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Abstract

We show that the guaranties of the Gram-Schmidt Walk Algorithm of Bansal, Dadush, Garg,
and Lovett can be achieved by an Ising model. Given vectors vy, ..., v, of norm at most 1, we
give a closed form for a centrally symmetric distribution on a vector o € {£1}" so that the
signed sum »_; o (j)v; is 1-subgaussian. We show that the Glauber dynamics for this model
mix rapidly provided that the norms of the input vectors are bounded below 1 by an inverse-
polynomial.

The proofs employ the theory of Lorentzian polynomials, and we use these techniques to
show fast mixing bounds for other spin systems.
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1 Introduction

Dadush, Garg, Lovett, and Nikolov [DGLN19] proved that Banaszczyks Vector Balancing Theo-
rem [Ban98]| is equivalent to the following sampling problem: given vectors vy,..., v, in the unit
ball, sample a vector o € {£1}" so that the signed sum ;o (j)v; has expectation zero and
is C-subgaussian, for some constant C. We call an algorithm that achieves this guarantee a C-
subgaussian vector balancing algorithm. Bansal, Dadush, Garg and Lovett [BDGL19] developed a
polynomial-time algorithm, called the Gram-Schmidt Walk, that solves this sampling problem and
thereby provides a polynomial-time realization of Banaszczyk’s Theorem. Harshaw, Sivje, Spiel-
man and Zhang [HSSZ24] proved that the constant achieved by this algorithm is actually 1, which
is the best possible.

We show that one can obtain a 1-subgaussian vector balancing algorithm from an Ising model
that encodes a very simple distribution, and that the natural Glauber dynamics sample from this
model in polynomial-time. If all the vectors have Euclidean norm at most 1, then the distribution
samples o with probability proportional to

we) = [ (1-o@)o@) vi,vy)). (1)

1<i<j<n

1+('vi7'vj)
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This is an Ising model with interaction matrix J given by J (i, j) = 5 log = atanh((v;, v;))

because w(o) is proportional to exp(—a’ Jo /2).

This distribution is well-defined so long as the input does not contain any three parallel unit
vectors. If multiple input vectors have the form +v where v has norm 1, then we fix their sum to
be zero if there are an even number of them, or to +v if their number is odd. The mixing time of
the Glauber dynamics depends on the reciprocal of 1 minus the maximum norm of a vector. To
efficiently sample when some vectors have norm 1 or very close to it, we scale down the vectors and
use rejection sampling. See Section 4 for the details.

Our motivation for this paper is three-fold. First, we believe that 1-subgaussian vector balancing
is sufficiently fundamental that we should know if it can be done with a simple and cleanly described
distribution. To the best of our knowledge, ours is the first closed form C-subgaussian sampler for
any C. Second, if one wants to vary the vector balancing guarantee, it should be much easier to
modify the distribution directly than it would be to modify the Gram-Schmidt Walk. Third, we
expect that experimenters will be more likely to use 1-subgaussian samplers to design randomized
controlled trials, as suggested in [HSSZ24], if they have a better understanding of the distribution.

We now state our main results.

Theorem 1. Assume that the vectors v1,...,v, all have Euclidean norm at most 1 and that
no three are parallel unit vectors. Let o be chosen with probability proportional to w(o). Let
s =) ,0(i)v,. Then, s is a 1-subgaussian random vector. That is, for all vectors 0,

Eexp((8, ) < exp(]|6] /2).

Theorem 1 is proved as a special case of Theorem 9, which shows that the same holds under
arbitrary external fields after re-centering s.
We prove rapid mixing of the Glauber dynamics for the Ising distribution (1), when the norms

of the input vectors are inverse-polynomially bounded away from 1. This also holds under external
fields.



Theorem 2. Let oy def g MaX;e|y] |lvil|®. The spectral gap of the Glauber dynamics P for the
Ising distribution (1) satisfies

ap

gap(P) > —.

n

Consequently, for every 0 < e < 1, its mizing time satisfies

tmix(e) = O <n <log1 +n?log a51>> )
Q) 9

This is not quite as fast as the Gram-Schmidt Walk [BDGL19], which can be implemented
to run in time O(n?d). We conjecture that our distribution satisfies a modified log-Sobolev in-
equality with constant O(«g/n), which would get us close to this running time bound: it would
imply mixing in time O((n/ap) log(nlog(1/ap)/€)). Those who are willing to relax the subgaussian
bound can obtain a v/3-subgaussian guarantee in time O(nd), although again without a closed form
distribution [Ade26].

To sample from the distribution (1), there is a faster way than directly using the mixing time
guarantee in Theorem 2, namely the checkpoint technique in [CGVY26, Section 5]. Introduce a
temperature parameter, and (non-adaptively and deterministically) find an 6(\/77)—1ength cooling
schedule with bounded y2-divergence between two adjacent temperatures. Then, run the Glauber
dynamics at each temperature, and once it is mixed, use the last state as a warm start for the next
temperature. Overall we only need O(n'®/ag) Markov chain steps. We omit the details here and
refer interested readers to read [CGVY26, Section 5], since this is a straightforward and routine
application of that technique.

In Section 4 we give a few ways of modifying the distribution and/or the sampling procedure
to handle vectors of norm up to 1.

Theorem 2 provides a new spectral criterion for the rapid mixing of Glauber dynamics on general
Ising models. Consider the Ising distribution on {£1}" specified by a symmetric interaction matrix
J € R™™ with zero diagonal and an arbitrary external field h € R"™:

1
Vo € {£1}", (o) o< exp (20'TJ0' + hT0'>. (2)

Theorem 3. Let J € R™™"™ be a symmetric matriz with zero diagonal, let h € IR™ be an arbitrary

external field, and let T = tanh(J) def (tanh(J (i,7)))i je[n) denote the entrywise hyperbolic-tangent
matriz of J. If Amax(T) < 1, then the spectral gap of the Glauber dynamics P for the Ising
distribution (2) satisfies

1—X T
n
Remark. For general Ising models, previous work [EKZ22, AJK'22] established the rapid mixing
of Glauber dynamics when the interaction matrix satisfies 0 = J = (1 — €)I for some € > 0. The
conditions of Theorem 3 cover this as a special case. To see this, let T have zero diagonal and

off-diagonal entries T'(i,7) = tanh J (7, j). Since diagonal entries do not affect the Ising distribution,

it suffices by Theorem 3 to show that H G | > 0. This follows from the fact that H is

symmetric, has non-negative diagonals, and is diagonally-dominant: for all i € [n],

SOIH ) = [T (i,§) — tanh T (i, 5)] < D [T (0, 4)> <Y T @)1 < (T)is < J(6,4) = H (6, 4),
J#i JF#i A j#4



where we use |z — tanhz| < |z|* /3, |J (i, )] < [J[op <1, J =0 and J2<J.

