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Abstract

We show that the guaranties of the Gram-Schmidt Walk Algorithm of Bansal, Dadush, Garg,
and Lovett can be achieved by an Ising model. Given vectors v1, . . . , vn of norm at most 1, we
give a closed form for a centrally symmetric distribution on a vector σ ∈ {±1}n so that the
signed sum

∑
j σ(j)v j is 1-subgaussian. We show that the Glauber dynamics for this model

mix rapidly provided that the norms of the input vectors are bounded below 1 by an inverse-
polynomial.
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1 Introduction
Dadush, Garg, Lovett, and Nikolov [DGLN19] proved that Banaszczyks Vector Balancing Theo-
rem [Ban98] is equivalent to the following sampling problem: given vectors v1, . . . , vn in the unit
ball, sample a vector σ ∈ {±1}n so that the signed sum

∑
j σ(j)v j has expectation zero and

is C-subgaussian, for some constant C. We call an algorithm that achieves this guarantee a C-
subgaussian vector balancing algorithm. Bansal, Dadush, Garg and Lovett [BDGL19] developed a
polynomial-time algorithm, called the Gram-Schmidt Walk, that solves this sampling problem and
thereby provides a polynomial-time realization of Banaszczyk’s Theorem. Harshaw, Sävje, Spiel-
man and Zhang [HSSZ24] proved that the constant achieved by this algorithm is actually 1, which
is the best possible.

We show that one can obtain a 1-subgaussian vector balancing algorithm from an Ising model
that encodes a very simple distribution, and that the natural Glauber dynamics sample from this
model in polynomial-time. If all the vectors have Euclidean norm at most 1, then the distribution
samples σ with probability proportional to

w(σ)
def
=

∏
1≤i<j≤n

(
1− σ(i)σ(j) ⟨v i, v j⟩

)
. (1)

This is an Ising model with interaction matrix J given by J (i, j) = 1
2 log

1+⟨v i,vj⟩
1−⟨v i,vj⟩ = atanh(⟨v i, v j⟩)

because w(σ) is proportional to exp(−σTJσ/2).
This distribution is well-defined so long as the input does not contain any three parallel unit

vectors. If multiple input vectors have the form ±v where v has norm 1, then we fix their sum to
be zero if there are an even number of them, or to ±v if their number is odd. The mixing time of
the Glauber dynamics depends on the reciprocal of 1 minus the maximum norm of a vector. To
efficiently sample when some vectors have norm 1 or very close to it, we scale down the vectors and
use rejection sampling. See Section 4 for the details.

Our motivation for this paper is three-fold. First, we believe that 1-subgaussian vector balancing
is sufficiently fundamental that we should know if it can be done with a simple and cleanly described
distribution. To the best of our knowledge, ours is the first closed form C-subgaussian sampler for
any C. Second, if one wants to vary the vector balancing guarantee, it should be much easier to
modify the distribution directly than it would be to modify the Gram-Schmidt Walk. Third, we
expect that experimenters will be more likely to use 1-subgaussian samplers to design randomized
controlled trials, as suggested in [HSSZ24], if they have a better understanding of the distribution.

We now state our main results.

Theorem 1. Assume that the vectors v1, . . . , vn all have Euclidean norm at most 1 and that
no three are parallel unit vectors. Let σ be chosen with probability proportional to w(σ). Let
s =

∑
i σ(i)v i. Then, s is a 1-subgaussian random vector. That is, for all vectors θ,

E exp(⟨θ, s⟩) ≤ exp(∥θ∥2 /2).

Theorem 1 is proved as a special case of Theorem 9, which shows that the same holds under
arbitrary external fields after re-centering s.

We prove rapid mixing of the Glauber dynamics for the Ising distribution (1), when the norms
of the input vectors are inverse-polynomially bounded away from 1. This also holds under external
fields.
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Theorem 2. Let α0
def
= 1 − maxi∈[n] ∥v i∥2. The spectral gap of the Glauber dynamics P for the

Ising distribution (1) satisfies

gap(P ) ≥ α0

n
.

Consequently, for every 0 < ε < 1, its mixing time satisfies

tmix(ε) = O

(
n

α0

(
log

1

ε
+ n2 logα−10

))
.

This is not quite as fast as the Gram-Schmidt Walk [BDGL19], which can be implemented
to run in time O(n2d). We conjecture that our distribution satisfies a modified log-Sobolev in-
equality with constant O(α0/n), which would get us close to this running time bound: it would
imply mixing in time O((n/α0) log(n log(1/α0)/ϵ)). Those who are willing to relax the subgaussian
bound can obtain a

√
3-subgaussian guarantee in time O(nd), although again without a closed form

distribution [Ade26].
To sample from the distribution (1), there is a faster way than directly using the mixing time

guarantee in Theorem 2, namely the checkpoint technique in [CGVY26, Section 5]. Introduce a
temperature parameter, and (non-adaptively and deterministically) find an Õ(

√
n)-length cooling

schedule with bounded χ2-divergence between two adjacent temperatures. Then, run the Glauber
dynamics at each temperature, and once it is mixed, use the last state as a warm start for the next
temperature. Overall we only need Õ(n1.5/α0) Markov chain steps. We omit the details here and
refer interested readers to read [CGVY26, Section 5], since this is a straightforward and routine
application of that technique.

In Section 4 we give a few ways of modifying the distribution and/or the sampling procedure
to handle vectors of norm up to 1.

Theorem 2 provides a new spectral criterion for the rapid mixing of Glauber dynamics on general
Ising models. Consider the Ising distribution on {±1}n specified by a symmetric interaction matrix
J ∈ IRn×n with zero diagonal and an arbitrary external field h ∈ IRn:

∀σ ∈ {±1}n, µ(σ) ∝ exp

(
1

2
σTJσ + hTσ

)
. (2)

Theorem 3. Let J ∈ IRn×n be a symmetric matrix with zero diagonal, let h ∈ IRn be an arbitrary
external field, and let T = tanh(J )

def
= (tanh(J (i, j)))i,j∈[n] denote the entrywise hyperbolic-tangent

matrix of J . If λmax(T ) < 1, then the spectral gap of the Glauber dynamics P for the Ising
distribution (2) satisfies

gap(P ) ≥ 1− λmax(T )

n
.

Remark. For general Ising models, previous work [EKZ22, AJK+22] established the rapid mixing
of Glauber dynamics when the interaction matrix satisfies 0 ⪯ J ⪯ (1 − ϵ)I for some ϵ > 0. The
conditions of Theorem 3 cover this as a special case. To see this, let T have zero diagonal and
off-diagonal entries T (i, j) = tanhJ (i, j). Since diagonal entries do not affect the Ising distribution,
it suffices by Theorem 3 to show that H

def
= J − T ⪰ 0. This follows from the fact that H is

symmetric, has non-negative diagonals, and is diagonally-dominant: for all i ∈ [n],∑
j ̸=i

|H (i, j)| =
∑
j ̸=i

|J (i, j)− tanhJ (i, j)| <
∑
j ̸=i

|J (i, j)|3 ≤
∑
j ̸=i

|J (i, j)|2 ≤ (J 2)i,i ≤ J (i, i) = H (i, i),
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where we use |x− tanhx| ≤ |x|3 /3, |J (i, j)| ≤ ∥J∥op < 1, J ⪰ 0 and J 2 ⪯ J .
We apply Theorem 3 to the Sherrington–Kirkpatrick model, which corresponds to the Ising

distribution (2) with symmetric interaction matrix J ∈ IRn×n given by independent entries J (i, j) ∼
N (0, β2/n). The high-probability bound λmax(T ) = 2β + on(1) yields the following guarantee.

