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Total Variation distance

Total variation (TV) distance between P and Q over state space ()

1
dry(P,Q) =5 ) |P() ~ Q)| = max|P(S) - Q(S)|

X€E)

Properties of TV distance
* metric (triangle inequality)
* bounded
* data processing inequality
* various characterisations

Applications of TV distance
property testing
Markov chain mixing time

approximate algorithms
learning algorithms



Compute TV distance
[Bhattacharyya, Gayen, Meel, Myrisiotis,Pavan, Vinodchandran, 2022]

* Input: descriptions of two distributions P, Q over ()
* Output: the total variation distance between P and Q

Trivial algorithm: enumerate all x € Q and add % |IP(x) — Q(x)| together

Challenge:IP and Q have succinct descriptions
* |€1] can be exponentially large w.r.t. the size of input

Examples: probabilistic graphical models, spin systems.




Product distribution

Product distribution P over [s]" n
P =P XP,X:-XP, VX, P(X) = HIPi(Xi)
[P; is a distribution over [s] = {1,2, ..., s} ; =t

Random sample X = (X1, X5, ..., X;,)) ~ P

1 |

X € [s]™: n-dimensional random vector X; € [s]:independent sample from P;

[P can be described by {P;: [s] = [0,1] |1 <i<n}

description size state space size
sn s™




Compute TV distance between product distributions
[Bhattacharyya, Gayen, Meel, Myrisiotis,Pavan,Vinodchandran, 2022]

* Input: distributions {IP;, Q;|1 < i < n} specifying P and Q over [s]"
* Output: the total variation distance between P and Q

Theorem [BGMMPV22]: the problem is #P-complete even for Boolean case (s = 2)

FPTAS (Full Poly-time Approximation Scheme)

A deterministic algorithm outputs a d in time poly(n, s, 1/¢)
(1-€)dwy(P,Q) <d < (1+e)dry(P,Q)

FPRAS (Full Poly-time Randomised Approximation Scheme)

A randomised algorithm outputs a random d in time poly(n, s, 1/¢€)
Pr{(1 —e)dry(P,Q) <d < (1+€)dry(P, Q)| = 2/3




Previous results

Theorem [BGMMPV22] FPTAS/FPRAS exists for product distributions P, Q such that
* P and Q are Boolean distributions (s = 2)
* @ has constant number of distinct marginals (e.g. uniform distribution over {0,1}")

Theorem [BGMMPV22] FPRAS exists for product distributions P, Q such that
* P and Q are Boolean distributions (s = 2)
 Vie[n],P;(1) 2Q;(1)andP;(1) = 1/2

\ J

\ J
Y

break symmetry  marginal lower bound

Open problem [BGMMPV22]

Do FPTAS/FPRAS exist for general product distributions?



Our results [F., Guo, Jerrum, Wang 2023] [F., Liu, Liu 2023]

FPTAS/FPRAS exist for general product distributions

Product distributions P, Q over [s]™ and error bound 0 < e < 1

~ 2 1
e FPTAS running time: O(ﬂlo )
unning t e 0% a,PQ)
Sn
€2

_ 2
* FPRAS runningtime:O( )

Extension: Markov chains [F., Liu, Liu 2023]
 distributions m, m, and transition Matrices My, M, over state space [s]
 approximate dry ((Xg) k=1, (Yx)r=1) such that

* Xy ~mpand X ~ M1 (Xyx—1,) [ Y1 ~mpand Yy ~ My(Yie—q,0)

FPTAS exists for TV-distance between Markov chains




A natural estimator

Total variation (TV) distance between IP and Q over state space ()

1 P(X)
dry(®,Q) =5 ) [P() — Q)| = Q) - P()| = o) (1~ g5
X€EQ xeQ:Q(X)>P(X) xeQ:Q(X)>P(X)
4 N 4 )
RatioR ~ R = (P||Q)
R=E0 e~ g ) | i (PQ) = Elmax(01 - R)]
- ) - )

* sample R independent
* take average of max(0,1 — R)

unbiased estimator of dy (P, Q)

« Approximate the TV distance with additive error d € d,y (P, Q) + €
* Relative-error approximation requires many samples because

dry (IP, Q) can be exponentially small

)



TV distance and coupling

 Distributions: P and Q over the domain (2

* Coupling: ajoint (X,Y) € OXQ suchthatX ~PandY ~ Q

Coupling Inequality (Coupling Lemma)
Vcoupling (X,Y), dry(P,Q) < Pr[X # Y]
Joptimal coupling (X,Y), dry(P,Q) = Pr[X # Y]

The optimal coupling may not be unique

Given two product distributions IP, Q over [s]",

what is their optimal coupling?




