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Abstract

One of the key challenges of visual perception is to extract abstract models of 3D
objects and object categories from visual measurements, which are affected by
complex nuisance factors such as viewpoint, occlusion, motion, and deformations.
Starting from the recent idea of viewpoint factorization, we propose a new approach
that, given a large number of images of an object and no other supervision, can
extract a dense object-centric coordinate frame. This coordinate frame is invariant
to deformations of the images and comes with a dense equivariant labelling neural
network that can map image pixels to their corresponding object coordinates.
We demonstrate the applicability of this method to simple articulated objects
and deformable objects such as human faces, learning embeddings from random
synthetic transformations or optical flow correspondences, all without any manual
supervision.

1 Introduction

Humans can easily construct mental models of complex 3D objects and object categories from
visual observations. This is remarkable because the dependency between an object’s appearance
and its structure is tangled in a complex manner with extrinsic nuisance factors such as viewpoint,
illumination, and articulation. Therefore, learning the intrinsic structure of an object from images
requires removing these unwanted factors of variation from the data.

The recent work of [37] has proposed an unsupervised approach to do so, based on on the concept
of viewpoint factorization. The idea is to learn a deep Convolutional Neural Network (CNN) that
can, given an image of the object, detect a discrete set of object landmarks. Differently from
traditional approaches to landmark detection, however, landmarks are neither defined nor supervised
manually. Instead, the detectors are learned using only the requirement that the detected points must
be equivariant (consistent) with deformations of the input images. The authors of [37] show that this
constraint is sufficient to learn landmarks that are “intrinsic” to the objects and hence capture their
structure; remarkably, due to the generalization ability of CNNs, the landmark points are detected
consistently not only across deformations of a given object instance, which are observed during
training, but also across different instances. This behaviour emerges automatically from training on
thousands of single-instance correspondences.

In this paper, we take this idea further, moving beyond a sparse set of landmarks to a dense model
of the object structure (section 3). Our method relates each point on an object to a point in a low
dimensional vector space in a way that is consistent across variation in motion and in instance identity.
This gives rise to an object-centric coordinate system, which allows points on the surface of an object
to be indexed semantically (figure 1). As an illustrative example, take the object category of a face
and the vector space R

3. Our goal is to semantically map out the object such that any point on a
face, such as the left eye, lives at a canonical position in this “label space”. We train a CNN to learn
the function that projects any face image into this space, essentially “coloring” each pixel with its
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tional neural networks to learn pairwise dense correspondences between the same object instances
at subsequent frames. The SIFT Flow method [25] extends the between-instance correspondences
to cross-instance mappings by matching SIFT features [27] between semantically similar object
instances. Learned-Miller [24] extends the pairwise correspondences to multiple images by posing
a problem of alignment among the images of a set. Collection Flow [22] and Mobahi et al. [29]
project objects onto a low-rank space that allow for joint alignment. FlowWeb [50], and Zhou et
al. [49] construct fully connected graphs to maximise cycle consistency between each image pair and
synthethic data as an intermediary by training a CNN. In our experiments (section 4) flow is known
from synthetic warps or motion, but our work could build on any unsupervised optical flow method.

Unsupervised learning. Classical unsupervised learning methods such as autoencoders [4, 2, 17]
and denoising autoencoders aim to learn useful feature representations from an input by simply
reconstructing it after a bottleneck. Generative adversarial networks [16] target producing samples of
realistic images by training generative models. These models when trained joint with image encoders
are also shown to learn good feature representations [9, 10]. More recently several studies have
emerged that train neural networks by learning auxiliary or pseudo tasks. These methods exploit
typically some existing information in input as “self-supervision” without any manual labeling by
removing or perturbing some information from an input and requiring a network to reconstruct it.
For instance, Doersch et al. [8], and Noroozi and Favaro [30] train a network to predict the relative
locations of shuffled image patches. Other self-supervised tasks include colorizing images [44],
inpainting [33], ranking frames of a video in temporally correct order [28, 13]. More related to our
approach, Agrawal et al. [1] use egomotion as supervisory signal to learn feature representations in a
Siamese network by predicting camera transformations from image pairs, [32] learn to group pixels
that move together in a video. [48, 15] use a warping-based loss to learn depth from video.