Corollary 4. For any 0 ≤ β < 1/2 and any external field h ∈ IRn, with probability 1− on(1) over
the Gaussian couplings J , the Glauber dynamics P for the Sherrington–Kirkpatrick model satisfies

gap(P ) ≥ 1− 2β − on(1)

n
.

The proofs of Theorem 3 and Corollary 4 are given at the end of Section 7. Previously, the
spectral radius criterion [EKZ22, AJK+22] established a spectral gap of order Ω(1/n) for β < 1/4,
which was subsequently improved to β ≈ 0.295 using the trickle-down theorem [AKV24]. Recently,
remarkable progress has been achieved in sampling the Sherrington–Kirkpatrick model, including
total-variation sampling and warm-start mixing of Glauber dynamics for the zero-field model at
β < 1/2 [DLSS26a, DLSS26b] as well as stronger worst-start mixing guarantees [Wan26, BLO26].
These results were further extended across the entire high-temperature regime β < 1 [LSS26, HLY26,
DHMR26, Ope26b].

This approach also yields spectral gap bounds for general spin systems. Specifically, we es-
tablish rapid mixing of Glauber dynamics for anti-ferromagnetic spin systems on complete graphs
whose interaction matrices have strictly positive diagonal entries, and derive spectral gap bounds
in terms of the interaction matrix and eigenvalues of the graph’s adjacency matrix. For the anti-
ferromagnetic Potts model, our results extend the parameter range and improve the spectral gap
lower bound obtained in recent work of Chen and Wang [CW26]. These extensions are presented
in Section 8.

2 Preliminaries
Let [n] = {1, 2, . . . , n}. A random vector X ∈ Rd is C-subgaussian if for all vectors θ ∈ Rd,

E exp (⟨θ, X − EX⟩) ≤ exp
(
C2 ∥θ∥2 /2

)
.

Let P be a reversible Markov chain on a finite state space Ω with stationary distribution µ,
that is, µ(σ)P (σ, τ ) = µ(τ )P (τ ,σ) for all σ, τ ∈ Ω. The spectral gap of the Markov chain P is
defined as the difference between 1 and the second largest eigenvalue of P , and for 0 < ε < 1, the
mixing time tmix(ε) is given by

tmix(ϵ)
def
= max

σ∈Ω
min

{
t ∈ N | DTV

(
P t(σ, ·), µ

)
< ϵ
}
,

where DTV (µ, ν) denotes the total variation distance between distributions µ and ν.
Let µ be a distribution over a finite product space Q =

∏n
i=1Qi. The Glauber dynamics for µ

updates a feasible configuration σ ∈ Q by selecting a coordinate i ∈ [n] uniformly at random, and
replaces σi by c ∈ Qi with probability proportional to µ(σi←c). Here, σi←c is the configuration
obtained from σ by replacing its i-th coordinate with c and leaving all other coordinates untouched.
The Glauber dynamics is reversible with respect to µ.

3



3 Motivating the distribution
We came to the distribution (1) by a semi-rigorous process. We enumerated a few properties that we
thought a distribution solving this problem should have, enumerated a couple of distributions that
had those properties, and then eliminated those that failed to produce 1-subgaussian distributions
in small experiments. This was done with conventional computation before the release of useful
LLMs.

If we only have two input vectors and both of them are unit vectors, then the distribution (1)
minimizes the operator norm of the covariance matrix of the resulting distribution. As this seems
desirable, we sought distributions that agreed with this one when given only two vectors.

When the input is comprised of many identical small vectors in one dimension, say v i = ϵ for all
i, the induced distribution resembles a discrete Gaussian: as n grows, the probability of obtaining
the sum kϵ becomes approximately proportional to exp(−(kϵ)2/2), for k equivalent to n modulo 2.

Finally, we wanted to be sure that entirely orthogonal sets of vectors would not interact, and
that orthogonal pairs of vectors would not interact directly.

4 Handling vectors of norm up to 1
The distribution given by (1) is well-defined so long as there is a σ for which w(σ) is non-zero.
And, the only way that w(σ) can be uniformly zero is if the input contains at least three parallel
unit vectors. We can remove such cases from consideration by deterministically setting the signs
of some of those vectors. Given an even number of parallel unit vectors, we can set their signs so
that their sum is zero, and thus does not contribute to the signed sum. Given an odd number that
is larger than three, we can remove all but one by fixing the signs of all but one so that they sum
to zero.

While this transformation ensures that the distribution is well-defined and that the 1-subgaussian
bound holds, it does not resolve the problem that our bound on the mixing time of Glauber dy-
namics depends on the reciprocal of 1 minus the maximum norm of an input vector. We suggest
two ways of addressing this problem.

A crude solution is to divide all the input vectors by 1 + ϵ for some small ϵ. The Glauber
dynamics will mix in time depending on 1/ϵ, and the resulting distribution on the original vectors
is guaranteed to be at most (1 + ϵ)-subgaussian. This will be enough for most practical purposes.

A principled way to address the problem while preserving the 1-subgaussian guarantee begins
by observing that division of vectors by (1+ ϵ) does not substantially change the distribution if no
input vectors have inner product close to 1 or −1. And, we can remove pairs of vectors with such
inner products by replacing them with their sum or difference.

Let c =
√
3− 1. If any pair of input vectors v i and v j have ⟨v i, v j⟩ > c, then v i − v j has norm

less than c. The same holds for v i + v j if ⟨v i, v j⟩ < −c. After performing these replacements, we
will be left with an input in which all pairs of vectors have inner products of absolute value at most
c. After sampling from the distribution on this smaller input, we can replace the new vectors with
with the sum or difference that produced them. This will ensure that the 1-subgaussian guarantee
is satisfied.

To sample from the resulting distribution, we can now sample from the distribution obtained
by dividing all the vectors by (1+ ϵ), where ϵ = 1/(4n2), and using rejection sampling (see [Dev86,
Chapter 2, Section 3]). Let wϵ(σ) the distribution obtained after this division. One can show that
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for every σ,
1/2wϵ(σ) ≤ w(σ) ≤ 2wϵ(σ).

After sampling from the modified distribution, we return the sampled σ with probability w(σ)/2wϵ(σ).
Otherwise, we repeat this procedure until we do return a σ. As the probability of success is at
least 1/4, we expect to need at most 4 samples from the distribution proportional to wϵ.

5 A discrete Alexandrov-Fenchel inequality and Lorentzian Poly-
nomials

The key to our proof of Theorem 1 is a discrete analog of the Alexandrov-Fenchel inequality [Fen36,
Ale37] proved by Lee, Oh, and Seo [LOS25] using the theory of Lorentzian Polynomials [BH20].
Lorentzian polynomials, under the name strongly log-concave polynomials [Gur09] have been used
to analyze mixing rates of Markov chains [CGM21, ALOV24]. However, their use in our paper
through Lee, Oh and Seo’s discrete Alexandrov-Fenchel inequality appears novel.

