Chapter 1

Universal algebra

The most basic assumption of work on algebraic specification is that programs are modelled
as algebras. This point of view abstracts from the concrete details of code and algorithms,
and regards the input/output behaviour of functions and the representation of data as pri-
mary. Representing programs in terms of sets (of data values) and ordinary mathematical
functions over these sets greatly simplifies the task of reasoning about program correctness.
See Section 0.1 for some illustrative examples and more introductory discussion on this point.

The branch of mathematics which deals with algebras in this general sense (as opposed to
the study of specific classes of algebras, such as groups and rings) is called universal algebra
or sometimes general algebra. However, work on universal algebra by mathematicians has
concentrated almost exclusively on the special case of single-sorted algebras with first-order
total functions. The generalization to many-sorted or heterogeneous algebras is required
to model programs which manipulate several kinds or sorts of data; further generalizations
are necessary to handle programs which fail to terminate on some inputs, which generate
exceptions during execution, etc. This chapter summarizes the basic concepts and results
of many-sorted universal algebra which will be required for the rest of this book. Some
extensions useful for modelling more complex programs will be discussed later, in Section 2.7.
In this chapter, all proofs are left as exercises for the reader.

1.1 Many-sorted sets

When using an algebra to model a program which manipulates several sorts of data, it is
natural to partition the underlying set of values in the algebra so that there is one set of
values for each sort of data. It is often convenient to manipulate such a family of sets as a
unit, in such a way that operations on this unit respect the “typing” of data values.

The following sequence of definitions and notational conventions allow us to manipulate
sorted families of sets (of functions, of relations, ...) in just the same way as ordinary
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sets (functions, relations, ...). Ordinary sets (functions, relations, ...) correspond to the
degenerate case in which there is just one sort, so these definitions also serve to recall the
notation and terminology of set theory to be used throughout this book. Let S be a set; the
notation (X;)seg is a standard shorthand for the family of objects X indexed by s € S, i.e.
the function with domain S which maps each s € S to X.

Throughout this section, let S be a set (of sorts).

Definition 1.1.1 : Many-sorted set

An S-sorted set is an S-indexed family of sets X = (X)ses, which is empty if X is
empty for all s € S. The empty S-sorted set will be written (ambiguously) as @. The
S-sorted set X is finite if X is finite for all s € S and there is a finite set S C S such that
X,=oforallse S\ S.

Let X = (X )ses and Y = (Y;)ses be S-sorted sets. Union, intersection, Cartesian prod-
uct, disjoint union, inclusion (subset) and equality of X and Y are defined componentwise
as follows:

XUY = (X, UY))ses

XY = (X, Viaes

X XY = (X, % Viaes

XWY = (X, 6 Vi)es (where X, 0, = ({1} x X.) U ({2} x Y2))
X CY iff (if and only if) Xy C Y, forall s € S

X=Yiff X CY and Y C X (equivalently, iff X and Y are equal as functions).

O

Exercise 1.1.2
Give a formal explanation of the above statement that “Ordinary sets ... correspond
to the degenerate case [of many-sorted sets] in which there is just one sort”. How many
J-sorted sets are there? O

NotATION: It will be very convenient to pretend that X € X WY and ¥ C X WY.
Although this is never actually the case, it allows us to treat disjoint union in the same way
as ordinary union, the difference being that when X NY # @, X WY contains two “copies”
of the common elements and keeps track of which copy is from X and which from Y. To see
that this does not cause problems, observe that there are injective S-sorted functions (see
the next definition) i1: X — X WY and i2:Y — X WY defined by ils(z) = (1,z) for all
s € S and x € X, and similarly for 2. A pedant would be able to correct what follows by
simply inserting the functions i1 and/or ¢2 where appropriate in expressions involving o .
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Exercise 1.1.3

Extend the above definitions of union, intersection, product and disjoint union to oper-
ations on [-indexed families of S-sorted sets, for an arbitrary index set I. For example, the
definition for product is ([[(Xi)ier)s = {f:1 — U;e;(Xi)s | f(i) € (X;)s for all i € I} for
each s € S. O

Definition 1.1.4 : Many-sorted function

Let X = (Xs)ses and Y = (Ys)ses be S-sorted sets. An S-sorted function f: X — Y is an
S-indexed family of functions f = (fs: Xy — Yi)ses; X is called the domain (or source) of f,
and Y is called its codomain (or target). An S-sorted function f: X — Y is an identity (an
inclusion, surjective, injective, bijective, . ..) if for every s € S, the function f,: X — Y is
an identity (an inclusion, surjective, injective, bijective, ...). The identity S-sorted function
on X will be written as idyx: X — X.

If f:X — Y and ¢g:Y — Z are S-sorted functions then their composition f,g: X — Z
is the S-sorted function defined by f;g = (fs;9s)ses- That is, if s € S and x € X, then
(f39)s(x) = gs(fs(2)).!

Let f: X — Y be an S-sorted function and X’ C X, Y’ C Y be S-sorted sets. The
image of X' under f is the S-sorted set f(X') = (fs(X!))ses C Y, where fo(X!) = {fs(x) |
r € X!} CY, forall s € S. The coimage of Y’ under f is the S-sorted set f~*(Y’) =
(fS1(Y)))ses € X, where f7H(Y)) ={z € X, | fs(z) € Y]} C X forall s € S. O

s

Definition 1.1.5 : Many-sorted binary relation

Let X = (X;)ses be an S-sorted set. An S-sorted binary relation on X, written R C
X x X, is an S-indexed family of binary relations R = (R; C X X X;)ses. For s € S and
x,y € X;, TRy (sometimes written xRy) means (x,y) € R;.

Let f: X — Y be an S-sorted function. The kernel of f is the S-sorted binary relation
K(f) = (K(f))es C X x X where K(f.) = {{z.y) | z.y € X, and f,(z) = fo(y)} <
X, x X is the kernel of f, for all s € S. O

Definition 1.1.6 : Many-sorted equivalence
Let X = (X{)ses be an S-sorted set. An S-sorted binary relation R C X x X is an
S-sorted equivalence (relation) on X if it is:

o reflexive: xR x;
e symmetric: xR,y implies y R x; and

e transitive: xR,y and yR,z implies xR,z

IThis “diagrammatic” order of composition will be used consistently throughout this book.
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for all s € S and z,y,z € X;. The symbol = is often used for (S-sorted) equivalence
relations.

Let = be an S-sorted equivalence on X. If s € S and x € X, then the equivalence class
of x modulo = is the set [z]=, = {y € X | © = y}. The quotient of X modulo = is the
S-sorted set X/= = (X;/=s)ses where X;/=; = {[z]=, | v € X} for all s € S. O

Example 1.1.7
Let S = {s1,s2}, and let X and Y be two S-sorted sets defined as follows:

X = (Xs)ses where X, = {0, A} and X, = {&, 0, &},
Y = (Yi)ses where Yy, ={1,2,3} and Y, ={1,2,3}.

