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Abstract. We give an approximate sampler for ferromagnetic Ising models with no field on
arbitrary graphs that runs in time Õ(m+n)+ Õβ

(
n3 log3 1

ε

)
, where n and m are the numbers

of vertices and edges, respectively, and ε is the approximation error. Our algorithm utilises the
machinery behind the classic cut sparsifier by Benczúr and Karger (2015) and the transport
flow idea by Chen, Feng, Ju, Miao, Yin, and Zhang (2025). The main proofs were found using
GPT-5.6 Sol Pro.

1. Introduction

The Ising model is perhaps the most studied and most well-known statistical physics model. It
features both a simple description and a rich mathematical structure. The main computational
task for the Ising model is to sample from its Gibbs distribution, which we define next.

Let G := (V,E) be a connected undirected (multi)graph. Let β > 0 be a parameter de-
scribing the interaction strength. For any configuration σ ∈ {0, 1}V , define the number of
monochromatic edges as mono(σ) := |{uv ∈ E : σu = σv}|, where parallel edges are counted
with multiplicities. Let ZIsing

β :=
∑

τ∈{0,1}V βmono(τ) be the so-called partition function. The
Gibbs distribution of the zero-field Ising model on G with interaction parameter β is defined by

∀σ ∈ {0, 1}V , µIsing
β,G (σ) :=

βmono(σ)

ZIsing
β

.

When β > 1, the system is called ferromagnetic, and anti-ferromagnetic otherwise.
The computational complexity of sampling from µIsing

β,G has been a classic topic in theoretical
computer science. The pioneering work of Jerrum and Sinclair [JS93] showed that a polynomial-
time approximate sampler1 exists for ferromagnetic Ising models, even with consistent external
fields,2 whereas the problem becomes NP-hard for anti-ferromagnetic Ising models.

For anti-ferromagnetic Ising models, we have by now fully understood the computational
phase transition regarding the parameter β and the maximum degree [LLY13, SST14, SS14,
GŠV16, CJM+26]. Below the critical threshold, the running time of the sampler has been
improved to near-linear [CLV23, AJK+22, CFYZ22]. However, on the ferromagnetic side, al-
gorithmic progress is relatively sparse. The only running time improvement is obtained for
the non-zero field case, where Chen and Zhang [CZ23] introduced a near-linear time sampling
algorithm. For the zero-field case, prior to this work, the fastest sampler was still the Jerrum
and Sinclair algorithm [JS93], which runs in time O(m2n4(m + log ε−1)), where n denotes the
number of vertices, m the number of edges, and ε the error. This run-time can be as high as
O(n10) for dense graphs. In this paper, we bring it down to near-cubic. For two probability
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distributions µ and ν on the same finite state space Ω, define their total variation distance by
dTV(µ, ν) :=

1
2

∑
x∈Ω |µ(x)− ν(x)|.

Theorem 1. For any constant β > 1, there is an algorithm such that, given G = (V,E) and an
error bound ε ∈ (0, 1), it outputs a random configuration with law ν satisfying dTV(ν, µ

Ising
β,G ) ≤ ε

in time Õ(m+ n) + Õβ

(
n3 log3 1

ε

)
, where Õ hides a polylog(n) factor, n := |V |, and m := |E|.

In particular, if G is simple, the total running time of the algorithm is Õβ

(
n3 log3 1

ε

)
.

1.1. Algorithm overview. The two main ingredients in the algorithm of Theorem 1 are spar-
sification and an improved mixing time analysis for the random-cluster model. Although the
authors provided some high-level guidance, the detailed proofs of both ingredients were found
by GPT-5.6 Sol Pro. Subsequently, the authors simplified, streamlined, and wrote all of the
proofs. The authors also take full responsibility for the correctness of the paper. For consis-
tency with standard mathematical exposition, the words “we” and “our” are used throughout
the paper, including when presenting arguments originating from the model.

The first ingredient of the algorithm is a sparsification argument. It states that the Gibbs
distribution can be approximated in total variation distance by another Gibbs distribution on
a sparsified graph.

Theorem 2 (Ising sparsification). For every constant β > 1, there is an algorithm that, given
G := (V,E) and an error bound η ∈ (0, 1), explicitly constructs a sparsified multigraph G′ :=

(V ′, E′) and an implicit representation of a lifting map Lift : {0, 1}V ′ → {0, 1}V in time
O(m log2 n + n), such that |V ′| ≤ |V | = n and |E′| = Oβ(n log(n/η)), where edges are counted
with multiplicity. Moreover:

• If µ′ is the zero-field Ising Gibbs distribution on G′ with interaction parameter β, then
dTV(Lift(µ

′), µIsing
β,G ) ≤ η, where Lift(µ′) denotes the law of Lift(X) for X ∼ µ′.

• Given any σ ∈ {0, 1}V ′, the configuration Lift(σ) can be computed in O(n) time.

The main technique we use is the machinery behind the classic cut sparsifier by Benczúr and
Karger [BK15] and Karger’s cut counting bounds [Kar93, Kar99]. Indeed, the Ising partition
function can be viewed as a generating function for cuts, and it perhaps is not a surprise that
these tools are useful here. However, this argument appears to be new in the context of partition
function approximation, and is the first sparsification argument in this context as far as we are
aware. In fact, we notice that the same technique works for all-terminal reliability [GJ19] as
well, and this improves its FPRAS’s running time from Õ(mn/ε2) [CGZZ24] to Õ(m+ n2/ε2).
Details are given in Section A.

The intuition here is simple. For any subgraph with sufficiently high edge connectivity, with
high probability, all vertices have the same spin, and thus can be contracted while approximating
the original Gibbs distribution. This crucially relies on the fact that β is a constant. If β =
1 + o(1), such as β = 1 + c/n, then the argument is no longer valid. The machinery in [BK15]
allows us to correctly and efficiently identify what subgraphs need to be contracted. With the
sparsification in hand, we only need to consider Ising models on graphs with m = Oβ(n log(n/ε))
edges.

On the sparsified graph, we use Glauber dynamics for the random-cluster model, introduced
by Fortuin and Kasteleyn [FK72], which can be coupled with the ferromagnetic Ising model.
This model is defined as follows. Again, suppose the graph is G = (V,E). For S ⊆ E, let
κ(S) denote the number of connected components of (V, S), including isolated vertices. Given
p ∈ (0, 1), the random-cluster model on G defines the probability distribution

∀S ⊆ E, µRC
p,G(S) :=

p|S|(1− p)m−|S|2κ(S)

ZRC
,

where ZRC is the corresponding partition function. Edges in S are called open, and edges
in E \ S are called closed. Parallel edges are treated as distinct edges. Edwards and Sokal
[ES88] showed that the ferromagnetic Ising model and the random-cluster model can be tightly
coupled.



AN Õ
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Proposition 3 (Edwards–Sokal coupling [ES88]). Let p := 1 − 1/β. Sample S ∼ µRC
p,G and

assign an independent uniformly random spin in {0, 1} to each connected component of (V, S),
giving every vertex the spin of its component. The resulting configuration has distribution µIsing

β,G .
Conversely, sample σ ∼ µIsing

β,G and, conditional on σ, include each monochromatic edge in S

independently with probability p and close every bichromatic edge. Then S ∼ µRC
p,G.

Thus, it suffices to sample from µRC
p,G. For this, we use the single-edge heat-bath Glauber

dynamics. Start from an arbitrary subset X0 ⊆ E. At each step t ≥ 0, choose an edge
e ∈ E uniformly at random, let u and v be its endpoints, and set X−t := Xt \ {e}. The
Glauber dynamics resamples the membership of e conditional on X−t . Formally, the next state
is Xt+1 := X−t ∪ {e} with probability

p′ :=

p, if u and v lie in the same connected component of (V,X−t ),
p

p+ 2(1− p)
otherwise.

Otherwise, with probability 1−p′, set Xt+1 := X−t . Parallel edges are treated as distinct edges.
It is well known that the Glauber dynamics converges to the stationary distribution µRC

p,G.
Let P denote the transition kernel of the Glauber dynamics above. For ε ∈ (0, 1), define its

mixing time by

Tmix(P, ε) := min

{
t ≥ 0 : max

X0⊆E
dTV

(
P t(X0, ·), µRC

p,G

)
≤ ε

}
.

We prove the following mixing time bound for the Glauber dynamics.

Theorem 4 (Mixing time of the Glauber dynamics). Let p ∈ (0, 1) be a constant. For every
connected multigraph G := (V,E) with n := |V | and m := |E| > 0 and every ε ∈ (0, 1),

Tmix(P, ε) = Op

(
nm2

(
log(n+m) + log

1

ε

))
.