We will say that a symmetric matrix is Lorentzian if its entries are non-negative and it has at
most one positive eigenvalue1. Given a finite set of coordinates, C, a Lorentzian matrix A ∈ IRC×C ,
and k vectors x 1, . . . , x k ∈ IRC , Lee, Oh and Seo examine the following polynomial whose variables
are the entries of those vectors:

VA(x 1, . . . , x k)
def
=

∑
c:[k]→C

k∏
i=1

x i(c(i))
∏

{i,j}∈([k]
2
)

A(c(i), c(j)). (3)

The following theorem may be derived from Theorem 3.1, Proposition 4.1, and the discussion
following it through equation (4.1) of their paper [LOS25]:

Theorem 5. Let A ∈ IRC×C be a Lorentzian matrix. Then, for all vectors x 1 ∈ IRC and
x 2, . . . , x k ∈ IRC

≥0, we have

VA(x 1,x 2,x 3, . . . , x k)
2 ≥ VA(x 1,x 1,x 3, . . . , x k)VA(x 2,x 2,x 3, . . . , x k). (4)

To prove this, Lee, Oh, and Seo show that VA(x 1, . . . , xn) is the polarization of a Lorentzian
polynomial and then apply results of Brändén and Huh. They point out that their Proposition 4.1
is in fact Proposition 4.5 of [BH20]. The first inequality of this type of which we are aware appears
in the work of Van Lint [vL81, Lemma 2.5].

Two types of vectors will arise in our proofs: the vectors v1, . . . vn that we want to balance and
the vectors x 1, . . . , x k that appear in the definition of VA. To avoid confusion, we will call the first
set the input vectors and the second set the selection vectors.

We define the Lorentz matrix of vectors {v c}c∈C to be the matrix A with A(c, ĉ) = 1−⟨v c, v ĉ⟩.
The following lemma is the first step to using Theorem 5 to analyze the distribution (1).

Lemma 6. Let A be the Lorentz matrix of vectors {v c}c∈C . If all v c have norm at most one, then
A is a Lorentzian matrix.

1If a non-negative symmetric matrix has a positive entry, then it has at least one positive eigenvalue. So, the only
Lorentzian matrices with no positive eigenvalues are the all-zero matrices.
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Proof. Let J ∈ IRC×C be the all-1 matrix and let V ∈ IRd×C be the matrix whose columns are the
vectors v c. Then

A = J −V TV .

As all the inner products of the vectors are at most 1, the matrix A is non-negative. As V TV is
positive semidefinite, z TAz ≤ 0 for all z orthogonal to 1. This implies that A has at least |C| − 1
non-positive eigenvalues, and so it has at most one positive eigenvalue.

6 Subgaussian concentration
To relate the distribution of s to Theorem 5, we consider the Lorentz matrix of the input vectors
and their opposites. To index these, let C = {1+, 1−, 2+, 2−, . . . , n+, n−}, and set v i+ = v i and
v i− = −v i. Let k = n and for 1 ≤ i ≤ n define the selection vector x i so that

x i(c) =


1 if c = i+

1 if c = i−

0 otherwise.

With these selection vectors, all nonzero terms in (3) must have c(i) ∈ {i+, i−} for all i. Thus,
the c : [n] → C that can lead to nonzero terms are in bijection with σ ∈ {±1}n, and

VA(x 1, . . . , xn) =
∑

σ∈{±1}n
w(σ)

def
= Z,

where Z is called the partition function of the distribution.
We will need to consider generalizations of the distribution given by w that have been “tilted”

by an “external field” h ∈ IRn. We define

wh(σ) = e⟨h ,σ⟩w(σ), (5)

and Z(h) =
∑

σ∈{±1}n wh(σ). Thus, we sample σ with probability

µh(σ) =
wh(σ)

Z(h)
. (6)

We write Eh and Varh to indicate expectation and variance when σ is distributed according to
this distribution. The assumption that there are no triple of parallel unit vectors ensures that Z(h)
does not equal zero and thus these distributions are well-defined.

We can express µh(σ) in terms of VA by changing the selection vectors. Upon changing x i so
that

x i(c) =


eh(i) if c = i+

e−h(i) if c = i−

0 otherwise,
(7)

we obtain
VA(x 1, . . . , xn) = Z(h).

We now upper bound the covariance matrix of the signed sum s for every external field.
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Lemma 7. Assume that the vectors v1, . . . , vn all have Euclidean at most 1 and that no three are
parallel unit vectors. Let h ∈ IRn, σ be distributed according to wh(σ)/Z(h), and s =

∑
i σ(i)v i.

Then for every θ ∈ IRd,
Var (⟨θ, s⟩) ≤ ∥θ∥2 .

We begin by introducing the notation we use in the proof. We will consider the functions VB

where B is the Lorentz matrix of the input vectors, their negatives, the all-zero vector 0, and
a vector ϵθ. We index vector 0 by coordinate 0 and vector ϵθ by coordinate −1. We will set
k = n+2, and consider two more selection vectors x 0 and x−1 that we define to be the elementary
unit vectors in directions 0 and −1. Concretely, we are instantiating (3) by setting Ĉ = {−1, 0}∪C,
K = {−1, 0, 1, . . . , n} and taking

VB (y−1,y0,y1, . . . , yn)
def
=

∑
c:K→Ĉ

∏
i∈K

x i(c(i))
∏

{i,j}∈(K
2
)

B(c(i), c(j)).

For selection vectors aaa and b, each of which will be one of x 0 or x−1, we define

Z(aaa, b)
def
= VB (aaa, b,x 1, . . . , xn),

where we keep x 1, . . . , xn as they were defined in (7).

Proof of Lemma 7. Let ϵ > 0 satisfy ϵ ∥θ∥ < 1. We will eventually let ϵ go to zero.
Theorem 5 tells us that

Z(x 0,x−1)
2 ≥ Z(x 0,x 0)Z(x−1,x−1). (8)

We now expand the terms that appear in this inequality. As x 0 pins a coordinate to 0 and that
coordinate indexes the all-zero vector,

Z(x 0,x 0) =
∑

σ∈{±1}n
wh(σ)(1− ⟨0,0⟩)

n∏
i=1

(1− ⟨0,σ(i)v i⟩)
n∏

i=1

(1− ⟨0,σ(i)v i⟩) = Z(h).

Similarly

Z(x 0,x−1) =
∑

σ∈{±1}n
wh(σ)(1− ⟨0, ϵθ⟩)

n∏
i=1

(1− ⟨0,σ(i)v i⟩)
n∏

i=1

(1− ⟨ϵθ,σ(i)v i⟩)

=
∑

σ∈{±1}n
wh(σ)

n∏
i=1

(1− ϵ ⟨θ,σ(i)v i⟩), and

Z(x−1,x−1) =
∑

σ∈{±1}n
wh(σ)(1− ⟨ϵθ, ϵθ⟩)

n∏
i=1

(1− ⟨ϵθ,σ(i)v i⟩)
n∏

i=1

(1− ⟨ϵθ,σ(i)v i⟩)

= (1− ϵ2 ⟨θ,θ⟩)
∑

σ∈{±1}n
wh(σ)

(
n∏

i=1

(1− ϵ ⟨θ,σ(i)v i⟩)

)2

.

Define

Φ(σ) =
n∏

i=1

(1− ϵ ⟨θ,σ(i)v i⟩),
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so when we choose σ with probability wh(σ)/Z(h), we can write

Z(x 0,x−1) = Z(h)EhΦ(σ), and
Z(x−1,x−1) = (1− ϵ2 ⟨θ,θ⟩)Z(h)EhΦ(σ)2.

