

But syntactic relations unknown or unwieldy



Controlled Circuits



Crops
e Controllable PROP (CROP) is a PROP (P,®,0) of
endomorphisms with fixed x:1 =1

® Given P, build cP by generators and relations
f:n—>n from P
Ccf:1+n—=> 1+n forffromP

(a) Ty @
: = - —
—*
] L (9 SPARRND (d)
2 -




Fundamental theorem of reversible computing revisited:
Bool = c< X:1—>1 | X2=1>

Similar result for Unitary?



Matrices



“Eighty percent of mathematics is linear algebra”

[l
§
{
{
n
i

Both Perm and Unitary have more structure than ®



Rig category

fiA—B g: B—=C

gof:A—=C
id: A= A

(hog)of=ho(gof)
ide f=f=foid

Bipermutative category: Strict version

. Categorification of natural numbers

f:A—B

g B’

fefl:A A > BB

(AQB)C~A®(B® ()
IRA~A~ARIT

AR B~B®A

7

K- X

g

f:A— B fli Al — B
fofl:ApA - Bao B

(ApB)aC~Adp (Ba ()
OpA~A~ApO
A B~Bao A

AR (B C)~(A®B)® (A C)
ARO0=>~0



Permutations and rig categories

® Perm is the initial rig category

® Unitary is a rig category with ® direct sum

oo} )

® C(lassical reversible computing sits inside quantum
reversible computing via permutation matrices:
there is a unique rig functor Perm — Unitary




Programming with Permutations

bx=0|1|b+b|bxb (value types)
tu=be b (combinator types)
iso == id | swap" | assoer | assocl™ | unite*l | uniti*l | absorbl | factorzr (isomorphisms)

| swap™ | assocr™ | assocl™ | unite*l | uniti*l | dist | factor

cu=iso|cge|cte]|exe (combinators)
id b & b o id
swapt : bi+by, © by+b © swapt
assocrt : (by+by)+by & b+ (by+bs) . assoclt
unite*l : 0+b < b . unititl
swap”  : by xXby, & byxb © swap”®
assocr™ : (by X by) X b3 by X (by X b3) : assocl®
unite*l : 1xb < b o uniti*l
dist : (by+by)xby & (byxbs)+(byxbs) : factor
absorbl : bx0 < 0 ;. factorzr
Clibl(—)bz Cz!bz‘-’bg C]Zbl(—)b3 Cg:szb:; C]!b]Hb3 Cztbz(—)b4
le}Cz:b1(—>b3 C1+Cz:b]+bz‘—>b3+b4 C]XCztblxszb3xb4

CTRL ¢ = dist § id + (id X c) § factor
1:1e1=id
x:2 e 2= swapt
CX:2X2 & 2 X2 =CTRL swap"
CCX:2X2X2 e 2X2X2=CTRLCX



Matrix Completion



Kronecker product
e Given prop (P,®,0), define

m ® n = mn on objects
feg=(f®1)(1® g onmorphisms
fel=fe-of

force bifunctoriality f® 1) (1® g)=(1® g) (f ® 1)

This gives the free strict semisimple rig category.
P >» P

' rig functor

Q
Variation: for crops, additional relation x = swap, ,

Example: Bool =< X >

-q‘ﬁ"‘ﬂ-fﬁ" .ﬁ?lﬁ‘ﬁ"i"
""'i'i"i "f""?' 'f'ﬂ'f

il LoLs A 'ii- 'Ti.'i
iorh e o 4l

Al -"?li'%- .-,ﬂ.,
'-'H-“:'i"ﬁ' ‘ﬁ -
i

-‘|i-||..f|i" .qir,n.gn'l"'




Matrix = Control



Control

IX =

Matr

%2)
Q
§e.
O
O
>
®
—
O
n
Q
%2)
-

n — 20
f —f
l—>1@f

cP =P

Theorem

Gray

000
001
011
010

110
111
101

100

Binary

000
001
010
011

100
101

110
111



Optimisation

R 'lo L — DL® ToI ®
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Square Roots



L R K X
A
e 0 0 O
A

o O

I

I

oo | O
oo o |
1900
ol 00

Square roots

Not all reversible classical programs in
Bool have square roots.

But all quantum programs in Unitary do!

Can we regard reversible quantum
computing as a completion of
reversible classical computing?



A Few Square Roots

Add two generators

w:l =
Vil®|l—> @]

and three relations

V2 = swap

wé = id )
VSV = SVS

where S = 1®w?

| 0)

1)




Gates

Unitary matrices form a model with

. l+i (1 —i

In addition to classical reversible gates
can now model phase gates

T=de®w S=idodw Z=ide&w!
and the Hadamard gate
H=w/ VSV




Whence the equations?

Unitaries describe discrete time evolution
In continuous time, f=e for Hamiltonian H

Square root of evolution is simply evolution
for half a discrete time step: el#/2H git/2H = gitH

Borne out in quantum hardware:
superconducting and trapped-ion

Third equation: anyonic quantum computing




Free Quantum Computing

Definition:Q=<w:1—->1,V:2—>2 |
we=1, V2=X, SVS=VSV>

Proposition: Q exists.

Theorem (universality): Unitary2 Q dense.
In fact Q = Unitary( Z[%, eZ/?]).