We apply Theorem 3 to the Sherrington—Kirkpatrick model, which corresponds to the Ising
distribution (2) with symmetric interaction matrix J € IR"*" given by independent entries J (i, j) ~
N(0,32/n). The high-probability bound Apax(T) = 28 + 0,(1) yields the following guarantee.

Corollary 4. For any 0 < 8 < 1/2 and any external field h € R™, with probability 1 — 0, (1) over
the Gaussian couplings J, the Glauber dynamics P for the Sherrington—Kirkpatrick model satisfies
gap(P) > M_

n

The proofs of Theorem 3 and Corollary 4 are given at the end of Section 7. Previously, the
spectral radius criterion [EKZ22, AJKT22] established a spectral gap of order Q(1/n) for § < 1/4,
which was subsequently improved to 5 ~ 0.295 using the trickle-down theorem [AKV24]. Recently,
remarkable progress has been achieved in sampling the Sherrington—Kirkpatrick model, including
total-variation sampling and warm-start mixing of Glauber dynamics for the zero-field model at
B < 1/2 [DLSS26a, DLSS26b] as well as stronger worst-start mixing guarantees [Wan26, BLO26].
These results were further extended across the entire high-temperature regime § < 1 [L.SS26, HLY 26,
DHMR26, Ope26b].

This approach also yields spectral gap bounds for general spin systems. Specifically, we es-
tablish rapid mixing of Glauber dynamics for anti-ferromagnetic spin systems on complete graphs
whose interaction matrices have strictly positive diagonal entries, and derive spectral gap bounds
in terms of the interaction matrix and eigenvalues of the graph’s adjacency matrix. For the anti-
ferromagnetic Potts model, our results extend the parameter range and improve the spectral gap
lower bound obtained in recent work of Chen and Wang [CW26]. These extensions are presented
in Section 8.

2 Preliminaries

Let [n] = {1,2,...,n}. A random vector X € R? is C-subgaussian if for all vectors 8 € R?,
Eexp (0. X ~EX)) < exp (€201 /2)

Let P be a reversible Markov chain on a finite state space {2 with stationary distribution u,
that is, u(o)P(o,7) = p(T)P(7,0) for all o, 7 € Q. The spectral gap of the Markov chain P is
defined as the difference between 1 and the second largest eigenvalue of P, and for 0 < ¢ < 1, the
mixing time tmix(€) is given by

tmix (€) e r;lez%{min {t eN|Dry (P'(o,"),p) < ¢},

where Dy (i, v) denotes the total variation distance between distributions p and v.

Let p be a distribution over a finite product space Q = [["_; Q;. The Glauber dynamics for p
updates a feasible configuration o € Q by selecting a coordinate i € [n] uniformly at random, and
replaces o; by ¢ € Q; with probability proportional to p(o?<¢). Here, o€ is the configuration
obtained from o by replacing its i-th coordinate with ¢ and leaving all other coordinates untouched.
The Glauber dynamics is reversible with respect to pu.



3 Motivating the distribution

We came to the distribution (1) by a semi-rigorous process. We enumerated a few properties that we
thought a distribution solving this problem should have, enumerated a couple of distributions that
had those properties, and then eliminated those that failed to produce 1-subgaussian distributions
in small experiments. This was done with conventional computation before the release of useful
LLMs.

If we only have two input vectors and both of them are unit vectors, then the distribution (1)
minimizes the operator norm of the covariance matrix of the resulting distribution. As this seems
desirable, we sought distributions that agreed with this one when given only two vectors.

When the input is comprised of many identical small vectors in one dimension, say v; = € for all
1, the induced distribution resembles a discrete Gaussian: as n grows, the probability of obtaining
the sum ke becomes approximately proportional to exp(—(ke)?/2), for k equivalent to n modulo 2.

Finally, we wanted to be sure that entirely orthogonal sets of vectors would not interact, and
that orthogonal pairs of vectors would not interact directly.

4 Handling vectors of norm up to 1

The distribution given by (1) is well-defined so long as there is a o for which w(e) is non-zero.
And, the only way that w(o) can be uniformly zero is if the input contains at least three parallel
unit vectors. We can remove such cases from consideration by deterministically setting the signs
of some of those vectors. Given an even number of parallel unit vectors, we can set their signs so
that their sum is zero, and thus does not contribute to the signed sum. Given an odd number that
is larger than three, we can remove all but one by fixing the signs of all but one so that they sum
to zero.

While this transformation ensures that the distribution is well-defined and that the 1-subgaussian
bound holds, it does not resolve the problem that our bound on the mixing time of Glauber dy-
namics depends on the reciprocal of 1 minus the maximum norm of an input vector. We suggest
two ways of addressing this problem.

A crude solution is to divide all the input vectors by 1 + € for some small e. The Glauber
dynamics will mix in time depending on 1/¢, and the resulting distribution on the original vectors
is guaranteed to be at most (1 4 €)-subgaussian. This will be enough for most practical purposes.

A principled way to address the problem while preserving the 1-subgaussian guarantee begins
by observing that division of vectors by (1 + €) does not substantially change the distribution if no
input vectors have inner product close to 1 or —1. And, we can remove pairs of vectors with such
inner products by replacing them with their sum or difference.

Let ¢ = /3 — 1. If any pair of input vectors v; and v; have (v;,vj) > ¢, then v; — v; has norm
less than c. The same holds for v; + v; if (v, vj) < —c. After performing these replacements, we
will be left with an input in which all pairs of vectors have inner products of absolute value at most
c. After sampling from the distribution on this smaller input, we can replace the new vectors with
with the sum or difference that produced them. This will ensure that the 1-subgaussian guarantee
is satisfied.

