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AN O (n2)—TIME SAMPLER FOR ZERO-FIELD FERROMAGNETIC ISING
MODELS

WEIMING FENG, HENG GUO, AND YIYAO ZHANG

ABSTRACT. We give an approximate sampler for ferromagnetic Ising models with no field on
arbitrary graphs that runs in time O(m+n)+0Og(n?log?(1/¢)), where n and m are the numbers
of vertices and edges, respectively, and ¢ is the approximation error. Our approach combines
Benczur—Karger cut sparsification with a new mixing time analysis of the Glauber dynamics
for the random-cluster model. The mixing time analysis features a new monotone edge-count
Poincaré inequality.

1. INTRODUCTION

The Ising model is perhaps the most studied and most well-known statistical physics model. It
features both a simple description and a rich mathematical structure. The main computational
task for the Ising model is to sample from its Gibbs distribution, which we define next.

Let G := (V,E) be a connected undirected (multi)graph. Let 8 > 0 be a parameter de-
scribing the interaction strength. For any configuration o € {0,1}V, define the number of
monochromatic edges as mono(o) := |[{uwv € E : 0, = 0,}|, where parallel edges are counted
with multiplicities. Let Z;}smg =D 01}V pgmono(a) he the so-called partition function. The
Gibbs distribution of the zero-field Ising model on G with interaction parameter 3 is defined by

v Isi l@mono(a)
sing _\ . _
Vo €{0,1}", pgq (o) = e
B
When 5 > 1, the system is called ferromagnetic, and anti-ferromagnetic if 0 < 8 < 1.

The computational complexity of sampling from ulﬁs’igg has been a classic topic in theoretical

computer science. The pioneering work of Jerrum and Sinclair [JS93] showed that a polynomial-
time approximate sampler! exists for ferromagnetic Ising models, even with consistent external
fields,” whereas the problem becomes NP-hard for anti-ferromagnetic Ising models.

For anti-ferromagnetic Ising models, we have by now fully understood the computational
phase transition regarding the parameter § and the maximum degree [LLY13, SST14, SS14,
GSV16, CJMT26]. In the uniqueness regime, the running time of the sampler has been improved
to near-linear [CLV23, AJKT22, CFYZ22]. However, on the ferromagnetic side, algorithmic
progress is relatively sparse. The only running time improvement is obtained for the non-zero
field case, where Chen and Zhang [CZ23] introduced a near-linear time sampling algorithm.
For the zero-field case, prior to this work, the fastest sampler was still the Jerrum—Sinclair
algorithm [JS93], which runs in time O(m?n*(m + log(1/¢))), where n denotes the number of
vertices, m the number of edges, and ¢ the error. This running time can be as high as O(n!?) for
dense graphs. In this paper, we bring it down to 5(712) in simple graphs. For two probability
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distributions  and v on the same finite state space 2, define their total variation distance by

drv(u,v) = 5 Y peq lu(z) — v(z)].
Our main theorem is stated as follows. Here, G is allowed to be a multigraph.

Theorem 1. For any constant 8 > 1, there is an algorithm such that, given G = (V, E) with n
vertices and m edges, and an error bound € € (0,1/2), it outputs a random configuration with

law v satisfying drv (v, ugigg) < e in time
O(mlog?n + n) + Og(n®log® n log?(n/e)).
In particular, if G is simple, the total running time is Og(n? log? n log?(n/e)).

1.1. Algorithm Overview. The two main ingredients in the algorithm of Theorem 1 are
sparsification and an improved mixing time analysis for the random-cluster model. Although
the authors provided some high-level guidance, the detailed proofs of both ingredients were
found by LLMs. Subsequently, the authors simplified, streamlined, and wrote all of the proofs.
The authors also take full responsibility for the correctness of the paper. For consistency with
standard mathematical exposition, the words “we” and “our” are used throughout the paper,
including when presenting arguments originating from the model.

The first ingredient of the algorithm is a sparsification argument. It states that the original
Gibbs distribution can be accurately approximated, in total variation distance, by another Gibbs
distribution defined on a suitably sparsified version of the underlying graph.

Theorem 2 (Ising sparsification). For every constant § > 1, there is an algorithm that,
given G := (V, E) and an error bound n € (0,1), explicitly constructs a sparsified multigraph
G' = (V',E') and an implicit representation of a lifting map Lift : {0,1}V" — {0,1} in time
O(mlog®n +n), such that |V'| < |V| =n and |E'| = Og(nlog(n/n)), where edges are counted
with multiplicity. Moreover:

o If i/ is the zero-field Ising Gibbs distribution on G’ with interaction parameter 3, then
drv (Lift (i), u};’lgg) <1, where Lift(u) denotes the law of Lift(X) for X ~ 1.
o Given any o € {0,1}V", the configuration Lift(c) can be computed in O(n) time.

The main technique we use is the machinery behind the classic cut sparsifier by Bencziur and
Karger [BK15] and Karger’s cut counting bounds [Kar93, Kar99]. Indeed, the Ising partition
function can be viewed as a generating function for cuts, and it is perhaps not a surprise that
these tools are useful here. However, this argument appears to be new in the context of partition
function approximation, and is the first sparsification argument in this context as far as we are
aware. In fact, we notice that the same technique works for all-terminal reliability [GJ19] as
well, which improves the running time of the FPRAS for all-terminal reliability from O(mn/e2)
[CGZZ24] to O(m +n?/e2). Details are given in Section A.

The intuition here is simple. For any subgraph with sufficiently high edge connectivity, with
high probability, all vertices have the same spin, and thus can be contracted while approximating
the original Gibbs distribution. This crucially relies on the fact that § is a constant. If § =
1+ o0(1), such as § =1+ ¢/n, then the argument is no longer valid. The machinery in [BK15]
allows us to correctly and efficiently identify what subgraphs need to be contracted. With this
sparsification, we only need to consider Ising models on graphs with m = Og(nlog(n/e)) edges.

On the sparsified graph, we use Glauber dynamics for the random-cluster model. This model
was introduced by Fortuin and Kasteleyn [FK72], which can be coupled with the ferromagnetic
Ising model. It is defined as follows. Again, suppose the graph is G = (V, E). For S C E, let
x(S) denote the number of connected components of (V,5), including isolated vertices. Given
p € (0,1), the random-cluster model on G defines the probability distribution

pISI(1 = pym=IS1g(s)

ZRrc
where Zpc is the corresponding partition function. Edges in S are called open, and edges
in £\ S are called closed. Parallel edges are treated as distinct edges. Edwards and Sokal

VSCE, ul%(S):=

p? ’
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[ES88] showed that the ferromagnetic Ising model and the random-cluster model can be tightly
coupled, which is stated in the following proposition.