Substituting these identities into (8) and canceling Z(h)2 from both sides yields

(EhΦ(σ))2 ≥ (1− ϵ2 ⟨θ,θ⟩)EhΦ(σ)2 ⇐⇒
ϵ2 ∥θ∥2 EhΦ(σ)2 ≥ EhΦ(σ)2 − (EhΦ(σ))2

= Varh (Φ(σ)) ,

which implies

∥θ∥2 EhΦ(σ)2 ≥ Varh (Φ(σ))

ϵ2
.

The first-order approximation of Φ(σ) as ϵ goes to zero is

Φ(σ) ≈ 1− ϵ
∑
i

⟨θ,σ(i)v i⟩ = 1− ϵ ⟨θ, s⟩ .

So, EhΦ(σ)2 approaches 1 as ϵ approaches 0 and

Varh (Φ(σ))

ϵ2
→

Varh (ϵ ⟨θ,σ⟩)
ϵ2

= Varh (⟨θ, s⟩) ,

because variance is unchanged by addition of constants.
We conclude that

∥θ∥2 ≥ Varh (⟨θ, s⟩) .

6.1 1-Subgaussian Concentration

In our proof that s is 1-subgaussian, we will need to integrate the result of Lemma 7 over a path of
external fields. Our proof will make use of the logarithm of the partition function, which we define
to be the function

F (h)
def
= lnZ(h).

The following facts about F (h) are well known. See, for example, [CLV23, Lemma 12].

Claim 8. The gradient and Hessian of F are given by

∇hF (h) = Ehσ and ∇2
hF (h) = Covh (σ) ,

where
Covh (σ) = Ehσσ

T − (Ehσ) (Ehσ)
T

is the covariance matrix of σ.

8



Proof. To compute the gradient, consider the ith coordinate.

∂

∂h(i)
F (h) =

∂

∂h(i)
lnZ(h)

=

∂
∂h(i)Z(h)

Z(h)

=

∑
σ

∂
∂h(i)wh(σ)

Z(h)

=

∑
σ

∂
∂h(i) exp(⟨h ,σ⟩)w(σ)

Z(h)

=

∑
σ σ(i) exp(⟨h ,σ⟩)w(σ)

Z(h)

= Ehσ(i).

We can similarly show that

∂2

∂h(i)∂h(j)
F (h) = Ehσ(i)σ(j)− Ehσ(i)Ehσ(j).

We now prove a strengthening of Theorem 1 that allows for an external field h . Theorem 1 is
the special case with h = 0. For that h , E0σ = 0, which simplifies the proof slightly.

Theorem 9. Assume that the vectors v1, . . . , vn all have Euclidean at most 1 and that no three
are parallel unit vectors. Let h ∈ IRn and let σ be chosen with probability proportional to wh(σ).
Let s =

∑
i σ(i)v i. Then, s is a 1-subgaussian random vector. That is, for all vectors θ,

Eh exp(⟨θ, s − Ehs⟩) ≤ exp(∥θ∥2 /2).

Proof. Let θ be a vector in IRd. We will show

ln (Eh exp(⟨θ, s − Ehs⟩)) ≤ ∥θ∥2 /2.

To turn this into an expression in σ, let V be the matrix whose columns are v1, . . . , vn so that
s = Vσ. Define

ϕ = V Tθ

so that
⟨θ, s⟩ = ⟨ϕ,σ⟩ .

The connection to the partition functions is

Eh exp(⟨θ, s⟩) = Eh exp(⟨ϕ,σ⟩)

=
Z(ϕ+ h)

Z(h)
,

and so
ln (Eh exp(⟨θ, s − Ehs⟩)) = F (ϕ+ h)− F (h)− ⟨ϕ,Ehσ⟩ .
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This reduces our problem to that of showing

F (ϕ+ h)− F (h) ≤ ∥θ∥2 /2 + ⟨θ,Ehs⟩ .

We will do this by integrating on a path from h to ϕ+ h . For a real variable t ∈ [0, 1], define

f(t)
def
= F (tϕ+ h).

As f(t) is twice continuously differentiable,

f(1)− f(0) =

∫ 1

t=0
f ′(t)dt = f ′(0) +

∫ 1

t=0
(1− t)f ′′(t)dt.

By the chain rule, f ′(t) = ⟨ϕ,∇F (tϕ+ h)⟩. So Claim 8 implies f ′(0) = ⟨ϕ,Ehσ⟩ = ⟨θ,Ehs⟩.
The chain rule also gives

f ′′(t) = ϕT∇2F (tϕ+ h)ϕ

= ϕTCovtϕ+h (σ)ϕ (by Claim 8)
= θTVCovtϕ+h (σ)V

Tθ

= θTCovtϕ+h (Vσ)θ

= θTCovtϕ+h (s)θ

≤ ∥θ∥2 ,

by Lemma 7. Plugging this upper bound back in to the expression for f(1) − f(0) proves the
theorem:

f(1)− f(0) = f ′(0) +

∫ 1

t=0
(1− t)f ′′(t)dt ≤ f ′(0) +

∫ 1

t=0
(1− t) ∥θ∥2 dt = ⟨θ,Ehs⟩ + ∥θ∥2 /2.

7 Glauber dynamics
Next we analyse the standard algorithm to sample from the Gibbs distribution µh induced by (5),
namely Glauber dynamics. The key result is a Poincaré inequality, which is also derived from
Theorem 5.

For i ∈ [n], let Pi be the matrix that, when acting on probability distributions represented
by row vectors, resamples the ith coordinate. Namely, Pi(σ) keeps σ−i, the partial configuration
other than i, and replaces the ith coordinate by drawing from the distribution µh conditioned on
σ−i. When applied to column vectors f : {±1}n → IR, Pi replaces f(σ) with a weighted average
of f(σ) and f(τ) where τ is the {±1}n vector that differs from σ in coordinate i: (Pif)(σ) =
(wh(σ)f(σ) + wh(τ)f(τ))/(wh(σ) + wh(τ)). Let

P
def
=

1

n

n∑
i=1

Pi.

Also, define

Di
def
= I − Pi.

10



Let αi = 1 − ∥v i∥2 and α0 = mini αi. We prove the following approximate tensorization of
variance for distribution µh, which is equivalent to the Poincaré inequality for its Glauber dynamics.
We refer readers to [CLV21] for a detailed introduction.

Lemma 10. For every f : {±1}n → R,

Varh (f(σ)) ≤
1

α0

n∑
i=1

Eh

[
((Dif)(σ))

2
]
. (9)

Our proof rests on a consequence of Theorem 5 which we state, prove, and then massage to
prove Lemma 10. For z and σ in IRn, we define the function

Φ(z ,σ)
def
=

n∏
i=1

(1− z (i)σ(i)).

Lemma 11. Assume that ∥v i∥2 ≤ 1−α0 for each i. Let S be a finite set of vectors in IRn and for
each z ∈ S let cz be a real number. If all vectors in S have norm at most √α0, then

Varh

(∑
z∈S

czΦ(z ,σ)

)
≤ 1

α0
Eh

∥∥∥∥∥∑
z∈S

cz zΦ(z ,σ)

∥∥∥∥∥
2

, (10)

where the expectation and variance are taken over σ distributed according to wh .

We prove Lemma 11 by adding coordinates to the vectors v i and z in a way we describe below,
and then applying the following lemma to reason about them. The difference between Lemma 11
and Lemma 12 is that Lemma 11 considers functions defined by inner products with σ, while
Lemma 12 considers inner products with different vectors.