Previously, the best (and only) mixing-time upper bound for this dynamics was the result
of Guo and Jerrum [GJ18], which is an O(m2n4(m + log ε−1)) bound. The improvement of
Theorem 4 comes in two ways. The bound in [GJ18] is obtained via a lifting argument from
the canonical path argument for the so-called subgraph-world model [JS93], and the key is to
bound the congestion of the lifted multicommodity flow [Sin92]. There is in fact some slack in
the congestion analysis of [GJ18]. The flow going through a particular edge can be restricted
to flows from a much smaller subset of subgraph-world configurations, instead of all states.
This improves the bound by a factor of roughly O(n3). Then, to further sharpen the mixing
time, we use the transport flow framework of Chen, Feng, Ju, Miao, Yin, and Zhang [CFJ+25].
Roughly speaking, this argument “localises” the multicommodity-flow construction, allowing us
to bound the log-Sobolev constant of the Markov chain rather than only its spectral gap, as in
[GJ18]. This yields a further O(m)-factor improvement in the mixing time. The key step to
apply this argument is new local couplings for the random-cluster model.

We expect that the mixing time bound in Theorem 4 can be improved, but we also conjecture
that the truth is not near-linear. We discuss this further in Section 6.

Each transition of the Glauber dynamics on the random-cluster model can be implemented
in O(log2 n) amortized time using a fully dynamic connectivity data structure [WN13, CZ23].
Therefore, one can use Glauber dynamics to sample a random configuration from µRC

p,G in time
Õp

(
nm2 log 1

ε

)
. The algorithm in Theorem 1 is obtained by combining the Ising sparsification

theorem in Theorem 2, the Edwards–Sokal coupling in Proposition 3, and the mixing-time
bound for the Glauber dynamics in Theorem 4. The full algorithm is given in Section 5.
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2. A Near-Linear-Time Ising Sparsification

In this section, we prove Theorem 2. Self-loops contribute the same factor β to every spin
configuration and therefore do not affect the Ising Gibbs distribution. We may delete all self-
loops and assume throughout this section that G is loopless. Our main tools are the edge-
strength estimates underlying the Benczúr–Karger cut sparsifier [BK15] and Karger’s bounds
on the number of cuts [Kar93, Kar99]. We first recall the relevant definitions.
Definition 5 (k-edge-connected). Let G := (V,E) be a graph. For a subset S ⊆ V , let δG(S)
denote the multiset of edges with exactly one endpoint in S; this multiset is called a cut of G.
The cut is nontrivial if S is a nonempty proper subset of V .

We say that G is k-edge-connected if all nontrivial cuts of G have size at least k, i.e.,
|δG(S)| ≥ k for every nonempty proper subset S ⊂ V .

In particular, a singleton vertex is considered k-edge-connected for any k > 0.
Definition 6 (Edge strength). Fix a graph G := (V,E). For an edge e = uv ∈ E, its strength
se is the largest integer k for which u and v are contained in a common induced subgraph that
is k-edge-connected.

In [BK15], Benczúr and Karger introduced the notion of tight strength s̃e for every edge
e ∈ E, which is a computable lower bound on se. The following is the result for the unweighted
case, which is sufficient for our purpose.
Proposition 7 ([BK15, Theorem 6.5]). Given an unweighted multigraph G := (V,E) with
n := |V | and m := |E|, one can compute in O(m log2 n) time positive values (s̃e)e∈E such that
s̃e ≤ se for every e ∈ E and

∑
e∈E 1/s̃e ≤ c0n, where c0 > 0 is an absolute constant.

We also use the following cut-counting bound of Karger [Kar93, Kar99].
Proposition 8 ([Kar99, Corollary A.7]). Let G := (V,E) be a multigraph on n ≥ 2 vertices
such that every nontrivial cut of G has size at least K. For every real α ≥ 1, the number of
distinct cuts of G with size at most αK is at most n2α.

We are now ready to prove the Ising sparsification theorem.
Proof of Theorem 2. Apply Proposition 7 to G to obtain (s̃e)e∈E satisfying

s̃e ≤ se for every e ∈ E,
∑
e∈E

1

s̃e
≤ c0n,(1)

and set

K :=

⌈
log(2n5/η)

log((β + 1)/2)

⌉
(2)

and let E≥K := {e ∈ E : s̃e ≥ K}. Let C1, . . . , CN be the connected components of (V,E≥K).
Construct G′ by contracting each component Ci into a distinct single vertex, deleting all re-
sulting self-loops, and retaining every edge between distinct components with its multiplicity.
Formally, V ′ := {C1, . . . , CN}. For any two distinct Ci, Cj ∈ V ′, the number of parallel edges
between Ci and Cj equals the number of edges in E with endpoints in Ci and Cj .

Since all edges in E≥K are contracted, every edge e of G′ satisfies s̃e < K in G. Hence

|E′| =
∑
e∈E′

1 <
∑
e∈E′

K

s̃e
≤ K · c0n = Oβ

(
n log(n/η)

)
,

where the last inequality follows from (1), and |V ′| = N ≤ n.
We can lift an Ising configuration on G′ back to a configuration on G by giving each contracted

component the same spin as in the corresponding vertex in G′. We next bound the total variation
distance between the Ising distribution on G and the distribution lifted from G′. For U ⊆ V ,
let G[U ] denote the subgraph of G induced by U , and call U a K-strong vertex set if G[U ] is
K-edge-connected. Let B1, . . . , BL be the inclusion-maximal K-strong vertex sets, and call the
induced graphs G[B1], . . . , G[BL] the maximal K-strong components.
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If two K-strong vertex sets Bi and Bj intersect, then their union is again K-strong. To see
this, any nonempty proper subset S ⊂ Bi ∪ Bj restricts to a nonempty proper subset of at
least one of the two sets and hence the cut has size at least K. Consequently, the maximal sets
B1, . . . , BL are pairwise disjoint. Every vertex belongs to one of these maximal sets because a
singleton is K-strong. Now consider an edge e = uv ∈ E≥K . Since s̃e ≥ K and s̃e ≤ se, the
definition of se implies that u and v belong to a common K-strong vertex set, and hence to
the same maximal set Bℓ. Following an E≥K-path shows that every connected component Ci

of (V,E≥K) is contained in a unique Bℓ.
Consider the random-cluster model with parameter p := 1−1/β on G through the Edwards–

Sokal coupling, Proposition 3. For any edge e ∈ E, the conditional probability that e is open
given the states of all other edges is at least

x := min

{
p,

p

p+ 2(1− p)

}
=

p

p+ 2(1− p)
=

β − 1

β + 1
.

Thus the random-cluster configuration stochastically dominates independent Bernoulli-x bond
percolation, where every edge is open independently with probability x.

Fix a maximal K-strong component H = G[Bℓ] = (VH , EH) with at least two vertices, and
let nH := |VH | ≤ n. For j ≥ 1, let Cj be the collection of cuts of H whose sizes belong to the
interval [jK, (j + 1)K). By Proposition 8,

|Cj | ≤ n
2(j+1)
H ≤ n2(j+1).

The percolated subgraph of H can be disconnected only if all the edges of some nontrivial cut
of H are closed. For a fixed cut of H with size at least jK, under Bernoulli-x bond percolation,
the probability that all edges in the cut are closed is at most (1− x)jK . By a union bound,

Pr(H is disconnected) ≤
∑
j≥1
|Cj |(1− x)jK ≤

∑
j≥1

n2(j+1)(1− x)jK =
n4(1− x)K

1− n2(1− x)K
.(3)

Moreover, 1−x = 2/(β+1), and the choice of K in (2) implies (1−x)K = (2/(β+1))K ≤ η/(2n5).
In particular, n2(1− x)K ≤ η/(2n3) ≤ 1/2. Substituting this estimate into (3) yields

Pr(H is disconnected) ≤ n4(1− x)K

1− n2(1− x)K
≤ 2n4(1− x)K ≤ η

n
,

where singleton components are trivially connected. Since connectivity is an increasing event,
stochastic domination gives the same upper bound under the random-cluster measure. There
are at most n maximal K-strong components, so another union bound shows that all of them
are connected in the random-cluster configuration with probability at least 1 − η. Under the
Edwards–Sokal coupling, each open component receives the same spin. Therefore, for the Ising
model on graph G, it holds that

µIsing
β,G (E) ≥ 1− η,

where E is the event that all vertices in each block Ci are assigned the same spin.
Store for each v ∈ V the index of the block Ci containing it. This is an implicit representation

of the lifting map: for σ′ ∈ {0, 1}V ′ , set Lift(σ′)v := σ′Ci
whenever v ∈ Ci.