Proposition 3 (Edwards—Sokal coupling [ES88]). Let p :=1—1/3. Sample S ~ ,uzlj‘,% and
assign an independent uniformly random spin in {0,1} to each connected component of (V,5),

giving every vertex the spin of its component. The resulting configuration has distribution ,LLI;igg.

Isi ., . . .
Conversely, sample o ~ uﬁsgg and, conditional on o, include each monochromatic edge in S

independently with probability p and close every bichromatic edge. Then S ~ M,l;%-

Thus, it suffices to sample from M&%' For this, we use the single-edge heat-bath Glauber
dynamics. Start from an arbitrary subset Xg C E. At each step, given the current configuration
X, choose an edge e € F uniformly at random and let u and v be its endpoints. The Glauber
dynamics resamples the state of e conditional on X \ {e}. Formally, the next configuration is
X U{e} with probability

) D, ) if u and v lie in the same connected component of (V, X \ {e}),
p =

p+2(1-p)

Otherwise, with probability 1 — p/, the next configuration is X \ {e}. Parallel edges are treated

as distinct edges. It is well known that the Glauber dynamics converges to the stationary
distribution u&%.

Let P denote the transition kernel of the Glauber dynamics above. For € € (0,1), define its

mixing time by

otherwise.

Thix(P,€) := min {t >0: )I(I;%%dTv(Pt(XO, ')7,”;1}7((];) < 5} .

We prove the following mixing time bound for the Glauber dynamics.

Theorem 4 (Mixing time of the Glauber dynamics). Let p € (0,1) be a constant. For every
connected loopless multigraph G := (V, E) with n := |V| and m := |E| > 0 and every ¢ € (0, 1),

2
Thix(P,e) < {Qnm log m—‘ .
5

Previously, the best (and only) mixing-time upper bound for this dynamics was the result of
Guo and Jerrum [GJ18], which is an O(m?2n*(m + log(1/¢))) bound.

Our proof of Theorem 4 uses a monotone grand coupling. The key is to control how fast
two chains from the all-closed and all-open configurations coalesce. We show that the difference
of their expected sizes contracts geometrically at a rate of roughly 1 — %, which leads to the
bound in Theorem 4. This decay follows from a new inequality, which we call the monotone
edge-count Poincaré inequality. A standard Poincaré inequality bounds the variance in terms
of the Dirichlet form for a single function, whereas our version considers the covariance of two
functions against their Dirichlet form. More precisely, we restrict one function to be monotone,
and fix the other to be the edge count observable. With an appropriate choice of the monotone
function, the covariance becomes the expected size of the difference at time ¢, and the Dirichlet
form equals the one-step decrease in this expected size from time ¢ to ¢ + 1. Thus, such an
inequality establishes a geometrical decay of this difference.

To prove the inequality, we use the Grimmett—Janson coupling [GJ09] to sample a weighted
even subgraph and then lift it to a random-cluster configuration. The law of total covari-
ance separates the lift and even-subgraph contributions. The lift part consists of independent
Bernoulli additions, and is relatively easy to handle. The even-subgraph contribution is reduced
to local differences by flipping edges along the cycles in the symmetric difference. These edge
flips resemble previous constructions of canonical paths [JS93] or multi-commodity flows [GJ18].
The key difference is that our argument is much more direct and does not rely on bounding the
congestion in any way. It completely bypasses several lossy steps in previous arguments.

We expect the mixing time bound in Theorem 4 not to be tight, but we also conjecture that
the tight bound is not near-linear. We discuss this further in Section 6.
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Each transition of the Glauber dynamics on the random-cluster model can be implemented
in O(log2 n) amortized time using a fully dynamic connectivity data structure [WN13, CZ23].
Therefore, one can use Glauber dynamics to sample a random configuration from M}P},(GJ in time

Op(nmlog(1/e)). The algorithm in Theorem 1 is obtained by combining the Ising sparsification
theorem in Theorem 2, the Edwards—Sokal coupling in Proposition 3, and the mixing-time
bound for the Glauber dynamics in Theorem 4. The full algorithm is given in Section 5.

2. A NEAR-LINEAR-TIME ISING SPARSIFICATION

In this section, we prove Theorem 2. Self-loops contribute the same factor 8 to every spin
configuration and therefore do not affect the Ising Gibbs distribution. We may delete all self-
loops and assume throughout this section that G is loopless. Our main tools are the edge-
strength estimates underlying the Benczir-Karger cut sparsifier [BK15] and Karger’s bounds
on the number of cuts [Kar93, Kar99]. We first recall the relevant definitions.

Definition 5 (k-edge-connected). Let G := (V, E) be a graph. For a subset S C V', let 6q(S)
denote the multiset of edges with exactly one endpoint in S; this multiset is called a cut of G.
The cut is nontrivial if S is a nonempty proper subset of V.

We say that G is k-edge-connected if all nontrivial cuts of G have size at least k, i.e., |0g(S)| >
k for every nonempty proper subset S C V.

In particular, a singleton vertex is considered k-edge-connected for any k > 0.

Definition 6 (Edge strength). Fiz a graph G := (V, E). For an edge e = uv € E, its strength
Se 18 the largest integer k for which w and v are contained in a common induced subgraph that
1s k-edge-connected.

In [BK15], Benczur and Karger introduced the notion of tight strength s. for every edge
e € E, which is a computable lower bound on s.. The following is the result for the unweighted
case, which is sufficient for our purpose.

Proposition 7 ([BK15, Theorem 6.5]). Given an unweighted multigraph G := (V, E) with n :=
|V | and m := | E|, one can compute in O(m log® n) time positive values (3,)ecr such that 3, < s.
for everye € E and ) . 1/5. < con, where co > 0 is an absolute constant.

We also use the following cut-counting bound of Karger [Kar93, Kar99].

Proposition 8 ([Kar99, Corollary A.7]). Let G := (V, E) be a multigraph on n > 2 wvertices
such that every nontrivial cut of G has size at least K. For every real a > 1, the number of
distinct cuts of G with size at most aK is at most n>®.

We are now ready to prove the Ising sparsification theorem.

Proof of Theorem 2. Apply Proposition 7 to G to obtain (S¢).cp satisfying

~ 1
(1) Se < 8. forevery e € F, E — < ¢on.
Se
ecE

We then set
@) Ko [ log(2n° /1) w
log((8+1)/2)
and let B> :={e € E:5. > K}. Let C1,...,Cy be the connected components of (V, E> ).
Construct G’ by contracting each component C; into a distinct single vertex, deleting all re-
sulting self-loops, and retaining every edge between distinct components with its multiplicity.
Formally, V' := {C1,...,Cn}. For any two distinct C;,C; € V', the number of parallel edges
between C; and C; equals the number of edges in £ with endpoints in C; and C}.
Since all edges in E> are contracted, every edge e of G’ satisfies 5, < K in G. Hence

K
B'|=Y 1< = < K-cn=Os(nlog(n/n),
e€R’ e€cE 7€
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where the last inequality follows from (1), and |V'| = N < n.