For vectors u and w1, . . . ,wn of the same dimension, define the function

Φw
u (σ)

def
=

n∏
i=1

(1− σ(i) ⟨u ,w i⟩).

Lemma 12. Let w1, . . . ,wn be vectors of norm at most 1 such that for all j ̸= k

⟨w j ,wk⟩ = ⟨v j , vk⟩ .

Let U be a finite set of vectors. For each u ∈ U , let cu be a real number. If all the vectors in U
have norm at most 1, then

Varh

(∑
u∈U

cuΦ
w
u (σ)

)
≤ Eh

∥∥∥∥∥∑
u∈U

cuuΦ
w
u (σ)

∥∥∥∥∥
2

, (11)

where the expectation and variance are taken over σ distributed according to wh .

Proof. Let B be the Lorentz matrix of the vectors {±w i}i∈[n], 0, and {u}u∈U . The vectors ±w i

are indexed by coordinates i+ and i− and 0 is indexed by coordinate 0. For each u ∈ U , we index

11



the vector u by a coordinate we call u2. We also use the selection vectors x i defined in (7), and let
x 0 be the elementary unit vector in direction 0. And, we introduce just one more selection vector
x−1 defined by

x−1(u) = cu , for u ∈ U .
For selection vectors aaa and b, define

Y(aaa, b)
def
= VB (aaa, b,x 1, . . . , xn).

As in the proof of Lemma 7, we apply Theorem 5 to show

Y(x 0,x−1)
2 ≥ Y(x 0,x 0)Y(x−1,x−1). (12)

The assumption ⟨w j ,wk⟩ = ⟨v j , vk⟩ guarantees that

Y(x 0,x 0) =
∑

σ∈{±1}n
exp(⟨h ,σ⟩)

∏
{i,j}∈([n]

2
)

(1− σ(i)σ(j) ⟨w i,w j⟩)

=
∑

σ∈{±1}n
exp(⟨h ,σ⟩)

∏
{i,j}∈([n]

2
)

(1− σ(i)σ(j) ⟨v i, v j⟩)

=
∑

σ∈{±1}n
wh(σ)

= Z(h).

We may similarly compute

Y(x 0,x−1) =
∑
u∈U

cu
∑

σ∈{±1}n
wh(σ)

n∏
i=1

(1− ⟨u ,σ(i)w i⟩)

= Z(h)E
∑
u∈U

cuΦ
w
u (σ)

Y(x−1,x−1) = Z(h)E
∑

u ,û∈U

cucû(1− ⟨u , û⟩)Φw
u (σ)Φ

w
û (σ)

= Z(h)E

(∑
u∈U

cuΦ
w
u (σ)

)2

−Z(h)E
∑

u ,û∈U

cucû ⟨u , û⟩Φw
u (σ)Φ

w
û (σ)

= Z(h)E

(∑
u∈U

cuΦ
w
u (σ)

)2

−Z(h)E

∥∥∥∥∥∑
u∈U

cuuΦ
w
u (σ)

∥∥∥∥∥
2

.

Plugging these terms into (12), canceling Z(h)2, and rearranging terms gives

E

∥∥∥∥∥∑
u∈U

cuuΦu(σ)

∥∥∥∥∥
2

≥ E

(∑
u∈U

cuΦ
w
u (σ)

)2

−

(
E
∑
u∈U

cuΦ
w
u (σ)

)2

= Varh

(∑
u∈U

cuΦ
w
u (σ)

)
.

2This overloading of the same symbol for a vector and a coordinate is convenient, and we hope it does not create
confusion.
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Proof of Lemma 11. We construct w1, . . . ,wn from v1, . . . , vn by setting

w i = v i ⊕
√
α0e i,

where e i is the elementary unit vector in IRn in direction i, and ⊕ indicates concatenation of vectors.
For i ̸= j, ⟨e i, ej⟩ = 0 and so ⟨w i,w j⟩ = ⟨v i, v j⟩ . By our assumption that ∥v i∥2 ≤ 1− α0, we can
conclude that ∥w i∥2 = ∥v i∥2 + α0 ≤ 1. For each z ∈ S, define

ẑ
def
= 0d ⊕ z/

√
α0,

and
U = {ẑ : z ∈ S} .

Note that each ẑ consists of d zeros followed by a rescaling of z . For each z we naturally set cẑ = cz .
As ∥z∥ ≤ √

α0, ∥ẑ∥ ≤ 1. We have established the conditions that allow us to apply Lemma 12.
To see that the left-hand sides of (11) and (10) are equal, note that our constructed vectors

satisfy
⟨ẑ ,w i⟩ = z (i).

So,

Φw
ẑ (σ) =

n∏
i=1

(1− σ(i) ⟨ẑ ,w i⟩) =
n∏

i=1

(1− σ(i)z (i)) = Φ(z ,σ).

The right-hand sides are equal because∥∥∥∥∥∑
ẑ∈U

cẑ ẑΦ
w
ẑ (σ)

∥∥∥∥∥
2

=
1

α0

∥∥∥∥∥∑
z∈S

cz (0d ⊕ z )Φw
ẑ (σ)

∥∥∥∥∥
2

=
1

α0

∥∥∥∥∥0d ⊕∑
z∈S

cz zΦ(z ,σ)

∥∥∥∥∥
2

=
1

α0

∥∥∥∥∥∑
z∈S

cz zΦ(z ,σ)

∥∥∥∥∥
2

.

To apply Lemma 11 to prove Lemma 10, we need to express every function f(σ) as a sum of
the form

∑
z∈S czΦ(z ,σ), where each z has norm at most √

α0. The difficulty is that we need for
the right-hand sides of the inequalities established in these lemmas to line up as well. If we were to
ignore the right-hand sides and the norm restriction, we could take S = {±1}n and for each z ∈ S
set

cz = 2−nf(−z ).

To see what this would provide, note that for z ,σ ∈ {±1}n

Φ(z ,σ) =

{
2n if σ = −z

0 otherwise.
(13)

So we would have ∑
z∈{±1}n

czΦ(z ,σ) =
∑

z∈{±1}n
2n1σ=−z2

−nf(−z ) = f(σ).

13



We fix the defects in this construction in two phases. First, we employ a sum over S = {0,±1}n
and give a concrete expression for the coefficients cz . We then show that this can be replaced by a
sum over S = {0,±δ}n for any δ > 0.

Lemma 13. Let S = {0,±1}n. For every function f : {±1}n → IR, there exist real coefficients cz
for z ∈ S so that ∑

z∈{0,±1}n
czΦ(z ,σ) = f(σ), (14)

and for i ∈ [n] ∑
z∈{0,±1}n

cz z (i)Φ(z ,σ) = −σ(i)(Dif)(σ). (15)

Proof. Let fi = Pif , so Dif = f − fi. Also define

g = f −
n∑

i=1

fi, so f = g +

n∑
i=1

fi.

Let S0 = {±1}n. Equation (13) tells us that the functions {Φ(z , ·) : z ∈ S0} are a basis of all
functions on {±1}n . Similarly, let Si = {z : z (i) = 0 and z (j) = ±1 for j ̸= i}. The functions
{Φ(z , ·) : z ∈ Si} form a basis for all functions on {±1}n that do not depend on their ith coordinate.
As fi does not depend on its ith coordinate, there exist coefficients ci,z such that for all σ ∈ {±1}n,

g(σ) =
∑
z∈S0

c0,zΦ(z ,σ) and fi(σ) =
∑
z∈Si

ci,zΦ(z ,σ).

