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AbstRact. We introduce two new models equivalent to ferromagnetic two-spin systems: a weighted sub-
graph model and a random cluster type model. Using these new connections, we obtain an efficient sampling
algorithm and a new randomised algorithm that efficiently approximates the partition function of ferromag-
netic two-spin systems in certain parameter regimes. No efficient sampling algorithms are known before in
this regime, and our new estimation algorithm runs in near-quadratic time for bounded degree graphs and in
polynomial time for general graphs, improving upon the previous algorithm of Guo, Liu, and Lu (2020).

1. IntRoduction

Spin systems model nearest neighbour interactions. They originate from statistical physics, and are
nowwidely studied in other areas including probability theory, machine learning, and theoretical computer
science, sometimes under different names such as Markov random fields. Themost important computation
task in their study is to estimate the so-called partition function, which is a central quantity linking tomany
of the system’s macroscopic properties.

A particularly important case is when the number of spin is 2. These two-state spin systems (or 2-spin
systems for short) show drastically different behaviours depending on whether the interaction is repulsive
(anti-ferromagnetic) or attractive (ferromagnetic). For anti-ferromagnetic systems, great progress has been
made regarding partition function estimation – it isNP-hard beyond the tree-uniqueness threshold [Sly10,
SS14, GŠV16], and has an efficient algorithm otherwise [Wei06, SST14, LLY13, CLV23, CCYZ25]. The
complexity landscape for the anti-ferromagnetic case is completely mapped out.

On the other hand, ferromagnetic systems have demonstrated a more involved complexity landscape.
Here the most well-known system is the Ising model, and the pioneer work of Jerrum and Sinclair [JS93]
showed that efficient algorithms for the ferromagnetic Ising model exist regardless of the tree-uniqueness
threshold. Their approach is direct Markov chain Monte Carlo (MCMC), and this approach was taken fur-
ther by Goldberg, Jerrum, and Paterson [GJP03] for general ferromagnetic 2-spin systems under certain
conditions. Later, Guo and Lu [GL18] applied Weitz’s correlation decay method [Wei06] to push the al-
gorithmic threshold even further. In certain regimes, their algorithm is almost optimal, up to a threshold
beyond which the problem becomes #BIS-hard [LLZ14]. Here #BIS stands for the problem of counting
independent sets in bipartite graphs, which is conjectured to be intractable to approximate [DGGJ04].
However, Guo and Lu’s algorithm does not extend to the case where both spins are attracting. This is not
a barrier to algorithms though, as subsequently Guo, Liu, and Lu [GLL20] successfully adapted Barvinok’s
method [Bar16, PR17] to this setting. These works [JS93, GJP03, GL18, GLL20] constitute the current algo-
rithmic frontier for ferromagnetic 2-spin systems, but there is still a large gap between known algorithmic
and hardness thresholds.

A main drawback of the correlation decay method and Barvinok’s method is that the running time
of the resulting algorithm is often a polynomial with a large exponent. In particular, the exponent for
the algorithm in [GLL20] scales logarithmically in the maximum degree, and it runs within polynomial-
time only for bounded degree graphs. In this paper, we address this issue by giving a new algorithm
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that runs in near-quadratic time for bounded degree graphs, and in polynomial-time when the degree
is unbounded. We note that a similar speedup for [GL18] was obtained earlier this year [FGY26], which
relies on a new analysis for direct MCMC. In contrast, our result is quite different. We obtain an equivalent
(weighted subgraph) formulation of the problem first, and then apply MCMC to the new setting. Our new
method applies to the regime in which both spin types are attractive, a setting where the techniques of
[GL18, FGY26] encounter some fundamental barriers.

Another drawback of [GLL20] is that due to lack of self-reducibility, no efficient sampling algorithm is
known. We also address this via introducing an intermediate random cluster type model so that we can
transform a sample from the weighted subgraph model to a sample of spin systems.

Next, we formally define the problems and state our result in more detail.

1.1. Sampling and counting for ferromagnetic two-spin systems. Let G = (V,E) be a graph with
n = |V | vertices andm = |E| edges. A two-spin system on G is defined by an interaction matrixA and an
external field vector B as follows:

A =

(
β 1
1 γ

)
, B =

(
λ

1

)
.

For any configuration σ : V → {0, 1}, its weight is defined by

w
spin
G (σ;β,γ, λ) =

∏
(u,v)∈E

Aσu,σv

∏
v∈V

Bσv
= βm0(σ)γm1(σ)λn0(σ),

wherem0(σ) andm1(σ) are the numbers of edgeswith both endpoints in state 0 and in state 1, respectively,
and n0(σ) is the number of vertices in state 0. The associated Gibbs distribution is given by µspin(σ) ∝
w

spin
G (σ;β,γ, λ). The partition function, namely the normalising factor for the Gibbs distribution, is

Z
spin
G (β,γ, λ) :=

∑
σ:V→{0,1}

w
spin
G (σ;β,γ, λ).(1)

By symmetry between the two states, we will assume without loss of generality throughout the paper that
β ⩽ γ. The 2-spin system is said to be ferromagnetic if βγ > 1 (and anti-ferromagnetic if βγ < 1).

Consider a ferromagnetic two-spin system with parameters β, γ, and λ such that β ⩽ γ. Goldberg, Jer-
rum, and Paterson [GJP03] first showed that a fully polynomial-time randomised approximation scheme
(FPRAS) for Zspin

G exists if λ ⩽ γ
β
, by extending the MCMC approach of Jerrum and Sinclair [JS93].

Later, Guo and Lu [GL18] identified a threshold λc = λc(β,γ) :=
(
γ
β

) √
βγ√

βγ−1 , and introduced an fully
polynomial-time approximation scheme (FPTAS)1 if λ < λc with the further assumption of β ⩽ 1, based
on establishing strong spatial mixing (SSM) and the correlation decay method [Wei06]. This threshold is

almost optimal as Liu, Lu, and Zhang [LLZ14] showed that if λ >
(
γ
β

)⌊ 2
√
βγ√

βγ−1

⌋
/2+1

, the problem becomes
#BIS-hard, where approximating #BIS is conjectured to be intractable [DGGJ04].

On the other hand, the regime where β > 1 is still poorly understood. Here SSM does not hold any
more for any constant λ > 0.2 Thus the approach of [GL18] (as well as the recent improvement of [FGY26])
cannot be extended to this case. However, the lack of correlation decay does not block efficient algorithms,
which makes the picture much less clear. Guo, Liu, and Lu [GLL20] used Barvinok’s method [Bar16] to
identify yet another threshold:

λ⋆ = λ⋆(β,γ) :=
(
γ

β

) π

2 tan−1 √
βγ−1

,(2)

1Note that the difference between FPTAS and FPRAS is that FPTAS is deterministic.
2Roughly speaking, this is because there is no degree bound. In fact, even the so-called weak spatial mixing does not hold.

One can verify this by considering a regular tree of sufficiently large degrees.
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and introduced an FPTAS for bounded degree graphs if λ < λ⋆.3
Among all ferromagnetic 2-spin systems, the most well-understood special case is the Ising model

(namely β = γ > 1). There are rich structures for ferromagnetic Ising models, leading to various equiva-
lent formulations such as the even-subgraph model [vdW41] (also known as high-temperature expansion)
and the random cluster model [FK72]. Using these connections, polynomial-time sampling and approxi-
mate counting algorithms are obtained [JS93, GJ18]. Furthermore, in the presence of external field λ 6= 1,
there are a near-linear time sampler and a near-quadratic time FPRAS [CZ23].