Let min := m − |E′|. For every σ′ ∈ {0, 1}V ′ , mono(Lift(σ′)) = min +monoG′(σ
′). The first

term is independent of σ′, and hence Lift(µ′) = µIsing
β,G ( · | E). Consequently,

dTV(Lift(µ
′), µIsing

β,G ) = 1− µIsing
β,G (E) ≤ η.

The components of (V,E≥K), the graph G′, and the block-index representation of Lift require
only O(m+n) additional time after the edge strength estimation. This proves the theorem. □
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3. Preliminaries for Markov chain analysis

Our main algorithm is a Markov chain, so we review some basics of Markov chains in this
section. Let Ω be a finite state space. A Markov chain (Xt)t≥0 on Ω is specified by a transition
matrix P , where P (x, y) is the probability of moving from x to y in one step. Let P t(x, y)
denote the probability of moving from x to y in t steps. A probability distribution π on Ω is
stationary if πP = π. The chain is irreducible if, for every x, y ∈ Ω, there exists t ≥ 0 such that
P t(x, y) > 0. The period of x is the greatest common divisor of the set {t ≥ 1 : P t(x, x) > 0},
and the chain is aperiodic if every state has period one. Every finite irreducible and aperiodic
Markov chain has a unique stationary distribution π, and P t(x, ·) converges to π from every
initial state x ∈ Ω. The chain is reversible with respect to π if, for every pair x, y ∈ Ω, the
detailed balance condition π(x)P (x, y) = π(y)P (y, x) holds. Reversibility implies that π is
stationary.

3.1. Log-Sobolev inequality. The so-called log-Sobolev constant provides a very sharp bound
on the mixing time. Suppose that P is reversible with respect to π. For a function f : Ω→ R,
let Eπ[f ] :=

∑
x∈Ω π(x)f(x). When Eπ[f

2] > 0, define the entropy of f2 and the Dirichlet form
of f as follows:

Entπ(f
2) :=

∑
x∈Ω

π(x)f(x)2 log

(
f(x)2

Eπ[f2]

)
,

EP (f, f) :=
1

2

∑
x,y∈Ω

π(x)P (x, y)
(
f(x)− f(y)

)2
.

Here 0 log 0 is interpreted as zero. The log-Sobolev inequality with constant ρ > 0 is

Entπ(f
2) ≤ 1

ρ
· EP (f, f)(4)

for every f : Ω→ R. The largest admissible ρ is denoted by ρ(P ) and is called the log-Sobolev
constant of P . For an irreducible, aperiodic, and reversible Markov chain, the log-Sobolev
constant controls the mixing time. Let πmin := minx∈Ω π(x). We mainly consider Glauber
dynamics in this paper, which has no negative eigenvalues [DGU14]. For these chains, a standard
log-Sobolev mixing bound is given by [DS96]:

(5) Tmix(P, ε) ≤ O

(
1

ρ(P )

(
log log

1

πmin
+ log

1

ε

))
.

3.2. Transport flow of Glauber dynamics. We consider the random cluster dynamics over
edge configurations. Let G = (V,E) be a graph. Let π be a strictly positive probability
distribution on {0, 1}E and m := |E|. Let P be the single-site heat-bath Glauber dynamics
for π. Thus, at each step, P chooses a uniformly random edge e ∈ E and resamples its value
from the conditional distribution given the values on E \ {e}. For the random-cluster model,
we identify an edge set S ⊆ E with its indicator vector 1S ∈ {0, 1}E . We will use the transport
flow introduced in [CFJ+25] to bound the log-Sobolev constant for Glauber dynamics.

Definition 9 (Transport flow in P ). A path in the transition graph of the Markov chain P
is a sequence γ := (x0, x1, . . . , xℓ) such that P (xi, xi+1) > 0 for every i < ℓ. Let s(γ) := x0,
t(γ) := xℓ, and ℓ(γ) := ℓ. For two distributions ν0 and ν1 on {0, 1}E, a transport flow from
ν0 to ν1 is a distribution Γ over paths in the transition graph of P such that, for γ ∼ Γ, the
starting point s(γ) has distribution ν0 and the endpoint t(γ) has distribution ν1.

The transport-flow framework requires us to control not only π, but also every conditional
distribution obtained from π by fixing some coordinates. For a nonempty set Λ ⊆ E and an
assignment τ ∈ {0, 1}E\Λ, let πτ denote the distribution of X ∼ π conditional on XE\Λ = τ .
Thus, τ pins the coordinates outside Λ, while the coordinates in Λ remain free. We regard πτ as
a distribution on {0, 1}E supported on {x ∈ {0, 1}E : xE\Λ = τ}. Let P τ be the single-site heat-
bath Glauber dynamics for πτ : at each step, it chooses a uniformly random e ∈ Λ and resamples
Xe conditional on XΛ\{e}. We use πτ

e to denote the marginal distribution on e conditional on
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τ . We regard P τ as a Markov chain on {0, 1}E : it only updates the coordinates in Λ and keeps
the coordinates outside Λ fixed as τ . We use πτ∧e←a to denote π conditioned on τ together
with the event Xe = a. Equivalently, τ ∧ e← a is the assignment obtained by extending τ and
fixing e to a. For heat-bath Glauber dynamics, the following result was observed in [CFJ+25].

Proposition 10. Let Λ ⊆ E with k := |Λ| ≥ 1, let τ ∈ {0, 1}E\Λ. For any f : {0, 1}E → R,
1

k

∑
e∈Λ

∑
a∈{0,1}

πτ
e (a) EP τ∧e←a(f, f) ≤ EP τ (f, f).

Proof. For k = 1, the left-hand side is zero, so the inequality is immediate. Assume that k ≥ 2.
By the definition of the Dirichlet form,

1

k

∑
e∈Λ

∑
a∈{0,1}

πτ
e (a)EP τ∧e←a(f, f)

=
1

2k

∑
e∈Λ

∑
a∈{0,1}

∑
x,y∈{0,1}E

πτ
e (a)π

τ∧e←a(x)P τ∧e←a(x, y)
(
f(x)− f(y)

)2
=

1

2(k − 1)

∑
e∈Λ

∑
x,y∈{0,1}E

xe=ye

πτ (x)P τ (x, y)
(
f(x)− f(y)

)2(6)

=
1

2

∑
x,y∈{0,1}E

πτ (x)P τ (x, y)
(
f(x)− f(y)

)2
= EP τ (f, f).(7)

We verify (6). We only need to consider terms for which xE\Λ = yE\Λ = τ , xe = ye = a, and
x, y differ at exactly one coordinate in Λ \ {e}; every other term is zero. For such x, y,

πτ
e (a)π

τ∧e←a(x) = πτ (x), P τ∧e←a(x, y) =
k

k − 1
P τ (x, y),

where the second identity follows from the heat-bath definitions. This verifies (6).
To verify (7), it suffices to consider x, y that differ at exactly one coordinate in Λ, say e′.

This pair is counted k − 1 times in the sum in (6), once for each e ∈ Λ \ {e′}. □
Together with this proposition, [CFJ+25, Theorems 6 and 11] give the following result, which

we use to prove the log-Sobolev inequality for the Glauber dynamics. For a transition x→ y of
P , let (x→ y) ∈ γ, where γ := (x0, x1, . . . , xℓ), mean that x = xi and y = xi+1 for some i < ℓ.

Theorem 11 (Log-Sobolev inequality via transport flows [CFJ+25]). Suppose that there is a
constant ϕ ∈ (0, 1/2) such that πτ

e (a) ≥ ϕ for every nonempty Λ, τ , e ∈ Λ, and a ∈ {0, 1}.
Let c1, . . . , cm > 0. Suppose that, whenever |Λ| = k, for every pinning τ ∈ {0, 1}E\Λ and every
e ∈ Λ there is a transport flow Γτ

e from πτ∧e←0 to πτ∧e←1 in the transition graph of P τ , and
that for every transition x→ y of P τ ,∑

e∈Λ
πτ
e (0)π

τ
e (1)Eγ∼Γτ

e
[ℓ(γ)1{(x→ y) ∈ γ}] ≤ ckπ

τ (x)P τ (x, y).

Then the log-Sobolev constant of the Glauber dynamics P satisfies

ρ(P ) ≥ 1− 2ϕ

8 log((1− ϕ)/ϕ)

(
m∑
k=1

ck
k

)−1
.