This implies

f(σ) =
n∑

i=0

∑
z∈Si

ci,zΦ(z ,σ).

Furthermore, by the identity z (j)Φ(z ,σ) = −σ(j)Φ(z ,σ) which holds when z (j) ∈ {±1} and
z (j)Φ(z ,σ) = 0 when z (j) = 0, it holds

n∑
i=0

∑
z∈Si

ci,z z (j)Φ(z ,σ) = −
n∑

i=0

∑
z∈Si

ci,zσ(j)Φ(z , σ)1i ̸=j

= −σ(j)

g(σ) +
∑

i ̸∈{0,j}

fi(σ)


= −σ(j)(Djf)(σ).

For z ∈ Si for some i, set cz = ci,z . This definition is valid because the sets Si are disjoint. Set cz
to zero for all other z .

Before we can apply Lemma 11, we need to replace the set of evaluations points {0,±1}n with
{0,±δ}n for δ small enough that δ

√
n ≤ α0. This is easy, and we can do it for any δ > 0. Rather

than deriving the formula for the coefficients, we just prove one exists.
To start, note that Φ(z ,σ) and z (i)Φ(z ,σ) are polynomials in z in which every variable has

degree at most 2. Let P2
z be the set of such polynomials. We use the following consequence of

Lemma 13.
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Corollary 14. There exists a linear function L mapping P2
z to the reals such that

L [Φ(z ,σ)] = f(σ), (16)

and for i ∈ [n]
L [z (i)Φ(z ,σ)] = −σ(i)(Dif)(σ). (17)

Proof. The evaluation of a polynomial is a linear function of its coefficients, as is the sum of
evaluations.

Lemma 15. For any δ > 0, let S = {0,±δ}n. For every function f : {±1}n → IR, there exist real
coefficients cz for z ∈ S so that ∑

z∈S
czΦ(z ,σ) = f(σ), (18)

and for i ∈ [n] ∑
z∈S

cz z (i)Φ(z ,σ) = −σ(i)(Dif)(σ). (19)

Proof. Lagrange interpolation provides for every y ∈ S a polynomial py (z ) ∈ P2
z so that

py (z ) =

{
1 if y = z

0 for every other z ∈ S.

Moreover, for every q(z ) ∈ P2
z ,

q(z ) =
∑
y∈S

q(y)py (z ).

So, for any linear function L : P2
z → IR and any polynomial q(z ) ∈ P2

z ,

L[q(z )] = L

∑
y∈S

q(y)py (z )

 =
∑
y∈S

q(y)L[py (z )].

That is, we may take cy = L[py (z )]. Corollary 14 provides the desired linear function L.

Proof of Lemma 10. Let f be any function from {±1}n to IR. Set δ = α0/
√
n and S = {0,±δ}n.

By Lemma 15, there exist real coefficients cz for z ∈ S so that∑
z∈S

czΦ(z ,σ) = f(σ) and for i ∈ [n]
∑
z∈S

cz z (i)Φ(z ,σ) = −σ(i)(Dif)(σ).

To apply Lemma 11, note that

Eh

∥∥∥∥∥∑
z∈S

cz zΦ(z ,σ)

∥∥∥∥∥
2

= Eh

∑
i∈[n]

(∑
z∈S

cz z (i)Φ(z ,σ)

)2

= Eh

∑
i∈[n]

(−σ(i)(Dif)(σ))
2 = Eh

∑
i∈[n]

((Dif)(σ))
2,

as σ(i) ∈ ±1. So, Lemma 11 gives

Varh (f(σ)) ≤
1

α0
Eh

∑
i∈[n]

((Dif)(σ))
2 =

1

α0

∑
i∈[n]

Eh((Dif)(σ))
2.
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Now we are ready to prove Theorem 2.

Proof of Theorem 2. We consider the tilted distribution (5). It is well known that the spectral gap
of the Glauber dynamics P has a variational characterisation [LP17, Lemma 13.7]:

gap(P ) = inf
Varh (f)>0

⟨f, (I − P )f⟩h
Varh (f)

,

where ⟨f, g⟩h = Eh [fg]. Since I − P = 1
n

∑n
i=1Di and Di = I − Pi is an orthogonal projection,

⟨f, (I − P )f⟩h =
1

n

n∑
i=1

Eh

[
(Dif)

2
]
.

So, Lemma 10 implies gap(P ) ≥ α0/n.
It remains to justify the stated mixing bound. Since P is irreducible, reversible, and has only

non-negative eigenvalues, there is a well-known relationship between the spectral gap and the mixing
time [LP17, Theorem 12.4]

tmix,h(ε) ≤
⌈

1

gap(P )
log

(
1

εµh ,min

)⌉
,

where µh ,min
def
= minσ µh(σ). We bound µh ,min next. By Cauchy-Schwarz,

∣∣⟨v i, v j⟩
∣∣ ≤ 1 − α0.

Together with e−∥h∥1 ≤ e⟨h ,σ⟩ ≤ e∥h∥1 , this implies

µh ,min ≥ 2−ne−2∥h∥1
(

α0

2− α0

)n2

.

We now prove Theorem 3 and Corollary 4.

Proof of Theorem 3. Let ρ def
= λmax(T ). Since ρIn−T ⪰ 0, we may choose vectors v1, . . . , vn such

that

∀i ̸= j, ⟨v i, v j⟩ = −T ij and ∥v i∥2 = ρ < 1.

With this choice of vectors v1, . . . , vn, the tilted distribution (5) coincides with the general Ising
model (2). Applying Theorem 2 with α0 = 1− ρ yields the desired spectral gap bound.

Proof of Corollary 4. Since |tanhx− x| ≤ |x|3, the difference between T and J satisfies

E ∥T − J∥2op ≤ E ∥T − J∥2F ≤
∑
i ̸=j

EJ 6
ij = Oβ(n

−1). (20)

With high probability λmax(J ) ≤ 2β + on(1) (see [BY88] or [AGZ10, Theorem 2.1.22]). Together
with (20), this implies λmax(T ) = 2β+on(1) with high probability. The desired spectral gap bound
then follows from Theorem 3.
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8 General rapid mixing results
It is natural to wonder to what extent the machinery in the last section generalises to other spin
systems. We first generalise it to a complete graph with uniform interactions, and then see how it
can be applied to more general spin systems.

Let q ≥ 2 and n ≥ 2 be integers, and let A ∈ Rq×q
≥0 be a symmetric matrix with at most one

positive eigenvalue, and no all-zero rows. For i ∈ [n], let λi ∈ Rq
≥0 be a vector of external fields.

Define the partition function

ZA(λ1, . . . ,λn)
def
=

∑
σ∈[q]n

n∏
i=1

λi(σi)
∏

1≤i<j≤n
Aσiσj . (21)

We assume ZA(λ1, . . . ,λn) > 0. Define the Gibbs distribution

µA,λ(σ)
def
=

1

ZA(λ1, . . . ,λn)

n∏
i=1

λi(σi)
∏

1≤i<j≤n
Aσiσj .

Let Pi be the averaging operator on site i, i.e., for every f : [q]n → IR and σ in the support of µA,λ,

(Pif)(σ) = Eτ∼µA,λ
[f(τ ) | τ−i = σ−i] . (22)

The Glauber dynamics P for distribution µA,λ is defined by

P
def
=

1

n

n∑
i=1

Pi.

Also, define

Di
def
= I − Pi.