We can lift an Ising configuration on G’ back to a configuration on G by giving each contracted
component the same spin as the corresponding vertex in G’. We next bound the total variation
distance between the Ising distribution on G and the distribution lifted from G’. For U C V,
let G[U] denote the subgraph of G induced by U, and call U a K-strong vertex set if G[U] is
K-edge-connected. Let By, ..., By, be the inclusion-maximal K-strong vertex sets, and call the
induced graphs G[Bi], ..., G[Bg] the maximal K-strong components.

If two K-strong vertex sets B; and Bj; intersect, then their union is again K-strong. To see
this, any nonempty proper subset S C B; U B; restricts to a nonempty proper subset of at
least one of the two sets and hence the cut has size at least K. Consequently, the maximal sets
By, ..., B are pairwise disjoint. Every vertex belongs to one of these maximal sets because a
singleton is K-strong. Now consider an edge e = uv € E>g. Since s, > K and s, < s, the
definition of s. implies that v and v belong to a common K-strong vertex set, and hence to
the same maximal set By. Following an F> k-path shows that every connected component C;
of (V, E>) is contained in a unique By.

Consider the random-cluster model with parameter p := 1—1/8 on G through the Edwards—
Sokal coupling in Proposition 3. For any edge e € E, the conditional probability that e is open
given the states of all other edges is at least

p } _ p _B-1
p+2(l—-p) ) p+2(1-p) B+1
Thus, the random-cluster configuration stochastically dominates independent Bernoulli-z bond
percolation, where every edge is open independently with probability x.

Fix a maximal K-strong component H = G[By| = (Vi, Efy) with at least two vertices, and
let ny := |Vg| < n. For j > 1, let C; be the collection of cuts of H whose sizes belong to the
interval [jK, (j + 1)K). By Proposition 8,

T := min {p,

|C]‘| < n%jﬂ) < 20+

The percolated subgraph of H can be disconnected only if all the edges of some nontrivial cut
of H are closed. For a fixed cut of H with size at least jK, under Bernoulli-z bond percolation,
the probability that all edges in the cut are closed is at most (1 — ). By a union bound,

Pr(the percolated subgraph of H is disconnected) < Z C;|(1 — z)IK

Jj=>1
» , Y1 —-a2)K
< 2(3+1) 1 — VK = n ( )

Moreover, 1—2 = 2/(8+1), and the choice of K in (2) implies (1—2)% = (2/(3+1))% < n/(2n5).
In particular, n?(1 — 2)% < n/(2n%) < 1/2. Substituting this estimate into (3) yields

o nt(1 —2)K
Pr(the percolated subgraph of H is disconnected) <
1—n2(1—ux)
where singleton components are trivially connected. Since connectivity is an increasing event,
stochastic domination gives the same upper bound under the random-cluster measure. There
are at most n maximal K-strong components, so another union bound shows that all of them
are connected in the random-cluster configuration with probability at least 1 — . Under the
Edwards—Sokal coupling, each open component receives the same spin. Therefore, under the
Ising model on graph G, it holds that
pscb(€) = 1-n,
where £ is the event that all vertices in each block C; are assigned the same spin.
Store for each v € V the index of the block C; containing it. This is an implicit representation
of the lifting map: for o’ € {0,1}"", set Lift(c"), := o¢, whenever v € C.

)

K
= < 2nt(1 —2)E <

313
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Let my, := m — |E'|. For every o’ € {0,1}"", mono(Lift(c")) = mi, + monog (c’). The first

term is independent of ¢’, and hence Lift(y') = uglgg( | £). Consequently,

drv (Lift(u'), g ) = 1 — g e (€) <.

The components of (V, E> ), the graph G’, and the block-index representation of Lift require
only O(m+n) additional time after the edge strength estimation. This proves the theorem. [

3. PRELIMINARIES FOR MARKOV CHAIN ANALYSIS

We begin with the basic notions of finite Markov chains. Let 2 be a finite state space. A
Markov chain (X;);>0 on € is specified by a transition matrix P, where P(z,y) is the probability
of moving from x to y in one step. Let P!(z,y) denote the probability of moving from z to y
in ¢ steps and write P!(z,-) for the distribution of X; conditional on Xy = x. A probability
distribution 7 on €2 is stationary if 7P = w. The chain is irreducible if, for every z,y € €2, there
exists ¢t > 0 such that P!(x,y) > 0. The period of z is the greatest common divisor of the set
{t > 1: P!(z,z) > 0}, and the chain is aperiodic if every state has period one. Every finite
irreducible and aperiodic Markov chain has a unique stationary distribution 7, and P!(z,-)
converges to 7w from every initial state x € €). The chain is reversible with respect to = if, for
every pair z,y € €, the detailed balance condition 7 (x)P(z,y) = 7(y)P(y, z) holds. Moreover,
reversibility implies that 7 is stationary.

3.1. Covariance and the Dirichlet Form. For functions f,g : Q — R, let X ~ 7, write
F := f(X) and G := g(X), and define (f,¢)r := E[FG|. Throughout, Cov(U,V) := E[UV] —

E[U]E[V] is taken under the probability law specified by the surrounding context, and Cov (U, V' |
Z) denotes conditional covariance given Z. We recall the law of total covariance:
(4) Cov(U,V) =E[Cov(U,V | Z)] + Cov(E[U | Z],E[V | Z]).

Let (U', V') have the same joint distribution as (U, V) and be independent of (U,V); we call
(U', V') an independent copy of (U, V). The two-replica identity is
(5) Cov(U,V) =E[(U - U")(V —V")]/2.
Indeed, by independence, E[UV’] = E[U'V] = E[U]E[V], while E[U'V’] = E[UV].

Suppose that P is reversible with respect to m, and regard P as the operator (Pg)(x) :=
ZyEQ P(x,y)g(y). Detailed balance implies that P is self-adjoint with respect to (-, -)r, namely
(Pf,9)x = (f, Pg)r. The Dirichlet form associated with P is defined by

(6) Ep(f,9) = % > w(@)P(z,y)(f@) = f) (9(x) — 9(v)) = {f, (I = P)g)x.
z,y€e)

We record the following standard identity for random-scan heat-bath dynamics. Suppose
that 7 is a probability distribution on 2%, let m := |E|, and let P be its random-scan single-
edge heat-bath dynamics. The next lemma states that the Dirichlet form is the average of local
changes caused by updating a single edge. Let X ~ 7. For each e € F, write X_. := X \ {e} for
the configuration on the remaining edges. For any functions f, ¢ : 2 — R, define two random

variables F' := f(X) and G := g(X).