Let f: X — Y be the S-sorted function such that
fo={0—~1,A—3} and f,={d—1,0+— 2 &— 2}

(e, f5,(O0) =1 and f,, (A) = 3; analogously for f;,). Then the kernel of f is the S-sorted
equivalence relation K (f) = (K(fs))ses where

K(fo) ={(0,8),(AA)} and  K(fs,) = {(d, %), (V,Q), (0, &), (#,0),(d, #)}.
The quotient of X modulo K(f) is the S-sorted set X/K(f) = (Xs/K(fs))ses where

Xa/K(fo) = {81 {A}} and X, /K(fs,) = {{&},{C, #}}.

Exercise 1.1.8
Show that if f: X — Y is an S-sorted function, then K'(f) is an S-sorted equivalence on
X. O

Exercise 1.1.9

Show that if = is an S-sorted equivalence on X then for all s € S and z,y € Xj,
[z]=, = y]=, iff x =5 9. O
NOTATION: Subscripts selecting components of S-sorted sets (functions, relations, ...) are

13

often omitted when there is no danger of confusion. Then Exercise 1.1.9 would read:
for all s € S and z,y € X, [z]= = [ylz iff e = y.”
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1.2 Signatures and algebras

The functions and data types defined by a program have names. These names are used to
compute with and reason about the program, and to build larger programs which rely on the
functionality the program provides. The connection between a program and an algebra used
to model it is provided by these names, which are attached to the corresponding components
of the algebra. The set of names associated with an algebra is called its signature. The
signature of an algebra defines the syntaxr of the algebra by characterising the ways in
which its components may legally be combined; the algebra itself supplies the semantics by
assigning interpretations to the names in the signature.

Definition 1.2.1 : Many-sorted signature
A (many-sorted) signature is a pair ¥ = (S, Q), where:

e S is a set (of sort names); and

e () is an S* x S-sorted set (of operation names)

where S* is the set of finite (including empty) sequences of elements of S. We will sometimes
write sorts(X) for S and opns(X) for 2. ¥ is a subsignature of a signature ¥’ = (S, ') if
SC S and Q,, S, forallwe S seS. O

Many-sorted signatures will be referred to as algebraic signatures when it is necessary to
distinguish them from other kinds of signatures to be introduced later.

NOTATION: Saying that f:s;x---Xs, — sisin X = (S, () means that s;...s, € S*, s € S
and f € €, . s Then f is said to have arity s;...s, and result sort s. The abbreviation
f:s will be used for f:e — s (¢ is the empty sequence).

This definition of signature does not accommodate programs containing higher-order
functions, or functions returning multiple results. A possible extension to handle higher-
order functions is briefly discussed in Section 2.7.6. As for functions with multiple results, a
function f:sy X -+ X s, — t; X -+ X t,,, may be viewed as a family of m functions

f1181><"'><8n—>t1 fm181X"'XSn—>tm.

Generalizing the definition of signature to handle such functions in a more direct way is easy
but makes subsequent developments somewhat messier in a non-interesting way.

The definition above does permit overloading, since it is possible to have both f:s; x

- X 8§, — s and f:t; X --- X t,, — tin a signature X, where sy...5,8 # t1...tnt. A

more restrictive definition of signature, adequate for most purposes, would have a set €2 of
operation names (and a set S of sort names) with functions arity: QQ — S* and sort: Q — S.
These two definitions are equivalent if each operation name in € is taken to be tagged with
its arity and result sort.

In the rest of this section, let ¥ = (S, ) be a signature.
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Definition 1.2.2 : Many-sorted algebra
A Y-algebra A consists of:

e an S-sorted set |A| of carrier sets (or carriers); and

e for each fisy x --- x5, — s in X, a function (or operation) (f:s; X --- X s, —
s)a:[Alsy x -+ x |Als, — [Als.
O

If Ais a X-algebra and s is a sort name in ¥ then |Al,, the carrier set of sort s in A, is the
universe of data values of sort s; accordingly, we often refer to the elements of carrier sets
as values. If frsy x -+ x s, — sis in 3 then the operation (f:s; X -+- X s, — )4 is a
function on the corresponding carrier sets of A. If n =0 (i.e. f:s), then |Als, X --- x|A|s, is
a singleton set containing the empty tuple (), and then (f:s)4 may be viewed as a constant
denoting the value (f:s)4({)) € |Al,. Notice that (f:s; x --+ X s, — §)4 is a total function?
so algebras as defined here are only appropriate for modelling programs containing total
functions. See Sections 2.7.3-2.7.5 for several ways of extending the definitions to cope
with partial functions. Note also that there is no restriction on the cardinality of |A|; in
particular, |A|; may be empty and need not be countable.

NoOTATION: Let A be a -algebra and let f:s1 X -+ x s, — s be in 3. We always write f4
in place of (f:s; X -+ X s, — $)a when there is no danger of confusion. When n = 0 (i.e.

f:s), we write (f:s)4 or fa in place of (f:s)a(()).

Exercise 1.2.3
If Q. # @ for some s € S, then there are no (S5, 2)-algebras having an empty carrier of
sort s. Characterise signatures for which all algebras have non-empty carriers of all sorts.
O

Example 1.2.4

Let S1 = {shape, suit} and let Q1. guope = {boz}, QL. quir = {hearts}, Qsnape shape =
{bozify}, N shape suit.suir = {f}, and Q1,, s = & for all other w € S1*,s € S1. Then X1 =
(S1,Q1) is a signature with sort names shape and suit and operation names boz: shape,
hearts: suit, boxify: shape — shape and f: shape X suit — suit. We can present 1 in tabular
form as follows (this notation will be used later with the obvious meaning):

1 = sorts shape, suit
opns box: shape
hearts: suit
bozify: shape — shape

f:shape X suit — suit

2All functions in this book are total except where they are explicitly designated as partial.
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Let
|Allshape = {0, A} and  [Alfsu = {, O, &},
boxar = O € |Al|shape, heartsay = 0 € |Al] s,
bozify 411 | Al|shape — |AL|shape = {0 — O, A — O},
and let

fAl: |A]-|shape X |A1|suit - |A1|suit
be defined by the following table:

far || Q| &
O (& | &
FARNRVAR JN

This defines a Y1-algebra Al. (NOTE: Reference will be made to X1 and Al in examples
throughout the rest of this chapter.) O

Definition 1.2.5 : Subalgebra
Let A and B be Y-algebras. B is a subalgebra of A if:

e [B]C |A]; and
o for f:s1x---xs, > sinXand by € |Bls,,...,bn € |Bls,, [B(b1,---,bn) = fa(b1, ..., by).

B is a proper subalgebra of A if it is a subalgebra of A and |B| # |A|. A subalgebra
of A is determined by an S-sorted subset |B| of |A| which is closed under the operations
of ¥, i.e. such that for each f:sy X -+ x s, — s in ¥ and by € |Bls,...,b, € |Bls,,
fa(br,...,b,) € |B|s. O

If B is a (proper) subalgebra of A then B is “smaller” than A in the sense that it contains
fewer data values than A. Both A and B are Y-algebras though, so A and B contain
interpretations for exactly the same sort and operation names.

Exercise 1.2.6

Let A be a X-algebra. Show that the intersection of any family of (carriers of ) subalgebras
of A is a (carrier of a) subalgebra of A. Use this to show that for any X C |A|, there is
a least subalgebra of A that contains X. This is called the subalgebra of A generated by
X. Give an explicit construction of this algebra. (HINT: Consider the family of S-sorted
sets X; C |A|, 1 > 0, where Xy = X and X;.; is obtained from X; by adding the results of
applying the operations of A to arguments in X;.) O
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Definition 1.2.7 : Reachable algebra
Let A be a Y-algebra. A is reachable if A has no proper subalgebra (equivalently, if A is
generated by ). O

By Exercise 1.2.6, every algebra has a unique reachable subalgebra.