3 Method

This section discusses our method in detail, first introducing the general idea of dense equivariant
labelling (section 3.1), and then presenting a concrete implementation of the latter using a novel deep
CNN architecture (section 3.2).

3.1 Dense equivariant labelling

Consider a 3D object S ⊂ R
3 or a class of such objects S that are topologically isomorphic to

a sphere Z ⊂ R
3 (i.e. the objects are simple closed surfaces without holes). We can construct a

homeomorphism p = πS(q) mapping points of the sphere q ∈ Z to points p ∈ S of the objects.
Furthermore, if the objects belong to the same semantic category (e.g. faces), we can assume that

these isomorphisms are semantically consistent, in the sense that πS′ ◦ π−1
S : S → S′ maps points of

object S to semantically-analogous points in object S′ (e.g. for human faces the right eye in one face
should be mapped to the right eye in another [37]).

While this construction is abstract, it shows that we can endow the object (or object category) with
a spherical reference system Z . The authors of [37] build on this construction to define a discrete
system of object landmarks by considering a finite number of points zk ∈ Z . Here, we take the
geometric embedding idea more literally and propose to explicitly learn a dense mapping from images
of the object to the object-centric coordinate space Z . Formally, we wish to learn a labelling function
Φ : (x, u) 7→ z that takes a RGB image x : Λ → R

3, Λ ⊂ R
3 and a pixel u ∈ Λ to the object point

z ∈ Z which is imaged at u (figure 1).

Similarly to [37], this mapping must be compatible or equivariant with image deformations. Namely,
let g : Λ → Λ be a deformation of the image domain, either synthetic or due to a viewpoint change
or other motion. Furthermore, let gx = x ◦ g−1 be the action of g on the image (obtained by inverse
warp). Barring occlusions and boundary conditions, pixel u in image x must receive the same label
as pixel gu in image gx, which results in the invariance constraint:

∀x, u : Φ(x, u) = Φ(gx, gu). (1)

Equivalently, we can view the network as a functional x 7→ Φ(x, ·) that maps the image to a
corresponding label map. Since the label map is an image too, g acts on it by inverse warp.1 Using

1In the sense that gΦ(x, ·) = Φ(x, ·) ◦ g−1.
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this, the constraint (1) can be rewritten as the equivariance relation gΦ(x, ·) = Φ(gx, ·). This can be
visualized by noting that the label image deforms in the same way as the input image, as show for
example in figure 3.

For learning, constraint (1) can be incorporated in a loss function as follows:

L(Φ|α) =
1

|Λ|

∫
Λ

‖Φ(x, u)− Φ(gx, gu)‖
2
du.

However, minimizing this loss has the significant drawback that a global optimum is obtained by
simply setting Φ(x, u) = const. The reason for this issue is that (1) is not quite enough to learn a
useful object representation. In order to do so, we must require the labels not only to be equivariant,
but also distinctive, in the sense that

Φ(x, u) = Φ(gx, v) ⇔ v = gu.

We can encode this requirement as a loss in different ways. For example, by using the fact that points
Φ(x, u) are on the unit sphere, we can use the loss:

L′(Φ|x, g) =
1

|Λ|

∫
Λ

‖gu− argmaxv〈Φ(x, u),Φ(gx, v)〉‖
2
du. (2)

By doing so, the labels Φ(x, u) must be able to discriminate between different object points, so that a
constant labelling would receive a high penalty.

Relationship with learning invariant visual descriptors. As an alternative to loss (2), we could
have used a pairwise loss2 to encourage the similarity 〈Φ(x, u),Φ(x′, gu)〉 of the labels assigned
to corresponding pixels u and gu to be larger than the similarity 〈Φ(x, u),Φ(x′, v)〉 of the labels
assigned to pixels u and v that do not correspond. Formally, this would result in a pairwise loss
similar to the ones often used to learn invariant visual descriptors for image matching. The reason
why our method learns an object representation instead of a generic visual descriptor is that the
dimensionality of the label space Z is just enough to represent a point on a surface. If we replace
Z with a larger space such as Rd, d ≫ 2, we can expect Φ(x, u) to learn to extract generic visual
descriptors like SIFT instead. This establishes an interesting relationship between visual descriptors
and object-specific coordinate vectors and suggests that it is possible to transition between the two by
controlling their dimensionality.