Part of the reason that the parameter regime γ > β > 1 is not very well-understood is the lack of
these equivalent formulations. Our main conceptual contribution is to fill in this gap. We introduced new
weighted subgraph models and random cluster type models, and generalise previous equivalences to the
whole γ > β > 1 regime. These new connections help us find fast approximate counting and sampling
algorithms. We believe they will be useful in fully resolving the approximate counting and sampling
complexity of ferromagnetic 2-spin systems in the future.

Our first result is a fast sampling algorithm for λ < λ⋆. In this regime, no efficient sampling algo-
rithm is previously known. The FPTAS of [GLL20] cannot be transformed to a sampler due to lack of
self-reducibility (basically, by the same reason why SSM fails).
Theorem 1. Let β,γ, λ > 0 be parameters such that γ > β > 1 and λ < λ⋆. There exists an algorithm that,
given any ϵ > 0 and any graph G = (V,E), outputs a random sample σ ∈ {0, 1}V in time O

(
∆Cn log n

ϵ

)
that is at most ϵ away from µspin in total variation distance, where n = |V | is the number of vertices, ∆ is the
maximum degree of the graph, and C = C(β,γ, λ) is a constant.

To achieveTheorem 1, we use Markov chains. However, directly MCMC is not efficient here. To see this,
for any constants β > 1, γ > 1, and λ > 0, consider a sufficiently large complete graph. It is easy to see
that the all-1 and all-0 configurations contribute weights exponentially larger than mixed configurations,
and therefore the mixing time for any locally defined Markov chains such as the Glauber dynamics is
exponentially large. This is also why the recent work of [FGY26], which is a direct MCMC, is restricted to
the case of β ⩽ 1 < γ.

Our solution to bypass this issue is via the aforementioned new connections. We consider an equiva-
lent weighted subgraph formulation, which we will explain in Section 1.2 shortly. We show that Glauber
dynamics for the weighted subgraphs mixes within the time bound of Theorem 1. However, there appears
to be no easy way to transform this subgraph sample to a spin sample. We instead introduce an interme-
diate random cluster type model. For the three models, we not only establish equivalence among their
partition functions, but also show new couplings among their Gibbs distributions. With the couplings, we
first transform the subgraph sample to a random cluster sample, and then to a spin sample, to establish
Theorem 1. Details can be found in Section 3.2.

Using the sampler above and a simple λ-annealing reduction, we also obtain the following FPRAS.
Theorem 2. Let β,γ, λ > 0 be parameters such that γ > β > 1 and λ < λ⋆. There exists an FPRAS that,
given any ϵ > 0 and any graph G = (V,E), outputs a random quantity Ẑ in time O

(
∆C · n2

ϵ2 · log2 n
ϵ

)
such that Ẑ ∈ [Z(1 − ϵ),Z(1 + ϵ)] with probability at least 2

3 , where Z = Z
spin
G (β,γ, λ) is the partition

function, n = |V | is the number of vertices, ∆ is the maximum degree of the graph, and C = C(β,γ, λ) is a
constant.

The algorithm in [GLL20] applies to parameters of the same regime as in Theorem 2, but it runs in time
O
((

n
ε

)O(log∆)
)
, which is no longer a polynomial if the graph has unbounded degrees. This type of run-

ning time is typical for FPTASes [Wei06, Bar16, PR17]. Utilising randomness, the algorithm in Theorem 2
runs in polynomial-time for any graph, and in near-quadratic time for bounded degree graphs. We note
that near-quadratic time is the best known running time for partition function estimation in many settings

3It can be verified that λ⋆ < λc [GLL20].
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[SVV09, Kol18], although this barrier has been broken very recently when the parameters are lower than
the computational transition threshold [AFF+25, CCLZ26]. Their techniques do not apply in our setting,
and it is not clear if sub-quadratic time can be achieved here.

Theorem 1 andTheorem 2 cover only the case of γ > β > 1. When β ⩽ 1 ⩽ γ but βγ > 1, we refer the
interested reader to a recent work by Feng, Guo, and Yang [FGY26]. They showed an Õ(n2) mixing time
bound for Glauber dynamics in the spin system from the all 1 configuration, when λ < λc, and an Õ(n)
mixing time bound when λ <

√
γ/β. For the Ising model (β = γ > 1), there are the classical sampling

algorithm for λ = 1 by Jerrum and Sinclair [JS93] and the near-linear time sampler for λ 6= 1 by Chen
and Zhang [CZ23]. Approximate counting algorithms in all these settings can be obtained similarly via
simulated annealing.

Since the weighted subgraph model is the key to our whole argument, we explain it next.

1.2. The subgraph world. We introduce a new weighted subgraph (WSG) model and relate its partition
function to that of the two-spin system. This is a generalisation to the classical subgraph world models
[JS93]. LetG = (V,E) be a graph. For any subset of edges S ⊆ E and any vertex v, let degS(v) denote the
number of edges in S incident to v; in other words, degS(v) is the degree of v in the subgraph (V,S). The
model involves a number of parameters. Each edge e ∈ E is associated with a parameter θe > 0, and each
vertex v ∈ V is associated with λv > 0. Denote θ = (θe)e∈E and λ = (λv)v∈V . Let ρ > 0 be another
parameter. In our applications later, we will have ρλv < 1 for all v ∈ V . For any subset of edges S ⊆ E,
the weight of S is given by

w
wsg
G (S;θ,λ, ρ) =

∏
e∈S

θe
∏
v∈V

(1 + λv(−ρ)
degS(v)).(3)

The partition function of the WSG model is then given by

Z
wsg
G (θ,λ, ρ) =

∑
S⊆E

w
wsg
G (S;θ,λ, ρ).

Note that in the definitions above, we allow non-uniform weights for later convenience.
The following equivalence is shown via the holographic transformation [Val08] in Section 3.1.

Theorem 3. Consider a two-spin system on a graph G = (V,E) with parameters β,γ, λ such that γ 6= 1,
β + γ 6= 2, and βγ 6= 1. Let ρ = β−1

γ−1 and θ =
(γ−1)2

βγ−1 , and let 1V = (1)v∈V and 1E = (1)e∈E denote the
V-dimensional and E-dimensional all-ones vectors, respectively. Then

Z
spin
G (β,γ, λ) = (1 − ρθ)−|E| · Zwsg

G (θ1E, λ1V , ρ).

Theorem 3 applies to a wide range of parameters due to its algebraic nature. It is easy to check that the
conditions of Theorem 3 are satisfied in our application for γ > β > 1 and βγ > 1.

Remark (Comparison with existing subgraph-world models). It is well known that the ferromagnetic Ising
model (β = γ) is equivalent to certain subgraph-world models [JS93, FGW23]. Our result in Theorem 3
generalises this equivalence to non-Ising ferromagnetic two-spin systems with β < γ. The Ising model
without fields, namely when β = γ and λ = 1, is equivalent to the even-subgraph model, where the
subgraph (V,S) must satisfy that degS(v) is even for every v ∈ V . In this case, our parameter ρ = 1, and
only even subgraphs have positive weights in (3). When the external field is not 1, say λ < 1, the Ising
model is equivalent to a subgraph world in which each odd-degree vertex incurs a penalty; this is also
captured by (3) with ρ = 1. For general ferromagnetic two-spin systems with β < γ, our model imposes
a penalty based on the degree of the vertex in the subgraph. We believe this new subgraph-world model
is of independent interest.