4. Mixing time of random-cluster Glauber dynamics

In this section, we prove Theorem 4. We use the transport-flow framework in Theorem 11 to
prove the log-Sobolev inequality for the Glauber dynamics. Although Theorem 11 requires us
to consider all conditional distributions, the random-cluster model is closed under conditioning:
fixing an edge to be closed amounts to deleting it, while fixing an edge to be open amounts
to contracting it. Thus, after any pinning, the conditional distribution on the remaining edges
is a random-cluster model with the same parameter p on a graph obtained from G by edge
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deletions and contractions. Any self-loops created by contraction are independent Bernoulli-p
edges. Although algorithmically it is easy to handle them separately, we are analysing the
mixing time, so we keep them in the analysis below. Therefore, it suffices to establish the
required bound for the random-cluster Glauber dynamics P on an arbitrary multigraph G. The
same argument then applies to every conditional distribution.

The main technical lemma in this section is the following.
Lemma 12. Fix a constant p ∈ (0, 1). Let G := (V,E) be a multigraph with n := |V | and
m := |E| > 0. Let π := µRC

p,G and let P be its single-edge heat-bath Glauber dynamics. For every
e ∈ E, there is a transport flow Γe from πe←0 to πe←1 in the transition graph of P . Every path
γ in the support of these flows satisfies ℓ(γ) ≤ n, and, for every transition ω → ω′ of P ,∑

e∈E
πe(0)πe(1)Eγ∼Γe

[
ℓ(γ)1{(ω → ω′) ∈ γ}

]
≤ Cpnm

2π(ω)P (ω, ω′),

where

Cp := max

{
2,

2p

(2− p)(1− p)

}
≤ 2

1− p
.

The construction of Γe has two steps. First, we construct a local coupling Ce of the two
conditional distributions πe←0 and πe←1. Second, for every pair of configurations (X,X ′) ∼ Ce,
we construct a path between them in the transition graph of P . The local coupling is the key
part of the construction.

Before describing the local coupling, let us first construct Γe for a self-loop e. In this case,
the state of e is an independent Bernoulli-p variable under π. Couple all other edges identically
to be the set S ⊆ E \ {e} and use the one-step path (S, e = 0)→ (S, e = 1), which corresponds
to the Glauber update on the self-loop edge e. The congestion through a transition ω → ω′

updating e is bounded as follows. We may assume ω := (S, e = 0) and ω′ := (S, e = 1). Note
that a flow for another self-loop e′ only updates e′. Furthermore, our construction for a non-loop
edge e′′ below guarantees that Γe′′ uses only Glauber updates on non-loop edges. Hence, among
all the flows, only Γe uses ω → ω′. Since this path has length one and the heat-bath transition
opens e with probability p/m, while Prγ∼Γe(γ = (ω, ω′)) = π(ω)/(1− p), we have∑

f∈E
πf (0)πf (1)Eγ∼Γf

[
ℓ(γ)1{(ω → ω′) ∈ γ}

]
= πe(0)πe(1) Pr

γ∼Γe

(γ = (ω, ω′)) = (1− p)p · π(ω)
1− p

= pπ(ω) = mπ(ω)P (ω, ω′).

Thus, self-loop transitions satisfy the bound in Lemma 12.
We now fix a non-loop edge e = uv. At a high level, the coupling Ce is constructed so that

either X and X ′ differ only at e, or their other disagreements lie on a simple u-to-v path in the
graph G − e. Starting from X, we change the status of the disagreeing edges one at a time in
their order along the u-to-v path, and change the status of e last. The resulting sequence is a
path from X to X ′ in the transition graph of P , and its length is at most n. The distribution
of this random path is Γe. The detailed construction is in Section 4.1.

4.1. The transport flow. We first decompose the two conditional random-cluster distribu-
tions. Let G−e := G − e. The distribution πe←0

E−e is the random-cluster distribution with
parameter p on G−e. Let q be the probability that u and v are connected in πe←0

E−e, i.e.,
q := Pr

R∼πe←0
E−e

(
u and v are connected in (V,R)

)
.(8)

We have the following decomposition lemma.
Lemma 13. If q > 0, then

πe←1
E−e =

1

1 + q
πe←0
E−e +

q

1 + q
πe←0
E−e( · | u and v are connected in (V,R)).(9)

If q = 0, then πe←1
E−e = πe←0

E−e.
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Proof. Note that the number of edges in G−e is m − 1. For R ⊆ E(G−e), define its random-
cluster weight on G−e by

w(R) := p|R|(1− p)m−1−|R|2κ(R).

Thus, πe←0
E−e(R) is proportional to w(R). Now condition on e being open and ignore the common

factor p in the weight contributed by e. Adding e leaves the number of connected components
unchanged when u and v are connected in (V,R), and decreases it by one otherwise. Hence,
the weight of R under πe←1

E−e is

p|R|(1− p)m−1−|R|2κ(R∪{e}) =

w(R), u and v are connected in (V,R),
1

2
w(R), otherwise.

Define the normalising factor of πe←1
E−e by

Z1 :=
∑

R⊆E(G−e)

p|R|(1− p)m−1−|R|2κ(R∪{e}).

Similarly, the normalising factor of πe←0
E−e is Z0 :=

∑
R⊆E(G−e)

w(R). Since the event of u and v

being connected in (V,R) has probability q under πe←0
E−e, we have

Z1 =

(
q +

1− q

2

) ∑
R⊆E(G−e)

w(R) =
1 + q

2

∑
R⊆E(G−e)

w(R) =
1 + q

2
Z0.(10)

It follows that

πe←1
E−e(R) =


2

1 + q
πe←0
E−e(R), u and v are connected in (V,R),

1

1 + q
πe←0
E−e(R), otherwise.

When q > 0, this is exactly the claimed mixture. Indeed, let F be the event that u and v are
connected in (V,R). If R ∈ F , then πe←0

E−e(R | F) = πe←0
E−e(R)/q, so the right-hand side of (9)

evaluated at R is 1
1+qπ

e←0
E−e(R) + q

1+qπ
e←0
E−e(R | F) =

2
1+qπ

e←0
E−e(R). On the other hand, if R /∈ F ,

then πe←0
E−e(R | F) = 0, so the same right-hand side is 1

1+qπ
e←0
E−e(R). These are precisely the two

cases above. If q = 0, then u and v are disconnected in every configuration of πe←0
E−e, and hence

the equality holds directly. This concludes the proof of Lemma 13. □

By Lemma 13, when q > 0, the only nontrivial ingredient needed to construct Ce is a coupling

R0 ∼ πe←0
E−e, R1 ∼ πe←0

E−e( · | u and v are connected in (V,R)).(11)

We construct this coupling below and give the complete definition of Ce at the end of the
subsection. For this purpose, we introduce another probability distribution, called the subgraph-
world model [JS93]. Let G := (V,E) be a multigraph. For any S ⊆ E, we define Odd(S) :=
{v ∈ V : degS(v) is odd}, where degrees count edge multiplicity. We call S an even subgraph
if Odd(S) = ∅. The subgraph-world model with parameter p/2 ∈ (0, 1) is the probability
distribution on even subgraphs of G given by

µSW
p/2 (S) ∝

(p
2

)|S| (
1− p

2

)|E|−|S|
, S ⊆ E with Odd(S) = ∅.

The subgraph-world model and the random-cluster model are related via the following cou-
pling by Grimmett and Janson [GJ09].

Proposition 14. Let p ∈ (0, 1) and sample S ∼ µSW
p/2 . We form R ⊆ E by including every edge

of S and including each edge of E \S independently with probability p/(2− p). Then R ∼ µRC
p,G.
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For the first distribution πe←0
E−e in Lemma 13, we may apply Proposition 14 to G−e to get a

lifting from the corresponding subgraph-world model. For the second distribution, namely πe←0
E−e

conditioned on u and v being connected, we introduce the uv-modified subgraph-world model
on G−e. This distribution is supported on edge sets S ⊆ E(G−e) satisfying Odd(S) = {u, v}
and is given by

µuv-mSW
p/2 (S) ∝

(p
2

)|S| (
1− p

2

)|E(G−e)|−|S|
, Odd(S) = {u, v}.

Note that the distribution is well-defined if and only if u and v are connected in G−e. Oth-
erwise, there is no such subgraph S with Odd(S) = {u, v}. To see this, every connected
component has an even number of odd-degree vertices, and it is impossible to have a subgraph
with Odd(S) = {u, v} if u and v are disconnected. We have the following lemma.