Theorem (soundness, completeness):
f=g in Q iff f=g in Unitary. ()

(*) fef'=g@g’ = f=g, not needed when we add measurement
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Equational reasoning e o 2|50

> : " o 6 o
4 |—\"|J.\‘C |#= H,‘_‘n‘"\(;a L‘,Hw—;’k"’

Can be mechanised! Example:

[[S’ S]] = [[S]] (<) [[S]] 0 . £ i g /’* ; = | \a *
= (id ® ©?) - (id ® @?) B - | & SR

=id® o' < Yoy \ o LR LN I :
= [[Z?]B “1\ | N ]-“j I l-\“\, ¢ -1 He| ¥

A N R R

H

Detailed proofs in papers,
substantial part formalised in Agda




Conclusion

Universal Quantum Programming Language
® Universal
e Fully abstract
® Finite equational presentation

® [Equations natural

® Rig operations axiomatise control

® Square roots axiomatise quantum
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Measurement

® Theorem: classical computation _
= classical reversible computation
+ information effects

® (Can copy and delete classical bits with
erase:b = 1
create: 1w b

e |dea: model quantum measurement similarly

measure : qubit — qubit

a b a 0
measure(c d>:<0 d)




Garbage and Heap

e (iven rig category P, make new one mP
with same objects but

mP(A,B)=P(A®H,B® G)/ ~
where f ~ (1 x g) f (1 + h)

e Theorem: universal way to make a rig
category coaffine (O initial, | terminal)

® Theorem: mUnitary = CPTP

® Practically, can compile dynamic program
with measurements anywhere into static
one with measurements at the end




It's just a phase

e Many (most?) quantum algorithms come down to
eigenspace decomposition and eigenvector manipulation

® Lift to primitive

® Universal

Z = if let|1) then Ph(x) X = if let|-) then Ph(x)
T := if let |1) then Ph(7/4) Y = if letS - |-) then Ph(x)
H := if let Y/ - |1) then Ph(x) CX := if let |1} ® id; then X

e Grover now one-liner:

if let |wy) ® -+ ® |w,) then Ph(x)




More ancillae, more problems

e (Cannot reuse dirty qubits

0o 1 2 3 0
1
|
|
|

1

|
oA |
| [ |

|0)

vy

A
N

1
I
|
LMy
I\.J

2
|
|
I
|

® Rust type system: ownership, borrowing

1 fn main() { 1 fn main() {

2 e tR =il 2 2 Tetex —RL12 3

3 let y = f(x); // value of x is moved 3 let y = f(&x); // x is borrowed

1 print!("{x},{y}"); // so x lost access 4 print!("{x},{y}"); // x can be read
5 |5 5 B

6 [FEnE Rl (xR 6 [ fT i =T

7 X 7 X

8 3 8 )

e Compiler automatically inserts uncomputation

.-
1 fn and3<'a>( X : : X
2 x:&'a gbit, ! 1
X & 3 y:&'a qgbit, ¥ 1 1 Yy
4 z:8&'a gbit | 1
Yi——eo—¥ 5§ ) -> #'a gbit { |0y —& g tmp
6 let tmp = and(x,y); L !
7 let ref = &tmp; 7 i 7
Fany z
|0) A\ a“d(XsY) 8 and(ref,z)
> B |0) S and3(x,y.z)




Syntax ° ° °
' 50 2= --- | hadamard Programming with equations

Types
hadamard : 1 +1 & 1+ 1

Equations
1—] i L e \Word problem decidable
+ hadamard hadamard 2
1— - -

e Normalisation by evaluation

— ¢y —

hxh hxh e Fewer generators than [

%
%

v —_ e Theorem (completeness): [f1=[g] iff (H=()




Orthogonal group presentations

Proposition: there is finite presentation for unitary matrices OD(Z[l/x/Q])

H? . =~¢
(-, ~e Ll

X =
[a,b]
¢ (—Dja3Hp,c] ® Hip,c](—Daj

Xia,p1H[c,d] ® Hic,d1X[a,b]
(—Dia1(—Dp1 ® (—Dp1(—Dpqg

(—Dia1Xb,c] ® X[b,e](—D[a)
X1a,b1X[c,d] ® X[c,d1X[a,b]

Hia,p1H[c,d] ® Hc,d1H[a,b]

Hip,c1X[a,b] ® X[a,b]H[a,c]

( 1) X X (= 1) H[a,C]X[b,c] zX[b,c]H[a,b]
[a,b] ¥ A[a,b] [b]

Xb’.X b =~ X b C
Lol la,blla.c] (—Da)(=Dp1H[a,b] ® Hia,b)(—Da(—Dis]

(—=Dp1H[a,b] ® H[a,b]X[a,b]

Xib,c1H[a,01X[a,c1H[a,d1H[a,61X[a,c1H[a,d] ® H[a,0)X[a,c]H[a,d1H[a,b]X[a,c]H[a,d]X[c,d]

Xla,c1X[b,c] ® X[b,c]X[a,b]



	Slide 1
	Quantum computing as a completion
	Universality
	Slide 4
	Circuits
	Slide 6
	Presentations
	Slide 8
	Slide 9
	Controlled Circuits
	Crops
	Slide 12
	Matrices
	Slide 14
	Rig category: Categorification of natural numbers
	Permutations and rig categories
	Programming with Permutations
	Matrix Completion
	Kronecker product
	Matrix = Control
	Matrix = Control
	Optimisation
	Square Roots
	Square roots
	A Few Square Roots
	Gates
	Whence the equations?
	Free Quantum Computing
	Equational reasoning
	Conclusion
	References
	Measurement
	Garbage and Heap
	It’s just a phase
	More ancillae, more problems
	Programming with equations
	Orthogonal group presentations

