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Lecture 4: Turan’s theorem and Erdos-Stone theorem
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1 Turan theorem - 4th proof
Theorem 1 (Turdn 1941). Let n,r be two integers such that n > r > 2. If G is K,,-free
of order n, then e(G) < t.(n). In other words, ex(n, K, 1) < t.(n).

In this lecture, we present an “analytic” proof of a slightly weaker version of Theorem 1.
It is due to Motzkin and Straus 1965.
We will prove the following theorem, which is slightly weaker than Theorem 1.

Theorem 2. For anyn >r > 2,

coli ) < (1-1) 5

Theorem 2 is indeed weaker than Theorem 1, because it is not hard to verify that

f(n) < (1 - %) ”;

On the other hand, Theorem 2 is strong enough to determine 7(K,,;). The upper bound
follows because

m(Ky11) = lim

S0

=1--.
r
The lower bound is the same as before, due to the fact that T,.(n) is K, -free.

Define the adjacency matrix A = A(G) = (a;;) for a graph G of order n. Let V =
{vi,---,v,}. Then A is a n-by-n 0 — 1 matrix such that a;; = 1 if and only if v;v; € E.
Thus A is symmetric. We will be interested in a quadratic form (Ax,x) where x denotes a
vector of length n. This is often called the Lagrangian of GG. Define

fo(x) == (Ax, x) Z Z ;) = Z T,T;.
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Note that every edge v;v; € E, it contributes 2z;z; to fa(x).
Now consider the set

S={x|xeR" Z:cz =1, and Vi, z; > 0}.
i=1

S is often called the standard simplex of R™. One way to think about it is to give each vertex
a weight z; and the total weight is 1. Also give a edge v;v; the weight z;2;. Then fs(x) is
the total weight of all edges (times 2).
Since S is a closed and bounded set, and fs(+) is continuous, fg(-) restricted to S is
bounded and its maximum is achieved for some x € S. Define
F(G) = max fe(x).

Motzkin and Straus revealed an intimate relationship between f(G) and the maximum
cliques of G. Let us first calculate f(K,).
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where we used Cauchy-Schwarz inequality (nY ;27 > (D1, 2;)* = 1) in the last line.

Theorem 3 (Motzkin and Straus 1965). Let G be a graph of order n. Let k be the mazximum
size of cliques in G. Then f(G) =1 — %

Proof. Lety € S be the point that achieves the maximum of fs(-), and its support supp(y) =
{v; | y; > 0} is as small as possible. Let K = supp(y). We claim that the induced subgraph
G[K] is a k-clique.

Suppose otherwise. Then there exists y;,y2 > 0 such that vy ¢ v9. Assume without loss
of generality that >, 1) ¥i = D ,.er,) ¥i- Then define a new vector y’ € S as

(yl + y2707y37y47 T 7yn)



Now we have that

faly) = faly) = D vivy — > viv;

Vi~U5 Vi~U4
=2 tuy2) > v > vi—2 Y. u
v €l'(v1) v €l'(v1) v €l'(v2)
= 2yo Z Yi — Z Yi
'UiGF(vl) ”L)iEF(Ug)
> 0.

Intuitively, we can always move the weight of vy to v; without decreasing fs(+), as long as
V10 is not an edge and Zvier(m) Yi > Zviep(m Yi-

On the other hand, y achieves the maximum of fs(-). Thus y’ is also the maximum.
However supp(y’) is one element smaller than K = supp(y), contradicting the minimality of
K. Hence G[K] is a k-clique.

As we have calculated before the theorem, since G[K] is a k-clique,
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Why does Theorem 3 imply Theorem 27 This is because we can evaluate f(-) at another
vector z = (1/n,1/n,--- ,1/n). Then
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Due to the definition of f(G),

f(G) > fa(z).

Now if G is K, 1-free, the maximum clique of GG is at most of size r. A consequence is that
f(G) <1—1/r. Thus

-fc<z>s%2-f<G>s%2-(1—1)-

r

e(G) = %

This is Theorem 2.

2 The Erdos-Stone theorem

Now we give a general upper bound of ex(n, H) for an arbitrary H. It will depend on the
chromatic number of H.



Definition 1. Let G be a graph. The chromatic number x(G) is the minimum q € N such
that G 1s q-partite.

The name “chromatic” is because of its relationship to proper colourings of graphs. A
colouring is proper if no two adjacent vertices have the same colour.