To sample from the resulting distribution, we can now sample from the distribution obtained
by dividing all the vectors by (1 + ¢€), where € = 1/(4n?), and using rejection sampling (see [DevS86,
Chapter 2, Section 3]). Let w¢(o) the distribution obtained after this division. One can show that



for every o,
12w (o) < w(o) < 2we(o).

After sampling from the modified distribution, we return the sampled o with probability w(o) /2w, (o).
Otherwise, we repeat this procedure until we do return a o. As the probability of success is at
least 1/4, we expect to need at most 4 samples from the distribution proportional to w.

5 A discrete Alexandrov-Fenchel inequality and Lorentzian Poly-
nomials

The key to our proof of Theorem 1 is a discrete analog of the Alexandrov-Fenchel inequality [Fen36,
Ale37] proved by Lee, Oh, and Seo [LOS25] using the theory of Lorentzian Polynomials [BH20].
Lorentzian polynomials, under the name strongly log-concave polynomials [Gur09] have been used
to analyze mixing rates of Markov chains [CGM21, ALOV24]. However, their use in our paper
through Lee, Oh and Seo’s discrete Alexandrov-Fenchel inequality appears novel.

We will say that a symmetric matrix is Lorentzian if its entries are non-negative and it has at
most one positive eigenvalue'. Given a finite set of coordinates, C, a Lorentzian matrix A € RE*C,
and k vectors 1, ...,z € R, Lee, Oh and Seo examine the following polynomial whose variables
are the entries of those vectors:

k
Va(er,...oe0) Y JJae@) J] Al ). (3)

k=0 i=1 {ijre(%)

The following theorem may be derived from Theorem 3.1, Proposition 4.1, and the discussion
following it through equation (4.1) of their paper [LOS25]:

Theorem 5. Let A € RY*C be a Lorentzian matriz. Then, for all vectors 1 € R and
To,..., X € ]Rgo, we have

Va(z1, o, T3, ..., x5)* > Va(z1, 21, T3, ..., ) Va (T2, T2, T3, ..., T). (4)

To prove this, Lee, Oh, and Seo show that V4 (1, ..., ,) is the polarization of a Lorentzian
polynomial and then apply results of Brandén and Huh. They point out that their Proposition 4.1
is in fact Proposition 4.5 of [BH20]. The first inequality of this type of which we are aware appears
in the work of Van Lint [vL81, Lemma 2.5].

Two types of vectors will arise in our proofs: the vectors vy, ... v, that we want to balance and
the vectors «1, ..., ) that appear in the definition of V4. To avoid confusion, we will call the first
set the input vectors and the second set the selection vectors.

We define the Lorentz matriz of vectors {vc} . to be the matrix A with A(c,¢) =1— (v, vg).
The following lemma is the first step to using Theorem 5 to analyze the distribution (1).

Lemma 6. Let A be the Lorentz matriz of vectors {vc} e If all v. have norm at most one, then
A is a Lorentzian matriz.

If a non-negative symmetric matrix has a positive entry, then it has at least one positive eigenvalue. So, the only
Lorentzian matrices with no positive eigenvalues are the all-zero matrices.



Proof. Let J € RE*C be the all-1 matrix and let V € R?*® be the matrix whose columns are the

vectors v.. Then
A=J-VTv.

As all the inner products of the vectors are at most 1, the matrix A is non-negative. As VIV is
positive semidefinite, 27 Az < 0 for all z orthogonal to 1. This implies that A has at least |C| — 1
non-positive eigenvalues, and so it has at most one positive eigenvalue. O

6 Subgaussian concentration

To relate the distribution of s to Theorem 5, we consider the Lorentz matrix of the input vectors

and their opposites. To index these, let C = {17,17,27, 27 ... . nt n~}, and set v;+ = v; and
v,- = —v;. Let Kk =n and for 1 < ¢ < n define the selection vector x; so that
1 ife=it

zi(c) =191 ife=1i"

0 otherwise.

With these selection vectors, all nonzero terms in (3) must have c(i) € {i*,i~} for all . Thus,
the ¢ : [n] — C that can lead to nonzero terms are in bijection with o € {£1}", and

Va(zi,....z) = Y. wlo)® Z,
oc{£1}"

where Z is called the partition function of the distribution.
We will need to consider generalizations of the distribution given by w that have been “tilted”
by an “external field” h € IR"™. We define

wp (o) = e<h"7>w(0'), (5)

and Z(h) = >,y 1yn wn(o). Thus, we sample o with probability

in(o) = %;’)). (6)

We write Ep and Vary, to indicate expectation and variance when o is distributed according to
this distribution. The assumption that there are no triple of parallel unit vectors ensures that Z(h)
does not equal zero and thus these distributions are well-defined.
We can express up (o) in terms of V4 by changing the selection vectors. Upon changing x; so
that
el ife =4t
h(i) if ¢ =4 (7)

0 otherwise,

xzi(c)=<e”

we obtain

Valzy,... ) = Z(h).

We now upper bound the covariance matrix of the signed sum s for every external field.



Lemma 7. Assume that the vectors v1,...,v, all have Euclidean at most 1 and that no three are
parallel unit vectors. Let h € R", o be distributed according to wy(o)/Z(h), and s =), o(i)v;.
Then for every 6 € R,

Var ((0,s)) < [|0]|.

We begin by introducing the notation we use in the proof. We will consider the functions Vg
where B is the Lorentz matrix of the input vectors, their negatives, the all-zero vector 0, and
a vector €f. We index vector 0 by coordinate 0 and vector €@ by coordinate —1. We will set
k = n+ 2, and consider two more selection vectors xy and x_1 that we define to be the elementary
unit vectors in directions 0 and —1. Concretely, we are instantiating (3) by setting C= {-1,0}uUC,
K ={-1,0,1,...,n} and taking

VB(yflaymyl?"'ayn - Z Hml )) H B(C(Z),C(]))
cK—CieK {i.jre(%)
For selection vectors a and b, each of which will be one of &g or _1, we define

Z(a,b) def Vp(a,b,z1,...,x,),

where we keep x1, ..., x, as they were defined in (7).