The main ingredient of our algorithm is an efficient sampling algorithm for the Gibbs distribution of
the WSG model. Consider a WSG model on G = (V,E) with parameters θ,λ, ρ that correspond to a
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ferromagnetic 2-spin system. When λ < λ⋆, the weight function wwsg
G (S;θ,λ, ρ) in (3) is positive for all

S ⊆ E (see Lemma 11). Let µ = µ
wsg
G,θ,λ,ρ over 2E be the Gibbs distribution induced by the weighted

subgraph model. For any subset of edges S ⊆ E, the probability of S is given by

µ(S) =
w

wsg
G (S;θ,λ, ρ)
Z
wsg
G (θ,λ, ρ)

.(4)

We often view µ as a distribution over E-dimensional Boolean vectors. For any σ ∈ {0, 1}E, let Sσ ⊆ E
denote the subset of edges corresponding to σ. Then we write

∀σ ∈ {0, 1}E, µ(σ) = µ(Sσ) =
w

wsg
G (Sσ;θ,λ, ρ)
Z
wsg
G (θ,λ, ρ)

.

To generate a random sample from the distribution µ, we employ the standard Glauber dynamics. Start-
ing from an arbitrary initial configuration X0 ∈ {0, 1}E, in each step t ⩾ 0 we update Xt as follows:

• sample an edge e ∈ E uniformly at random;
• sample Xe ∼ µ

XE−e
e , where µXE−e

e is the conditional distribution on e given XE−e, and update Xt

by changing the state of e to Xe to get Xt+1.
It is easy to simulate Glauber dynamics: since the weight in (3) is a product of terms, each of which depends
only on a single edge or a single vertex, the conditional distribution µXE−e

e can be computed in timeO(∆),
where ∆ is the maximum degree of the graph.

It is well known that the stationary distribution of the Glauber dynamics is µ. To analyse the efficiency
of Glauber dynamics, we study its mixing time. Let (Xt)t⩾0 be the random configurations generated by
Glauber dynamics over time. Given any ϵ > 0, the mixing time is the number of steps required for the
chain to reach its stationary distribution up to total variation distance ϵ. Formally,

Tmix(ϵ) = max
X0∈{0,1}E

min{t ⩾ 0 | DTV (Xt,µ) < ϵ},

where DTV (Xt,µ) = 1
2
∑

σ∈{0,1}E |Pr[Xt = σ]−µ(σ)| is the total variation distance between (the law of)
Xt and µ. Our main technical contribution is the following mixing time bound for the WSG model. Recall

that λ⋆ = λ⋆(β,γ) =
(
γ
β

) π

2 tan−1 √
βγ−1 is the threshold in (2).

Theorem 4. Let β,γ, λ > 0 be constants such that γ > β > 1 and λ < λ⋆. Let θ =
(γ−1)2

βγ−1 and ρ = β−1
γ−1 .

Then, the weight functionwwsg
G (S; θ1E, λ1V , ρ) ⩾ 0 for all S ⊆ E. Let µ denote the Gibbs distribution induced

by the weighted subgraph model on a graph G = (V,E) with parameters θ1E, λ1V , and ρ. Then the mixing
time of the Glauber dynamics on µ is at mostO

(
∆C · n log n

ϵ

)
, where n = |V |, ∆ is the maximum degree of

the graph, and C = C(β,γ, λ) is a constant.

For comparison, in the Ising model, where β = γ > 1, the analogous threshold is λ⋆ = 1. When
λ < 1, Chen and Zhang [CZ23] proved a fast mixing time bound for the WSG dynamics induced by the
Ising model. However, our method is based on stability of polynomials, which is completely different from
the coupling-based method in [CZ23]. Their coupling crucially relies on the fact that, in the weighted
subgraph model induced by the Ising model, every vertex of odd degree receives the same uniform penalty.
In contrast, in our setting with β < γ, vertices of different degrees receive different penalties in (3). Chen
and Gu [CG24] developed a more general coupling-based technique, but our setting does not meet their
requirements either.

2. PRoof outline of the mixing time

In this section we outline the proof of Theorem 4. Under the parameter assumption in the theorem, the
positivity of the weight function is guaranteed can be verified by a straightforward calculation, which is
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deferred to Section 6.1. Assuming the distribution µ is well-defined, we outline the proof of the mixing
time bound.

We use the following notations. For any subset of edgesΛ ⊆ E and any pinning τ ∈ {0, 1}E\Λ, we write
µτ for the conditional distribution of µ given τ. In other words, in µτ, the edges in E \Λ are pinned by τ
and the edges inΛ follow the conditional distribution. Moreover, we write µS for the marginal distribution
of S ⊆ E under µ. When S = {e}, we may also write µe instead. In particular, µτe means the marginal
distribution of e under the conditional distribution µτ.

2.1. Mixing of Glauber dynamics via spectral independence. We prove the mixing time bound via
the spectral independence technique introduced by Anari, Liu, and Oveis Gharan [ALO24]. Let µ be a
distribution over {0, 1}E. For any two variables i, j ∈ E, the influence from i to j is defined as

Ψµ(i, j) = PrX∼µ[Xj = 1 | Xi = 1] − PrX∼µ[Xj = 1 | Xi = 0].

Definition 5 (spectral independence [ALO24]). The distribution µ is said to be η-spectrally independent
if the maximum eigenvalue of the influence matrix Ψµ is at most η.

Definition 6 (marginal lower bound [CLV21]). A distribution µ over {0, 1}E has a marginal lower bound
b > 0 if, for any subset of edges Λ ⊆ E, any pinning τ ∈ {0, 1}E\Λ, and any edge e ∈ Λ,

∀c ∈ {0, 1}, µτe(c) = PrX∼µ[Xe = c | XE\Λ = τ] ⩾ b.

Using the definition of the weighted subgraph model in (3), the following lemma can be established by
a straightforward calculation. The proof is deferred to Section 6.2.

Lemma 7. Let θ, ρ, λ > 0 be three constants such that ρ < 1 and λρ < 1. The weighted subgraph model on
any graph G with parameters θ1E, λ1V , and ρ has a marginal lower bound b = b(θ, λ, ρ) > 0.

In particular, Chen, Liu, and Vigoda [CLV21, Theorem 1.12] showed the following. For a Gibbs distri-
bution µ on a graph G = (V,E) with maximum degree ∆, if every conditional distribution induced by µ
is η-spectrally independent, and µ has a constant marginal lower bound b, then the mixing time of the
Glauber dynamics is bounded by O

(
∆C · n · (log log 1

µmin
+ log 1

ϵ
)
)
for some C > 0 depending on η

and b, where µmin = minσ∈{0,1}E µ(σ).
We summarise and specialise this result for theWSGmodel in the next lemma. In particular, the constant

marginal lower bound is guaranteed by Lemma 7, which is independent from ∆.

Lemma 8. Let β,γ, λ > 0 be constants such that γ > β > 1 and λ < λ⋆. Let θ =
(γ−1)2

βγ−1 and ρ = β−1
γ−1 .

Let µ denote the Gibbs distribution induced by the WSG model on a graph G = (V,E) with parameters θ1E,
λ1V , and ρ. Suppose there exists a constant η > 0 such that for any Λ ⊆ E and any τ ∈ {0, 1}E\Λ, the
conditional distribution µτ is η-spectrally independent. Then the mixing time of the Glauber dynamics on µ
is at most O

(
∆C · n log n

ϵ

)
, where C = C(β,γ, λ,η) is a constant.