3.2 Concrete learning formulation

In this section we introduce a concrete implementation of our method (figure 2). For the mapping
Φ, we use a CNN that receives as input an image tensor x ∈ R

H×W×C and produces as output a
label tensor z ∈ R

H×W×L. We use the notation Φu(x) to indicate the L-dimensional label vector
extracted at pixel u from the label image computed by the network.

The dimension of the label vectors is set to L = 3 (instead of L = 2) in order to allow the network
to express uncertainty about the label assigned to a pixel. The network can do so by modulating
the norm of Φu(x). In fact, correspondences are expressed probabilistically by computing the inner
product of label vectors followed by the softmax operator. Formally, the probability that pixel v in
image x

′ corresponds to pixel u in image x is expressed as:

p(v|u;x,x′,Φ) =
e〈Φu(x),Φv(x

′)〉∑
z e

〈Φu(x),Φz(x′)〉
. (3)

In this manner, a shorter vector Φu results in a more diffuse probability distribution.

Next, we wish to define a loss function for learning Φ from data. To this end, we consider a triplet
α = (x,x′, g), where x

′ = gx is an image that corresponds to x up to transformation g (the nature

2Formally, this is achieved by the loss

L′′(Φ|x, g) =
1

|Λ|

∫

Λ

max
{

0,max
v

∆(u, v) + 〈Φ(x, u),Φ(gx, v)〉 − 〈Φ(x, u),Φ(gx, gu)〉
}

du,

where ∆(u, v) ≥ 0 is an error-dependent margin.
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Figure 3: Roboarm equivariant labelling. Top: Original video frames of a simple articulated object.
Middle and bottom: learned labels, which change equivariantly with the arm, learned using Llog and
Ldist, respectively. Different colors denote different points of the spherical object frame.

4.1 Roboarm example

In order to illustrate our method we consider a toy problem consisting of a simple articulated object,
namely an animated robotic arm (figure 3) created using a 2D physics engine [36]. We do so for two
reasons: to show that the approach is capable of labelling correctly deformable/articulated objects and
to show that the spherical model Z is applicable also to thin objects, that have mainly a 1D structure.

Dataset details. The arm is anchored to the bottom left corner and is made up of colored capsules
connected with joints having reasonable angle limits to prevent unrealistic contortion and self-
occlusion. Motion is achieved by varying the gravity vector, sampling each element from a Gaussian
with standard deviation 15m s−2 every 100 iterations. Frames x of size 90 × 90 pixels and the
corresponding flow fields g : x 7→ x

′ are saved every 20 iterations. We also save the positions of the
capsule centers. The final dataset has 23999 frames.

Learning. Using the correspondences α = (x,x′, g) provided by the flow fields, we use our method
to learn an object centric coordinate frame Z and its corresponding labelling function Φu(x). We
test learning Φ using the probabilistic loss (4) and distance-based loss (5). In the loss we ignore
areas with zero flow, which automatically removes the background. We use the SIMPLE network
architecture (section 3.2).

Results. Figure 3 provides some qualitative results, showing by means of colormaps the labels Φu(x)
associated to different pixels of each input image. It is easy to see that the method attaches consistent
labels to the different arm elements. The distance-based loss produces a more uniform embedding, as
may be expected. The embeddings are further visualized in Figure 4 by projecting a number of video
frames back to the learned coordinate spaces Z . It can be noted that the space is invariant, in the sense
that the resulting figure is approximately the same despite the fact that the object deforms significantly
in image space. This is true for both embeddings, but the distance-based ones are geometrically more
consistent.
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Figure 4: Invariance of the object-centric coordinate space for Roboarm. The plot projects
frames 3,6,9 of figure 3 on the object-centric coordinate space Z , using the embedding functions
learned by means of the probabilistic (top) and distance (bottom) based losses. The sphere is then
unfolded, plotting latitude and longitude (in radians) along the vertical and horizontal axes.