Example 1.2.8
Let ¥1 = (S1,Q1) and Al be as defined in Example 1.2.4. Define a ¥1-algebra B1 by

|Bl|shape = {D}> |B]-|su7jt = {@7 ‘}7

boxpy = O € |Bl|shape, heartspr = O € |B1|suit,
boxify 1z | BL|shape = | B1|shape = {0 — O},
fBI: ‘Bl‘shape X |Bl|su1t - |Bl|su1t = {<|:|7QQ> — .7 <D7.> — QQ}

B1 is the subalgebra of Al generated by @. That is, Bl is the reachable subalgebra of
Al. O

Definition 1.2.9 : Product algebra
Let A and B be Y-algebras. The product algebra A x B is the Y-algebra defined as
follows:

e |AX B|=|A| x |BJ; and

o for each frsy x -+ x5, — sin ¥ and (a;,b1) € |[A X Bls,,...,{(an,bn) € |A X Bls,,
fax((a1,01), ... {an, bp)) = (fa(as, ..., an), fe(b1,...,b,)) € |A X Bls.

This generalizes to the product [[(A;)ics of a family of ¥-algebras, indexed by an arbitrary
set I (possibly empty), as follows:

o [IT{Adier| = TI{[Ail)ier; and

o for each fis; x --- x5, — sin ¥ and fi € [[[(Adicrlsis--- fo € [TI{(Ai)icr|sn,
Faer (Fro ooy F) @) = fa,(Fi1(3), - - ., fold)) for all i € T.

O

Exercise 1.2.10

Definition 1.2.9 shows how two X-algebras can be combined to form a new Y-algebra
by taking the Cartesian product of their carriers. According to Exercise 1.2.6, the same
thing can be done (with subalgebras of a fixed algebra) using intersection. Try to formulate
definitions of union and disjoint union of algebras, where |[AU B| = |A|U|B| and |AW B| =
|A| W |B| respectively. What happens? O
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1.3 Homomorphisms and congruences

A homomorphism between algebras is the analogue of a function between sets, and a congru-
ence relation on an algebra is the analogue of an equivalence relation on a set. An algebra
has more structure than a set, so homomorphisms and congruences are required to respect
the additional structure (i.e. the behaviour of the operations). Homomorphisms and congru-
ences are important basic tools for relating algebras and constructing new algebras from old
ones.

Throughout this section, let ¥ = (S, ) be a signature.

Definition 1.3.1 : Homomorphism

Let A and B be X-algebras. A Y-homomorphism h: A — B is an S-sorted function
h:|A| — |B| which respects the operations of ¥, i.e. such that for all f:s; x -+ X s, — s
in ¥ and ay € |Als,,...,an € |Als,, hs(falar,...,an)) = fo(hs (a1),..., hs (ay)). A X-
homomorphism h: A — B is an identity (an inclusion, surjective, ...) if it is an identity (an
inclusion, surjective, ...) when viewed as an S-sorted function. O

NoTATION: If h: A — B is a ¥-homomorphism, then |h|: |A| — | B| denotes h viewed as an
S-sorted function. The only difference between h and |h| is that in the case of |h| we have
“forgotten” that the additional condition required of a homomorphism is satisfied.

Informally, the homomorphism condition says that the behaviour of the operations in A
is reflected in that of the operations in B. This condition can be expressed in the form of a

diagram as follows:

hsy X -+ X hg,
‘A|81X"'X|A‘sn > |B‘S1X"'X|B|sn

fa IB

|A|S > |B|s

hs
where (hg, X+ -Xhg, (g, ... as,) = (hs (as,), ..., hs, (as,)) foralla; € |Alg, ..., a, € |A|s,.
The homomorphism condition amounts to the requirement that this diagram commutes, i.e.
that composing the functions on the top and right-hand arrows gives the same result as
composing the functions on the left-hand and bottom arrows. Such commuting diagrams
will be used heavily in later chapters, particularly in Chapter 3.

Example 1.3.2
Let ¥1 = (S1,Q1) and Al be as defined in Example 1.2.4. Define a ¥1-algebra B1 by

‘Bl‘shape = |Bl|su1t = {17273}7
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bOZEBl =1¢€ |Bl|shapea heartsBl =2¢€ |Bl|3m‘t,
boxify g1t | Bl shape — |B1|shape = {1 — 1,2 — 3,3 — 1},

where

fB1:| B shape X | Bl|suit = |B1]suit

is defined by the following table:
fp1

213
213
112
211

1
1
2
2

Let hl:|Al| — |B1| be the S1-sorted function such that
hlgape = {0 — 1,A— 3} and hlgy; ={d—1,0— 2 & — 2}.

It is easy to verify that hl: A1 — Bl is a X1-homomorphism by checking the following:

h1 shape (60T 1) boz 1
hlgui(heartsa1) = heartsp

h shape (bozify 41(0)) = boxify g (Rl shape (D))

Wl shape (bozify 41 (D)) = boxify g1 (Rl shape (D))
hlsuit(far (O, ) = fB1(Alahape (D), hluir(d))
Pl (fa1(0,9)) = fo1(hlepe(O), Rl (9))
Rl (far(O, W) = fo1(hlgepe (D), Rl (M)
hlsuit( Al(Aa *)) = fBl(hlshape<A)7 hlsuit(*))
hluit(far(D,9)) = fB1(hlshape (D), hl5it(9))
hlsuit(far (D, #)) = fB1(hlgnape (D), hlsuit(#))

Exercise 1.3.3

Let A be a X-algebra. Show that idja:A — A (the identity S-sorted function) is
a Y-homomorphism. Let h: A — B and h': B — C be Y-homomorphisms. Show that
|h|;|h']:|A| — |C| is a ¥-homomorphism h;h': A — C. O

Exercise 1.3.4
Let h: A — B be a Y-homomorphism, and let A’ be a subalgebra of A. Let the image of
A" under h be the Y-algebra h(A’) defined as follows:

o [h(AT)] = [n|(JA"]); and
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e foreach f:s;x---xs, = sin¥anda; € |A'|,,,...,a, € |As,, faa)(hs (ar), ... hs,(a,)) =
hs(fA/(al, ceey an))

Show that h(A’) is a well-defined -algebra (in particular, that the function fjan: |R(A’)|s, %
coo X |h(A)]s, — |h(A')|s is well-defined for each f:sy X -+ X s, — s in ) and that it is
a subalgebra of B. Formulate a definition of the coimage of a subalgebra B’ of B under h,
and show that it is a subalgebra of A. O

Exercise 1.3.5

Let h: A — B be a ¥-homomorphism, and suppose X C |A|. Show that the subalgebra
of B generated by |h|(X) C |B| is the image of the subalgebra of A generated by X. Show
that it follows that if h: A — B is surjective and A is reachable then B is reachable. O