2.2. Spectral independence via the stability. By Lemma 8, it remains to show that every conditional
distribution µτ is η-spectrally independent, for every subset Λ ⊆ E and every pinning τ ∈ {0, 1}E\Λ.
We show this by showing stability on the complex plane for a suitable polynomial, and then applying the
techniques from [CLV24].

For any configuration σ ∈ {0, 1}E, let Sσ denote the subset of edges selected by σ: Sσ = {e ∈ E |

σe = 1}. By the definition of the weighted subgraph model in (3), the weight of the configuration σ is∏
e∈Sσ θe

∏
v∈V

(
1 + λv(−ρ)

degSσ(v)
)
. We separate out the vertex contribution and define

∀σ ∈ {0, 1}E, w(σ) :=
∏
v∈V

(
1 + λv(−ρ)

degSσ(v)
)

.(5)

6



Given a pinning τ ∈ {0, 1}E\Λ, we treat the edge activities on the unpinned edges as complex variables ze
and define the conditional partition function polynomial

Zτ(z) =
∑

σ∈{0,1}E:σE\Λ=τ

w(σ)
∏

e∈Λ:σe=1
ze.(6)

The product only ranges over edges in Λ, since the edges in E \ Λ have already been fixed by τ. Thus
Zτ(z) is a polynomial in the variables ze, e ∈ Λ. When the pinning is empty, we write Z(z) for Z∅(z).
Substituting ze = θe recovers the conditional distribution on the unpinned variables:

∀σ ∈ {0, 1}E with σE\Λ = τ, µτ(σ) :=
w(σ)

∏
e∈Λ:σe=1 θe

Zτ(θ)
.

Again, when the pinning is empty, µ∅ = µ.
The polynomial in (6) allows us to complexify the edge activities and prove spectral independence

through polynomial stability, following [CLV24]. Throughout the paper, C denotes the complex plane.

Definition 9 (stability of polynomial). For regions Γi ⊆ C, i ∈ [n], a multivariate polynomial p ∈
C[x1, . . . , xn] is (

∏n
i=1 Γi)-stable if p(x1, . . . , xn) 6= 0 whenever xi ∈ Γi for all i ∈ [n].

We specialise [CLV24, Theorem 3.2] to our setting as follows.

Proposition 10. Let E be a set of variables and w : {0, 1}E → R be a weight function. For any e ∈ E, let
Γe ⊂ C be a non-empty open connected region, and let θ : E → R satisfy θe ∈ R+ ∩ Γe for every e ∈ E.
Suppose that, for every pinning τ, the conditional partition function Zτ(z) is

(∏
e∈Λ Γe

)
-stable. Then the

distribution µτ is spectrally independent with constant

η =
2
bδ2 ,

where b is the marginal lower bound of µτ, δ = mine∈E
1
θe

dist(θe,∂Γe), ∂Γe is the boundary of Γe, and
dist(x,∂Γe) := infz∈∂Γe |x− z|.

We apply Proposition 10 to the WSG model. Once again, recall that our setting is γ > β > 1, ρ = β−1
γ−1 ,

θ =
(γ−1)2

βγ−1 , and λ < λ⋆(β,γ). Let µ be the Gibbs distribution induced by the WSG model on a graph
G = (V,E) with parameters θ1E, λ1V , and ρ. We will use Proposition 10 to prove spectral independence
for every conditional distribution µτ.

The following self-reduction lets us handle all pinnings uniformly. Fix a pinning τ ∈ {0, 1}E\Λ. Let
Gτ = (V,Λ) be the subgraph obtained by deleting the pinned edges in E \ Λ. For each vertex v ∈ V , let
kv be the number of pinned edges incident to v that are fixed to 1 by τ. We absorb the contribution of
these pinned edges into the external field by setting

λτv = λ · (−ρ)kv .
The following technical lemma is verified in Section 6.1.

Lemma 11. For any integer k ⩾ 0, it holds that −1 < −ρλ⋆ ⩽ λ · (−ρ)k ⩽ λ.

Given the pinning τ, for every S ⊆ Λ, the conditional weight of the configuration S is, up to the non-zero
contribution of the pinned edges, equal to

θ|S|
∏
v∈V

(
1 + λτv(−ρ)

degS(v)
)

.

By Lemma 11, the above weight is still non-negative. Hence the conditional distribution µτ projected
onto Λ is the Gibbs distribution of a weighted subgraph model on the subgraph Gτ with parameters θ1Λ,
(λτv)v∈V , and ρ. We will use this self-reduction to handle all the conditional distributions.
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H0

C \ Γ

H1

Uδ(1/θ)

H2 H3 = H

FiguRe 1. Illustration of our contraction procedure for a 3-cycle C3. Red vertices correspond
to original vertices of the graph, and brown vertices correspond to edge variables. We start
from H0, the disjoint union of three disjoint stars. At each step, the blue highlighted pair of
brown vertices is contracted into a single vertex. The variables of original brown vertices are
safe in C \ Γ , while the contracted brown vertex is safe in Uδ(1/θ). After three contractions,
we obtain H3 = HC3 .

It remains to establish the required stability condition in Proposition 10. For x ∈ C and δ > 0, write
Uδ(x) := {z ∈ C | |z− x| < δ} for the open disk of radius δ centered at x.

Theorem 12. Fix three constants γ > β > 1 and 0 < λ < λ∗(β,γ). Let ρ = β−1
γ−1 and θ =

(γ−1)2

βγ−1 .
Let G = (V,E) be a graph and λ = (λv)v∈V be parameters such that −ρλ ⩽ λv ⩽ λ for all v ∈ V . Let
w : {0, 1}E → R be the weight function defined in (5)with respect to graphG and parameters λ, ρ. There exists
a constant δ = δ(β,γ, λ) > 0 such that the partition function Z(z) defined in (6) is

∏
e∈EUδ(θ)-stable.

This theorem is enough for the stability hypothesis in Proposition 10. Indeed, after the self-reduction
above, each polynomial Zτ(z) appearing in Proposition 10 is exactly the partition function in Theorem 12
for the graph Gτ and fields (λτv)v∈V . This is because, in the definition of Zτ(z) in (6), only the edge
activities of the unpinned edges in Λ appear. Thus proving Theorem 12 for arbitrary graphs and all fields
in the interval (−ρλ⋆, λ⋆) establishes the required stability for all conditional distributions. Theorem 4 is
a consequence of combining Lemma 8, Proposition 10, and Theorem 12.

Theorem 12 is our most technically involved ingredient and is shown in Section 4. Here we give a brief
overview of the proof. The overall strategy is via the Asano contraction [Asa70, Rue71], similar to previous
zero-freeness results for Holant problems [GLLZ21]. LetG = (V,E) be a graph with |V | = n and |E| = m.
Note that the variables in Zτ

w(z) are on the edges. Let HG be the (bipartite) vertex-edge incidence graph
of G (see Definition 14). We construct a sequence of graphs H0, . . . ,Hm, where Hm = HG. The initial
graph H0 is a collection of disjoint star graphs. For each v ∈ V , construct a star whose center is v and
the leaves correspond to all edges adjacent to v. The union of all these stars is H0. Thus, in H0, each edge
e = (u, v) ∈ E corresponds two leaves connecting to u and v, respectively. Call these leaves half-edges,
and variables are attached to the half-edges. Order edges in E as e1, . . . , em. Then given Hi, contract the
two half edges corresponding to ei+1 to obtainHi+1. The two corresponding variables are also identified.
After processing all edges, we recover Hm = HG. Figure 1 illustrates this procedure for a 3-cycle.