Lemma 9. For all functions f,q: 2F — ]R

(7) ep(f.9) ZE [Cov(F,G | X_)].

eEE
Proof. For each e € E, let P, be the heat-bath kernel that resamples only e. Then P =
% > eci Pe. View any set A C E as a vector in {0, 1}¥ by setting A, = 1 ife € A and A, =0
otherwise. Then 7 is a distribution over {0,1}¥. View f, g as functions from {0,1}¥ to R.
Write E — e := E \ {e}. For z € {0,1}¥7¢ and ¢ € {0, 1}, let

Tp—e(z) = Pr(X_. = 2), mo(c) :=Pr(Xe=c| X_e =1)

e
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denote the marginal and conditional probabilities, respectively. When 7g_.(z) = 0, the condi-
tional law 7¥ may be chosen arbitrarily. By the definition of the Dirichlet form, we have

lfg) =3 Y mmln) g X mleo)mie)(fwo) ~ f)glro) - o))

e€l ze{0,1}E~¢ co,c1€{0,1}

where z; is the vector in {0, 1}¥ that is equal to x on F — e and takes the value ¢; on e. By (5),
the above equals L 3~ . > zefo1yp—e TE—e(2)[Cov(F,G | X_c = z)], as desired. O

If a distribution v is absolutely continuous with respect to 7, write h,(z) := v(x)/m(z) for
its density. Then E,[f] = (hy, f)x, Ex[h,] = 1, and Cov(h,(X), f(X)) = E,[f] — Ex[f]. If
we := pPtand hy = hy,, reversibility implies hs11 = Ph;. When p is the point mass at z € (2,
detailed balance of P further shows that hi(z) = P'(z,z)/n(x) = P'(z, 2) /7 ().

3.2. Monotone Coupling. Let (€2, <) be a finite partially ordered state space. A function
f:Q — R is increasing if x < y implies f(z) < f(y), and it is decreasing if —f is increasing.

Definition 10. A grand coupling of a Markov kernel P is a collection (X[)zecq of chains defined
on a common probability space such that, for every x € Q, (X7 )i>0 has transition kernel P and
starts from X¥ = x. The grand coupling is monotone if x <y implies X} < X/ for everyt > 0.

For any x € Q and a test function f : Q@ — R, (P'f)(z) = E[f(X¥)]. Thus, a monotone
grand coupling implies that P!f is increasing whenever f is increasing. For the random-cluster
model, Q = 2F the same coupling also bounds the distance to stationarity by the gap between
the all-closed and all-open chains, as stated next.

Lemma 11. Let Q = 2 be ordered by set inclusion, with 0 :== () and 1 := E. Let P be a Markov
kernel with stationary distribution m, and fix a monotone grand coupling (X[)rcq of P. For

Yy ~ 7 independent of the randomness used in the grand coupling, set Y; := XtYO, X, = X?,
and X; := X}. Then, for every AC E and t > 0,
(8) drv(P'(4,-),m) < Pr(X{' #Y;) < Pr(X; # X,") <E[|X\ X/ [].

Proof. Since Y; ~ m, the first inequality is the coupling inequality. The inclusions X, C
XtA - Xt+ and X, CY; C Xt+ prove the second inequality. Finally, taking expectations in
1{X, # X,"} <|X;"\ X, | proves the last inequality. O

4. MIXING TIME OF RANDOM-CLUSTER GLAUBER DYNAMICS

After using the sparsification in Theorem 2, we get a multigraph G. Any loop corresponds
to an independent random variable in the Gibbs distribution, and we can sample it separately.
Thus, throughout this section, we assume that G = (V, E) is connected and loopless. Let
n:= V|, m:=|E|, 7 := p3G, and p :=p/(2 - p).

We first use a monotone grand coupling to reduce the mixing-time bound to exponential
decay of the two extremal open-edge biases. We then state a monotone edge-count Poincaré
inequality, use it to prove this decay, and finally prove the inequality.

4.1. Mixing from the Extremal Coupling. We begin by placing the chains from all initial
configurations on the same probability space. The order-preserving update then allows every
chain to be compared with the two extremal chains.

Lemma 12. The random-cluster Glauber dynamics admits a monotone grand coupling { X{'},
indexed by A C E and t > 0, with X64 = A.

Proof. Consider the following implementation of the transition of Glauber dynamics. Given
the current set S of open edges, sample e € E uniformly at random. Calculate the conditional
probability of opening e given S\ {e}. This would be either p or p, depending on whether the
endpoints of e are connected in S\ {e}. Call the threshold py. Then, sample a random number
r € [0,1] uniformly at random. If r < pg, then set e to open. Otherwise, close e. Couple all
chains by using the same uniformly chosen edge and the same independent uniform random
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number at every step. If A C B and the chosen edge is e = uv, then A\ {e} C B\ {e},
so connectivity of u and v in the first configuration implies connectivity in the second. The
conditional probability of opening e is therefore no larger for A than for B, because it is p when
the endpoints are disconnected and p when they are connected, with p < p. Thus, the common
update preserves inclusion, and induction shows that X{‘ - XtB whenever A C B. O

Let 0 := () and 1 := E, and write X; := X? and X, := X} for the all-closed and all-open
chains in this coupling. Define their lower and upper open-edge biases by

(9) Ap =Ex [ X -E[IX/ (], A =E[X || - Exr[|X]).

Under a coupling of two extremal chains (X, );>0, (X, )i>0 with a stationary chain (Y;);>o with
Yo~ 7, X; CY; C X, and hence A; , A > 0. The main ingredient in the proof of Theorem 4
is to show that these biases decay exponentially in ¢ with a rate of 1/(2nm), as stated in the
following lemma.

Lemma 13. For every integert > 0,

(10) A; <mexp (—t) and Af < mexp <—t> .

2nm 2nm

We first prove Theorem 4 assuming Lemma 13 and then prove the lemma.

Proof of Theorem /. Let A C E be arbitrary. By Lemma 11, (9), and Lemma 13,

t
drv(P'(4,-),m) <E[IX\ X/ [] = Af + A7 < 2mexp <_2nm> '
Choosing t = [2nmlog(2m/e)] makes this bound at most ¢ uniformly over all A C FE, which

proves the claimed mixing-time bound by the definition of Tiyix (P, €). O

It remains to prove Lemma 13. The central ingredient is a bilinear Poincaré inequality be-
tween monotone functions and the edge-count observable, or a monotone edge-count Poincaré
inequality for short. It controls a global covariance with | X| by single-edge conditional covari-
ances. The left-hand side measures the correlation between a monotone function f(X) and the
total number of open edges, whereas each term on the right isolates the correlation contributed
by one edge after all other edges are fixed.