Exercise 1.3.6
Let B be a reachable Y-algebra. Show that for any X-algebra A, there is at most one
Y-homomorphism h: B — A, and that any ¥-homomorphism h: A — B is surjective. O

Definition 1.3.7 : Isomorphism

Let A and B be X-algebras. A Y-homomorphism h: A — B is a Y-isomorphism if it
has an inverse, i.e. there is a Y-homomorphism h~': B — A such that h;h™! = id|4) and
h™';h = idp. (Exercise: Show that if A~' exists then it is unique.) Then A and B are
called isomorphic and we write h: A = B or just A = B. O

Exercise 1.3.8

Let h: A = B and h': B = C be Y-isomorphisms. Show that their composition is a -
isomorphism h;h': A =2 C. Show that = (as a binary relation on Y-algebras) is reflexive
and symmetric, and is therefore an equivalence relation. O

Two isomorphic algebras are typically regarded as indistinguishable for all practical purposes.
It is easy to see why: the only way in which they can differ is in the particular choice of
data values in the carriers. The size of the carriers and the way that the operations behave
on the values in the carriers is exactly the same. For this reason we are often satisfied
with a definition of an algebra “up to isomorphism”, i.e. a description of an isomorphism
class of algebras in a context where one would expect a definition of a single algebra. An
example of this is in Fact 1.4.10 below. The notion of isomorphism can be generalized to
other kinds of structures, where it embodies exactly the same concept of indistinguishability.
See Chapter 3 for this generalization and for many more examples of definitions of objects
“up to isomorphism”.

Example 1.3.9
Let ¥1 = (S1,Q1) and Al be as defined in Example 1.2.4. Define a ¥1-algebra B1 by

‘Bl‘shape = {D,A}, |Bl|su1t = {17273}7
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bOZEBl:AG |Bl|shapea heartsBl =2¢€ |Bl|3m‘t,

boxify g1t | Bllshape — |Bl|shape = {0 — A, A — A},

where

fBI: ‘Bl‘shape X ‘Bl‘smt - |Bl|su1t
is defined by the following table:

fe11112]3
o (213|3
AN 1312

Let il:|Al] — |B1| be the S1-sorted function such that
lghape = {0 — A, A — 0O} and ilg, = {&— 1,0 — 2, & — 3}.

This defines a Y 1-homomorphism i1: A1 — B1 which is a ¥1-isomorphism, so Al = B1.
O

Exercise 1.3.10
Show that a homomorphism is an isomorphism iff it is bijective. O

Exercise 1.3.11
Show that there is an injective homomorphism h: A — B iff A is isomorphic to a subal-
gebra of B. O

Example 1.3.12
Let ¥ = (5, ) be the signature

sorts s
opns a:s
fis—s

and define »-algebras A and B by
|Als = Nat (the natural numbers),
as=0¢€ ‘A|s,
failAls = |Als = {n—n+1|n € Nat},
|B|s = {n € Nat | the Turing machine with Gédel number n halts on all inputs},

ap = the smallest n € | B,

fB:|B|s — |B|s = {n € |B|s + the smallest m € |B|; such that m > n}.
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Let i:|A| — |B| be the S-sorted function such that
is(n) = the (n + 1) smallest element of |B|s

for all n € |Als. The function is is well-defined since |B|; is infinite. This defines a X-
homomorphism i: A — B which is an isomorphism.

Although A = B, the Y-algebras A and B are not “the same” from the point of view
of computability: everything in A is computable, in contrast to B (|B|, is not recursively
enumerable and fp is not computable). Isomorphisms capture structural similarity, ignoring
what the values in the carriers are and what the operations actually compute. This example
shows that, for some purposes, properties stronger than structural similarity are important.

O

Definition 1.3.13 : Congruence

Let A be a ¥-algebra. A X-congruence on A is an (S-sorted) equivalence = on |A| which
respects the operations of ¥: for all f:s; X --- X s, — sin ¥ and a1, a] € |A|s,...,an,0a, €
|Als,, if a1 =, o) and ... and a, =, a,, then fa(aq,...,a,) =, faldy, ..., d),). O

r'n

Exercise 1.3.14
Show that the intersection of any family of ¥-congruences on A is a ¥-congruence on A.
Use this to show that for any S-sorted binary relation R on |A| there is a least (with respect
to C) Y-congruence on A which includes R.
Show that the kernel of any Y-homomorphism h: A — B is a ¥-congruence on A.
Show that a surjective X-homomorphism is an isomorphism iff its kernel is the identity.
O

Definition 1.3.15 : Quotient algebra
Let A be a X-algebra, and let = be a Y-congruence on A. The quotient algebra of A
modulo = is the Y-algebra A/= defined by:

o |A/=|=]A|/=; and

e foreach fis; X - xs, —» sanda; € |Al,,...,a, €A, fa=(lar]=, ;- [an]=,,) =
[falar, ... an)l=,.
(]
Exercise 1.3.16
Show that A/= in Definition 1.3.15 is a well-defined Y-algebra. O

Example 1.3.17
Let X1 = (S1,Q1) and Al be as defined in Example 1.2.4, and let = = (=,)scs1 be the
S1-sorted binary relation on |Al| defined by

=amape = {(0,8), (A, A)} and - =i = {{d, $), (D, Q) (0, #), (4, 0), (4, #)].
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This defines a congruence on Al. Al/= is the ¥1-algebra defined by

|AL/= shape = ({0} {A}}, [AL/=sun = {{&}, {©, &}},
boxAl/E = {D} S ‘Al/E‘shapea heartSAl/E = {Qa .} S ‘Al/E‘sm‘ta
boxifym/z: |A1/E|shape - |A1/E|shape = {{D} = {D}a {A} = {D}}>
where
fAl/E: |A1/E|shape X |A1/E|su1t - |A1/E‘smt
is defined by the following table:
fAl/E {&} {Qu ‘}

{0} | {%} [{O.a}
(A} {9 &} {0, &}

Exercise 1.3.18
Let = be a X-congruence on A, and let hys(a) = [a|=, for s € S, a € |A|;. Show that
(hs: |Als = (|A]/=)s)ses is a -homomorphism h: A — A/= with K(h) = =. O

Exercise 1.3.19
Let h: A — B be a ¥-homomorphism. Show that A/K (h) is isomorphic to h(A). (HINT:
The isomorphism is given by [a|x,) — hs(a) for s € S, a € |Als.) O

Exercise 1.3.20

Let = be a Y-congruence on A. Show that for any >-homomorphism h: A — B such that
= C K(h), there exists a unique X-homomorphism g: A/= — B such that h(a) = gs([al=,)
forall s € S, a € |Als. O

Exercise 1.3.21
Show that there is a surjective homomorphism h: A — B iff there is a congruence = on
A such that B is isomorphic to A/=. a

Exercise 1.3.22
Let A be a Y-algebra, let = be a congruence on A and let B be a subalgebra of A/=.
Show that there is a subalgebra C' of A and congruence =" on C such that B = C'/=". O

Exercise 1.3.23

Let h: A — B be a Y-homomorphism. Show that there is a unique Y-congruence = on
A and a unique injective ¥-homomorphism g: A/= — B such that hs(a) = gs([a]=,) for all
se S, acl|Al. O
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1.4 'Term algebras

For any signature ¥ there is a special Y-algebra whose values are just well-formed terms (i.e.
expressions) built from the operation names in 3. A Y-algebra of terms with variables is sim-
ilarly determined by a signature ¥ = (S, ) and an S-sorted set of variables. These algebras
are rather boring insofar as modelling programs is concerned — the term algebra models a
program which does no real computation. But the homomorphisms from these algebras to
other algebras turn out to be very useful technical tools, as shown by the definitions below.