Lemma 15. Suppose that µuv-mSW
p/2 is well-defined. Sample S ∼ µuv-mSW

p/2 and form R ⊆ E(G−e)

by including every edge of S and including each edge of E(G−e)\S independently with probability
p/(2− p). Then R has the random-cluster distribution with parameter p on G−e conditioned on
the event that u and v are connected.

Proof. Note that |E(G−e)| = m− 1. For a fixed R ⊆ E(G−e), its probability is proportional to∑
S⊆R

Odd(S)={u,v}

(p
2

)|S| (
1− p

2

)m−1−|S|( p

2− p

)|R|−|S|(
1− p

2− p

)m−1−|R|

= |{S ⊆ R : Odd(S) = {u, v}}|
(p
2

)|R|
(1− p)m−1−|R|.

There is no S ⊆ R with Odd(S) = {u, v} unless u and v are connected in (V,R). Suppose that
is the case and fix a u-to-v path L ⊆ R. For any even subgraph T ⊆ R, consider T 4 L. Here,
4 denotes symmetric difference. Then Odd(T 4 L) = {u, v}. Conversely, if Odd(S) = {u, v},
then S 4 L is even. Thus, T 7→ T 4 L is a bijection between the even subgraphs of (V,R)
and the sets S ⊆ R satisfying Odd(S) = {u, v}. It is classical that a graph with n vertices,
|R| edges, and κ(R) connected components has exactly 2|R|−n+κ(R) even subgraphs; see, e.g.,
[GJ09, Proposition 2.3]. Therefore, the probability of R is proportional to

1{u and v are connected in (V,R)} · p|R|(1− p)m−1−|R|2κ(R),

which is precisely the random-cluster weight on the subgraph G−e restricted to the event that
u and v are connected. This completes the proof. □

Consider the multigraph G := (V,E) and fix a non-loop edge e = uv ∈ E. Assume that
u and v are connected in G−e. Then µuv-mSW

p/2 is well-defined. Moreover, if a subset of edges
S ⊆ E(G−e) satisfies Odd(S) = {u, v}, then S contains a simple u-to-v path. We use LS to
denote a simple u-to-v path in S chosen according to a fixed ordering. We now couple the
ordinary and modified subgraph-world distributions on G−e.

Definition 16 (Subgraph-world switching coupling). The subgraph-world distribution µSW
p/2 and

the modified subgraph-world distribution µuv-mSW
p/2 are coupled as follows:

(1) Independently sample S0 ∼ µSW
p/2 and S′ ∼ µuv-mSW

p/2 .
(2) Since S0 is an even subgraph and Odd(S′) = {u, v}, their symmetric difference satisfies

Odd(S0 4 S′) = {u, v}. Thus, S0 4 S′ contains a simple u-to-v path L := LS0△S′.
(3) Set S1 := S0 4 L.

We call the resulting joint distribution of (S0, S1) the subgraph-world switching coupling.

Lemma 17. The subgraph-world switching coupling in Definition 16 is a valid coupling of the
two distributions on G−e and S0 4 S1 = L is a simple u-to-v path in G−e.
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Proof. The marginal of S0 and the identity S0 4 S1 = L follow directly from Definition 16. It
remains to verify the marginal of S1.

Let A,B ⊆ E(G−e) satisfy Odd(A) = ∅ and Odd(B) = {u, v}. Thus, Odd(A4 B) = {u, v},
and the path L := LA△B is well-defined. Define the switching map Φ by

Φ(A,B) := (A4 L,B 4 L).

The symmetric difference of the two output sets satisfies (A4 L)4 (B 4 L) = A4 B. Thus,
applying Φ to the output selects the same path L and gives

Φ(A4 L,B 4 L) = (A,B).

Say that (A,B) has parity type (X,Y ) if (Odd(A),Odd(B)) = (X,Y ). Hence Φ is a bijection
between pairs of parity types (∅, {u, v}) and ({u, v}, ∅). Moreover, every edge of L ⊆ A4 B
belongs to exactly one of A and B, so switching L merely exchanges its membership between
the two sets. In particular,

|A|+ |B| = |A4 L|+ |B 4 L|.
Thus, the switching map preserves the product of the two subgraph-world weights and sends
µSW
p/2 ⊗ µuv-mSW

p/2 to µuv-mSW
p/2 ⊗ µSW

p/2 . Applying Φ to (S0, S
′) with S0 ∼ µSW

p/2 and S′ ∼ µuv-mSW
p/2

gives (S1, S
′ 4 L), and its first output is S0 4 L = S1, proving that S1 ∼ µuv-mSW

p/2 . □

We next construct the coupling Ce in (11). The subgraph-world switching coupling in Defi-
nition 16 produces (S0, S1). Set L := S04S1. Independently sample Bf ∼ Bernoulli(p/(2− p))
for every f ∈ E(G−e), and, for i ∈ {0, 1}, set

Ri := Si ∪ {f ∈ E(G−e) \ Si : Bf = 1}.(12)
By Proposition 14, R0 ∼ πe←0

E−e, and by Lemma 15, R1 has distribution πe←0
E−e conditioned on

u and v being connected in (V,R1). Since the same variables (Bf )f∈E(G−e) are used for both
completions and S0 and S1 agree outside L, we have R04R1 ⊆ L. Recall the definition of q in
(8). We now give the complete definition of the local coupling.

Definition 18 (Local coupling Ce). For the fixed non-loop edge e = uv, the coupling Ce is the
joint distribution of two full configurations (X,X ′) generated by the following construction.

(1) If q = 0, sample R ∼ πe←0
E−e and set X := R and X ′ := R ∪ {e}.

(2) Suppose that q > 0.
(a) With probability 1/(1 + q), sample R ∼ πe←0

E−e and set X := R and X ′ := R ∪ {e}.
(b) With probability q/(1+ q), sample (S0, S1) according to Definition 16 and construct

(R0, R1) according to (12). Set X := R0 and X ′ := R1 ∪ {e}.

By (9) and the marginals in (11), X ∼ πe←0 and X ′ ∼ πe←1, so Definition 18 is a valid
coupling. When q = 0, or in the first subcase when q > 0, X 4 X ′ = {e}. For the second
subcase when q > 0, it holds that

(X 4X ′) \ {e} = R0 4R1 ⊆ S0 4 S1 = LS0△S1 ,(13)
where S0 4 S1 is a simple u-to-v path by Lemma 17.

Finally, given a random pair (X,X ′) from Ce, we construct the transport flow Γe as follows.
In Case (2b) of Definition 18, let L = LS0△S1 be the simple path, orient it from u to v, and let

{f1, . . . , fk} := (X 4X ′) \ {e},
where the edges are listed in the order in which they occur along L. In all other cases set k := 0.
Starting from X0 := X, define

Xi := Xi−1 4 {fi}, i = 1, . . . , k,

and finally set
Xk+1 := Xk 4 {e} = X ′.

Let γ := (X0, X1, . . . , Xk+1). Every two consecutive configurations differ at exactly one edge
and form a transition of P . The distribution of γ induced by (X,X ′) ∼ Ce is Γe. Its starting
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point has distribution πe←0 and its endpoint has distribution πe←1, so Γe is a transport flow
between these two distributions. Moreover, k = 0 in Case (1) and Case (2a). In Case (2b),
(X 4X ′) \ {e} is contained in a simple u-to-v path in (13). Hence k ≤ n− 1 and every path in
the support of Γe has length at most n.

4.2. Analysing the congestion. Now we can show the key result of the section.

Proof of Lemma 12. It remains to prove the congestion bound for the flows for non-loop edges.
For a non-loop edge e = uv, let De := 2 − p + pq where q is the probability that u and v
are connected in (V,R) for R ∼ πe←0

E−e, as in Lemma 13. Let Z0 and Z1 be as in (10). Using
Z1 = (1 + q)Z0/2, we have

πe(0) =
(1− p)Z0

pZ1 + (1− p)Z0
=

2(1− p)

De
, and πe(1) =

pZ1

pZ1 + (1− p)Z0
=

p(1 + q)

De
.(14)

For every transition ω → ω′, the congestion estimate required in Lemma 12 is∑
e∈E

πe(0)πe(1)Eγ∼Γe

[
ℓ(γ)1{(ω → ω′) ∈ γ}

]
≤ Cpnm

2π(ω)P (ω, ω′).(15)

The case in which ω → ω′ updates a self-loop was handled before Section 4.1. To control a
non-loop transition, we first prove the following intermediate estimate separately for every fixed
non-loop edge e:

πe(0)πe(1)Eγ∼Γe

[
ℓ(γ)1{(ω → ω′) ∈ γ}

]
≤ C ′pnπ(ω),(16)

where C ′p := 2p
2−p . To see why this is sufficient, note that a flow caused by a self-loop does

not use a non-loop transition and hence it suffices to sum over the at most m non-loop edges
e. This gives a total load at most C ′pnmπ(ω). Moreover, the transition probability of Glauber
dynamics from ω to ω′ can be lower bounded as follows:

P (ω, ω′) ≥ 1

m
min

{
p

2− p
, 1− p

}
.