Lemma 14 (Monotone edge-count Poincaré inequality). Let X ~ w. For every increasing
function f:2F = R, let F := f(X). Then,

(11) Cov(F,|X]) < 2n Y Er[Cov(F,|X|| X_.)].
ecE

By Lemma 9, we can rewrite the right-hand side of (11) as 2nm - Ep(f,]|-|), where Ep is the
Dirichlet form of the Glauber dynamics. This makes it similar to a standard Poincaré inequality,
except that instead of a single function f on both coordinates, we have a monotone function
f and the edge-count observable | - |. We note that one may also hope for a bilinear Poincaré
inequality with both f and g monotone, but this is false in general. It is important that one of
the two functions is the edge-count observable.

Next we prove Lemma 13 assuming the monotone edge-count Poincaré inequality.

Proof of Lemma 13. Let X ~ 7. For A C E, define h; (A) := P!(1,A)/n(A) and h; (A) :=
P%(0, A)/m(A), namely, the densities of X, and X; with respect to m. For the all-open chain,
the detailed balance condition implies A, (A) = P!(A,1)/m(1). From this, we can see that h; is
increasing in A under set inclusion. If A C B, then by the monotone grand coupling, when the
chain from A reaches the all-open configuration, the chain from B must also be at the all-open
configuration. Thus, P'(A4,1) < P!(B,1) and monotonicity follows.

Since E;[h/] = 1, we have A;” = Cov(h; (X),|X|). Therefore, combining Lemma 14 with
Lemma 9 implies that

Af <20 E[Cov(hf (X),|X]| X_)] = 2nm - Ep(h,|- ).
eclE
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By self-adjointness of P and the identity hf 1= Phf,

gP(h;_7 D:<(I_P)h2_a |>W:<hj_h2:|—17|‘>7T:Aj_A;—1

Consequently, A} ; < (1 —1/(2nm))A/. Since A = m — E[|X|] < m, iteration shows that

1\’ t
At < 1-—) < - .
t = < 2nm> = P < 2nm>

For the all-closed chain, detailed balance similarly shows that h; is decreasing, so —h; is
increasing. Moreover, A; = Cov(—h; (X),|X]) and Ep(—h;,|-|) = A;f — A;,. Applying
Lemma 14 to —h; and using this Dirichlet identity shows that A, ; < (1 —1/(2nm))A;; since
Ay = Ex[|X]|] < m, iteration proves the lower-bias bound. O

4.2. Even-Subgraph Model. To prove the monotone edge-count Poincaré inequality, we
first introduce the even-subgraph model (also known as the subgraph world [JS93] or high-
temperature expansion). Recall that 7 := uf,f% and p :=p/(2 —p). For S C E, let 95 be the
set of vertices of odd degree in (V,.S), where parallel edges are counted with multiplicity. For
B CV, define
Qp:={SCFE:08=B)}, Zp = Z ol
SeQp
and abbreviate Zj := Zj. The even-subgraph distribution is supported on €y and defined by

B plsl

=7

The even-subgraph model and the random-cluster model are related via the following coupling
by Grimmett and Janson [GJ09].

VS € Q@, VO(S)

Proposition 15. Sample S ~ vg. Form R C E by including every edge of S and including
each edge of E'\ S independently with probability p. Then R ~ .

For S, R C E, the lifting kernel in Proposition 15 is
(12) K(S,R) :=1{S C R} - pl®\3l(1 — pym~IEl,
The following identity extends this coupling to the families 5 defined above.
Lemma 16. For every BCV and R C E,

1 every component of (V, R)
1 — ISl =1
(13) Z sgs; P (5, F) {contains an even number of vertices of B
B

Proof. Only sets S C R contribute to the left-hand side of (13), and for every such S,
pSIK (S, R) = plfl(1 — p) I,

which is independent of S. Fix a component C of (V, R). Since S C R, every edge of S incident
to a vertex of V(C) lies in E(C), so each v € V(C) has the same degree in (V,S) as in the
subgraph (V(C),S N E(C)). Hence, V(C) N 08 is exactly the set of odd-degree vertices in
(V(C),SNE(C)), and the handshaking lemma shows that |V (C)Na9S| is even. If S = B, then
V(C)nosS =V(C)n B, so |V(C)N B| must also be even. Consequently, if some component
of (V, R) contains an odd number of vertices of B, no set S C R can satisfy 05 = B, and the
left-hand side is zero.

Therefore the lemma follows when R does not satisfy the parity condition. Now fix R C F
such that every component of (V, R) contains an even number of vertices of B. We first show
that the number of sets S C R satisfying 85 = B is 2El-7+5(H)  where k(R) is the number
of components of (V, R); in particular, this number does not depend on B. This follows easily
by considering the linear system over Fy given by the incidence matrix of (V, R), where each
edge variable is 1 if the corresponding edge is in .S and 0 otherwise. The right-hand side of the
system is the indicator vector of B. The rank of this system is n—x(R). The parity requirement

b,
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guarantees that a solution exists, and the number of solutions is olRl=n+r(R)  Qee also [GJ18,
Lemma 12].

Since the same count holds for B = () and every contributing summand is the same (recall
that pl°|K (S, R) is independent of S),

1 9|R|—n+k(R) \Rl(l — )m*IR\ 1
— 1] — P p _ = B
7 2 PUK(S.R) 7 7 2 PIK(S,R)
SeQp SeQy
= > w(S)K(S,R) =n(R). 0
SEQ@

The following is a direct corollary of Lemma 16.

Corollary 17. For every B CV,

" 7 7 p every component of (V, R) contains an even
(14) B = 20 P Rm number of vertices of B 0

Proof. Summing the left-hand side of (13) over R C E gives

1 1 Z
— 151 E - S| _ 2B
70 p K(S,R) 7 E p 7%

SeQp  RCE SeQp
Here we used rce K (S,R) = 1. Summing the right-hand side of (13) gives the probability
n (14). Multiplying by Zy proves the identity. O

The partition-function bound above will control the sums over Qg that arise when an even
subgraph is changed one edge at a time. Define
Oy = {SQE ’85’:2}, QSQ = Q@UQQ.

Configurations in ()9 are called near-even subgraphs, and §2< is the state space of the so-called
worm process [PS01]. For edge sets S, T C E, let S @& T be their symmetric difference.

Since G is loopless, if S € )y and e = wv, then flipping e changes the parity of the degrees of
u and v, so O(S @ {e}) = {u,v} and S @ {e} € Q. In [GJ18], the worm state space is used to
construct canonical paths, but here we only use it to express the covariance as a sum of local
differences.

Lemma 18. Let I ~ vy. For every function f : Q<o — R,
1
(15) |Cov(f(1) NI < = > AT RS ULel) - £(9)].

0 seqc,,cer\S
SU{e}eQ<a

The proof routes the symmetric difference of two independent even subgraphs along edge-
disjoint cycles, keeping every intermediate configuration in <. An injective encoding and
Corollary 17 then control the total weight assigned to each routed edge flip.