Throughout this section, let ¥ = (5,€2) be a signature and let X be an S-sorted set (of
variables), where z € X, for s € S means that the variable x is of sort s (written z:s). Note
that “overloading” of variable names is permitted here, since there is no requirement that
X, and X, be disjoint for s # s’ € S.

Definition 1.4.1 : Term algebra
The X-algebra Tx(X) of terms with variables X is the Y-algebra defined as follows:

o |Tx(X)| is the least (with respect to C) S-sorted set of words (sequences) over the

alphabet
SuU U Qw,sUUXsU{:7(7’7>}
wES* ses
sesS
such that:

— the word “z:s” € |Tx(X)|s for all s € S and x € X;; and

— forall fis; X -+-x s, — sin ¥ and all words t; € [Ts(X)]s,, ..., tn € |T5(X)
the word “f(t1,...,t,):8" € |Tg(X)|s.

Sn)

o for all fis; x -+ X s, — sin X and all words t; € |T5(X)|s,.--,tn € |T2(X)]s,,
Jrex)(te, ... ty) = (the word) “f(t1,...,t,): 5" € [Tx(X)]s.

If se Sandt e |Tx(X)|s then t is a X-term of sort s with variables X; the free variables of
t is the set F'V(t) C X of variables that actually occur in t.

The X-algebra of ground terms is the Y-algebra Ty, = Tx (@) of terms without variables.
If s€ S andt e |Tx|s then t is a ground X-term. O

The values of Ty (X) are “fully-typed” terms formed using the variables in X and the oper-
ation names in Y, and the operations of Tx(X) just build complicated terms from simpler
terms. Note that a term ¢ € |T5(X)| need not contain all the variables in X, and that some
variables may occur more than once in t. T%; is also called the X-word algebra, and its carriers
|Tx;| are sometimes called the Herbrand universe for 3.
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Example 1.4.2
Let X1 = (S1,Q1) be as defined in Example 1.2.4. Then T¥; is the X1-algebra defined
by

|T5:1| shape = { “boz(): shape”,
“bozify(box(): shape): shape”,
“bozify(bozify(box(): shape): shape): shape”
- h

|Ts1|suie = { “hearts(): suit”,
“f(box(): shape, hearts(): suit): suit”,
“f(bozify(box(): shape): shape, hearts(): suit): suit”,
“f(boz(): shape, f(box(): shape, hearts(): suit): suit): suit”,
-}

where the operations of T%; are the term formation operations
boxy, = “box(): shape” € |Txi|shape, heartsy,, = “hearts(): suit” € |Ts1|sui,

b0$ifyT21Z |T21|shape - |T21|shape
={ “box(): shape” +— “bozify(box(): shape): shape”
“boxify(box(): shape): shape” — “boxify(bozify(box(): shape): shape): shape”,

-}

and similarly for f: shape X suit — suit. O

NOTATION: Sort decorations (e.g. “: shape” in “boz(): shape”) are often unambiguously de-
termined, and they will usually be omitted when this is the case. When 2., N X, = @& for
some s € S, then variables of sort s cannot be confused with constants (0-ary operations) of
sort s and so we will usually drop the parentheses “()” in the latter. We will omit quotation
marks whenever it is clear from the context that we are dealing with terms. Finally, in
examples we will use infix notation for binary operations when convenient.

Example 1.4.2 (revisited)
We repeat Example 1.4.2, making use of these notational conventions.
Let X1 = (S1,Q1) be as defined in Example 1.2.4. Then T¥; is the X1-algebra defined
by
|T51|shape = {bozx, bozify(box), boxify(bozify(box)), ...},
|Ts1|suie = {hearts, f(box, hearts), f(bozify(box), hearts), f(box, f(box, hearts)), ...}

where the operations of T%; are the term formation operations

boxr,, = box € |Txi|shape, heartst,, = hearts € |Ts1|suits
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bozifyr.,: |Tx1|shape — |T51|shape = {box — bozify(box), boxify(box) — bowify(bowify(box)), ...},

and similarly for f: shape x suit — suit. O

Example 1.4.3

The notational conventions above will almost always be applicable. They cannot be
adopted from the outset (i.e. in Definition 1.4.1) because of the relatively rare examples
where confusion can arise. For example, let X2 = (S2,Q2) be the signature

sorts s, t

opns a:s
a:s'
fis—t
fis—t

According to the definition, |Tsa|; = {“f(a():s):t”, “f(a():s'):t"}. If all sort decorations
were omitted then both of the terms in this set would become “f(a())” and so |Txz|; would
have just this single element. The “outer” decoration can be omitted but the “inner” deco-
ration is required, thus e.g. “f(a():s)”.

Similarly, if X is an S2-sorted set of variables such that a € X, then “f(a():s)” and
“f(a:s)” are different terms in |Tx2(X)|s, so the convention of writing “a():s” as “a:s”
cannot be used.

Since the definitions permit variables and operation names like f(a():s) and even “ or ,
or (), the custom of writing terms in the form of character strings without explicit separators
can cause confusion. Luckily, such names never arise in practice and so this problem can

safely be forgotten. O

Fact 1.4.4
For any Y-algebra A and S-sorted function v: X — | A| there is exactly one ¥-homomorphism
v#: Ty (X) — A that extends v, i.e. such that v¥#(z) = v,(z) for all s € S, x € X,.

S-sorted sets Y-algebras
d

X =5 15 (X) T5(X)
| I
| I
| I

v :|v#| :v#
| I
\ \
|4 A
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The existence and uniqueness of v# follow easily from the requirement that v# extends v (this
fixes the value of v#(z) for all the variables in |T%(X)|) and that v# is a ¥-homomorphism
(this determines the value of v# for a term f(ty,...,t,) € |Tx(X)] as a function of the values
of v# for its immediate subterms t1,...,t, € |Tx(X)|). The homomorphism which results is
the function which evaluates Y-terms based on the assignment of values in A to variables in
X given by v.