Hence we have
C ′p

min {p/(2− p), 1− p}
= max

{
2,

2p

(2− p)(1− p)

}
= Cp.

Therefore,
C ′pnmπ(ω) ≤ Cpnm

2π(ω)P (ω, ω′),

which is precisely the required bound in (15).
Every path in the support of Γe has length at most n. Therefore, to prove the bound in (16),

it suffices to prove the following bound:
πe(0)πe(1) Pr

γ∼Γe

(
(ω → ω′) ∈ γ

)
≤ C ′pπ(ω).(17)

Recall that by our construction of the transport flow, a path sampled from Γe consists of initial
transitions, each of which flips an edge e′ 6= e, followed by the final transition that opens e. We
bound these two types of transitions separately.

We first introduce the notation and definitions needed to control the initial transitions. For
S ⊆ E(G−e), define the weight of S in the subgraph-world model as follows:

wt(S) :=
(p
2

)|S| (
1− p

2

)m−1−|S|
.

Let u0, u1 ∈ V be a pair of distinct vertices. Define

Z{u0,u1} :=
∑

S⊆E(G−e)
Odd(S)={u0,u1}

wt(S), and Z∅ :=
∑

S⊆E(G−e)
Odd(S)=∅

wt(S).
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We first present basic properties of these quantities. For S,R ⊆ E(G−e), the transition from a
subgraph-world configuration S to a random-cluster configuration R is given by the following
completion kernel:

K(S,R) := 1{S ⊆ R}
(

p

2− p

)|R\S|(
1− p

2− p

)m−1−|R|
.(18)

This is the “lifting” probability as in Proposition 14 and Lemma 15.
We make the following claim and prove the claim at the end of the proof.

Claim 19. For every pair of distinct vertices u0, u1 ∈ V and every R ⊆ E(G−e), it holds that

∑
S⊆E(G−e)

Odd(S)={u0,u1}

wt(S)
Z∅

·K(S,R) = 1 {u0 and u1 are connected in (V,R)} · πe←0
E−e(R).(19)

Consequently, summing over R ⊆ E(G−e) gives
Z{u0,u1}

Z∅
= Pr

R∼πe←0
E−e

(
u0 and u1 are connected in (V,R)

)
.(20)

Since the probability in (20) is at most one, for every pair of distinct vertices u0, u1 ∈ V ,
Z{u0,u1} ≤ Z∅.(21)

For u0 = u and u1 = v, this probability is q as in Lemma 13. Hence,
Z{u,v} = qZ∅.(22)

We now prove (17), beginning with an initial transition ω → ω′. If q = 0, the flow for e
has no initial transition. Hence, suppose that q > 0. An initial transition can occur only in
Case (2b) of Definition 18, which is selected with probability q/(1+q). In this case, Definition 16
independently samples S0 and S′. Although the switching coupling outputs (S0, S1), we first
analyse the independent samples (S0, S

′) used in its construction, since S1 is determined by
these two samples. Note that S0 and S′ are sampled independently from the subgraph world
model and uv-modified subgraph world model respectively. The LHS of (17) can be written as
the following sum:

πe(0)πe(1) Pr
γ∼Γe

(
(ω → ω′) ∈ γ

)
=

∑
S0⊆E(G−e): Odd(S0)=∅

S′⊆E(G−e): Odd(S′)={u,v}

πe(0)πe(1) ·
q

1 + q
· wt(S0)

Z∅
· wt(S′)
Z{u,v}

· Pr
(
(ω → ω′) ∈ γ | S0, S

′)

=
2p(1− p)

D2
e

∑
S0⊆E(G−e): Odd(S0)=∅

S′⊆E(G−e): Odd(S′)={u,v}

wt(S0)wt(S′)
Z2
∅

· Pr
(
(ω → ω′) ∈ γ | S0, S

′),(23)

where the last equality uses (14) and (22). We bound the last sum in two stages: first at the
level of the subgraph-world path, and then lifting to random-cluster transitions to finish.

Let e′ be the unique edge on which the fixed initial transition ω → ω′ differs. For a fixed pair
(S0, S

′), let L := LS0△S′ denote the simple path between u and v in G−e, oriented from u to
v. Let (e1, . . . , er) denote its edges in this order. Define an auxiliary path (W0,W1, . . . ,Wr) of
subgraph-world configurations by

W0 := S0, Wi := Wi−1 4 {ei} = S0 4 {e1, . . . , ei}, for i = 1, . . . , r.

Thus, at step i we change the membership of ei: we add it if it is absent and delete it if it is
present. After all edges of L have been changed, the auxiliary path ends at Wr = S04L = S1.
Note that (S0, S1) is exactly the output of the switching coupling in Definition 16.

Recall that in Case (2b), after obtaining (S0, S1), we use the same completion variables
(Bf )f∈E(G−e) to construct (R0, R1) as in (12). The local coupling then outputs X = R0 and
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X ′ = R1∪{e}. The transport path γ first changes the edges of R04R1, in their order along L,
thereby moving from R0 to R1, and finally opens e. In particular, its initial part changes only
edges in R0 4 R1 ⊆ L. Therefore, if e′ /∈ L, γ never changes e′ and cannot contain the fixed
transition ω → ω′. Otherwise, let j be the index such that e′ = ej and let

W := Wj−1 = S0 4 {e1, . . . , ej−1}.
Thus, W is the state of the auxiliary path immediately before it changes e′, and it is determined
by S0, S′, and the fixed edge e′.

We now define an auxiliary flow on the subgraph-world paths. For a fixed pair (S0, S
′),

remove the conditional-probability factor Pr((ω → ω′) ∈ γ | S0, S
′) from its summand in (23),

and send the remaining amount
2p(1− p)

D2
e

· wt(S0)wt(S′)
Z2
∅

through every transition of its auxiliary path. Fix an auxiliary transition W → W 4 {e′} and
consider all pairs (S0, S

′) whose auxiliary paths use this transition. For each such pair, define
U := S0 4 S′ 4W.(24)

Since every edge of L belongs to exactly one of S0 and S′, flipping a prefix of L merely exchanges
the two edge contributions. Hence

wt(S0)wt(S′) = wt(W )wt(U).(25)
Moreover, U 4W = S0 4 S′ recovers the deterministically selected path L. The location of e′
on the oriented path L then recovers the toggled prefix, and hence S0 and S′. Thus, (24) is an
injective encoding for fixed e, W , and e′.

Let (v0, v1, . . . , vr) denote the vertices of the oriented path L, where v0 = u and vr = v. Since
e′ = ej = vj−1vj , let z := vj−1 6= v. Thus, z is the endpoint of e′ reached before e′ is changed
along the path from u to v. Since S0 is even and S′ has odd set {u, v}, changing the prefix from
u to z gives

Odd(W ) =

{
∅, z = u,

{u, z}, z 6= u,
and Odd(U) = {v, z}.

For the fixed state W , the vertex z is determined: if W is even, then z = u; otherwise, z is the
unique vertex in Odd(W ) \ {u}. Using the injection, (25), and (21), the flow through the fixed
auxiliary transition W →W 4 {e′} is at most the following quantity:∑
(S0,S′): their auxiliary path uses

W→W△{e′}

2p(1− p)

D2
e

· wt(S0)wt(S′)
Z2
∅

≤ 2p(1− p)

D2
e

· wt(W )

Z2
∅

∑
U : Odd(U)={v,z}

wt(U)

=
2p(1− p)

D2
e

·
wt(W )Z{v,z}

Z2
∅

≤ 2p(1− p)

D2
e

· wt(W )

Z∅
,(26)

where the first inequality uses the injective encoding and (25), the equality follows from the
definition of Z{v,z}, and the last inequality uses (21).

So far, we have bounded the congestion through a fixed auxiliary transition. We now lift this
bound to the actual random-cluster path γ and bound the congestion required in (17). The
argument is similar to that in [GJ18]. Recall that a random-cluster configuration is lifted from a
subgraph-world configuration using independent Bernoulli random variables (Bg)g∈E(G−e) with
parameter p/(2− p) as in (12). More precisely, for a subgraph-world configuration S, let

Ŝ := S ∪ {g ∈ E(G−e) \ S : Bg = 1}.