Proof. Let J ~ 1y be an independent copy of I. Then, by (5),
1
Cov(f(1), [1]) = 5 - E[(f(1) = F(INL] = [J])].

Since vo(I) = pl!/Zy, we have

(16) T =275 - |Cov(f(I), [ID| = | Y A" = (1) (111 =171)|-

(I,J)eqs
For an ordered pair (I,J), let D := 1@ J. For e € D, set a signing o so that o, :=1if e €
and o, := —1if e € J. Note that o is fixed by I and J. Thus, |I| —|J| = > .cp0e. Since
I and J are even subgraphs, every vertex has even degree in D. Thus, D can be decomposed
into edge-disjoint simple cycles. Fix one such decomposition as a function of D and orient each
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cycle. Here we allow two parallel edges to form a cycle of length two. For e € D, let @, be the
oriented cycle containing e.

Fix D and an edge e € D. Throughout the following calculation, all sums are over ordered
pairs (I,J) € Q% satisfying I @ J = D. We claim that

(17) Z Pl g, . f(J) =— Z pIII+IJ\Ue (D) = Z Pl g, . fI®Qe.).
(I,0)eQg (I1,7)e9g (1,0)eQ}
I®J=D I1®&J=D I®J=D
The first equality follows from swapping I and J, which preserves the summation range and
the weight pH!*1/l but reverses the sign of .. The second equality is obtained via the bijective
map (I,J) — (I & Q.,J ® Q.), which preserves the summation range because flipping a cycle
keeps both configurations even and (I ® Q.) @ (J @ Q.) = D. Moreover, it merely moves the
edges of Q. from one configuration to the other, so |I| + |J| and the weight are unchanged.
Since e € ., it also reverses the sign of oe.
By (17), the sum containing f(.J) can be replaced by the sum containing f(I @ Q). Conse-
quently, we have

(18) > Mo (p( = f()) = D P o (£(I) - F(T @ Q0)).
(I,0)eQs (I1,0)eQ}
I1®J=D IoJ=D

Consider the following process. From I, flip only the edges of Q. one at a time in its
orientation, starting from e, until reaching I & Q.. Before any edge is flipped and after the
entire cycle is flipped, the current configuration is even. At every intermediate step, the flipped
edges form a path, so the current configuration has exactly two odd-degree vertices. Thus, every
configuration encountered belongs to Q<g, and f(I) — f(I & Q) can be written as a telescoping
sum of single-edge differences.

Consider one such single-edge flip. Let S be the current configuration. Let U be obtained
from J by flipping exactly the edges in I & S. In other words, U =J ® (I & S) =S @ D. Let a
be the next edge to be flipped. The triple (S, U, a) uniquely determines the original pair (I, .J)
and the starting edge e. Indeed, given such a triple, we first recover D = S @ U. Then, the
fixed oriented cycle @, is identified, which contains the starting edge e. If S = ), no edge of
Q. has yet been flipped and the initial edge is ¢ = a. Otherwise, the tail of a is one vertex of
0S5, while the other vertex in 95 is the tail of e. Hence e is the unique edge of @), directed out
of the other vertex. The edges encountered from e up to, but not including, a are exactly those
already flipped on @,. Reversing these flips in .S and U recovers I and J. Note that this step
is very similar to the canonical path construction (and encoding) of Jerrum and Sinclair [JS93],
except that we route the cycle difference along a fixed orientation rather than an arbitrary one.

Since I and J are even subgraphs and the same edges are flipped in both to obtain S and U,
S and U have the same odd-degree vertices. Namely, 95 = OU. Moreover, the edge a belongs
to exactly one of S and U, and pl/IH1/I = plSIHIUI Let R be the set of all triples (S,U, a) arising
from the routed cycle differences above. Using (16), we bound T' = 2Z2 - | Cov(f(I),|I|)| by

T=| > p"HE@ =) =100 =D > Y pTHee - (£(1) - £()))

(I,0)e? D&y e€D (1,J)e02
I®J=D

=YY Y e () - fTeQa)| < Y A (S @ {a)) - £(5)]
DeQgeeD (1,J) g (S,U,a)eR

[6J=D
where the second equality uses |I| —|J| = > . e, while the third follows from (18). The final
inequality is obtained by routing each cycle difference into single-edge flips and applying the
triangle inequality.
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Grouping the triples in R by the pair (S, a), we obtain

Yo s elay) - )= > AfSed{a) - fS) Y oY
(S,U,a)eR S€Q<y,a€E UCE
S@{a}eQ<s (S,U,a)eR
To bound the last sum, let a = uv, B = 95, and B’ := 9(S®{a}) = B® {u,v}. Every possible
U satisfies OU = B, and a belongs to exactly one of S and U. Since all weights are nonnegative,
we may enlarge the sum to all U € Qg satisfying this condition on a. We bound the U-sum in
the two cases below using (14) in Corollary 17.

e Ifa ¢ S, then a € U. Deleting a = uv from U decreases the degrees of u and v by one
and leaves all other degrees unchanged. Hence O(U \ {a}) = B’. Thus U' = U \ {a} is
a bijection from {U € Qp :a € U} to {U’' € Qp : a ¢ U'}, with inverse U = U’" U {a}.
Since |U| = |U’| + 1, we obtain

(19) Yo AU =p > )V < pzp < pz.
UeQp U’EQB/
aclU agU’

e If a € S, then a ¢ U. Dropping the restriction a ¢ U enlarges the sum to all of Qp,
whose total weight is Zg. Hence

0 S < zp <
UeQp
ag¢U

Thus, we have

T<Zy Y, PPFHASU{a) - fS)+ 20 Y AP - F(S\ {a})]
S€N<2,a€E\S S€Qcy,aes
SU{G}EQSQ S\{a}EQSQ

=27y Y PSS U{a}) = £(9)],
S€Q<o,a€E\S
Su{a}eQ<,
where the inequality uses (19) and (20), and the last equality reindexes the second sum by
S+ S\ {a}. This proves (15). O

4.3. Proof of the monotone edge-count Poincaré inequality. Now we are ready to prove
Lemma 14.

Sample S ~ vy and then lift it through K (S, -) to obtain X ~ 7. The law of total covariance
(4) splits Cov(F,|X]|) into the lift term E[Cov(F, |X| | §)] and the even-subgraph term Cov(E[F |
S],E[|X] | S]). The first term measures the randomness added when a fixed S is lifted, while
the second captures the variation of the even-subgraph sample S. The independent lift decisions
control the first term, while Lemma 18 bounds the second.