To prove the desired stability, there are two main ingredients. The first is the stability of the initial
graphH0. SinceH0 is a disjoint union of stars, the stability of the partition function follows from handling
each star separately. We carefully choose a region Γ so that the partition function is non-zero whenever
no variable lies in Γ . The second ingredient is the stability-preserving property of the contraction step.
Namely, assuming that the partition function ofHi is (C \ Γ)×(C \ Γ)-stable for the pair of contracted half
edge variables, we prove that the new partition function forHi+1 after contraction remains stable when the
contracted variable lies in a small neighborhoodUδ(1/θ) around 1/θ. Iterating this argument propagates
stability from the initial disjoint union of stars H0 all the way to the final graph Hm. Consequently, the
WSG partition function for G is

∏
e∈EUδ(θ)-stable.
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The most essential part of this argument is the choice of Γ . Our choice is actually inspired by the zero-
freeness result of [GLL20]. Although their result concerns the spin model and we are working in the WSG
model, we noticed that after certain variable transformations, the initial stability for H0 resembles the
contraction step in [GLL20]. Then, with the same variable transformation, our contraction step resem-
bles the initial stability in [GLL20]. This is an interesting duality regarding the contraction argument for
zero-freeness under holographic transformations, and is also why our Theorem 2 works up to the same λ
threshold as in [GLL20]. However, as we need stability for a constant neighbourhood around θ, we also
need to strengthen various intermediate results in [GLL20].

In addition, there is one more wrinkle to our proof – the zero-freeness result of [GLL20] is optimised and
only works for degrees⩾ 2. The way they handle degree 1 vertices (namely leaves) is to pre-process them
first. However, since pinning edges may produce new leaves, this strategy does not work for us. To this
end, we identify bad leaves, whose external fields are positive and cause trouble to an avoidance lemma
(Lemma 34). Observe that any graph can be decomposed into a degree ⩾ 2 core and trees appended to
the core (see Figure 2 for an illustration). Our strategy is to recursively prune bad leaves and reduce the
original graph G to an equivalent bad-leaf reduced graph, whose external fields are updated to some λ ′.
Throughout this recursive process, wemust ensure that the new fields λ ′ remain in a complex regionwhere
the stability argument applies. To control this recursion, we notice that the external fields are updated in a
similar fashion to the tree recursion of Weitz [Wei06]. Thus, we use the potential function from [GL18] to
design the admissible complex region for the external fields λ ′. Intuitively, we show that the perturbations
due to the pruning process do not drift the external fields λ ′ too far away from the real axis, and that they
remain inside the region required by the contraction argument. Once we obtain a graphwithout bad leaves,
the zero-freeness argument outlined above applies, which completes the proof of Theorem 12.

3. Eivalent foRmulations

In this section we show equivalence between the two-spin system and the weighted subgraph model,
introduce the random cluster type model, and show its equivalence to the other two models.

3.1. Weighted subgraphs. We use the holographic transformation [Val08] to prove the equivalence
between the two-spin system and the weighted subgraph model. Let d ⩾ 1 be an integer, and let
f : {0, 1}d → C be a function, where C denotes the complex plane. We write f = (fx0 , fx1 , . . . , fx2d−1

) as
either a column or a row vector, where for each 0 ⩽ i < 2d, xi ∈ {0, 1}d is the binary representation of
i. In the symmetric case, where f is invariant under permutations of the bits of xi, we write f succinctly
as f = [f0, f1, . . . , fd], where for each 0 ⩽ j ⩽ d, fj is the common value of fx over all binary strings
x ∈ {0, 1}d with Hamming weight |x| = j. This is also called the signature of f.

Given a bipartite graph H = (V1 ] V2,E), let F = (fv)v∈V1 and G = (gu)u∈V2 denote the functions
on the vertices of H. The Holant is defined as

Holant(H;F | G) =
∑

σ:E→{0,1}

∏
v∈V1

fv(σE(v))
∏
u∈V2

gu(σE(u)),

where E(v) and E(u) are the edges incident to v and u, respectively.
Let T ∈ C2×2 be an invertible matrix, and let f : {0, 1}d → C be a signature function. We write

Tf = T⊗df (resp. fT = fT⊗d) for the transformed function when f is viewed as a column (resp. row)
vector. Given Holant(H;F | G) on a bipartite graph H = (V1 ] V2,E), view all fv ∈ F as row vectors
and all gu ∈ G as column vectors. Define the transformed functions as FT = {fvT }v∈V1 and T−1G =
{T−1gu}u∈V2 , where T−1 is the inverse of T . The following equivalence holds.

Theorem 13 (Valiant’s Holant theorem [Val08]). Holant(H;FT | T−1G) = Holant(H;F | G).
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Next, we represent the two-spin system as a Holant instance via the half-edge decomposition. Consider
a ferromagnetic two-spin system on a graphG = (V,E) defined by parameters β,γ, λ > 0. We define the
vertex-edge incidence bipartite graph HG of G by the following.

Definition 14. Given G = (V,E), the vertex-edge incidence graph HG = (V1 ] V2,EH) is a bipartite
graph whose left part V1 = V consists of all vertices of G and whose right part V2 = E consists of all
edges of G. For each edge e = {u, v} ∈ E of G, we add two edges eu = {u, e} and ev = {v, e} to EH. We
call eu and ev the half-edges of e.

Note that the degree of each v ∈ V1 in HG equals the degree of v in G, which we denote by dv =
degG(v) = degHG

(v), while the degree of each e ∈ V2 in HG is exactly 2. For each vertex v ∈ V1, we
define the row vector fv : {0, 1}dv → C by

fv = λ (1, 0)⊗dv + (0, 1)⊗dv = [λ, 0, . . . , 0︸ ︷︷ ︸
(dv−1) zeros

, 1],

In words, if all half-edges incident to v are in state 0, then the value of fv is λ; if all half-edges incident to
v are in state 1, then the value of fv is 1; otherwise, the value of fv is 0. For each edge e = {u, v} ∈ E of
G, we define the column vector ge : {0, 1}2 → C by

ge = (β, 1, 1,γ)T = [β, 1,γ].

In words, if the two half-edges of e are both in state 0, then the value of ge is β; if they are both in state
1, then the value of ge is γ; otherwise, the value of ge is 1. We define

F = {fv}v∈V1 and G = {ge}e∈V2 .(7)

This construction encodes the two-spin system as a Holant instance. Indeed, each spin configuration
σ ∈ {0, 1}V ofG corresponds to the assignment inHG that gives every half-edge incident to a vertex v the
spin value σv. Under this correspondence, the vertex function fv contributes the external field at v, while
the edge function ge contributes the interaction along e = {u, v}. Comparing the weights term by term,
the following proposition is immediate from the definitions of fv and ge.

Proposition 15. The partition function Zspin
G (β,γ, λ) of the two-spin system on G is given by

Z
spin
G (β,γ, λ) = Holant(HG;F | G),

where F and G are defined in (7).