The Perron-Frobenius theorem gives a decomposition

A = ρρT −RRT , (23)

where ρ ∈ Rq
>0 and R ∈ Rq×r for some r ≥ 0. For a ∈ [q], suppose the a-th row of R is rT

a , and let

va
def
=

ra

ρa

, ca
def
= 1− ∥va∥2 =

Aaa

ρ2
a

, and cA
def
= min

a∈[q]
ca. (24)

The entries of A can be written as

Aab = ρaρb(1− ⟨va, v b⟩) for a, b ∈ [q].

We obtain the following spectral gap bound.

Theorem 16. If cA > 0, the Glauber dynamics P satisfies gap(P ) ≥ cA
n .

In particular, if every diagonal entry of A is positive, then cA > 0 and the spectral gap is
ΩA(1/n).

The proof of Theorem 16 follows the same strategy as that of Theorem 2. We first introduce
the analogue of Lemma 12.
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Lemma 17. Let {wa
i }i∈[n],a∈[q] ⊆ IRd be vectors of norm at most 1 such that〈

wa
j ,w

b
k

〉
= ⟨va, v b⟩ for all j ̸= k and a, b ∈ [q].

For u ∈ IRd, define

Φw
u (σ)

def
=

n∏
i=1

(1− ⟨u ,wσi
i ⟩).

Let U be a finite set of vectors in IRd. For each u ∈ U , let cu be a real number. If all the vectors
in U have norm at most 1, then

VarA,λ

(∑
u∈U

cuΦ
w
u (σ)

)
≤ EA,λ

∥∥∥∥∥∑
u∈U

cuuΦ
w
u (σ)

∥∥∥∥∥
2

, (25)

where the expectation and variance are taken over σ distributed according to µA,λ.

Proof. Let B be the Lorentz matrix of the vectors {wa
i }i∈[n],a∈[q], 0, and {u}u∈U . The vectors wa

i

are indexed by coordinates ia and 0 is indexed by coordinate 0. For each u ∈ U , we index the
vector u by a coordinate we call u . For each i ∈ [n], we define the selection vector x i by

x i(i
a) = λi(a)ρ

n−1
a for all a ∈ [q],

and set it to zero on all other coordinates. Let x 0 be the elementary unit vector in direction 0.
And, we introduce just one more selection vector x−1 defined by

x−1(u) = cu , for u ∈ U ,

and set it to zero on all other coordinates. For selection vectors aaa and b, define

Y(aaa, b)
def
= VB (aaa, b,x 1, . . . , xn).

We apply Theorem 5 to show

Y(x 0,x−1)
2 ≥ Y(x 0,x 0)Y(x−1,x−1). (26)

The assumption
〈
wa

j ,w
b
k

〉
= ⟨va, v b⟩ guarantees that

Y(x 0,x 0) = ZA(λ1, . . . ,λn)

Y(x 0,x−1) = ZA(λ1, . . . ,λn)EA,λ

[∑
u∈U

cuΦ
w
u (σ)

]

Y(x−1,x−1) = ZA(λ1, . . . ,λn)EA,λ

(∑
u∈U

cuΦ
w
u (σ)

)2

−

∥∥∥∥∥∑
u∈U

cuuΦ
w
u (σ)

∥∥∥∥∥
2
 .

Plugging these terms into (26) and rearranging the terms gives Lemma 17.
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To apply Lemma 17, we use the following interpolation lemma. For z ∈ IRnq, define

Ψz (σ)
def
=

n∏
i=1

(1− z i,σi).

Lemma 18. For any δ > 0, let S = {0,±δ}nq. For every f : [q]n → IR, there are real coefficients
(bz )z∈S such that, for every σ in the support of µA,λ,∑

z∈S
bzΨz (σ) = f(σ), (27)∑

z∈S
bz z i,aΨz (σ) = (Dif)(σ) for all i ∈ [n] and a ∈ [q]. (28)

Proof. Recall that P2
z is the set of polynomials g(z ) in which every variable has degree at most 2.

For this proof, extend Pi to an operator on all f : [q]n → IR by the same conditional-expectation
formula (22) whenever the conditioning event has positive probability, and set it to zero otherwise.
Thus Pif depends only on σ−i. Viewing Ψz (σ) as a function of z , for any fixed σ ∈ [q]n, i ∈ [n],
and a ∈ [q], both Ψz (σ) and (1−z i,a)Ψz (σ) are in P2

z . We show the existence of a linear functional
L mapping P2

z to the reals such that, as a polynomial in z ,

L[Ψz (σ)] = f(σ) and L[(1− z i,a)Ψz (σ)] = (Pif)(σ).

Suppose there are real coefficients ασ and βσ,i,a such that∑
σ

ασΨz (σ) +
∑
σ,i,a

βσ,i,a(1− z i,a)Ψz (σ) = 0. (29)

Set y i,a = 1− z i,a. By comparing the monomials in y on both sides, we must have

ασ = 0 and βσ,i,a + βτ ,i,b = 0, (30)

whenever τ−i = σ−i, σi = b, and τ i = a. Indeed, the first family consists of distinct monomials of
total degree n, whereas the second family has total degree n+1; repeated monomials in the second
family arise only by exchanging a and σi. When a = σi, the corresponding monomial occurs only
once, so βσ,i,a = 0. Since Pif depends only on σ−i,

(Pif)(σ) = (Pif)(τ ).

Plugging into (30) gives ∑
σ

ασf(σ) +
∑
σ,i,a

βσ,i,a(Pif)(σ) = 0.

Thus the prescribed values respect all linear relations and define a linear functional on the span of
these polynomials, which extends to P2

z .
Lagrange interpolation provides for every x ∈ S a polynomial px (z ) ∈ P2

z so that

px (z ) =

{
1 if x = z

0 for every other z ∈ S.
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Moreover, for every g(z ) ∈ P2
z ,

g(z ) =
∑
x∈S

g(x )px (z ).

So, for any linear functional L : P2
z → IR and any polynomial g(z ) ∈ P2

z ,

L[g(z )] =
∑
x∈S

g(x )L[px (z )].

Take bx = L[px (z )] for the functional constructed above. Applying the interpolation identity to
Ψz (σ) gives (27). For σ in the support of µA,λ, we also have

L[z i,aΨz (σ)] = L[Ψz (σ)]− L[(1− z i,a)Ψz (σ)] = f(σ)− (Pif)(σ) = (Dif)(σ),

which gives (28).

Proof of Theorem 16. For simplicity, let c = cA > 0. Fix 0 < ϵ < c and, in IRr ⊕ IRn ⊕ IRnq, let

wa
i = va ⊕

√
c− ϵe i ⊕

√
ϵe i,a, (31)

where e i and e i,a are standard basis vectors in IRn and IRnq, respectively. A simple calculation
yields ∥wa

i ∥
2 = ∥va∥2 + c ≤ 1. For all j ̸= k and a, b ∈ [q],〈

wa
j ,w

b
k

〉
= ⟨va, v b⟩ + (c− ϵ) ⟨ej , ek⟩ + ϵ ⟨ej,a, ek,b⟩ = ⟨va, v b⟩ .

Furthermore, for each z ∈ IRnq, we let

u(z ) = 0r ⊕
∑
i

z i,1√
c− ϵ

e i ⊕
∑
i,a

z i,a − z i,1√
ϵ

e i,a.

The inner product ⟨u(z ),wa
i ⟩ = z i,1 + z i,a − z i,1 = z i,a. So,

Φw
u(z )(σ) =

n∏
i=1

(1− ⟨u(z ),wσi
i ⟩) =

n∏
i=1

(1− z i,σi) = Ψz (σ).