6





Figure 6: Sphere equivariant labelling. Top: video frames of a rotating textured sphere. Middle:
learned dense labels, which change equivariantly with the sphere. Bottom: re-projection of the video
frames on the object frame (also spherical). Except for occlusions, the reprojections are approximately
invariant, correctly mapping the blue and orange sides to different regions of the label space

fails to disambiguate the left and right eye, as shown in Figure 9 (right). The distance-based loss (5)
produces a more coherent embedding, as seen in Figure 9 (left). Using DILATIONS this problem
disappears, giving qualitatively smooth and unambiguous labels for both the distance loss (Figure 7)
and the log-likelihood loss (Figure 8). For cats our method is able to learn a consistent object frame
despite large variations in appearance (Figure 8).

Figure 7: Faces. DILATIONS network with Ldist, γ = 0.5. Top: Input images, Middle: Predicted
dense labels mapped to colours, Bottom: Image pixels mapped to label sphere and flattened.

Figure 8: Cats. DILATIONS network with Llog. Top: Input images, Middle: Labels mapped to
colours, Bottom: Images mapped to the spherical object frames.
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Figure 9: Annotated landmark prediction from the shown unsupervised label maps (SIMPLE

network). Left: Trained with Ldist, γ = 0.5, Right: Failure to disambiguate eyes with Llog .
(Prediction: green, Ground truth: Blue)

Regressing semantic landmarks. We would like to quantify the accuracy of our model in terms of
ability to consistently locate manually annotated points, specifically the eyes, nose, and mouth corners
given in the CelebA dataset. We use the standard test split for evaluation of the MAFL dataset [47],
containing 1000 images. We also use the MAFL training subset of 19k images for learning to predict
the ground truth landmarks, which gives a quantitative measure of the consistency of our object frame
for detecting facial features. These are reported as Euclidean error normalized as a percentage of
inter-ocular distance.

In order to map the object frame to the semantic landmarks, as in the case of the robot arm centers, we
learn the vectors zk ∈ Z corresponding to the position of each point in our canonical reference space
and then, for any given image, find the nearest z and its corresponding pixel location u. We report
the localization performance of this model in Table 3 (“Error Nearest”). We empirically validate
that with the SIMPLE network the negative log-likelihood is not ideal for this task (Figure 9) and
we obtain higher performance for the robust distance with power 0.5. However, after switching to
DILATIONS to increase the receptive field both methods perform comparably.

The method of [37] learns to regress P ground truth coordinates based on M > P unsupervised
landmarks. By regressing from multiple points it is not limited to integer pixel coordinates. While we
are not predicting landmarks as network output, we can emulate this method by allowing multiple
points in our object coordinate space to be predictive for a single ground truth landmark. We learn
one regressor per ground truth point, each formulated as a linear regressor R2M → R

2 on top of
coordinates from M = 50 learned intermediate points. This allows the regression to say which points
in Z are most useful for predicting each ground truth point.

We also report results after unsupervised finetuning of a CelebA network to the more challenging
AFLW followed by regressor training on AFLW. As shown in Tables 3 and 4, we outperform other
unsupervised methods on both datasets, and are comparable to fully supervised methods.

Network Unsup. Loss Error Error
Nearest Regress

SIMPLE Llog 75.02 % —
SIMPLE Ldist, γ = 1 14.57 % 7.94 %
SIMPLE Ldist, γ = 0.5 13.29 % 7.18 %

DILATIONS Llog 11.05 % 5.83 %
DILATIONS Ldist, γ = 0.5 10.53 % 5.87 %

[37] 6.67 %

Table 3: Nearest neighbour and regression
landmark prediction on MAFL

Method Error

RCPR [5] 11.6 %
Cascaded CNN [35] 8.97 %

CFAN [43] 10.94 %
TCDCN [47] 7.65 %

RAR [40] 7.23 %

Unsup. Landmarks [37] 10.53 %
DILATIONS Ldist, γ = 0.5 8.80 %

Table 4: Comparison with supervised and un-
supervised methods on AFLW

5 Conclusions

Building on the idea of viewpoint factorization, we have introduce a new method that can endow
an object or object category with an invariant dense geometric embedding automatically, by simply
observing a large dataset of unlabelled images. Our learning framework combines in a novel way
the concept of equivariance with the one of distinctiveness. We have also proposed a concrete
implementation using novel losses to learn a deep dense image labeller. We have shown empirically
that the method can learn a consistent geometric embedding for a simple articulated synthetic robotic
arm as well as for a 3D sphere model and real faces. The resulting embeddings are invariant to
deformations and, importantly, to intra-category variations.