A greedy coupling (X,Y) = (X1, Xy, ..., Xp), (Y1, Y, ..., ¥)) of P,Q

each (X;, Y;) is coupled optimally and independently

* Greedy coupling is not an optimal coupling

{ X, ]( independent ){ X, ]

Correlated _ - Correlated

< >
{ Y ] independent { Y5 }

Optimal coupling can utilise the correlations of (X4, Y>) and (Y1, X5)

\




A greedy coupling (X,Y) = (X1, Xy, ..., Xp), (Y1, Y, ..., ¥)) of P,Q
each (X;, Y;) is coupled optimally and independently

* Greedy coupling is not an optimal coupling

* Greedy coupling can approximate the optimal coupling

dTv(IP), Q) < Pr [X * Y] < ndTv(IP), Q)
Greedy

Proof.

Pr [ X #Y] <
Greedy

F'M =
=

Pr(X; # ¥ = ) dry(P;, @) < ndyy (P, Q)
i=1

local optimal coupling



A greedy coupling (X,Y) = (X1, Xy, ..., Xp), (Y1, Y, ..., ¥)) of P,Q
each (X;, Y;) is coupled optimally and independently

* Greedy coupling is not an optimal coupling

* Greedy coupling can approximate the optimal coupling

CiTW/(HD,(Q) < Pr [)( ?&.Y1 < TUdjW/(HP,QQ)
greedy

* Discrepancy of greedy coupling can be computed efficiently

n
Pr [X#Y]=1— Pr [X=Y]=1- ‘ ‘(1 — dry (P;, Q)
greedy greedy )

=

Prix=vl g0

Pr [X#Y]  Pr [X=Y]
greedy greedy

. . 1
e Qurideal: estimate > -



Our Estimator [F., Guo, Jerrum, Wang 2023]

m: the distribution of X in the greedy coupling conditionalon X # Y

Vo € [s]", (o) = Prd [X =0
greedy
f:afunction [s]"— R, such that

PriX=0A X #Y]

| X # Y]

maX{Or IP)(O-) _ Q(U)}

Vo € [s], = o =
o &ls O = X oA X2Y]  Pr X=oAX%Y]
greedy greedy

Estimator: f(0) whereo ~ &

Properties of the estimator

Correct expectation
Pr[X # Y]

opt . dTV ([P), Q)

Esr [f(O')] =

greedy greedy
Low variance

Var,..[f(0)] = 1

Vo € [s]Y, PriX=0AX=#Y]< Pr [X=0AX=Y]
opt greedy

Pr [X#Y] Pr [X=#7Y]

1
> —
n

‘ Vo € [s]Y,

0<f(o)<1




Our Estimator [F., Guo, Jerrum, Wang 2023]

m: the distribution of X in the greedy coupling conditionalon X # Y

Yo € [s]", n(o) = Prd [X=0|X #7Y]
greedy
f:afunction [s]V— R, such that

PriX=onX=Yl  nax{0,P(c) — Q(0)}

Vo € [s]", flo) = =

Pr [X=0AX#Y] Pr [X=0AX=#Y]

greedy greedy
Estimator: f(0) whereo ~ &

Properties of the estimator

Correct expectation
Pr[X # Y]

dry (P, Q) 1
opt TV

— — =R > —

Eonl /O = X2y ™ or x=v] - =0
greedy greedy

Low variance

Var, r[f(o)] <1
Efficient computation

e arandom sample of ¢ ~ m can be generated in time O(n)
* givenany o € {0,1}", f (o) can be computed in time 0 (n)

-

-

0 (3)

samples

~

J




Sampling algorithm for the distribution m:

n — —
VYo € [s]", (o) = grggdy[X =0 | X #Y]

The greedy coupling is a product distribution
The condition X # Y is not complicated

Algorithm

Sample o € [s]” index by index;
Conditional on a3, 03, ..., 0;_1, exactly compute the marginal of o; and sample

PriX#Y|X; =c]-Pr[X; =]
Pr[X # Y]