Proof of Lemma 7. Let € > 0 satisfy € [|@] < 1. We will eventually let € go to zero.
Theorem 5 tells us that

Z($0,$,1)2 > Z(mo,mo)Z(m,l,m,l). (8)

We now expand the terms that appear in this inequality. As x( pins a coordinate to 0 and that
coordinate indexes the all-zero vector,

Z(zo,mo) = Y wp(o) 0) [T(1 = (0,0()v:)) [[(1 = (0, 0()vi)) = Z(h).
i=1 i=1

oc{x1}"

Similarly

Z(:L‘o,a}_l) = Z wh( O 50 H 11— 0 0' vz H 1- 69 O'( )'U,>)
i=1 i=1

oe{£1}"
= Z H (1—€(0,0(i)vi)), and
oc{x1}" =1
Z(x_1,x_1) = Z wp (o) (1 — (€6, €0)) H 1—(e0,0(i)v;)) H (€0, 0(i)v,))
oe{£1}" i=1 i=1

n 2
=(1-€(0,0) > w (H (1—€(0,0(i >)> .
=1

oe{£1}"

Define



so when we choose o with probability wy(o)/Z(h), we can write

Z(xg,z_1) = Z(h)Er®(0), and
Z(x_1,z_1)=(1—-€(0,0)Z(h)E,®(c)>.

Substituting these identities into (8) and canceling Z(h)? from both sides yields

(Er®(0))* > (1 - € (0,60))En®(a)? —
e 10]* En®(0)* > Er®(0)? — (En®(0))’
= Vary, (®(0)),
which implies
0 Er(o)? > YR (2]

The first-order approximation of ®(o) as € goes to zero is

Bo)~l—cY (0,0(i)vi) =1—€(0,s).

7
So, En®(0)? approaches 1 as ¢ approaches 0 and

Vary, (2@(0)) . Vary, (€2<0, o))

= Vary, ((6,s)),

€ €

because variance is unchanged by addition of constants.
We conclude that

16]* > Vary, ((6, s)) . 0

6.1 1-Subgaussian Concentration

In our proof that s is 1-subgaussian, we will need to integrate the result of Lemma 7 over a path of
external fields. Our proof will make use of the logarithm of the partition function, which we define
to be the function

F(h) ¥ mz(h).

The following facts about F'(h) are well known. See, for example, [CLV23, Lemma 12].

Claim 8. The gradient and Hessian of F' are given by
ViF(h)=FEno  and  ViF(h) = Covy (o),

where

Covy, (¢) = Epoo! — (Epo) (Ero)”

1s the covariance matriz of o.



Proof. To compute the gradient, consider the ith coordinate.

We can similarly show that

0* N ‘ .
anaon(y) )= e ) = Er ()
O

We now prove a strengthening of Theorem 1 that allows for an external field h. Theorem 1 is
the special case with h = 0. For that h, Ego = 0, which simplifies the proof slightly.

Theorem 9. Assume that the vectors v1,..., v, all have FEuclidean at most 1 and that no three
are parallel unit vectors. Let h € R™ and let o be chosen with probability proportional to wp (o).
Let s =), 0(i)v,. Then, s is a 1-subgaussian random vector. That is, for all vectors 6,

Enexp((6,s — Ens)) < exp(|6]|* /2).
Proof. Let 0 be a vector in IR?. We will show

In (En exp((6, s — Ens))) < |16]° /2.

To turn this into an expression in o, let V be the matrix whose columns are vq,..., v, so that
s = Vo. Define
o=V"e
so that
<97 3> = <¢a U> :

The connection to the partition functions is

En exp(<0, S>) =En exp((q.’), U>)
_ Z(p+h)
~ Z(h)

and so
In (En exp((0, s — Ens))) = F(¢ + h) — F(h) — (¢,Eno) .



This reduces our problem to that of showing
F(¢+h) - F(h) < |6]* /2 + (6. Ens) .

We will do this by integrating on a path from h to ¢ + h. For a real variable ¢ € [0, 1], define

O ¥ F(tgp + h).

As f(t) is twice continuously differentiable,

1 1
1) - £(0) = f@ﬁ—ﬂ®+[(L%WﬁW-

t=0 =0

By the chain rule, f'(t) = (¢, VF(t¢ + h)). So Claim 8 implies f/(0) = (¢, Epo) = (6, Eps).
The chain rule also gives

() = $TV2F (1) + h)g
= ¢ ' Covigin (o) ¢ (by Claim 8)
=0T VCovipyin (o) VIO
=0"Covipin (V)0
=0"Covipin(s)0
<6l

by Lemma 7. Plugging this upper bound back in to the expression for f(1) — f(0) proves the
theorem:

1 1
FO) = £0) = FO0)+ [ (=00t < 7O)+ [ (1=nl6]Pde = (0.50s) + 0] /2.

=0

7 Glauber dynamics

Next we analyse the standard algorithm to sample from the Gibbs distribution py, induced by (5),
namely Glauber dynamics. The key result is a Poincaré inequality, which is also derived from
Theorem 5.

For i € [n], let P; be the matrix that, when acting on probability distributions represented
by row vectors, resamples the ith coordinate. Namely, P;(o) keeps o_;, the partial configuration
other than 4, and replaces the ith coordinate by drawing from the distribution pj conditioned on
o _;. When applied to column vectors f : {£1}" — IR, P; replaces f(o) with a weighted average
of f(o) and f(7) where 7 is the {£1}" vector that differs from o in coordinate i: (P, f)(o) =

(wi (o) f(o) +wn(1)f(1))/(wr(e) +wn(7)). Let
plef 1 zn: P,

Also, define



Let o = 1 — H'vzH2 and ap = min; ;. We prove the following approximate tensorization of
variance for distribution up, which is equivalent to the Poincaré inequality for its Glauber dynamics.
We refer readers to [CLV21] for a detailed introduction.