Since u(z ) is linear in z , choose δ > 0 sufficiently small that ∥u(z )∥ ≤ 1 for every z ∈ S
def
=

{0,±δ}nq. Applying Lemma 17 to the vectors {u(z ) : z ∈ S} gives, for any real coefficients bz ,

VarA,λ

(∑
z∈S

bzΨz (σ)

)
≤ EA,λ

∥∥∥∥∥∑
z∈S

bzu(z )Ψz (σ)

∥∥∥∥∥
2

. (32)

For any f : [q]n → IR, take the coefficients supplied by Lemma 18 for this grid. Then

VarA,λ

(∑
z∈S

bzΨz (σ)

)
= VarA,λ (f(σ)) ,

and

EA,λ

∥∥∥∥∥∑
z∈S

bzu(z )Ψz (σ)

∥∥∥∥∥
2

=
1

c− ϵ

n∑
i=1

EA,λ((Dif)(σ))
2.
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Combining with (32) and taking ϵ ↓ 0 gives

VarA,λ (f(σ)) ≤ 1

c

n∑
i=1

EA,λ((Dif)(σ))
2.

This establishes the desired spectral gap lower bound for P .

Now let G = (V,E) be a graph with |V | = n and adjacency matrix Adj(G), and A be an
interaction matrix for q spins. For external fields λ = (λi)i∈V with λi ∈ Rq

≥0, define

ZG,A(λ)
def
=

∑
σ∈[q]V

∏
i∈V

λi(σi)
∏
ij∈E

Aσiσj .

Let µG,A,λ be the corresponding Gibbs distribution and let P be the Glauber dynamics for µG,A,λ.
The Perron–Frobenius theorem implies that A = ρρT +A′ for some ρ ∈ Rq

>0 and matrix A′.
After shifting the weight of ρ to the external fields, and decomposing the remainder into positive
and negative parts, we may assume that A = 11T +A+ −A− for some matrices A+,A− ⪰ 0. Let
λmax

def
= λmax(Adj(G)) and λmin

def
= λmin(Adj(G)) be the maximum and minimum eigenvalues of

the adjacency matrix of G. Set B
def
= λmaxA

+ − λminA
−, and cG,A

def
= 1−maxa∈[q]Baa.

Corollary 19. With the notation above, if cG,A > 0, then gap(P ) ≥ cG,A

n .

Proof. To reduce this model to the complete-graph setting of (21), we keep the same vertex set and
enlarge the spin set from [q] to V × [q]. By assigning proper external fields λ̂, we restrict vertex i
to spins of the form (i, a), where a ∈ [q]. To preserve the weight of every configuration, the new
interaction matrix Â must satisfy, for distinct i, j ∈ V ,

Â(i,a),(j,b) =

{
Aab, ij ∈ E,

1, i ̸= j and ij ̸∈ E.
(33)

The remaining entries, with i = j, do not affect these configuration weights and can be chosen
freely. We choose them so that Â satisfies the hypotheses of Theorem 16; in particular, it must be
non-negative entrywise and have at most one positive eigenvalue.

We claim Â
def
= 11T − Γ satisfies all constraints, where the block matrix Γ, indexed by V × [q],

is defined by

Γ
def
= I n ⊗B −Adj(G)⊗ (A+ −A−).

A straightforward calculation yields (33). By the definition of B ,

Γ =
(
λmaxI n −Adj(G)

)
⊗A+ +

(
Adj(G)− λminI n

)
⊗A−.

Both factors involving Adj(G) are positive semidefinite. Since A+,A− ⪰ 0, both tensor-product
terms are positive semidefinite, and hence Γ ⪰ 0 and Â has at most one positive eigenvalue. Finally,
the non-negativity of Â follows from

Â(i,a),(i,b) = 1−Bab ≥ 1−
√

BaaB bb > 0,
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where the first inequality follows from B ⪰ 0.
It remains to compute the quantity c

Â
in (24). Since Γ ⪰ 0, write Γ = RRT . Then Â =

11T −RRT is a representation of the form (23) with ρ = 1. For this representation, (24) gives

c
Â
= min

(i,a)∈V×[q]
Â(i,a),(i,a) = 1−max

a∈[q]
Baa = cG,A > 0.

Therefore, by Theorem 16, the Glauber dynamics P̂ for the distribution µ
Â,λ̂

has the spectral gap
bound gap(P̂ ) ≥ cG,A

n . Since the Glauber dynamics P̂ can be identified with the Glauber dynamics
P for µG,A,λ, we have

gap(P ) = gap(P̂ ) ≥
cG,A

n
.

What Corollary 19 is saying is that λmax controls the allowed interaction strength of the ferro-
magnetic part of A, whereas λmin controls the anti-ferromagnetic part.

When G is a complete graph, λmin = −1. If, in addition, A is anti-ferromagnetic, namely
A+ = 0, then the condition of Corollary 19 recovers that of Theorem 16. More generally, on line
graphs, where λmin ≥ −2, Corollary 19 implies a Ω(1/n) spectral gap bound whenever cA > 1/2.
Previously, it was known [DHJM21, CLV24] that Glauber dynamics is rapid mixing for any anti-
ferromagnetic 2-spin system on line graphs with bounded degree. In comparison, the strength of
Corollary 19 is that it applies to any q ≥ 2, does not require bounded degree, and allows arbitrary
external fields.

For the anti-ferromagnetic q-state Potts model, let 0 < b < 1 be the penalty for equal spins.
After rescaling, the interaction matrix A can be written as

A = 11T − q(1− b)

q − 1 + b

(
I q −

1

q
11T

)
.

Writing ℓ
def
= −λmin(Adj(G)), Corollary 19 therefore gives

gap(P ) ≥ 1

n

(
1− ℓ

(q − 1)(1− b)

q − 1 + b

)
whenever the expression in parentheses is positive. This extends the parameter range and improves
the spectral-gap lower bound in the recent result of Chen and Wang [CW26, Corollary 6.7].
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AI Methodology
In 2021, we conjectured the signed sum

∑
i σiv i induced by the Ising distribution (1) is 1-subgaussian

and that the Glauber dynamics on the distribution is rapidly mixing. Black-box optimization
techniques were used to provide evidence for these conjectures. We posed these conjectures to
ChatGPT-5.6 Sol Ultra, using a prompt like that used to resolve the Cycle Double-Cover Con-
jecture [Ope26a]. The first interaction affirmed the first conjecture using the Alexandrov-Fenchel
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inequality as the key tool, and established an nO(1/α0) mixing time bound using the local-to-global
argument in [AL20]. We then asked ChatGPT-5.6 Sol Ultra to apply the key idea directly to im-
prove the mixing bound, which led to Theorem 2. Upon digesting the proof, the authors recognized
that Theorem 2 provides mixing criteria in general settings described in Section 8. The authors
have substantially refined the proofs, both by thinking and using ChatGPT-5.6 and ChatGPT-6.
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Poincaré inequalities via approximate stochastic localization: Application to sampling
the Sherrington–Kirkpatrick model. arXiv, abs/2607.08160, 2026. 3

[EKZ22] Ronen Eldan, Frederic Koehler, and Ofer Zeitouni. A spectral condition for spectral gap:
Fast mixing in high-temperature Ising models. Probab. Theory Related Fields, 182(3–
4):1035–1051, 2022. 2, 3
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