Prloy =c]=Pr[|X;=c|X#Y]=

V] PrlX; =] = Pi(c)

] prix =Vl =1-Prix =v1=1-| [a-dn 00

1=1

V| PriX#Y|X;=cl=1-Pr[X=Y|X; =]




Sampling algorithm for the distribution m:

n — —
VYo € [s]", (o) = grggdy[X =0 | X #Y]

The greedy coupling is a product distribution
The condition X # Y is not complicated

Algorithm

Sample o € [s]” index by index;
Conditional on a3, 03, ..., 0;_1, exactly compute the marginal of o; and sample

PriX#Y|X; =c]-Pr[X; =]
Pr[X # Y]

Prloy =c]=Pr[|X;=c|X#Y]=

V] PrlX; =] = Pi(c)

] prix =Vl =1-Prix =v1=1-| [a-dn 00

1=1

n
V] Pr[X¢Y|X1=c]=1—Pr[X=Y|X1=c]=1—Pr[X1=Y1|X1=c]1_[
=2




Ratio and deterministic algorithm
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4 )
RatioR ~ R = (P||Q)
=%, where X ~ ( ‘
- /
2
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3

.

R = (P1||@1) = (P,||Q2)

1
dry(R) = dgy(P1, Q1) = dry (P2, Q) = 6

/

dry(P,Q) = dry(R) =

E[max(0,1 — R)]

\
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Ratio and deterministic algorithm

-

=200

RatioR ~ R = (P||Q)
P(X)
= where X ~ (

\

/

_

/

dry(P,Q) = dry(R) = E[max(0,1 — R)]

-

\

/

R preserves dry (P, Q), may compress some redundant information

If R; = (P1]|Q,) and R; = (IP;]|Q5), then
R; “ing Ry = (P XP,||Q;XQ3)

P, XIP, is the product distribution P; and P,

R ‘ina R, is the distribution of the product of two independent random real number

Rle ~ Rl ‘ind Rz, Whel‘e Rl ~ [Rl and R2 ~ [Rz are ind. SampleS



A naive deterministic algorithm

Input: distributions of P, P, ..., P,;,, Q, Q,, ..., Q,, and an error bound €

Output: an approximation of dy (IP, Q)

Compute R; « (IP;||Q;) foralli € [n]

Compute Ry.; « Ry
Compute R;., < Ry.g 'jng Ry

Compute Ry;; & Ry.j—1 "ing R;

Compute distribution R;.,;, < Ri.;,—1 “ina Rn
Return dry (Ry.,) = Eg~g,, [max(0,1 — R)]

Exact computing of dy (P, Q)

The support sizeis large
Isupp(Ry.;)| = exp(Q(2))

Efficiently compute Ry ., s.t.
dTV(Rl:n) ~ dry (Ryq)




Compute R; « (IP;||Q;) foralli € [n]
Ry < Ry
Compute R}, « Ry.q *ina Ry

@1:2 « Sparsify(R}.,)

Compute Ry ; « Ryi—1 “ina R;
Rl:i < SparSIfY(]Rlll)

EompUte Rim = @1:11—1 ‘ind Ry
]Rl:n < SparSlfY(Rlln)

Return dTV(I’[él:n) = Ep g, |[max(0,1 — R)]



R « Sparsify(R")

> The support size of R is small

> R and R’ is close with respect to a metric A(-,)

* IfRy = Ry, thendyry(Ry) = dry(Ry)

ldry(Ry) — dy (Ry)| < A(Ry, Ry)

¢ If Rl =~ RZ and RB =~ R4, then Rl 'ind RB =~ RZ 'ind R4

A(R1 ‘ing R3, Ry “ing Ry) < A(Ry, Ry) + A(R3,Ry)

-

A(R;,R,) = min{dTV(Pl: P,) + dry(Q1, Q) | EQZ%H%Q%}

Mminimum total variation distance




Compute Ri — (Pl”(@l) foralli € [n] Ri:n = Ri . ]Ri+1 C ot ]Rn
— ~ €
Ry < Ry A(Ryq,Ry) =0 < EdTV(Pr Q)

Compute Ri.; « Ry g Ry L €
R, < Sparsify(R;.,) A(Rl:Z' ISER RZ) = EdTV(P» Q)

Compute Ry; < R;_1 *ina R;