We now apply the holographic transformation to the Holant instance of the two-spin system and com-
pute the transformed signatures. Since γ 6= 1, define

T :=

(
1 −ρ
1 1

)
, where ρ =

β− 1
γ− 1

.(8)

Also, as β+ γ 6= 2, T is invertible. For any vertex v ∈ V1 of HG, the transformed vertex signature is

fvT
⊗dv = λ (1,−ρ)⊗dv + (1, 1)⊗dv = [1 + λ, 1 − λρ, . . . , 1 + λ(−ρ)dv ].(9)

Thus the transformed vertex signature depends only on the number of incident transformed half-edges in
state 1: its value on assignments of Hamming weight k is 1 + λ(−ρ)k. For the edge signature, recall that
θ =

(γ−1)2

βγ−1 . Using

T−1 =
1

1 + ρ

(
1 ρ

−1 1

)
,
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a direct calculation gives

(T−1)⊗2ge =
1

(1 + ρ)2


β+ 2ρ+ γρ2

−(β− 1) + ρ(γ− 1)
−(β− 1) + ρ(γ− 1)

β+ γ− 2

 =
1

1 − ρθ


1
0
0
θ

 .(10)

Thus the transformed edge signature is an equality signature on the two transformed half-edges, with
weight 1 on state 00 and weight θ on state 11, multiplied by the common factor 1

1−ρθ
. This is the exact

reason why we set the parameter ρ in (8). Since every pair of half-edges are forced to be equal, by map-
ping the half-edges to the edges, this exactly gives the weighted subgraph model on the original graph G.
Therefore, by Theorem 13 and Proposition 15,

Z
spin
G (β,γ, λ) = Holant(HG;F | G) = Holant(HG;FT | T−1G)

= (1 − ρθ)−|E|
∑
S⊆E

θ|S|
∏
v∈V

(
1 + λ(−ρ)degS(v)

)
= (1 − ρθ)−|E|Z

wsg
G (θ1E, λ1V , ρ),

where degS(v) is the degree of vertex v in the subgraph G ′ = (V,S) ⊆ G. This proves Theorem 3.

3.2. Random cluster type model. Next we introduce a random cluster (RC) type model à la Fortuin and
Kasteleyn [FK72], and couple this model with the 2-spin system and the WSG model, respectively. This
way, we can transform a sample from the WSG model to a sample from the spin system, and establish
Theorem 1.

The parameters are γ > β > 1 and λ > 0. As before, let ρ = β−1
γ−1 and θ =

(γ−1)2

βγ−1 . Given a graph
G = (V,E), the RC distribution is defined over subsets S of edges:

µrc(S) ∝ wrc(S) :=
∏

C∈κ(V ,S)

(
λ|V(C)|(β− 1)|E(C)| + (γ− 1)|E(C)|

)
,(11)

where κ(V,S) is the set of connected components in the subgraph (V,S), E(C) is the edge set of the
componentC, and V(C) is the vertex set of the componentC. Define the corresponding partition function
Zrc = Zrc

G(β,γ, λ) :=
∑

S⊆Ew
rc(S). It is not hard to verify that for ferromagnetic Ising models (β = γ >

1 and λ = 1), (11) coincides with the classical Fortuin-Kasteleyn model [FK72]. For ferromagnetic Ising
models with external fields (β = γ > 1 and λ 6= 1), (11) coincides with the weighted random cluster model
[FGW23].

The next theorem is a generalisation of the equivalence by Fortuin and Kasteleyn [FK72] and the cou-
pling by Edwards and Sokal [ES88] between ferromagnetic Ising models and random cluster models.

Theorem16. For any graphG and parameters (β,γ, λ),Zrc
G(β,γ, λ) = Zspin

G (β,γ, λ), whereZspin is defined
in (1).

Moreover, given an RC sample S ∼ µrc, one can obtain a spin sample σ obeying the law of µspin as follows:
independently for each connected component C ∈ κ(V,S), assign spin 0 to all vertices in C with probability

λ|V(C)|(β−1)|E(C)|

λ|V(C)|(β−1)|E(C)|+(γ−1)|E(C)| , and spin 1 otherwise.

Proof. Recall that the ferromagnetic 2-spin interaction can be represented as a Holant problem on the
vertex-edge incidence graphHG. A vertex v is assigned the function fv = λ(1, 0)⊗dv +(0, 1)⊗dv and the
edges assigned g = (β, 1, 1,γ)T . Let g0 = (1, 1, 1, 1)T and g1 = (β− 1, 0, 0,γ− 1)T so that g = g0 +g1.

11



We may also view g, g0, and g1 as symmetric functions on two variables. Then, we have

Zspin =
∑

σ:V→{0,1}

λn0(σ)
∏

(u,v)∈E

g(σu,σv) =
∑

σ:V→{0,1}

λn0(σ)
∏

(u,v)∈E

(g0(σu,σv) + g1(σu,σv))

=
∑

σ:V→{0,1}

λn0(σ)
∑

τ:E→{0,1}

∏
e=(u,v)∈E

gτ(e)(σu,σv)

=
∑

τ:E→{0,1}

∑
σ:V→{0,1}

λn0(σ)
∏

e=(u,v)∈E

gτ(e)(σu,σv).

Given an edge assignment τ, let S be the set of edges that are assigned 1. In fact, since g0 is the all-1
function, its contribution is the same as removing the edge. On the other hand, g1 is non-zero only if both
half edges are 0 or 1. This implies that, the only σ with non-zero weight is to assign the same value for
each connected component C ∈ κ(V,S). The weight of assigning 0 is λ|V(C)|(β− 1)|E(C)| and assigning
1 is (γ− 1)|E(C)|. The overall weight is exactly wrc(S), which proves the first part of the theorem.

For the second part, consider a joint distribution over both edges and vertices. The only allowed con-
figuration is to have the same value in each connected component induced by the edges, and the weight
is as given above. It is not hard to see that this distribution projected on the vertices recovers the spin
distribution, and on the edges recovers the RC distribution. The second part of the theorem follows. □

The reason we introduce the RC model is because we can also couple it with the WSG model, which is a
generalisation of the coupling used in [GJ09, FGW23]. Denote by µwsg the Gibbs distribution of the WSG
model, as defined in (4) with θ = θ1 and λ = λ1. Also recall that ρθ =

(β−1)(γ−1)
βγ−1 < 1.

Lemma 17. For a graph G = (V,E) and parameters γ > β > 1 and λ > 0, let S be a sample from µwsg.
Independently add each remaining edge in E \ S with probability ρθ to get R. Then R follows the law of µrc.

To prove Lemma 17, we will need the following lemma.
Lemma 18. Let G = (V,R) be a graph. Then,∑

S⊆R

ρ−|S|w
wsg
vtx (S) =

(
β+ γ− 2

(β− 1)(γ− 1)

)|R|

wrc(R),(12)

where wwsg
vtx (S) :=

∏
v∈V

(
1 + λ(−ρ)degS(v)

)
.

Proof. This is a holographic transformation via Theorem 13. Again, let H = HG be the vertex-edge inci-
dence graph. Then, wrc(R) is the Holant by giving each v ∈ V a function fv = λ(1, 0)⊗dv + (0, 1)⊗dv ,
and each e ∈ E a function g = [(β − 1), 0, (γ − 1)]. This is because with these functions, the only con-
figuration with non-zero weights have the same value in each connected component C, and the weight is
λ|V(C)|(β− 1)|E(C)| if the value is 0, and (γ− 1)|E(C)| if the value is 1.

Given this Holant, we apply the same transformation as in Theorem 3 by T :=

(
1 −ρ
1 1

)
. Recall that

fvT
⊗dv is given in (9) already. On the edges, the resulting function is

(T−1)⊗2g =
1

(1 + ρ)2


β− 1 + (γ− 1)ρ2

0
0

β+ γ− 2

 =

(
γ− 1

β+ γ− 2

)2


(β−1)(β+γ−2)

γ−1
0
0

β+ γ− 2



=
(β− 1)(γ− 1)
β+ γ− 2


1
0
0
ρ−1

 .
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On the other hand, the left hand side of (12) can be represented as a Holant as well. The vertex function
is exactly fvT⊗dv for any v ∈ V , and the edge function is [1, 0, ρ−1]. This proves the lemma. □

Now we can prove Lemma 17.