Definition 1.4.5 : Term evaluation

Let A be a 3-algebra A and let v: X — |A| be an S-sorted function. By Fact 1.4.4 there is
a unique Y-homomorphism v#: T (X) — A that extends v. Let s € S and let t € |Tx(X)]s
be a Y-term of sort s; the value of t in A under the valuation v is v#(t) € |Al,. When
t € |Tx|s the value of t does not depend on v; then the value of t in A is @%(t) where
@: @ — | Al is the empty function. To make the algebra explicit, we write t4(v) for v#(t),
and t4 for t4(&) when ¢ is ground. O

Exercise 1.4.6
Let t € |Tx(X)| be a 3-term and let A be a Y-algebra. Show that if v: X — |A| and
w: X — |A] coincide on FV (t), then t4(v) = ta(w). O

Exercise 1.4.7
Define evaluation of terms in an inductive fashion. Convince yourself that the result is
the same as that given by Definition 1.4.5. O

Exercise 1.4.8

Let h: A — B be a Y-homomorphism, let v: X — |A| be an S-sorted function, and let
t € |Tx(X)| be a Y-term. Using Fact 1.4.4, prove that h(v#(t)) = (v;h)#(t). Compare
this with a proof of the same thing using your inductive definition of term evaluation from
Exercise 1.4.7. O

Exercise 1.4.9

Functions 0: X — |Tx(Y)| are sometimes called substitutions (of terms in T%(Y") for vari-
ables in X'). Using Fact 1.4.4, define the ¥-term ¢[f] resulting from applying the substitution
0 to a X-term t € |Tx(X)|. Show that t[idx] =t for any ¢t € |Tx(X)|. Define the composition
;0" of substitutions 0: X — |Tx(Y)| and 0":Y — |T%(Z)|, and show that (¢[0])[¢] = t[0;0’]
for any Y-term ¢ and substitutions 6 and 6'. O

NOTATION: Suppose u € |T5(Y)|s for some sort s € S. Then [x — u] (when used as a
substitution {z:s} U X — |T%(X UY)|) is shorthand for the function {z:s — u} U {z —
z |z e X,z # w:s}. Fort € [Txg({x:s} UX)|, tflr — u] € |Tx(X UY)| thus stands for
the term obtained by substituting « for x in ¢. This notation generalizes straightforwardly
to [x1 — up,...,x, — u,] and t[xy — uy,...,z, — u,] provided xy,...,z, are distinct
variables.
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Fact 1.4.10

The property of T%(X) in Fact 1.4.4 defines 7%(X) up to isomorphism: if B is a X-
algebra and n: X — |B| is an S-sorted function such that for any Y-algebra A and S-sorted
function v: X — |A| there is a unique Y-homomorphism v*: B — A such that n;[v®| = v
then B is isomorphic to T (X), where n#:Tx(X) — B is an isomorphism with inverse
idS: B — Ts(X).

S-sorted sets >-algebras

T (X)) Tx(X) B

| |
| |
|77#| :77# |
| | :
. y ¥ |
X —— B B lid = idryx)
| |
| | :
| |
: . . |
idx :|2d§<| :ldisk |
| | :
\/

\
T5(X)] Ts(X) ‘_J

O

Fact 1.4.4 says that the definition of Tx(X) fixes the definition of the term evaluation func-
tion “for free” (see Definition 1.4.5). Fact 1.4.10 says that this property is unique (up to
isomorphism) to 7% (X), so in fact the explicit definition of 7% (X) is superfluous — it would
be enough to define Tx(X) as “the” (unique up to isomorphism) -algebra for which Defi-
nition 1.4.5 makes sense. Tx(X) is a particular example of a free object — see Section 3.5
for more on this topic.

Example 1.4.11
Let X1 = (S1,Q1) be as defined in Example 1.2.4. Then T%; is the X1-algebra described
in Example 1.4.2. Let B1 be the X1-algebra defined by

| B1| shape = {box, boz bozify, box bozify boxify, ...},

| B1|sui = {hearts, box hearts f, box boxify hearts f, box box hearts f f,...}

where the operations of B1 are the postfix term formation operations

boxp = box € |Bl|shape, heartsp = hearts € | B1| sy,
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boxify g1t | Bl|shape — |B1|shape = {box — box bozify, box boxify — box boxify boxify, ...},

and similarly for f: shape x suit — suit. Then B1 satisfies the property of Ty in Fact 1.4.4
(the fact that X = & here makes this easy to check — there is only one function v: @ — |Al]
for any X1-algebra Al), so by Fact 1.4.10 (where n: @ — |B1] is the empty function) Bl
is isomorphic to Tx;. The isomorphism @#:Ts; — Bl converts a Y1-term to its postfix
form. O

Exercise 1.4.12
Prove Facts 1.4.4 and 1.4.10. O

Exercise 1.4.13

Let A be a ¥-algebra and let @: @ — |A| be the empty function. Show that A is reachable
iff the unique homomorphism @# : Ty, — A is surjective, i.e., iff every element in |A| is the
value of a ground X-term. O

Exercise 1.4.14

Show that T% is reachable. Put this fact together with previous results to show that a
Y-algebra is reachable iff it is isomorphic to a quotient of Ty, and that there is a one-to-one
correspondence between isomorphism classes of reachable Y-algebras and congruences on

Tx. O

Exercise 1.4.15

Let G be a context-free grammar over an alphabet T of terminal symbols. Consider
the signature Yo = (Sg, ), where Sg is the set of non-terminal symbols of G and each
production X — Y] ...Y,, in GG corresponds to an operation in )¢ with result sort X and arity
given by the sequence of non-terminal symbols in Y7 ...Y,. The Yg-algebra Ag has carriers
|Ag|x = T for all X € Sg, and for any p: X; X --- x X,, — X in X5 and ay,...,a, € T%,
pag(as, ..., a,) is the sequence obtained by substituting a; for the j™ non-terminal symbol
on the right-hand side of the production associated with p. Prove the following:

1. For any X € S¢, the carrier of sort X in the reachable subalgebra of Aq is the set of
sequences generated from the non-terminal X in G.

2. The algebra Ty, is isomorphic to the algebra of parse trees of G.

3. The grammar G is unambiguous iff the reachable subalgebra of Ag is isomorphic to
I

a-
O
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1.5 Changing signatures

A signature morphism defines a mapping from the sort and operation names in one signature
to those in another signature, in such a way that the arity and result sort of operations
are respected. (This requirement is analogous to the requirement that homomorphisms
respect the behaviour of the operations.) Signature morphisms will be used extensively
in later chapters to mediate constructions involving multiple signatures. The crucial point
that makes these constructions work is that a signature morphism from ¥ to ¥’ induces
translations of syntax (terms — later, also logical formulae) and semantics (algebras and
homomorphisms) between 3 and Y.

Two kinds of signature morphisms are introduced in this section. Only the first kind
will be used in the rest of the book. The second kind, derived signature morphisms, are
introduced mainly as an example of one way in which a basic definition could be modified.
Such a modification would not affect later definitions and results, since these depend only
on the induced translations of terms, algebras and homomorphisms.

1.5.1 Signature morphisms

Definition 1.5.1 : Signature morphism

Let X = (5,Q) and ¥/ = (5, Y) be signatures. A signature morphism o:¥ — Y’ is
a pair 0 = (Tsorts; Topns) Where ogoms: S — S and o,p,s is a family of functions respect-
ing the arities and result sorts of operation names in ¥, that is o,pns = (Owsi Qs —

/ _ * * -
Qa:m,ts(w),asom(s)>w€5*7865 (where for w = s1...5, € S*, 05,,,s(W) = Tsor15(51) - - - Tsorts (Sn))- A
signature morphism o: X — Y/ is a signature inclusion o: % — X' if 0404 is an inclusion and

0w 1s an inclusion for all w € S*,s € S. O

Signature morphisms as defined above will be referred to as algebraic signature morphisms
when it is necessary to distinguish them from other kinds of signature morphisms to be
introduced later. Note that o, and (the functions constituting) o,,,s are not required to
be either surjective or injective.