Proof of Lemma 14. For e € F and A C E, define

Vef(A) = f(AU{e}) — f(A\{e}).
Since f is increasing, V.f > 0. Moreover, V.f(A4) = (Vf)(A\ {e}), so V.f(A) depends only
on A\ {e}. For every S C E, also define the expected value of f after lifting S by

Dp(S) = K(S,A)f(A).
ACE

The function ®; is increasing: if S C T', couple the two lifts by using the same uniform random
number for each edge. The set lifted from .S is then a subset of the set lifted from 7', and since
f is increasing, ®7(S) < ©¢(T).
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Sample S ~ vy and then X ~ K(S,-). By Proposition 15, X ~ m. Moreover, E[F | S] =
®r(S) and E[| X| | S] = |S] + p(m — |S]) = pm + (1 — p)|S|. By the law of total covariance (4),
Cov(F,|X|) = E[Cov(F,|X]| | S)] + Cov(E[F | S],E[|X] | 9])
=E|[Cov(F,|X]| | S)] + Cov(®s(S), pm + (1 — p)|S|)

(21) =E[Cov(F,|X[[ 8)] + (1 - p) Cov(®y(S).15]),
where the constant term pm has zero covariance with ®(S). Define
(22) Cﬁft = E[COV(F,|X| | S)], CES = (1—[)) COV((I)f(S),|S|).

Thus, (21) gives Cov(F,|X|) = Cyg + Crs. The two terms are the lift and even-subgraph (or
subgraph world) contributions, respectively. We bound each term separately.

First, we rewrite the term on the right-hand side of (11). Fix e € E and condition on
X_e = X \ {e}, the configuration on the remaining edges. Let 6. := Pr (e € X | X_.). This
is the update probability of the Glauber dynamics and, as we discussed before, 6. € {p,p}.
Conditioned on X _., the only randomness comes from the state of e. Notice that

F=f(X)=f(X_e)+1l{ec X}V f(X), and |X|=|X_|+1{ec X}.
Then,
Cov(F,|X]| | X_e) = Cov(f(X_c) + 1{e € X}V f(X),|X_c| +1{e € X} | X_.)
= Cov(1l{e € X}V.f(X),1{ec X} | X_.)
(23> = 96(1 - He)vef(X)a
where the last equality holds because 1{e € X'} has conditional variance 6.(1 — 6.).

Now we bound the lift term. Conditional on S, write |X| = |S| + Ze¢5 1{e € X} and
expand the covariance by linearity. For each e ¢ S, the indicator 1{e € X} is Bernoulli-p and
independent of X_, under the lift. Since F' = f(X_.)+1{e € X}V f(X) and V. f(X) depends
only on X_., this gives
(24) Cov(F,1{e € X} | §) = p(1 — pE[V.£(X) | .

Summing (24) over e ¢ S and taking expectation over S, we obtain
Ciigs = p(1— p) Y _E[1{e ¢ S}V F(X)] < p(1—p) > B[V
eck eck

where the inequality follows from V.f > 0.

To express this bound in terms of single-edge conditional covariances, we compare p(1 — p)
with 0.(1 —6.). The heat-bath rule gives 6, € {p, p} for every X_.. If 6. = p, the two variances
are equal. If 6, = p, then p = p/(2 — p) implies

pA=p) _pd=p _ 2 _,

Oc(1—0) p(l—p) (2-p)?2 "
Thus p(1 — p) < 20.(1 — 6,) in both cases. Applying this comparison inside each expectation,
using V. f > 0, and then substituting (23) gives

(25) Ciity <2 Er[0e(1—0)Vef(X)] =2 Ex[Cov(F,[X|]| X_.)].
eck ecE

This matches the right-hand side of (11) with a coefficient of 2 instead of 2n.

We next bound the even-subgraph term. Our main tool will be (15). For e ¢ S, let R ~
K(S,-). Then RU{e} ~ K(SU{e}, ). Under K(S,-), the edge e is added independently with
probability p. Hence,

®s(SU{e}) — (S) =E[f(RU{e}) — f(R)] =E[1{e ¢ R}V.f(R)]
(26) = Y K(S,R)V.f(R)=(1—-p) > K(S,A)V.f(A),

RCE: e¢R ACE
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where we used the fact that V. f(R) depends only on R\{e}. Since @ is increasing, substituting
(26) into (15) and using (22), we obtain

(1-p)? 15|41
CES < Z P Z K(Sv A)vef(A)

Z
0 Seqc, cer\S ACE
SU{e}€Q<a

S0 S SIS K5, AV (A)

Zo
SGQ<2,€€E\S ACE
SU(@}EQSQ eEA
92 — M A ISIK(S. A
(27) S ENSS v Y IR s, A)
0 cerACE S€Qs, edS
CEA SU{(;}EQSQ

For fixed e = uv and A C F with e € A, every S in the inner sum of (27) must have B := 0S5
satisfying |B|, |B & {u,v}| € {0,2}. A two-element B disjoint from {u,v} is excluded because
|0(S U {e})| = 4 and hence S U {e} ¢ Q<a. Thus, B is 0, {u,v}, {u,w}, or {v,w} for some
w € V \ {u,v}. There are therefore at most 2 + 2(n — 2) = 2n — 2 possible sets B. Grouping
the summands by B = 05 and enlarging each group to all of Qp yields
1

1
il 5] < _ S|
Z Yo pPIK(SA) < > Z > pPlK (S, A)
SEN<y, edtS BCV 5eQp
(28) SU{E@EQSQ |B|7 ‘BEB{U’U}'E{OQ}
< Y aA)<@n-2)m(A).
BCV

|BI, | B&{u,v}|€{0,2}

The second inequality follows from (13), and the last from the count above. Substituting (28)
into (27), we have

Ces < (2n—2)(1—p)* > Ex[1{e € X}V f(X)].

eeE
Recall that V.f(X) depends only on X_.. Thus,
E.[1{e € X}Vef(X)] Er[Vef(X)Er[1{e € X} | X_.]]

E [0V f(X)].

For 0. € {p, p}, notice that (1 — p)20. < (1 — 0.).
Then, by (23), we obtain

Ces < (2n—2)(1—p)* Y Er[l{e € X}V f(X)] = (2n—2)(1 = p)* > Er[0Vcf(X)]
(29) eck eck
(2n—2)) Ex Vef(X)] = (2n—2) ) Er[Cov(F,|X| | X_.)].
ecll ecl
Adding (25) and (29) and using (21) proves (11). O

5. PROOF OF THE MAIN THEOREM
Finally, for completeness, we give the full algorithm and prove the main theorem.

Proof of Theorem 1. We first apply Theorem 2 with error /2. This takes O(mlog?n+n) time
and gives [V'| < n and |E'| = Og(nlog(2n/¢c)). If E' = (), since G is connected, G’ consists of
one vertex; assigning a uniformly random spin to it and applying the function Lift takes O(n)
time. Hence, we may assume that E' # () and |V'| > 2.