Proof of Lemma 17. Note that µwsg(S) = θ|S|w
wsg
vtx (S)

Zwsg . Then, the probability of getting R is∑
S⊆R

θ|S|w
wsg
vtx (S)

Zwsg (ρθ)|R|−|S| (1 − ρθ)|E|−|R|

=
(ρθ)|R| (1 − ρθ)|E|−|R|

Zwsg

∑
S⊆R

ρ−|S|w
wsg
vtx (S)

=
(1 − ρθ)|E|

Zwsg

(
ρθ

1 − ρθ

)|R|(
β+ γ− 2

(β− 1)(γ− 1)

)|R|

wrc(R).(by Lemma 18)

ByTheorem 3 andTheorem 16,Zwsg = (1 − ρθ)|E| Zspin = (1 − ρθ)|E| Zrc. Moreover, ρθ
1−ρθ

=
(β−1)(γ−1)

β+γ−2 .
Thus, the probability above is wrc(R)

Zrc , which is exactly µrc(R). □

We remark that one can also strengthen Theorem 16 and Lemma 17 into a grand model as in [FGW23]
in a straightforward way. However, it does not seem to benefit our applications so the details are omitted
here. In any case, we conclude this section with a proof of Theorem 1.

Proof of Theorem 1. We run Glauber dynamics for the WSG model forO
(
∆C · n log n

ϵ

)
steps to get a sub-

graph S, where C is from Theorem 4. Since each step of Glauber dynamics can be implemented in time
O(∆), the total running time here is O

(
∆C+1 · n log n

ϵ

)
. By Theorem 4 and the coupling inequality, we

may couple S with a perfect sample from µwsg with probability at least 1 − ϵ. Then, we use Lemma 17 to
get an RC sample R, and subsequently use Theorem 16 to get a spin sample σ. This σ can be coupled with
a perfect sample from µspin with probability at least 1− ϵ. Thus, the total variation distance of our sample
from µspin is at most ϵ. □

4. Stability of the polynomial

In this section, we prove Theorem 12. We decompose the argument into two steps. First, we reduce an
arbitrary graph G to a graph G ′ by contracting bad leaves (the degree-one vertices with positive external
fields). Second, we prove the stability result for the reduced graph G ′. The latter step relies crucially on
the leaf-contraction operation developed in the reduction step, so we present the reduction first.

Before we proceed, we explain why this preliminary reduction is needed. This is due to a technical
reason: our proof in the second step cannot directly handle degree-one vertices with positive external
fields. (In particular, Lemma 34 does not hold for leaves.) A related obstacle also appears in [GLL20]. One
might try to avoid it by preprocessing the original graph G, deleting all degree-one vertices in advance,
and then analyzing the weighted subgraph model only on graphs with minimum degree at least two. This
shortcut was used in [GLL20], but it is not sufficient here. Our stability result must hold not only for the
original graph, but also after arbitrary pinnings of the edge variables. Pinning an edge to 0 is equivalent
to deleting that edge. Thus, even if the original graph has no degree-one vertices after preprocessing, the
pinning may produce new degree-one vertices that require us to handle.

We next recall some basic settings. Let γ > β > 1 and 0 < λ < λ∗(β,γ). Let ρ = β−1
γ−1 and θ =

(γ−1)2

βγ−1 .
Let G = (V,E) be a graph and λ = (λv)v∈V be parameters such that −ρλ ⩽ λv ⩽ λ for all v ∈ V . We
will call λv the external field of vertex v. Let w : {0, 1}E → R be the weight function defined in (5) with
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respect to graph G and parameters λ, ρ. Formally, for any S ⊆ E,

w(S) =
∏
v∈V

(1 + λv(−ρ)
degS(v)),(13)

where degS(v) is the degree of vertex v in the subgraph GS = (V,S). The partition function polynomial
in (6) (without pinning) is defined as

Z(z) =
∑
S⊆E

w(S)
∏
e∈S

ze.(14)

Note that the weight function w in (13) depends on the graph G = (V,E) and the parameters λ, ρ.
Throughout this section, the parameter ρ = β−1

γ−1 is fixed. However, we may need to vary the graphs
and external fields. We will use the following notation to highlight the dependence on the graph and the
external fields:

ZG(z;λ) =
∑
S⊆E

∏
v∈V

(1 + λv(−ρ)
degS(v))

∏
e∈S

ze,

where the parameter ρ = β−1
γ−1 .

Theorem 12 is proved in two steps. First, we reduce a general graph to a graph without bad leaf vertex.
Then we prove stability for such reduced graphs. To state the two lemmas precisely, we introduce some
notation. For a real interval I, define its δ-strip by

Sδ(I) := {a ∈ C : dist(a, I) < δ}.
Recall that

Uδ(x) := {a ∈ C : dist(a, x) < δ}
is the disk of radius δ centered at x.

Throughout the next two lemmas, fix constants γ > β > 1 and 0 < λ < λ⋆(β,γ), and set

ρ =
β− 1
γ− 1

, θ =
(γ− 1)2

βγ− 1
, I = [−ρλ, λ], I− = [−ρλ, 0].

Condition 19. Let δ1 > 0 be a constant. Let G = (V,E) be a graph and λ = (λv)v∈V ∈ CV . It holds
that for all vertices v ∈ V , λv ∈ Sδ1(I), furthermore, if degG(v) = 1, then λv ∈ Sδ1(I−).
Lemma 20 (Reduction lemma). For any constant δ1 > 0, there exists a constant δ2 = δ2(β,γ, λ, δ1) > 0
such that the following holds. Let G = (V,E) be a graph and λ = (λv)v∈V ∈ RV be parameters such that
−ρλ ⩽ λv ⩽ λ for all v ∈ V . For any vector z = (ze)e∈E with ze ∈ Uδ2(θ) for all e ∈ E, there exists a
subgraph G ′ = (V ′,E ′) of G, and complex-valued parameters λ ′ = (λ ′v)v∈V ′ ∈ CV ′

such that G ′ and λ ′

satisfy Condition 19 with constant δ1 and

ZG ′(zE ′ ;λ ′) 6= 0 if and only if ZG(z;λ) 6= 0.

Lemma 21 (Stability of the bad-leaf-reduced core). There exists δ1 = δ1(β,γ, λ) > 0 such that the following
holds. Let G = (V,E) and λ = (λv)v∈V ∈ CV be a graph and a vector such that Condition 19 holds with
constant δ1. Then there exists a constants δ3 = δ3(β,γ, λ, δ1) > 0 such that for all z = (ze)e∈E with
ze ∈ Uδ3(θ) for all e ∈ E,

ZG(z;λ) 6= 0.

Assuming the above two lemmas, we prove Theorem 12.

Proof of Theorem 12. Let δ1 = δ1(β,γ, λ) > 0 be the constant from Lemma 21. Since Lemma 20 holds for
every δ1 > 0, we apply it with this value of δ1. Let δ2 = δ2(β,γ, λ, δ1) be the constant from Lemma 20,
and let δ3 = δ3(β,γ, λ) be the constant from Lemma 21. Define

δ = min(δ2, δ3).
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core

appended trees

(a) General graph G.

core

appended trees

(b) Graph G ′ after bad-leaf deletion.