NOTATION: When o: ¥ — ¥/, both 04,5 and o,y,s (and its components o, ¢ for all w €
S*, s € S) will be denoted by o.

Example 1.5.2
Let ¥ = (5, ) be the signature

sorts polygon, figure, trump
opns square: polygon
bozify: polygon — polygon
bozify: polygon — figure
h: figure X trump — trump
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Let X1 = (S1,Q1) be the signature defined in Example 1.2.4.
Define 0404505 — S1 and 0opps = (Tw,s: Qs = Qo ()00 (s)) wes* ses DY

sorts

Osorts = {polygon — shape, figure — shape, trump — suit },

T polygon = 5quare — bor}, T poiygon.polygon = {b0Tify — bozify},

O polygon,,figure — {bO$ny = bOQ?ny}, O figure trump, trump — {h = f}7

and o, s = @ for all other w € S*,s € S. Then 0: X — X1 is a signature morphism. O

Exercise 1.5.3

/

sorts and

Let 0: ¥ — ¥ and ¢": X' — ¥ be signature morphisms. Let (0;0")sorts = Tsorts;0
(050" ) opns = TopnsiTopns- Show that this defines a signature morphism o;0’: 3 — 3. O

In the rest of this section, let 0: ¥ — ¥’ be a signature morphism, where ¥ = (S, Q)
and X' = (S",Q). As will be explained below, any such signature morphism gives rise to
a translation of Y-terms to ¥'-terms, and of ¥'-algebras and homomorphisms to YX-algebras
and homomorphisms (note that the direction of translation of algebras and homomorphisms
is “backwards” with respect to the direction of the signature morphism).

) >3
Syntax 5
Y-terms ———————————— -+ Y/-terms
Y-algebras «————— ‘i ————— Y/-algebras
Semantics ‘U
Y-homomorphisms +—————— Y’-homomorphisms

Definition 1.5.4 : Reduct algebra
Let A’ be a ¥'-algebra. The o-reduct of A’ is the Y-algebra A’ ‘(, defined as follows:

o |Agls = |Ao(s for all s € S; and
o forall fis; x---Xs,—sin X,

fA’|U: |A,‘O'|81 XX |A,‘O'|Sn - |A/‘U|8 = U(f)A’: |A/|U(s1) XX |A/|o(sn) - |A,|cr(s)-
O

If ¥ is a subsignature of ', 0:% < ¥’ is the signature inclusion, and A’ is a Y'-algebra,
then A’ ‘U is a Y-algebra which is just A’ with some carriers and/or operations removed.

NOTATION: We sometimes write A’ ‘2 for A’ ‘U when o: % — X' is obvious, such as when o
is a signature inclusion.
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Example 1.5.5
Let 0:% — X1 be the signature morphism defined in Example 1.5.2 and let A1 be the
Y1-algebra defined in Example 1.2.4. Then Al‘g is the ¥-algebra such that

|A1‘U|polygon - |A1‘U|ﬁgure = {DaA} = |A]-|shap67

|A1‘o|trump == {*7 <Q7 .} == ‘Al‘sm‘tu

square 4y, = 0 = boz a1,
boify 41, | AL o |potygon = [A1]o]potygon = {0 = O, A — O} = bowify a1: | ALl shape — [AL|shape

bowify a1, | AL | potygon = [A1]o|fgure = {0 = O, A = O} = boify s1: | ALl shape — [AL]shape

hA1|U: |A1‘U|ﬁgure X |A1‘U|trump - |A1‘U|trump = {<D7&> — *7 <D>©> — ‘7 .. }
= fAl: |A1|shape X |A1|su1t - ‘Al‘smt

Exercise 1.5.6
A Y-algebra A can be regarded as a function mapping the names in ¥ to their interpre-
tations; the o-reduct of A is then the composition o;A. Spell out the details. O

Exercise 1.5.7

Let 0:% — Y/ be a signature morphism that is surjective on sort names, and let A" be
a Y'-algebra. Show that if A’ ‘0 is reachable then A’ is reachable. Give counterexamples
showing that the opposite implication does not hold, and that the implication itself does not
hold if some sort names in ¥ are not in the image of ¥ under o. O

Recall that o: ¥ — ¥ is a signature morphism, where ¥ = (S, Q) and ¥’ = (S, Q).

Definition 1.5.8 : Reduct homomorphism

Let h': A" — B’ be a Y-homomorphism. The o-reduct of h' is the S-sorted func-
tion '|:[A'|s| — [B'|s| such that (F'|s)s = k) for all s € S. (Exercise: Show that
h"(,: A"U — B"U is a ¥-homomorphism.) O

Exercise 1.5.9

Define the o-reduct =’ ‘o of a ¥'-congruence =’ on a Y'-algebra A’, and prove that it
is a Y-congruence on A’ |-~ Show that o-reduct distributes over quotient, i.e. (A= )‘U =
(A’|#)/(Z|+) for all ¥'-algebras A" and 3'-congruences =" on A'. O
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Definition 1.5.10 : Term translation

Let X be an S-sorted set of variables. Define X’ = (X!,)ycs to be the S’-sorted set such
that

X!, = L—lj X, for each s’ € 5.
o(s)=s'

Then (Ty/(X'))|s is a Y-algebra. Let f: X — [(Tw/(X'))|s| be the obvious embedding (if
not for the disjoint union in the definition of X', we would have X C |(Tx/ (X' ))‘U| and
then f would be an inclusion). Then by Fact 1.4.4 there is a unique Y-homomorphism
0:T5(X) — (Tw/(X'))|o extending f:

S-sorted sets Y-algebras
d
X 5 1)) To(X)
| I
| I
| R l/\
f :|U| :U =def f7
| I
\ \
(T (X)) o] (T (X))o
The translation of a X-term t € |Tx(X)| by o is the ¥'-term & (t) € |Ts/(X’)| (we usually
write just o(t)). O

This definition may look somewhat daunting, but its upshot is to define o (t) for ¢t € |T%(X)|
as the Y-term obtained by replacing each operation name f:s; X -+ X s, — s in t by
o(f):o(s1) x -+ x 0(s,) — o(s). Some care must be taken in the treatment of variables
since X, and X, are not required to be disjoint for s # s’ € S — this is the reason why a
disjoint union is used in the definition of X’.

Example 1.5.11

Let 0: 3 — X1 be the signature morphism defined in Example 1.5.2, where ¥ = (S, ) and
Y1 = (S1,01). Let X be the S-sorted set of variables x: polygon, x: figure, y: figure, z: trump.
The S1-sorted set of variables X’ in Definition 1.5.10 is then x: shape, z': shape, y: shape, z: suit,
and

o (h(bozify(x: polygon), h(x: figure, z))) = f(boxify(x), f(a', 2)),
o (h(z: figure, h(bozify(bozify(square)), 2))) = f(a', f(boxify(bozify(box)), 2)),

and so on. |
Exercise 1.5.12

Let t € |T%| be a ground X-term and let A’ be a ¥'-algebra. Show that the value of ¢ is
invariant under change of signature, i.e. o(t)a = ta|,.
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Formulate and prove a more general version of this result in which £ may contain variables.
O

*1.5.2 Derived signature morphisms

A derived signature morphism from ¥ to ' is like an algebraic signature morphism from %
to X/ except that operation names in Y are mapped to terms over Y. This allows operation
names in X to be mapped to combinations of operations in »’, and also handles the case
where the order of arguments of the corresponding operations in ¥ and ¥’ are different.