Acknowledgments: This work acknowledges the support of the AIMS CDT (EPSRC EP/L015897/1) and ERC
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[34] I. Rocco, R. Arandjelović, and J. Sivic. Convolutional neural network architecture for geometric
matching. In Proc. CVPR, 2017.

[35] Yi Sun, Xiaogang Wang, and Xiaoou Tang. Deep convolutional network cascade for facial point
detection. In Proc. CVPR, 2013.

[36] Yuval Tassa. CapSim - the MATLAB physics engine. https://mathworks.com/
matlabcentral/fileexchange/29249-capsim-the-matlab-physics-engine.

[37] James Thewlis, Hakan Bilen, and Andrea Vedaldi. Unsupervised learning of object landmarks
by factorized spatial embeddings. In Proc. ICCV, 2017.

[38] James Thewlis, Shuai Zheng, Philip H. S. Torr, and Andrea Vedaldi. Fully-Trainable Deep
Matching. In Proc. BMVC, 2016.

[39] Markus Weber, Max Welling, and Pietro Perona. Towards automatic discovery of object
categories. In Proc. CVPR, 2000.

[40] Shengtao Xiao, Jiashi Feng, Junliang Xing, Hanjiang Lai, Shuicheng Yan, and Ashraf Kassim.
Robust Facial Landmark Detection via Recurrent Attentive-Refinement Networks. In Proc.
ECCV, 2016.

[41] Fisher Yu and Vladlen Koltun. Multi-scale context aggregation by dilated convolutions. In Proc.
ICLR, 2016.

[42] Xiang Yu, Feng Zhou, and Manmohan Chandraker. Deep Deformation Network for Object
Landmark Localization. In Proc. ECCV, Cham, 2016.

[43] Jie Zhang, Shiguang Shan, Meina Kan, and Xilin Chen. Coarse-to-fine auto-encoder networks
(CFAN) for real-time face alignment. In Proc. ECCV, 2014.

[44] Richard Zhang, Phillip Isola, and Alexei A Efros. Colorful Image Colorization. In Proc. ECCV,
2016.

[45] Weiwei Zhang, Jian Sun, and Xiaoou Tang. Cat head detection - How to effectively exploit
shape and texture features. In Proc. ECCV, 2008.

[46] Zhanpeng Zhang, Ping Luo, Chen Change Loy, and Xiaoou Tang. Facial landmark detection by
deep multi-task learning. In Proc. ECCV, 2014.

11



[47] Zhanpeng Zhang, Ping Luo, Chen Change Loy, and Xiaoou Tang. Learning Deep Representation
for Face Alignment with Auxiliary Attributes. PAMI, 2016.

[48] Tinghui Zhou, Matthew Brown, Noah Snavely, and David G Lowe. Unsupervised learning of
depth and ego-motion from video. In Proc. CVPR, 2017.

[49] Tinghui Zhou, Philipp Krähenbühl, Mathieu Aubry, Qixing Huang, and Alexei A. Efros.
Learning Dense Correspondences via 3D-guided Cycle Consistency. In Proc. CVPR, 2016.

[50] Tinghui Zhou, Yong Jae Lee, Stella X. Yu, and Alexei A. Efros. FlowWeb: Joint image set
alignment by weaving consistent, pixel-wise correspondences. In Proc. CVPR, 2015.

12


	Introduction
	Related Work
	Method
	Dense equivariant labelling
	Concrete learning formulation
	Learning from synthetic and true deformations

	Experiments
	Roboarm example
	Textured sphere example
	Faces

	Conclusions