We next sample from the random-cluster model on G’ with p := 1 — 1/ using the Glauber
dynamics. We start from the empty configuration and initialize the fully dynamic connectivity
data structure with vertex set ¥V’ and no open edge. Suppose that the current configuration is X.
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The Glauber dynamics draws a uniformly random edge e = (u,v) € E’, updates X + X \ {e}
if e € X, and queries whether u and v are connected in (V', X). It then updates X <+ X U {e}
with probability p if they are connected and with probability p/(2— p) otherwise. Consequently,
it suffices to support the following operations:

e update X < X U {e} for any given e € E’;
e update X < X \ {e} for any given e € F';
e query whether u and v are connected in (V’, X) for any given u,v € V'.

Using the dynamic connectivity data structure in [WN13, CZ23], each transition takes O(log? n)
amortized time, with initialization taking at most O((n + |E’|) log? n) time. To handle parallel
edges, we maintain the number of open edges between each pair of adjacent vertices and apply
the data structure to the underlying simple graph, updating it only when this number changes
between zero and positive. Grouping the edges by their endpoint pairs using a balanced search
tree takes O(|E’|logn) time, and storing a pointer from each edge to its counter makes each
subsequent counter update take O(1) time.
By Theorem 4, an €/2-approximate random-cluster sample is obtained after

_ / / 4‘El| _ 2 2
t = |2|V'||E’| log — | = Os(n*log®(n/e))

transitions, since |E’'| = Og(nlog(n/e)) and log(4|E’'|/e) = Og(log(n/e)). Thus the sampling
time, including initialization, is Og(n? log? n log?(n/e)). Applying the Edwards-Sokal coupling
as in Proposition 3, followed by the function Lift, takes O(n + |E’|) time and does not increase
the /2 sampling error. Together with the /2 sparsification error, this gives the required error
bound. The total running time is therefore O(mlog?n + n) + Og(n?log? n log?(n/e)). If G is
simple, then m = O(n?), so the total running time is Og(n?log®n log®(n/e)). O

6. CONCLUDING REMARKS

It is natural to wonder what the true mixing time is for the random-cluster dynamics. Al-
though we believe the upper bound in Theorem 4 can be improved, we conjecture that it
cannot be improved to near-linear time. The reason is as follows. First, the closely related
Swendsen—Wang dynamics mixes in time © (nl/ 4) at the critical temperature for the mean-field
case [LNNP14]. While this does not directly translate into a lower bound for the random-cluster
dynamics, it is a strong sign that the RC dynamics does not mix in near-linear time.

Another piece of evidence is the conjectured or predicted behaviour of the Ising model on the
3D torus at the critical temperature. Basically, the mixing time can be lower bounded by the
inverse of the spectral gap, which, in turn, can be bounded using a variational characterisation
analogous to that for the log-Sobolev constant. Taking the size of the open edge set as the
test function, the mixing time is lower bounded by the variance of the size of this set. Using
predictions of the critical Ising model on the 3D torus, this variance is super-linear. See [Dum?22,
Section 4.2.1] for some rigorous background and [HP98, KPSDV16] for some numerical results.
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APPENDIX A. SPARSIFICATION FOR ALL-TERMINAL NETWORK RELIABILITY

In this section we show that the same contraction sparsification in Section 2 also works

for all-terminal network reliability. This improves the previous running time from 5(mn/52)

[CGZZ24]

to O(m + n?/e?).

Let G be a multigraph. We may assume that G is connected and loopless. For p € (0,1),
let Rel,(G) denote the probability that Gy, is connected, where G, is the spanning subgraph
obtained by deleting every edge independently with probability p.

Theorem 19 (All-terminal reliability sparsification). For every constant p € (0, 1), there is an
algorithm that, given a connected loopless multigraph G = (V, E) and an error bound n € (0, 1),
constructs a multigraph H via contraction in time O(m log® n + n) such that

[V(H)| <n, and |E(H)| = Op(nlog(n/n)),

where n = |V| and m = |E|, and

(I —n)Rel,(H) < Relp(G) < Rel,(H).
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Consequently, for every e € (0,1), there is an FPRAS for Rel,(G) with running time 5p(m +
n?/e?), where O, hides factors that are polylogarithmic in n/e and constants that depend on p.

Proof. Apply Proposition 7 to G to obtain tight strengths (S¢)ecp satisfying (1), and let

[ Fog(%"’/nw '
log(1/p)
Let E>g :=={e€ E:35. > K}, and let Cy,...,Cx be the connected components of (V, E>).
Construct H by contracting each C; to a single vertex, deleting the resulting self-loops, and
retaining every edge between distinct components with its multiplicity. Every retained edge e
satisfies s, < K, and hence

1
V(H)| =N <n, and [E(H)| <K Y = <K-con=0p(nlog(n/n)).
ecE(H) "¢
As in the proof of Theorem 2, let B1,..., By be the inclusion-maximal K-strong vertex sets
of GG. These sets partition V, and every C; is contained in a unique By. Let X C E be the
random set of retained edges, and Gy := (By, X N E(G[By])) be the retained subgraph of By.
Let A be the event that Gy is connected for every ¢ € [L]. For a fixed B, with at least two
vertices, the argument in Theorem 2, via Proposition 8, gives
PI‘(Gg is disconnected) < ;nQ(JH) K= T 2k

The choice of K implies p < 1/(2n°), so the last expression is at most 77/n. Since there are at
most n maximal K-strong components, a union bound yields Pr(A4) > 1 — .

Let C be the event that (V, X) is connected, and let D be the event that the retained subgraph
of H is connected. In other words, Rel,(G) = Pr(C) and Rel,,(H) = Pr(D). Contracting the sets
C; shows that C C D. Moreover, AND C C: identifying all vertices of H whose corresponding
blocks Cj lie in the same By gives a connected quotient, and given A every By is internally
connected in (V,X). Both A and D are increasing events under the product measure on X.
Therefore, Harris’s inequality [Har60] gives

Rel,(G) > Pr(AND) > Pr(A)Pr(D) > (1 —n) Rel,(H).

The inclusion C C D gives the reverse inequality Rel,(G) < Rel,(H).

The tight strengths can be computed in O(m log? n) time, and the components and contrac-
tion can be constructed in O(m + n) additional time. This proves the sparsification claim.

For the FPRAS, apply the sparsification with 7 := £/4 and run the reliability FPRAS ob-
tained from the near-linear sampler of Chen, Guo, Zhang, and Zou [CGZZ24] on H with relative
error /4. If its output is ﬁ, then, with its stated success probability,

(1—e/4)Rel,(H) < R < (14 ¢/4) Rel,(H).
Together with the reliability comparison above, this implies that R is a relative g-approximation

to Rel,(G). The FPRAS of [CGZZ24] runs in O,(|V (H)||E(H)|/¢?) time. Since |V (H)| < n and
|E(H)| = Op(nlog(n/e)), the total running time, including sparsification, is Op(m+n?/e?). O
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