Definition 1.5.13 : Derived signature

Let ¥ = (S, Q) be a signature. For any sequence s; ...s, € S*, let I, be the S-sorted
set [1]:81,...,[n]:s,. The derived signature of ¥ is the signature X% = (S, Q") where
for each s;...s, € S* and s € S, Q%" = Ts(Is. s,)|s- O

81...8n,8

In the derived signature of ¥, a ¥-term ¢ of sort s with variables I, s, represents an operation
t:s1 X -+ X 8, — s. The variable [i]:s; in I, ,, thus stands for the ith argument of ¢. Note
that a “bare” variable € |Tx(1,..s,)
corresponding to a projection function.

s; 1S an operation i:s; X --- X 5, — §; in yder

Definition 1.5.14 : Derived signature morphism
Let ¥ and Y’ be signatures. A derived signature morphism §:¥ — Y’ is an algebraic
signature morphism §: ¥ — (/)% O

Definition 1.5.15 : Derived algebra
Let 3 = (S,€)) be a signature, and let A be a 3-algebra. The derived algebra of A is the
Yer_algebra A% defined as follows:

o |Adr| = |A|; and

o foreacht:s;x---xs, — sin X% and a; € |A%"|,, ..., a, € |[A¥"|, , taser(ay, ..., a,) =
ta(v) € |Ader|, where v is the S-sorted function {([1]:s1) = ay, ..., ([n]:s,) — a,}.
O

In the rest of this section, let 6: > — ¥’ be a derived signature morphism. The following
corresponds to Definition 1.5.4 for algebraic signature morphisms; later exercises correspond
to Definitions 1.5.8 and 1.5.10 and related results.

Definition 1.5.16 : Reduct algebra w.r.t. a derived signature morphism
Let A’ be a ¥'-algebra. The d-reduct of A’ is the Y-algebra A’ ‘5 defined as follows:

o |A'|sls = |A'lss) for all s € S5 and
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o forall fisy x - X s, = sin X, far, 0 |A|s]s, X - < [As]s, = [A]s]s = 6(f)aryaer
Equivalently, A’ ‘5 is the Y-algebra (A’ )d“”‘g, viewing 0 as the algebraic signature morphism
§: 3 — (X)der, O

Exercise 1.5.17 : Reduct homomorphism w.r.t. a derived signature morphism
What is the d-reduct h,‘(s of a ¥'-homomorphism h': A* — B’? Prove that h"(;: A,‘(g —
B/‘g is a Y-homomorphism. O

Exercise 1.5.18 : Term translation w.r.t. a derived signature morphism

~

Let t € |T%(X)| be a X-term, where X is an S-sorted set of variables. Define (t), the
translation of ¢ by 0 (the result should be a ¥'-term). O

Example 1.5.19
Let ¥ = (S5,Q) be the signature defined in Example 1.5.2, and let X1 = (S1,Q1) be
the signature defined in Example 1.2.4. Let §: X — X1 be the derived signature morphism
defined by
dsorts = {polygon — shape, figure — shape, trump +— suit},
5a,polygon = {square = bOZEZf:U(bOl’)}, 5polygon,p0lygon = {bo:mfy — : shape},
Spolygon. figure = 1 boxify — boxify(boxify([1]: shape))},
6ﬁgure trump,trump — {h' = f(bOI'ny( Sh(lpE), f( shape, : SUZt))}7
and 6, s = @ for all other w € S*,s € S.
Let A1l be the X1-algebra defined in Example 1.2.4. Then Al‘(; is the X-algebra such
that
|A1‘6|polygon = |A1‘6|ﬁgu7‘e = {Da A}v
|A1‘5|trump = {*7 <Q7 .}7 SQUC””@A”(S = D7
boxifyA1|6: ‘A1‘5|polygon - |A1‘5‘polygon = {D = D7 A A}
bOiL'Z.fyA”(S: |A1‘5|polygon — |A1‘5|ﬁgu’f‘€ = {D — D7 A —> D}7

and hA1|5: |A1 ‘5|ﬁgm x |Al ‘5\tmmp — |A1‘5|tmmp is defined by the following table:

hai, [ | O | &
a ' SRVAR )
JAN " YRVARY

Let X be the S-sorted set of variables x: polygon, x: figure, y: figure, z: trump. A correct
solution to Exercise 1.5.18 would translate h(bozify(x: polygon), h(x: figure, z)) (a L-term
with variables X) to

f(bozify( boxify(boxify(x)) ), f( bowify(boxify(x)) , f(boxify(x'), f(a',2)))).

~~

:g(boxify(x:polygon)) :g(boxify(x:polygon)) =(h(z:figure,z))
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Exercise 1.5.20
Repeat Exercise 1.5.12 for the case of derived signature morphisms. O

Exercise 1.5.21

A more complex definition of derived signature morphism §: ¥ — ¥’ would allow a sort
name s in ¥ to be mapped to a Cartesian product sy x --- x s/, of sorts s|,...,s) in ¥'. Give
versions of the above definitions which permit this. O

Exercise 1.5.22

Another variation on the definition of derived signature morphism would permit operation
names in X to be mapped to recursively defined functions in terms of the operation names
in 3. Give versions of the above definitions which would allow this. (HINT: Look at a book
like [Schmidt-denotational-semantics| before attempting this exercise.) a

1.6 Further reading

This chapter presents the basic notions of universal algebra that are required in the sequel.
There is a vast literature on universal algebra as a branch of mathematics, and the concepts
and results we need here are a tiny fraction of this.

For much more on universal algebra see e.g. [Grétzer] or [Cohn| (both of these handle
only the single-sorted case). A presentation of some of this material for a computer scientist
audience is [Wechler], see also [MT92] where applications to topics in computer science other
than the ones covered in this book are indicated (77?check).

The style of presentation here is relaxed but it might be too dense for some read-
ers, who might prefer the gentler style of presentation, with proofs of many of the re-
sults which we omit here, in [adj1978], [Ehrig/Mahr-V1], [Meseguer/Goguen-initiality], or
[Ehrich/Gogolla/Lipeck] (possibly [Ehrich/Loeckx/Wolf] instead).

The generalisation from single-sorted to many-sorted algebras originates with [Birkhoff/Lipson]
(777check). The generalisation is straightforward from a purely mathematical standpoint,
but there are a few subtle issues that will surface in later chapters. For instance, we admit
empty carrier sets in Definition 7?7, unlike most logic books and, for instance, [Bergstra/Tucker]
and [CASL]. Admitting empty carrier sets requires more care in the presentation of rules
for reasoning, see Exercise 2.4.9, but also makes some results smoother, see Exercise 2.5.18.

There are different definitions of many-sorted signature in the literature. The one here
is quite general, allowing overloading of operation names etc., and originates with [ADJ73].
A definition that does not permit overloading is used in [Wir90].

Bergstra module algebra paper: signature morphisms (renamings) are forced to be injec-
tive.
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Derived signature morphisms originate in 7??. They have made only sporadic appearances
in the literature since then. Related to (syntactic part of) theory interpretation in logic.
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