Lemma 10. For every f: {£1}" — R,

Vary, (f(o)) < L En Ex [(Dif)(e))?]. (9)
g
=1

Our proof rests on a consequence of Theorem 5 which we state, prove, and then massage to
prove Lemma 10. For z and o in IR", we define the function

n

®(z,0) €[] - 2()a(i)).

i=1

Lemma 11. Assume that ||v;||> < 1— g for eachi. Let S be a finite set of vectors in R"™ and for
each z € S let ¢, be a real number. If all vectors in S have norm at most \/ayg, then

2

Zczzq)(z,a') , (10)

z€eS

Var;, (Z cz@(z,a)> < iIElh

(8%
zeS 0

where the expectation and variance are taken over o distributed according to wy,.

We prove Lemma 11 by adding coordinates to the vectors v; and z in a way we describe below,
and then applying the following lemma to reason about them. The difference between Lemma 11
and Lemma 12 is that Lemma 11 considers functions defined by inner products with o, while
Lemma 12 considers inner products with different vectors.

For vectors w and wr, ..., w, of the same dimension, define the function

n

22 (o) € ]~ o (i) (u, w)).

i=1
Lemma 12. Let wy,...,w, be vectors of norm at most 1 such that for all j # k
(wj, wi) = (vj, vi) -

Let U be a finite set of vectors. For each u € U, let ¢y be a real number. If all the vectors in U
have norm at most 1, then

Vary, <Z cﬁbﬂ(a)) < Ep

ueU

2
, (11)

Z cuudy (o)

uelU

where the expectation and variance are taken over o distributed according to wy,.

Proof. Let B be the Lorentz matrix of the vectors {+w;};cp,, 0, and {u}, ;. The vectors tw;

are indexed by coordinates i and i~ and O is indexed by coordinate 0. For each u € U, we index

11



the vector u by a coordinate we call u?. We also use the selection vectors x; defined in (7), and let
x( be the elementary unit vector in direction 0. And, we introduce just one more selection vector
x_1 defined by

z_1(u) =cy, foruel.

For selection vectors a and b, define

V(a,b) ¥ Vg(a, b,z ..., z).

As in the proof of Lemma 7, we apply Theorem 5 to show

V(zo, z-1)* > V(z0, 20)V(T_1,T_1). (12)

The assumption (wj, wy) = (v;, v;) guarantees that

V(o,zo) = Y ep((ho) [[ (1-ea@a() (wiw)))

oe{£1}" {iiye(5h)

= Y  exp((h,o)) J[ Q-eo(@)o() (viv))
oe{+1}" {igre(y)

= Z wh(a)

oe{+1}"

= Z(h).

We may similarly compute

V(o z 1))=Y cu ».  wp(o)]J1- ())wi))

welU  oe{+1}"” i=1
= Z(h)E ) _ cu® (o)
ueclU
Ve o) =ZME Y. cucall - (u, @)Y ()82 (a)
u,uelU
(Z (o > cucq (u, @) B (0) B2 (o)
uelU u, uEU
2
= Z(h)E ( cu<I>“’ ) cuui’g(a)
uclU uelU

Plugging these terms into (12), cancehng Z(h)?, and rearranging terms gives

Z cuu®y(o)|| > E (Z c,ﬁPﬁ(a’)) — <E Z cu@g(a')>

ueU uelU ueU

= Vary, <Z cuég(a)) .

uelU

O

2This overloading of the same symbol for a vector and a coordinate is convenient, and we hope it does not create
confusion.

12



Proof of Lemma 11. We construct wi, ..., w, from vq,..., v, by setting
w; =v; De;,

where e; is the elementary unit vector in IR™ in direction 4, and & indicates concatenation of vectors.
For i # j, (e;, ;) = 0 and so (w;, w;) = (v;, v;) . By our assumption that |vi][* < 1 — ag, we can
conclude that ||w;]|* = ||vi]|* + ag < 1. For each z € S, define

/Z\déf Od@z/\/ag,
and
U={z:z¢€S}.

Note that each Z consists of d zeros followed by a rescaling of z. For each z we naturally set c; = ¢,.
As ||z]| < /o, ||Z|| £ 1. We have established the conditions that allow us to apply Lemma 12.
To see that the left-hand sides of (11) and (10) are equal, note that our constructed vectors
satisfy
(Z,w;) = z(i).

So,
?Y(0) = [[(1 —o(i) (. wi) = [](1 - 0 ()2()) = ®(2.0).
i=1 i=1
The right-hand sides are equal because
2 ) 2
Y z2®Y(o)|| = — D (040 2)®Y (o)
zeU 0 lzes
2
1
=— 104 ® Zczzil(z,a')
@o zeS
) 2
= — Zczzé(z,a) O
@o z€S

To apply Lemma 11 to prove Lemma 10, we need to express every function f(o) as a sum of
the form ) g c,®(2,0), where each z has norm at most \/ag. The difficulty is that we need for
the right-hand sides of the inequalities established in these lemmas to line up as well. If we were to
ignore the right-hand sides and the norm restriction, we could take S = {£1}" and for each z € S
set

c; =27"f(—z).
To see what this would provide, note that for z,o € {£1}"
! if o=
B(zo)=4 T 7 (13)
0  otherwise.

So we would have

Z c:P(z,0) = Z 2"1o=_,27"f(—2) = f(o).

ze{£1}" ze{£1}"

13



We fix the defects in this construction in two phases. First, we employ a sum over S = {0, +1}"
and give a concrete expression for the coefficients c,. We then show that this can be replaced by a
sum over S = {0, £4}" for any § > 0.

Lemma 13. Let S = {0,+1}". For every function f: {+1}" — IR, there exist real coefficients c,
for z € S so that

Y a®(z.0) = (o), (14)

2e{0,£1}"
and for i € [n]
Y cz(i)®(z,0) = —o(i)(Dif)(0). (15)
z€{0,£1}"
Proof. Let f; = P;f,so D;f = f — f;. Also define

g=Ff=Y_fi, sof=g+> [
i=1

i=1

Let Sp = {£1}". Equation (13) tells us that the functions {®(z,-) : z € Sp} are a basis of all
functions on {£1}" . Similarly, let S; = {z : 2(i) = 0 and 2(j) = %1 for j # i}. The functions
{®(z,-): z € S;} form a basis for all functions on {#1}" that do not depend on their ith coordinate.
As f; does not depend on its ith coordinate, there exist coefficients ¢; , such that for all o € {£1}",

g(0) =Y c:2(z,0) and  fi(o) =) c.0(z,0).
FASN) z€S;

This implies

flo) = Z Z ¢i0(z,0).

i=0 z€S5;

Furthermore, by the identity z(j)®(z,0) = —o(j)®(z,0) which holds when z(j) € {£1} and
z(7)®(z,0) = 0 when 2z(j) = 0, it holds

DY iz(N0(z,0) ==> ) ci.0()P(2,0)1iy

=0 z€S; =0 z€S;

=—o(j) | 9(e)+ > filo)
i#{0,5}
= —o()(D;f) (o).