Definition 2. Let G be a graph. A g-colouring o is a mapping from V to [q] such that if
wv € E, then o(u) # o(v). If a g-colouring exists, then G is said to be g-colourable.

Another way of defining chromatic number is that y(G) is the minimum ¢ € N such that
G is g-colourable.

Clearly if H is a subgraph of G, then x(G) > x(H). Note that Turan’s graph T, (n) is
r-colourable but not r — 1-colourable. Thus x(7}(n)) = r. Indeed, if x(H) = r + 1, then H
cannot be a subgraph of T,.(n). Hence, ex(n, H) > t,(n) > (1 — 1) (3).

The Erdés-Stone theorem says that a similar upper bound holds as well! It is also called

the “fundamental theorem of extremal graph theory”.

Theorem 4. Let r € N and € > 0. Then there exists ny € N such that the following holds.
For any graph H with x(H) =r + 1 and n > ny, we have that

ex(n,H) < (1 —%—FE) (Z)

An immediate consequence is that we can calculate the Turan density of any graph.

Corollary 5. For any graph H with at least one edge,

1

W(H)zl—m.

Proof of Corollary 5. Since H has at least one edge, r = x(H) — 1 > 1. For any € > 0, by
Theorem 4,

. ex(n,H)
m(H) = lim ——=~
( ) n—o00 (n)

1
<l-—--+ec¢.
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Since this holds for all € > 0, we must have that 7(H) <1 —1/r.
On the other hand, as we discussed earlier, ex(n, H) > t,(n) for any n > 2. Hence,

1
m(H) > lim tn) _ 1—-.

YT

Therefore 7(H) =1 — 1/r as required. O

Note that x(K,4+1) = r + 1 and by Theorem 1, 7(K,41) = 1 — 1/r. Hence Corollary 5
says that any graph H with x(H) = r + 1 has the same Turdn density as K, ;.
Let’s turn to the proof of Theorem 4.



2.1 Proof of the Erdos-Stone theorem

Let K? be the complete r-partite graph with p vertices in each class. In other words,
K? = T,(pr), the Turdn graph with pr many vertices. It is easy to see that y(KP?) = r.

For a graph H with x(H) = v+ 1. Let p = |V(H)|. Then H is a subgraph of K7 ;.
Hence we only need to prove Theorem 4 for K}, ;. (Note that the claim of Theorem 4 does
not depend on the number of vertices in H.)

The key observation will be the following lemma, which roughly states that if G is K7, ;-
free, then we can find a vertex of small enough degree.

Lemma 6. Let r,p € N and € > 0. There exists ng € N such that if n > ng and G is a
graph of order n such that

(G) > (1—%—1—5) n,

then G contains a copy of K¥. | as a subgraph.

We will prove Lemma 6 in the next section.
The next lemma enables us to find a subgraph of high minimum degree in any graph
with suitably many edges.

Lemma 7. For all ¢,n >0, n > 8/n, if G is a graph on n vertices with e(G) > (c+n)(5),
then G has a subgraph G' with n' > %./nn vertices such that 5(G') > cn'.

Proof. Suppose otherwise for the sake of a contradiction. Then we can construct a sequence
of graphs

G = Gru anlaGn727 o 7Gt

with t = %\/ﬁnw, such that G; is a graph with ¢ vertices and G;_; is obtained from G; by
removing a vertex of degree less than ci.
Then we have that

o)) () o

8
> Z) Asn>8/n
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But this is impossible, since G, has t vertices, and the maximum number of edges is (;) O
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Theorem 4 follows from Lemma 6 and Lemma 7.

Proof of Theorem 4. Let H be a graph with x(H) = r+ 1 and p = |V(H)|. Then H is a
subgraph of K7 ;.

Suppose G is a graph with n > ny vertices (we will choose n; later) and e(G) >
(1 — % +5) (g) By Lemma 7 with ¢ = 1 — % + 5 and n = 5, we can find a subgraph
G’ of G with n’ > ﬁi\/gn vertices such that 6(G’) > (1 — % + %) n.