Conditional on S, the lifted random-cluster configuration Ŝ has distribution K(S, ·), where K
is the lifting kernel defined in (18).

Every auxiliary path (W0,W1, . . . ,Wr) constructed above can be lifted by using the same
variables (Bg)g∈E(G−e) for all of its states. Since W0 = S0 and Wr = S1, the first and last lifted
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states are respectively R0 and R1 from (12). Two consecutive lifted states either coincide or differ
only on the edge changed by the corresponding auxiliary transition. After deleting consecutive
repeated states, the lifted path changes precisely the edges of R0 4R1, in their order along L.
Appending the final transition that opens e therefore gives exactly the random-cluster path γ
used in the construction of Γe.

It remains to determine how much traffic an auxiliary transition sends through a fixed
random-cluster transition. Consider an auxiliary transition S → S 4 {e′}. If e′ /∈ S, this
transition adds e′. For a specified random-cluster configuration R with e′ /∈ R, the transition
S → S 4 {e′} is lifted to R → R ∪ {e′} with probability K(S,R). If e′ ∈ S, the auxiliary
transition deletes e′, and the current lifted configuration necessarily contains e′. Fix a random-
cluster configuration R with e′ ∈ R. The event Ŝ = R has probability K(S,R). Since e′ already
belongs to S, the variable Be′ is not used when lifting S and is independent of this event. Af-
ter e′ is deleted from S, the next lifted configuration is R \ {e′} if Be′ = 0, and remains R if
Be′ = 1. Therefore, the probability of obtaining the random-cluster transition R → R \ {e′}
is (1 − p

2−p)K(S,R) ≤ K(S,R). In the latter case, the two lifted configurations coincide, so
the repeated state is deleted from the random-cluster path. Thus, in both the addition and
deletion cases, the probability that this auxiliary transition produces a specified random-cluster
transition whose initial configuration is R is at most K(S,R).

Returning to the fixed transition ω → ω′, set R := ω ∩ E(G−e). We now sum (26) over the
subgraph-world states W that can produce the fixed transition ω → ω′. By the lifting bound
above, the traffic lifted from a fixed W is at most 2p(1−p)

D2
e
· wt(W )

Z∅
· K(W,R). Recall that, for

each subgraph-world state W , the vertex z is the endpoint of e′ reached immediately before e′

is changed along the oriented path L. As W varies, z can be either endpoint of e′. We partition
the subgraph-world states W into at most two groups according to this endpoint. Within one
such group, the vertex z is the same for every W . If this common vertex satisfies z 6= u, then
Odd(W ) = {u, z} for every W in the group, and (19) gives∑

W⊆E(G−e)
Odd(W )={u,z}

wt(W )

Z∅
·K(W,R) ≤ πe←0

E−e(R).

This bound is applied separately to each endpoint z of e′ satisfying z 6= u. There are two
mutually exclusive cases. If u is not an endpoint of e′, then both endpoints give groups with
z 6= u, so there are two groups of the type just considered and no group with z = u. If u is an
endpoint of e′, then at most one group has z 6= u, while the other possible group has z = u. In
the latter group, W is even, and Proposition 14 gives∑

W⊆E(G−e)
Odd(W )=∅

wt(W )

Z∅
·K(W,R) = πe←0

E−e(R).

Thus, the sum over the states W in each group is at most πe←0
E−e(R). Since e′ has two endpoints,

there are at most two groups in total. For each endpoint z of e′, let Wz denote the group of
subgraph-world states that can produce ω → ω′ and whose associated endpoint is z. Combining
(26) with the lifting bound and then applying the preceding bound to each group gives

πe(0)πe(1) Pr
γ∼Γe

((ω → ω′) ∈ γ)

≤ 2p(1− p)

D2
e

∑
z: z is an endpoint of e′

∑
W∈Wz

wt(W )

Z∅
·K(W,R)

≤ 2p(1− p)

D2
e

∑
z: z is an endpoint of e′

πe←0
E−e(R)

≤ 4p(1− p)

D2
e

· πe←0
E−e(R).
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Every state along the initial part has e closed, and hence by (14),

π(ω) = πe(0)π
e←0
E−e(R) =

2(1− p)

De
· πe←0

E−e(R).

Since De ≥ 2− p, combining the last two bounds gives

πe(0)πe(1) Pr
γ∼Γe

(
(ω → ω′) ∈ γ

)
≤ 2p

De
· π(ω) ≤ C ′pπ(ω).

Therefore, (17) holds when ω → ω′ is an initial transition of a path sampled from Γe.
It remains to consider the final transition of γ, which opens e. Fix a transition ω → ω′ of

this type. Then ω = R for some R ⊆ E(G−e) and ω′ = R∪{e}. The path γ uses this transition
exactly when its state immediately before opening e is R. By the construction of the local
coupling, the restriction of this pre-final state to E(G−e) has distribution πe←1

E−e. Hence,

Pr
γ∼Γe

(
(ω → ω′) ∈ γ

)
= πe←1

E−e(R).

The left-hand side of (17) is therefore
πe(0)πe(1)π

e←1
E−e(R) = πe(0)π(ω

′).

To compare this quantity with π(ω), observe that opening e contributes a factor p/(1 − p) to
the random-cluster weight. If the endpoints of e are disconnected in (V,R), opening e also
decreases the number of connected components by one and contributes an additional factor
1/2. Consequently,

π(ω′)

π(ω)
=


p

1− p
, if the endpoints of e are connected in (V,R),

p

2(1− p)
, otherwise.

Using πe(0) = 2(1− p)/De, it follows that

πe(0)π(ω
′)

π(ω)
=

{
2p/De, if the endpoints of e are connected in (V,R),

p/De, otherwise
≤ C ′p.

Thus, (17) also holds when ω → ω′ is the final transition of γ. This argument uses only the
marginal distribution of the endpoint of the local coupling, so it also applies when q = 0.

We have now proved (17) for both types of transitions, and hence (16) follows from the path
length bound. As explained after (16), summing over the non-loop edges proves the required
congestion estimate for every non-loop transition. Together with the self-loop calculation pre-
ceding Section 4.1, this proves the claimed congestion estimate, assuming Claim 19. □

Proof of Claim 19. Fix two distinct vertices u0, u1 ∈ V and R ⊆ E(G−e). Only S ⊆ R con-
tribute to its left-hand side, and for every such S, direct substitution gives

wt(S)K(S,R) = 2−|R|p|R|(1− p)m−1−|R|,

which is independent of S. By the handshaking lemma, a set S ⊆ R with Odd(S) = {u0, u1}
can exist only if u0 and u1 are connected in (V,R). If they are not connected, both sides of
(19) are zero, and the claim holds. If they are connected, fix a u0-to-u1 path L ⊆ R. The map
S 7→ S4L is a bijection between the sets satisfying Odd(S) = {u0, u1} and the even subgraphs
of (V,R). Thus, the sum in (19) has exactly the same number of equal-weight terms as the sum
with Odd(S) = ∅. For the empty odd-vertex set, the lifting coupling in Proposition 14 shows
that this sum equals πe←0

E−e(R). Therefore,∑
S⊆E(G−e)

Odd(S)={u0,u1}

wt(S)
Z∅

·K(S,R) =
∑

S⊆E(G−e)
Odd(S)=∅

wt(S)
Z∅

·K(S,R) = πe←0
E−e(R).

This concludes the proof of Claim 19. □
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4.3. Proof of the mixing bound.
Proof of Theorem 4. We apply Theorem 11. Recall from Section 3 that P τ denotes the heat-
bath Glauber dynamics for the conditional distribution πτ , regarded as a chain on {0, 1}E .
Since P τ fixes the pinned coordinates and updates only the k free coordinates, we may identify
it with the heat-bath Glauber dynamics for the projection of πτ onto those coordinates. Under
any pinning, this projected distribution on the k unpinned edges is a random-cluster model
with parameter p on a multigraph obtained from G by deleting and contracting edges. This
multigraph has at most n vertices and exactly k unpinned edges. Conditional on all other edges,
the probability that an unpinned edge is open is either p, if its endpoints are already connected,
or p/(2 − p), otherwise. Hence the two possible values of this edge have conditional marginal
probability at least

ϕp := min

{
p

2− p
, 1− p

}
> 0.