For z € S; for some %, set ¢, = ¢; ,. This definition is valid because the sets S; are disjoint. Set c,
to zero for all other z. O

Before we can apply Lemma 11, we need to replace the set of evaluations points {0, £1}" with
{0,+6}" for ¢ small enough that d\/n < ag. This is easy, and we can do it for any § > 0. Rather
than deriving the formula for the coefficients, we just prove one exists.

To start, note that ®(z,0) and 2z(i)®(z,0) are polynomials in z in which every variable has
degree at most 2. Let P2 be the set of such polynomials. We use the following consequence of
Lemma 13.

14



Corollary 14. There exists a linear function L mapping P? to the reals such that
L[®(z,0)] = f(o), (16)
and for i € [n]
L{z(1)®(z,0)] = —o(i)(Dif)(o). (17)
Proof. The evaluation of a polynomial is a linear function of its coefficients, as is the sum of

evaluations. O

Lemma 15. For any 6 > 0, let S = {0,+5}". For every function f : {£1}" — R, there exist real
coefficients c, for z € S so that

> . ®(z,0) = f(o), (18)

zeS
and for i € [n]

> cz(i)®(z,0) = —o(i)(Dif)(0). (19)

zeS
Proof. Lagrange interpolation provides for every y € S a polynomial py(z) € P2 so that

py(z) = {1 ry =2

0 for every other z € S.

Moreover, for every q(z) € P2,

9(2) = a(y)py(2).

yes

So, for any linear function L : P? — IR and any polynomial ¢(z) € P2,

Lig(z) =L | Y a(y)py(2)| = a(y)Llpy(2)].

yeSs yes
That is, we may take ¢y = L[py(2z)]. Corollary 14 provides the desired linear function L. O

Proof of Lemma 10. Let f be any function from {£1}" to R. Set § = ag/y/n and S = {0, +5}".
By Lemma 15, there exist real coefficients ¢, for z € S so that

D c.®(z,0)=f(o) andforicn] > c.z(i)®(z,0) = —o(i)(Dif)(0).
z€S z€S

To apply Lemma 11, note that

—En Y (Z ex2(i)2(z, a)) =En Y (o ()(Dif)(@)’ = Ex 3 (Dif)(0))”

i€[n] \z€S i€[n] i€[n]

En Zczzé(z,a)

z€S

as o(i) € £1. So, Lemma 11 gives

Vark ((0)) < - En Y ((Dif)@)) = - 3 Ba((Dif)().
i€[n] i€[n]

15



Now we are ready to prove Theorem 2.

Proof of Theorem 2. We consider the tilted distribution (5). It is well known that the spectral gap
of the Glauber dynamics P has a variational characterisation [LP17, Lemma 13.7]:

e =P
gap(P) = Varh(ff)>0 Vary, (f)

where (f, g)n = En[fg]. Since I — P = %Z?:l D; and D; = I — P; is an orthogonal projection,
1 n
(f,(L=P)f)n = EZEh [(Dif)?] .
i=1

So, Lemma 10 implies gap(P) > ag/n.

It remains to justify the stated mixing bound. Since P is irreducible, reversible, and has only
non-negative eigenvalues, there is a well-known relationship between the spectral gap and the mixing
time [LP17, Theorem 12.4]

€)= | 7% ()|
ix,h (€ ——log { — | |,
i o gap<P) s gﬂh,min

where fip min def ming pp(o). We bound pp min next. By Cauchy-Schwarz, }('vi, vj)‘ <1-— .
Together with e I*lh < e(h:o) < ellblly | this implies

2

n
> 221l <0‘0> ' -
’ 2 —qg

We now prove Theorem 3 and Corollary 4.
Proof of Theorem 3. Let p def Amax(T). Since pI,, — T = 0, we may choose vectors v1, ..., v, such
that

VZ#]) </U27'v]> :_TZ] and ||’UZH2:p< 1.

With this choice of vectors vy, ..., v,, the tilted distribution (5) coincides with the general Ising
model (2). Applying Theorem 2 with g = 1 — p yields the desired spectral gap bound. O

Proof of Corollary 4. Since |tanhz — | < |z|?, the difference between T and J satisfies
EIT ~Jlo, <EIT —J|p <Y EJG = 0p(n"). (20)
i#]

With high probability Amax(J) < 28 + on(1) (see [BY88] or [AGZ10, Theorem 2.1.22]). Together
with (20), this implies Ayax(T') = 28+ 0, (1) with high probability. The desired spectral gap bound
then follows from Theorem 3. O
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8 General rapid mixing results

It is natural to wonder to what extent the machinery in the last section generalises to other spin
systems. We first generalise it to a complete graph with uniform interactions, and then see how it
can be applied to more general spin systems.

Let ¢ > 2 and n > 2 be integers, and let A € R‘%q be a symmetric matrix with at most one
positive eigenvalue, and no all-zero rows. For i € [n], let \; € ]Rio be a vector of external fields.
Define the partition function -

Za A 2 S T aien I Ao, (21)

O'E[q]n =1 1<i<j<n

We assume Z4(A1,...,A,) > 0. Define the Gibbs distribution

n

def 1 (o
NA,A(U) = Za(A, ... )\n)H)‘l(UZ) H AU’in'

’ i=1 1<i<j<n

Let P; be the averaging operator on site i, i.e., for every f : [¢]” — IR and o in the support of 114 x,

(Pif)(0) = Ernpas [f(T) | T—i = 0-i] . (22)

The Glauber dynamics P for distribution j14 » is defined by

def 1 —
Pén;a.
1=

Also, define

D, Y¥r1-p,.