Now we can apply Lemma 6 to G’ by choosing ﬁi\/gnl > ng. Therefore G’ contains

K} | as a subgraph and so does G. [

T

2.2 Proof of Lemma 6

Finally we prove Lemma 6 to complete the proof. The overall proof strategy is the following:

We do an induction on 7. The induction hypothesis allows us to find a copy of K}, where
q is a suitably chosen integer. (¢ will be much larger than p, and doing this only bumps ny.)
Suppose for contradiction that G does not contain a K?,,. Then we can use the minimum
degree condition to give a lower bound on the number of edges from U to U = V(G)\U,
where U is the vertex set of K} we found. On the other hand, the fact that G is K7 ,-free
bounds from above the total number of such edges. Conflicting lower and upper bounds will
yield the contradiction.

Proof of Lemma 6. We do an induction on r. The base case is r = 1. Then we have
d(G) > en and want to show that G contains a copy of K%, or equivalently a bipartite
complete graph K, .

Assume for contradiction that G' contains no K, ,. Let U C V(G) be a subset of vertices
such that |U| = ¢ where we will choose ¢ > p later. The lower bound on e(U, U) is easy.
Since 6(G) > en, we have that

e(U,0)=> |T(v)nT|

> (d(v) - |U])
> (en — |U]) U]
=eng — ¢ (1)

For the upper bound, for each v € U, let dyy(v) = |T'(v) N U], the number of neighbours
of v in U. Our goal is to show that not too many vertices v € U have very large dy (v).

Let S be a subset of U such that |S| = p. Given S, say a vertex v € U is completely
joined to S if every vertex in S is adjacent to v. Note that for any S, there can be at most
p — 1 many vertices that are completely joined to S. (Otherwise they form a K, ,.) There
are (Z) many such sets S. Each vertex v € U with dy(v) > p is completely joined to at least
one such S.



Let
N:=|{(v,S)|veU, SCUand |S| =p, vis completely joined to S}|.
Then we have that
N> |{veU|dy(v)>p}.

On the other hand, we have that

N < (;)(p— 1).

Hence,
= q
(e e T | do(v) = p}| < (p) 1)

This gives us the upper bound on e(U, U):

e(U,0)=> T)nU[ =) dy(v)

vel velU

< (Yo-vwr+ (o1~ ()o-n)
G M)
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Combining (1) and (2) gives:

pn+ (;) (p—1)(qg —p) > eng - ¢*.

However, this cannot hold if we pick eq > p and n sufficiently large. Contradiction. This
finishes the base case.

For the induction step, the overall strategy is exactly the same as the base case, except
that we need tweak a few details. Let » > 2 and the lemma holds with » — 1. Since r > 2,

1 1
(1——+£)n>(1— +5)n.
T r—1

Thus by the induction hypothesis, if n is large enough, then G contains a copy of K¢ where
we set ¢ so that ¢ > p and erq > p. Let U be the vertex set of this copy of K?. Then
U[ = qr.




For the lower bound,

e(U,U)=> |F(v)nT|

> :ZZ“(“) ~ )
> ((1-2+e)n-101) w1
= (r—1+4er)qn —r’¢* (3)

For the upper bound, we cannot simply choose S with |S| = ¢. Instead, call a subset S
special if S contains exactly p vertices from each of the r classes of U. Again, call v € U
completely joined to S if every vertex of S is adjacent to v. Let

N = ’{(v, S)|v e U, S is special, v is completely joined to S}’ )
Then we have that
N > |{U cU|dy(v) > (r— 1)q—|—p}‘.

This is counting from the vertex side: if dy(v) > (r — 1)q + p, then v is adjacent to at least
one special S. On the other hand, we have that

s (o

This is counting from the special sets side. There are exactly (Z)T many special sets, and
each special set is completely joined by at most (p — 1) many vertices as otherwise G is not
K?, ,-free. Hence,

e la) = - va+p < () (-1
Thus we have our upper bound:

e(U.T) =3 IT@) N0l =3 du(v)

vel vel

< () w-v1o1+ (1= () ¢-) @~ va+p
< (ﬁ)T(p — 1)gr + (n - (ﬁ)T(p - 1)) ((r=1)q+p)

=((r—=1)g+pn+ (g)w(p—l)(q—p)- (4)



Combining (3) and (4) gives:
((r=Dg+pn+c = ((r—1)g+ergng — cs,
where ¢; = (Z)T(p —1)(¢ — p) and ¢y = r?¢?. In other words,
(erq —p)n < ¢ + co. (5)

Note that ¢; and ¢y are independent of n. Moreover, we have chosen ¢ so that erq > p. Hence
if n sufficiently large, (5) cannot hold. This is a contradiction and finishes the proof. m
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