—~ —~ €
R A [R i [R ji—1 ° [R S _d ]:P)
R;.; < Sparsify(R}.;) ( L Bi-1 l) n rv(P, Q)

EompUte Rll:n — @n—l ‘ind Ry . R €
Ry., < Sparsify(R}.,,) ARy Rypog - Ry) < —dry (P, Q)

Return dTV(I’@lm) = Ep g, |[max(0,1 — R)]



Compute R; « (IP;||Q;) foralli € [n]
Ry < Ry

Compute Ri.; « Ry g Ry
@1:2 « Sparsify(R}.,)

EomPUte Rll:i < I’@i_l ‘ind Ri A(I’@l:i | ]Ri+1:n' R1:i—1 ) Ri | ]Ri+1:n)
]Rl:i < SparSIfY(]Rlll)

Compute Ry, = @n—l ‘ind Ry
]Rl:n < SparSlfY(]Rlln)

Return dTV(I’@lm) = Ep g, |[max(0,1 — R)]



Compute R; « (IP;||Q;) foralli € [n]
Ry < Ry

Compute R}, « Ry.q *ina Ry
@1:2 « Sparsify(R}.,)

EomPUte Rll:i < @i_l ‘ind Ri A(I’@l:i | ]Ri+1:n' ﬁl:i—l ) Ri | ]Ri+1:n)
Ry Sparsify(Ri,) < ARy Raor B) + ARe 1 Brsar)

€
<0+ EdTV(Pf Q)

Compute R}, = @n—l ‘ind Ry
Rl:n < SparSlfY(]Rlln)

Return dTV(I’@l:n) = Ep g, |[max(0,1 — R)]



Compute R; « (IP;||Q;) foralli € [n]
=~ —~ €
Rl:l N IR1 A(]Rl:l ) ]RZ:TU Rl:n) = EdTV(PJ @)

Compute R, « Ryq 'ing Ry - _ €
R;., < Sparsify(R}.,) A(Rl:z ' Rain, Ryg - RZ:n) = T_ldTV(P: Q)

Compute Ry; < R;_1 *ina R;

5 ~ €
™ A(R,.; - Riiq.,, R4 - R <—d P,
R;.; « Sparsify(R;.;) (Rysi - Riyaom Rysicg - Ry ) n v (P, Q)

EompUte IR,1:n — @n—l ‘ind Ry . = €
R;., « Sparsify(R}.,,) ARy Rypog - Ry) < EdTV(Pt Q)

Return dTV(I’@lm) = Ep g, |[max(0,1 — R)]



Compute R; « (IP;||Q;) foralli € [n]

= _ €

Rl:l N IR1 A(Rlzl | [RZ:TU Rl:n) = _dTV([P)J @)
n

Compute Ry, « Ry.q “ing Ry = A \ €

R;., < Sparsify(R}.,) A(th Rap, Ryg RZ:n) = T_ldTV(P: Q)

Compute Ry; < R;_1 *ina R;

> = €
R;.; < Sparsify(R},;) ( 1:i it Baii-1 l.n) n rv (P, Q)

EompUte IR,1:n — @n—l ‘ind Ry . w €
R;., < Sparsify(R7.,) A(Rtn» Rin-1 - Rn) < EdTV(P» Q)

Return dTV(I’@lm) = Ep g, |[max(0,1 — R)]



Compute R; « (IP;||Q;) foralli € [n]
Ry < Ry

Compute R}, « Ry.q *ina Ry
@1:2 « Sparsify(R}.,)

Compute Ry; < R;_1 *ina R;
Rl:i < SparSIfY(]Rlll)

Compute R}, = @n—l ‘ind Ry
Rl:n < SparSlfY(]Rlln)

4 )
By triangle-inequality of metric
ARy, Ry ) < edry (P, Q)

\_ /)

Rl:n — ([P)”@)
dTV(RLn) = dry(P, Q)
4 )
|dTV(@1:n) — dry (P, @)| < edry (P, Q)
\ %

Return dTV(I’@l:n) = Ep g, |[max(0,1 — R)]



=)

The Sparsifty subroutine

l R «Sparsify(R’) R'(x;) + R'(xz) + R'(x3)

| || II
1

00
x1R'(x1) + xR (x5) + x3R'(x3)

R'(x1) + R'(x3) + R'(x3)

 Partition [0, ) into a set of intervals J o
= IER'~]R’[R | R" € I]