The Perron-Frobenius theorem gives a decomposition
A=pp" — RR', (23)
where p € RZ ) and R € R7*" for some r > 0. For a € [q], suppose the a-th row of R is rI and let

A
v, ﬁ, ca @1 - va|? = ==, and ¢y f hin ¢, (24)
a a a€lq]

The entries of A can be written as

Ay = papb(l - <’U¢17 ’l)b>> for a,be [Q]
We obtain the following spectral gap bound.
Theorem 16. If c4 > 0, the Glauber dynamics P satisfies gap(P) > 4.

In particular, if every diagonal entry of A is positive, then ¢4 > 0 and the spectral gap is
Qa(1l/n).

The proof of Theorem 16 follows the same strategy as that of Theorem 2. We first introduce
the analogue of Lemma 12.
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Lemma 17. Let {w§ }icin) aclq © R? be vectors of norm at most 1 such that
<w?, w2> = (va, vp) for all j # k and a,b € [q].

For u € RY, define

n

& (o) = [~ (u, ).

i=1

Let U be a finite set of vectors in RY. For each u € U, let ¢y be a real number. If all the vectors
in U have norm at most 1, then

2

> cuud¥ (o) | (25)

uelU

Var 4 » ( cw@ﬂ(a)) <Eax
uelU

where the expectation and variance are taken over o distributed according to jig x.

Proof. Let B be the Lorentz matrix of the vectors {w?}ie[n} aclg) O and {u},c;r- The vectors w§
are indexed by coordinates ¢* and 0 is indexed by coordinate 0. For each w € U, we index the
vector u by a coordinate we call u. For each i € [n], we define the selection vector x; by

x;(i%) = Ai(a)p" ! for all a € [q],

and set it to zero on all other coordinates. Let xg be the elementary unit vector in direction 0.
And, we introduce just one more selection vector x_; defined by

x_1(u) =cy, forueU,
and set it to zero on all other coordinates. For selection vectors a and b, define
V(a,b) ¥ Vvg(a, b, z,. .., z,).
We apply Theorem 5 to show

V(zo, z-1)* > V(z0, 20) V(T -1, T_1). (26)

The assumption <w?, fw2> = (v,, vp) guarantees that

V(zo, o) = Za(A1,..-,An)

V(@o,z-1) = Za(A1,. ., An)Ean | Y cu®¥(0)
LucU

2
V(_1,z_1) = Za(A1,..., A\)Eax (Z Czﬂ’ﬁ’("')) -

uelU

2

Z cyudy (o)

uelU

Plugging these terms into (26) and rearranging the terms gives Lemma 17. O
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To apply Lemma 17, we use the following interpolation lemma. For z € IR™, define

n

. (0) € T - 2i0)-

i=1

Lemma 18. For any § > 0, let S = {0,4+5}"Y. For every f : [q]* — R, there are real coefficients
(b2)zes such that, for every o in the support of j1a x,

Z bz\I’z(a) = f(a)7 (27)

z€eS

Z b.2i oW, (o) = (Dif)(o) for alli € [n] and a € [q]. (28)
z€S

Proof. Recall that P2 is the set of polynomials g(2z) in which every variable has degree at most 2.
For this proof, extend P; to an operator on all f : [¢]" — IR by the same conditional-expectation
formula (22) whenever the conditioning event has positive probability, and set it to zero otherwise.
Thus P;f depends only on o_;. Viewing ¥, (o) as a function of z, for any fixed o € [¢]", i € [n],
and a € [g], both ¥, (o) and (1—2;,)¥ () are in P2. We show the existence of a linear functional
L mapping P? to the reals such that, as a polynomial in z,

LW (o) =flo) and  L[(1 = 2i4)¥:(0)] = (Pif)(0).
Suppose there are real coefficients a5 and B, ; , such that
Y W (0)+ Y Byl 2ia)Pz(0) =0. (29)

Set y; , =1 — z;4. By comparing the monomials in y on both sides, we must have

as =0 and Boia+Brip=0, (30)

whenever 7_; = o_;, o; = b, and 7; = a. Indeed, the first family consists of distinct monomials of
total degree n, whereas the second family has total degree n + 1; repeated monomials in the second
family arise only by exchanging a and o;. When a = o;, the corresponding monomial occurs only
once, so B, ; , = 0. Since P;f depends only on o_;,

(Pif)(o) = (Bif)(T).
Plugging into (30) gives
> acf(@)+ Y BaialPif)(e) =0

Thus the prescribed values respect all linear relations and define a linear functional on the span of
these polynomials, which extends to P2.
Lagrange interpolation provides for every z € S a polynomial p;(2) € P2 so that

pm(z)—{l ifx==z2

0 for every other z € S.
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Moreover, for every g(z) € P2,

9(2) =Y 9(x)ps(2)-

TES

So, for any linear functional L : P? — IR and any polynomial g(z) € P2,

Llg(2)] = Y g(x)L[pa(2)].

zeS

Take by = L[pgz(z)] for the functional constructed above. Applying the interpolation identity to
¥, (o) gives (27). For o in the support of p4 x, we also have

L[zia¥:(0)] = L[¥:(0)] - L[(1 - 2ia)¥:(0)] = f(o) — (Pif) (o) = (Dif)(o),
which gives (28). O
Proof of Theorem 16. For simplicity, let c=c4 > 0. Fix 0 < e < c and, in R" ® IR" & IR™, let
wi = v, DVe—ece; Deeq, (31)

where e; and e;, are standard basis vectors in R" and IR"?, respectively. A simple calculation
yields ||[w?||* = ||v,||* + ¢ < 1. For all j # k and a,b € [g],

(WS, wh) = (va, v0) + (¢ = €) (e, €x) + € (€50, €x4) = (va, v3)