Since p is fixed, ϕp is a constant in (0, 1/2).
Apply Lemma 12 to the conditional random-cluster model on the k unpinned edges. Let nτ

be the number of vertices in the multigraph obtained after the deletions and contractions. In
the notation of Lemma 12, the vertex count is nτ ≤ n, while the edge count is k, rather than
the original m. Thus, the congestion bound in Lemma 12 is at most Cpnτk

2 ≤ Cpnk
2, and we

may take ck := Cpnk
2. Therefore, Theorem 11 gives

ρ(P ) ≥ 1− 2ϕp

8 log((1− ϕp)/ϕp)

(
m∑
k=1

Cpnk
2

k

)−1
= Ωp

(
1

nm2

)
.

It remains to bound the smallest stationary probability. For every S ⊆ E, its unnormalized
random-cluster weight is at least min{p, 1− p}m, while

ZRC =
∑
S⊆E

p|S|(1− p)m−|S|2κ(S) ≤ 2n.

Consequently,
πmin ≥ 2−nmin{p, 1− p}m,

which implies log log 1
πmin

= Op

(
log(n +m)

)
. The Glauber dynamics is irreducible, aperiodic,

and reversible with respect to π. Applying the log-Sobolev mixing bound Equation (5) yields

Tmix(P, ε) = Op

(
nm2

(
log(n+m) + log

1

ε

))
,

which proves Theorem 4. □

5. Proof of the main theorem

Finally, for completeness, we give the full algorithm and prove the main theorem.
Proof of Theorem 1. We first apply Theorem 2 with error ε/2. This takes O(m log2 n+n) time
and gives |V ′| ≤ n and |E′| = Oβ(n log(2n/ε)). If E′ = ∅, since G is connected, G′ consists of
one vertex; assigning a uniformly random spin to it and applying the function Lift takes O(n)
time. Hence, we may assume that E′ 6= ∅ and |V ′| ≥ 2.

We next sample from the random-cluster model on G′ with p := 1 − 1/β using the Glauber
dynamics. We start from the empty configuration and initialize the fully dynamic connectivity
data structure with vertex set V ′ and no open edge. Suppose that the current configuration is X.
The Glauber dynamics draws a uniformly random edge e = (u, v) ∈ E′, updates X ← X \ {e}
if e ∈ X, and queries whether u and v are connected in (V ′, X). It then updates X ← X ∪ {e}
with probability p if they are connected and with probability p/(2−p) otherwise. Consequently,
it suffices to support the following operations:

• update X ← X ∪ {e} for any given e ∈ E′;
• update X ← X \ {e} for any given e ∈ E′;
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• query whether u and v are connected in (V ′, X) for any given u, v ∈ V ′.
Using the dynamic connectivity data structure in [WN13, CZ23], each update takes O(log2 n)

amortized time, after Õ(n+ |E′|) initialization time for the data structure and the edge states.
Combining this implementation with Theorem 4, we obtain an ε/2-approximate random-

cluster sample in time Õβ

(
n3 log3 1

ε

)
. Applying the Edwards–Sokal coupling as in Proposition 3,

followed by the function Lift, takes O(n + |E′|) time and does not increase the ε/2 sampling
error. Together with the ε/2 sparsification error, this gives the required error bound. The total
running time is therefore Õ(m+ n) + Õβ

(
n3 log3 1

ε

)
. In particular, if G is simple, the running

time is Õβ

(
n3 log3 1

ε

)
. □

6. Concluding remarks

It is natural to wonder what is the true mixing time for the random-cluster dyanmics. Al-
though we believe the upper bound in Theorem 4 can be improved, we conjecture that it cannot
be down to near-linear time. The reason is as follows. First, the closely related Swendsen-Wang
dynamics mixes in time Θ

(
n1/4

)
at the critical temperature for the mean-field case [LNNP14].

While this does not directly translate into a lower bound for the random-cluster dynamics, it
is a strong sign that the RC dynamics does not mix in near-linear time.

Another piece of evidence is the conjectured or predicted behaviour of the Ising model on the
3D torus at the critical temperature. Basically, the mixing time can be lower bounded by the
inverse of the spectral gap, which, in turn, can be bounded using the variational characterisation,
similar to (4). Taking the size of the open edge set as the test function, the mixing time is lower
bounded by the variance of the size of this set. Using predictions of the critical Ising model
on the 3D torus, this variance is super-linear. See [Dum22, Section 4.2.1] for some rigorous
background and [HP98, KPSDV16] for some numerical results.
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Appendix A. Sparsification for all-terminal network reliability

In the last section we show that the same contraction sparsification in Section 2 also works
for all-terminal network reliability. This improves the previous running time from Õ(mn/ε2)

[CGZZ24] to Õ(m+ n2/ε2).
Let G be a multigraph. We may assume that G is connected and loopless. For p ∈ (0, 1),

let Relp(G) denote the probability that Gp is connected, where Gp is the spanning subgraph
obtained by deleting every edge independently with probability p.

Theorem 20 (All-terminal reliability sparsification). For every constant p ∈ (0, 1), there is an
algorithm that, given a connected loopless multigraph G = (V,E) and an error bound η ∈ (0, 1),
constructs a multigraph H via contraction in time O(m log2 n+ n) such that

|V (H)| ≤ n, and |E(H)| = Op

(
n log(n/η)

)
,

where n := |V | and m := |E|, and

(1− η)Relp(H) ≤ Relp(G) ≤ Relp(H).

Consequently, for every ε ∈ (0, 1), there is an FPRAS for Relp(G) with running time Õp(m +

n2/ε2), where Õp hides factors that are polylogarithmic in n/ε and constants that depend on p.

Proof. Apply Proposition 7 to G to obtain tight strengths (s̃e)e∈E satisfying (1), and let

K :=

⌈
log(2n5/η)

log(1/p)

⌉
.

Let E≥K := {e ∈ E : s̃e ≥ K}, and let C1, . . . , CN be the connected components of (V,E≥K).
Construct H by contracting each Ci to a single vertex, deleting the resulting self-loops, and
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retaining every edge between distinct components with its multiplicity. Every retained edge e
satisfies s̃e < K, and hence

|V (H)| = N ≤ n, and |E(H)| < K
∑

e∈E(H)

1

s̃e
≤ K · c0n = Op

(
n log(n/η)

)
.

As in the proof of Theorem 2, let B1, . . . , BL be the inclusion-maximal K-strong vertex sets
of G. These sets partition V , and every Ci is contained in a unique Bℓ. Let X ⊆ E be the
random set of retained edges, and Gℓ := (Bℓ, X ∩ E(G[Bℓ])) be the retained subgraph of Bℓ.
Let A be the event that Gℓ is connected for every ℓ ∈ [L]. For a fixed Bℓ with at least two
vertices, the argument in Theorem 2, via Proposition 8, gives

Pr
(
Gℓ is disconnected

)
≤
∑
j≥1

n2(j+1) · pjK =
n4pK

1− n2pK
.

The choice of K implies pK ≤ η/(2n5), so the last expression is at most η/n. Since there are at
most n maximal K-strong components, a union bound yields Pr(A) ≥ 1− η.

Let C be the event that (V,X) is connected, and let D be the event that the retained subgraph
of H is connected. In other words, Relp(G) = Pr(C) and Relp(H) = Pr(D). Contracting the sets
Ci shows that C ⊆ D. Moreover, A ∩D ⊆ C: identifying all vertices of H whose corresponding
blocks Ci lie in the same Bℓ gives a connected quotient, and given A every Bℓ is internally
connected in (V,X). Both A and D are increasing events under the product measure on X.
Therefore, the Harris’s inequality [Har60] gives

Relp(G) ≥ Pr(A ∩D) ≥ Pr(A) Pr(D) ≥ (1− η)Relp(H).

The inclusion C ⊆ D gives the reverse inequality Relp(G) ≤ Relp(H).
The tight strengths can be computed in O(m log2 n) time, and the components and contrac-

tion can be constructed in O(m+ n) additional time. This proves the sparsification claim.
For the FPRAS, apply the sparsification with η := ε/4 and run the reliability FPRAS ob-

tained from the near-linear sampler of Chen, Guo, Zhang, and Zou [CGZZ24] on H with relative
error ε/4. If its output is R̂, then, with its stated success probability,

(1− ε/4)Relp(H) ≤ R̂ ≤ (1 + ε/4)Relp(H).

Together with the reliability comparison above, this implies that R̂ is a relative ε-approximation
to Relp(G). The FPRAS of [CGZZ24] runs in Õp(|V (H)||E(H)|/ε2) time. Since |V (H)| ≤ n and
|E(H)| = Op(n log(n/ε)), the total running time, including sparsification, is Õp(m+n2/ε2). □
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