* Foreachinterval I € 7, merge all elementsin ] into one element



an, =0 as a,
lai, a9 = 1)
Partition of a2, a1)
[0,1] las, a;)

[am =0,a;,-1)

lap =1,1/a,)
Partition of [1/a4,1/a;)
(1' OO) [1/(121 1/&3)

a 1 1/a4

1/a,

1/a;3

1/ay;, = o

-

> The first interval is small

1—a,4

< 5,

~

» The length of [a;, a;_1] issmallw.r.t. 1 —a;_4

\_

Vi > 1,

la; —a;_1| < €+ |1 —a;_4]

,/

[1/@me1, 1/ = o)

!

m=0(

11
Eg 06

1

Os

)




Error of Sparsification [F., Liu, Liu 2023]

[ R «Sparsify(R") } ‘ [ A(R,R") < e,dry(R") + 6 }

* §,: absolute error from merging [a4, 1] and (1%)
1

* €g:relative error from merging other intervals

Merge error in every iteration

EdTV(IP)J Q) < 5 < EdTV([P)’ Q) .\ A(Rl:b I,@1:1'—1 ) Rl)
2n? - v T n >_ dry (P @)
€ - Ty U,
< —_— .. . .
) = Zn dTV(Rl.l—l Rl) + Zn
€5 = — —/ €
S 2n = —dry(P, Q) _o(™ 1
m= (E %54 (P, Q))



Summary

Problem: Compute the TV distance between two product distributions
Algorithms: FPTAS and FPRAS

Extension: TV distance between two Markov chains

Open problems

in O0(n?

Better running time of FPTAS: remove log log - (11P> Q))?
v (P,

dry (P,Q)
Algorithm/complexity for approximating TV distance of general models
» Graphical models
»Hidden Markov chains

Relation between approximating TV distance and sampling/counting



Appendix

Analysis of the sparsification error
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R «Sparsify Left(R') merge intervals 7 = {[ay, ay), [ay, a1), ..., [@m, Am—1)}

R’ = (P'||Q"), where Q" = R"and P'(r) = rQ'(r)

(IP’(r) ifr>1 Vrel €]

Q'(r) . P(r) _ PU)

K@’(I)P(I) ifrele] Tm o)

Q'(I) = z Q'(r) All the ratios for r € I are the same
~ Merge

rel



R «Sparsify Left(R') merge intervals 7 = {[ay, ay), [ay, a1), ..., [@m, Am—1)}

R’ = (P'||Q"), where Q" = R"and P'(r) = rQ'(r)

(P’(T) ifr >1

kggg P'(I) ifrelej] R = (PllQ)

1
AR, R) < dpy (P, P) + dpy (@,@) =5 ) ) [P'(r) = P(7)]

I€] 1rel



R «Sparsify Left(R") merge intervals L = {[ay,ay), (a3, A1), ..., (A, A1)}

R’ = (P'||Q"), where Q" = R"and P'(r) = rQ'(r)

(P’(r) ifr >1

kgﬁg P'(I) ifrelej] R = (PllQ)

: 1 : P'(1) N :
A(R,R)SEZEQ(T)T—@,—(D VS dTv(R)=§z z(@(r)lr—ll
IEL el IELUR 7
r N ) \/
Y
At most the length of interval At least the distance between
<|a; —a;_1|, wherel =|a;,a;_1) 1and right point

2 1 _ai_l



a 1 1/a4 1/a,

1/a;3

1/ay;, = o

-~

> The first interval is small

1—(11S55

~

» The length of [a;, a;_1] issmallw.r.t. 1 —a;_4

an, =0 as a,
la, a0 = 1)
Partition of a2, a1)
[0,1] las, az)
[am» am—l)
lag =1,1/a,)
Partition of [1/ay,1/a;)
(1, ) [1/a;,1/a3)

[1/ @1, 1/am)

Vi > 1, la; —ai 4] <€ |1 —a;4]
4 I
_0(11 1)
m = c. og(ss




R «Sparsify Left(R") merge intervals L = {[ay,ay), (a3, A1), ..., (A, A1)}

R’ = (P'||Q"), where Q" = R"and P'(r) = rQ'(r)

(P’(r) ifr >1

kgﬁg P'(I) ifrelej] R = (PllQ)

1
AR, R) < > (esdry (R") + &)

e N

Error from Error from
merging other intervals merging the first interval