Furthermore, for each z € IR™, we let

Zi,1 Zia — i1
u(z :0@E 2 e~€BE — e
( ) T i Eijg ? ~— VE 2,0

The inner product (u(z), wd) = z;1 + Ziq — Zi,1 = Zia. S0,

n n

v (@) =T[0 = (u(z),w!)) = [0 - zie,) = ¥s(0).
i=1 i=1
Since u(z) is linear in 2z, choose 6 > 0 sufficiently small that ||u(z)| < 1 for every z € S o
{0, £}, Applying Lemma 17 to the vectors {u(z) : z € S} gives, for any real coefficients b,
2
Var 4 ) (Z bz\Ilz(O')> <Eanl|[Y bzu(2)¥. (o) (32)
zeS z€S

For any f : [¢]" — R, take the coefficients supplied by Lemma 18 for this grid. Then

Var 4 <Z bz‘I’z(C")> = Vary » (f(o)),

zZ€S

and
2

Eanx

> beu(2)¥,(0)

z€S

! Y Eax((Dif)(e)).
i=1

C—€*“
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Combining with (32) and taking € | 0 gives

Var 4 5 (f(o)) < % Y Eax((Dif)(e))*.
=1

This establishes the desired spectral gap lower bound for P. O

Now let G = (V,E) be a graph with |V| = n and adjacency matrix Adj(G), and A be an
interaction matrix for ¢ spins. For external fields A = (A;);ey with A; € quo’ define

ZG.4(N) o Z HAi(Uz‘) H Asio;-

oclqV i€V ijeE

Let g, a.a be the corresponding Gibbs distribution and let P be the Glauber dynamics for ug 4 .
The Perron-Frobenius theorem implies that A = pp”’ + A’ for some p € R?, and matrix A’.
After shifting the weight of p to the external fields, and decomposing the remainder into positive

and negative parts, we may assume that A = 117 4+ AT — A~ for some matrices AT, A~ = 0. Let

Amax def Amax(Adj(G)) and Apin def Amin(Adj(G)) be the maximum and minimum eigenvalues of

the adjacency matrix of G. Set B def Amax AT — Amin A ™, and ca,A defy _ max,e(q] Baa-

. . . C
Corollary 19. With the notation above, if cg 4 > 0, then gap(P) > GT’A.

Proof. To reduce this model to the complete-graph setting of (21), we keep the same vertex set and
enlarge the spin set from [¢] to V' X [¢]. By assigning proper external fields X, we restrict vertex i
to spins of the form (i,a), where a € [g]. To preserve the weight of every configuration, the new
interaction matrix A must satisfy, for distinct ¢,5 € V,

X Aa) ] E7
Agggp=1 0 T=2 (33)
1, 1#jand ij € E.

The remaining entries, with ¢ = j, do not affect these configuration weights and can be chosen
freely. We choose them so that A satisfies the hypotheses of Theorem 16; in particular, it must be
non-negative entrywise and have at most one positive eigenvalue.

We claim A % 117 — T satisfies all constraints, where the block matrix I', indexed by V' x [¢],
is defined by

rr,eB-AdjG)e AT —A).

A straightforward calculation yields (33). By the definition of B,
I'= ()\rnaxIn - AdJ(G)) ® At 4+ (AdJ(G) — )\minIn) QR A”.

Both factors involving Adj(G) are positive semidefinite. Since AT, A~ > 0, both tensor-product
terms are positive semidefinite, and hence I' > 0 and A has at most one positive eigenvalue. Finally,
the non-negativity of A follows from

21(i,a),(i,b) =1- By >1—+/BuBy >0,
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where the first inequality follows from B > 0.
It remains to compute the quantity c4 in (24). Since T' = 0, write T’ = RR”. Then A =
117 — RR7 is a representation of the form (23) with p = 1. For this representation, (24) gives

ci = min Ay e =1—maxB,, =cga>0.
T T I acld]

Therefore, by Theorem 16, the Glauber dynamics P for the distribution p7 » has the spectral gap
bound gap(ﬁ) > CGT’A. Since the Glauber dynamics P can be identified with the Glauber dynamics
P for pg a,x, we have

gap(P) = gap(P) > C(;’A. 0

What Corollary 19 is saying is that Apax controls the allowed interaction strength of the ferro-
magnetic part of A, whereas Api, controls the anti-ferromagnetic part.

When G is a complete graph, Ay, = —1. If, in addition, A is anti-ferromagnetic, namely
AT =0, then the condition of Corollary 19 recovers that of Theorem 16. More generally, on line
graphs, where Apin, > —2, Corollary 19 implies a ©(1/n) spectral gap bound whenever c4 > 1/2.
Previously, it was known [DHJM21, CLV24] that Glauber dynamics is rapid mixing for any anti-
ferromagnetic 2-spin system on line graphs with bounded degree. In comparison, the strength of
Corollary 19 is that it applies to any ¢ > 2, does not require bounded degree, and allows arbitrary
external fields.

For the anti-ferromagnetic g-state Potts model, let 0 < b < 1 be the penalty for equal spins.
After rescaling, the interaction matrix A can be written as

PP (CaUN PR STTAY
g—1+b q

Writing ¢ & —Amin(Adj(G)), Corollary 19 therefore gives

-l 10-0)

1
pP)>—
gap( )_n< g—1+0

whenever the expression in parentheses is positive. This extends the parameter range and improves
the spectral-gap lower bound in the recent result of Chen and Wang [CW26, Corollary 6.7].
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AT Methodology

In 2021, we conjectured the signed sum ), o;v; induced by the Ising distribution (1) is 1-subgaussian
and that the Glauber dynamics on the distribution is rapidly mixing. Black-box optimization
techniques were used to provide evidence for these conjectures. We posed these conjectures to
ChatGPT-5.6 Sol Ultra, using a prompt like that used to resolve the Cycle Double-Cover Con-
jecture [Ope26a]. The first interaction affirmed the first conjecture using the Alexandrov-Fenchel
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inequality as the key tool, and established an n©(/®) mixing time bound using the local-to-global
argument in [AL20]. We then asked ChatGPT-5.6 Sol Ultra to apply the key idea directly to im-
prove the mixing bound, which led to Theorem 2. Upon digesting the proof, the authors recognized
that Theorem 2 provides mixing criteria in general settings described in Section 8. The authors
have substantially refined the proofs, both by thinking and using ChatGPT-5.6 and ChatGPT-6.
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