FiguRe 2. An illustration of the leaf-deletion reduction. (a) A general graphG is decomposed
into a core of minimum degree at least two and appended trees. In each appended tree, a
green vertex u denotes λu < 0, while an orange vertex u denotes λu ⩾ 0. (b) After pruning
bad-leaves in G, part of the appended trees is removed. Removed vertices are absorbed into
effective external fields on the circled vertices.

Since δ1 depends only on β,γ, λ, so does δ.
Fix a graph G = (V,E) and a real vector λ = (λv)v∈V ∈ RV such that −ρλ ⩽ λv ⩽ λ for all v ∈ V .

Let z = (ze)e∈E satisfy ze ∈ Uδ(θ) for all e ∈ E. Since δ ⩽ δ2, Lemma 20 produces a reduced graph
G ′ = (V ′,E ′) and fields λ ′ with λ ′v ∈ Sδ1(I) for all v ∈ V ′ and λ ′v ∈ Sδ1(I−) for all v ∈ V ′ with
degG ′(v) = 1, such that it is enough to prove ZG ′(zE ′ ;λ ′) 6= 0. Since δ ⩽ δ3 and (G ′,λ ′) satisfies
Condition 19 with constant δ1, this non-vanishing follows from Lemma 21.

Therefore ZG(z;λ) 6= 0 for all z ∈
∏

e∈EUδ(θ), which proves the desired stability. □

Next, we prove Lemma 20 in Section 4.1 and Lemma 21 in Section 4.2.

4.1. Leaf-deletion reduction. We give our reduction from general graphG to the leaf-reduced graphG ′.
We first provide some intuition of the proof idea and then give the formal proof. Let v be a leaf (degree-one
vertex) with unique neighbor u and leaf edge e = {u, v} in graph G. We call u the parent of v. Suppose
the current external field at the leaf is λv and the current external field at the parent is λu. Assume that
the external field λv /∈ Sδ1(I−), which violates Condition 19. We will use a process to delete this bad leaf
vertex v, and absorb the deleted part into the external field at the parent u.

Fix a configuration S ⊆ E on G such that e ∈ S. Let S ′ = S \ {e}. We write t = (−ρ)degS ′(u), where
degS ′(u) is the degree of the vertex u in the subgraph (V,S ′). For a configuration S and S ′, the edge e
together with the two endpoints of the leaf edge e contribute the following factor to the partition function
polynomial (14): {

(1 + λv)(1 + λut) for configuration S ′,
ze(1 − ρλv)(1 − ρλut) for configuration S.

The partition function is a sum over all configurations. Both S and S ′ are valid configurations. If we add
the above contributions of u and v in both cases together, we get

(1 + λv)(1 + λut) + ze(1 − ρλv)(1 − ρλut)

=
[
(1 + λv) + ze(1 − ρλv)

]
+ λut

[
(1 + λv) − ρze(1 − ρλv)

]
.

Define the following two functions (one may view a as λv and z as ze):

(15) Cz(a) = (1 + a) + z(1 − ρa), Φz(a) =
(1 + a) − ρz(1 − ρa)

(1 + a) + z(1 − ρa)
.
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Then, whenever Cze(λv) 6= 0, it holds that
(16) (1 + λv)(1 + λut) + ze(1 − ρλv)(1 − ρλut) = Cze(λv) (1 + λutΦze(λv)) .
Consider the subgraph G ′ = G − {v, e} obtained from G by removing the leaf vertex v. We can view the
factor (1 + λutΦze(λv)) in the RHS of (16) as the new factor contributed at the parent u in the subgraph
G ′. Therefore, we can write the partition function in the following way:
(17) ZG(z;λ) = Cze(λv)ZG ′(z;λ ′),
where for all vertices in graph G ′, the external fields are updated as follows:{

λ ′u = λuΦze(λv) for parent u,
λ ′w = λw for other vertices w 6= u.

Hence, we transfer the stability of ZG(z;λ) to the stability of ZG ′(z;λ ′) if Cze(λv) 6= 0.
Our proof of Lemma 20 is to apply the above deletion process in a systematic way. We introduce the

following closure lemma, which plays a crucial role in our proof. Set
I+ = [0, λ], I− = [−ρλ, 0], I = I− ∪ I+.

Lemma 22. For any constant δ1 > 0, there exists a constant δ2 > 0 = δ2(β,γ, λ, δ1), together with two
regions U+,U− ⊂ C such that the following hold. Let U = U+ ∪ U−.
(i) I ⊂ U ⊂ Sδ1(I) and U

− ⊂ Sδ1(I−).
(ii) For any a ∈ U+ and any z ∈ Uδ2(θ), Cz(a) 6= 0.
(iii) For any integer k ⩾ 1, any sequence ai ∈ U+ and zi ∈ Uδ2(θ) with 1 ⩽ i ⩽ k, it holds that

∀c ∈ I, c

k∏
i=1

Φzi(ai) ∈ U.

Lemma 22 is proved in Section 4.3. Assuming the lemma, we define the following leaf-deletion process.
Note that U− ⊂ Sδ1(I−) is a safe region for Condition 19. We need to keep deleting leaf vertices with
external fields in U+. Formally, consider the following process.

Let G = (V,E) be a graph and λ = (λv)v∈V ∈ RV be a vector of external fields in Lemma 20.
• Set λ ′v ← λv for all v ∈ V .
• Repeat the following process until G does not have leaf (degree-one) vertex v with λ ′v ∈ U+:

– Choose the leaf vertex v with the smallest index such that λ ′v ∈ U+ and denote its parent by
u.

– Delete the edge e = (u, v) and the leaf v, and update the external field λ ′u ← λ ′uΦze(λ
′
v).

After the whole process terminates, we denote the partition function of G ′ by ZG ′(z,λ ′). We refer to
Figure 2 for an illustration of the process. Now, we are ready to prove Lemma 20.

Proof of Lemma 20. Fix δ1 > 0, and let δ2 > 0 and U = U+ ∪ U− be given by Lemma 22. Also fix z
with ze ∈ Uδ2(θ) for all e ∈ E. We run the deterministic leaf-deletion procedure described above, always
deleting the leaf of smallest index among the leaves whose current external field λ ′v ∈ U+. This determines
a subgraph G ′ = (V ′,E ′) of G.

We track the external fields and the partition function throughout the process. During the process, let
λ
(t)
v denote the current external field of a vertex v after t leaf deletions. By Lemma 22 (i), λ(0)

v = λv ∈ I ⊂ U.
We prove by induction on t that the following two properties hold.

• The first property is that for every current vertex u, its current field has the form

λ
(t)
u = λu

∏
e=(u,v)∈Dt(u)

Φze(ae),(18)
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whereDt(u) is the set of deleted edges that have been absorbed into u, and each ae is the current
field of the deleted leaf neighbor v at the moment when e = {u, v} was deleted. Moreover, for any
e ∈ Dt(u), ae ∈ U+, and λ(t)u ∈ U.
• The second property is that for any Gt and λ(t), the partition function satisfies:

ZG(z;λ) =

 ∏
e∈E\E(Gt)

Cze(ae)

ZGt
(zE(Gt);λ

(t)).(19)

where E(Gt) is the set of edges in Gt.
Both claims are immediate at t = 0. Suppose they hold after t deletions, and let the next deleted leaf be

v with parent u and leaf edge e = (u, v). By the choice of the deletion step, the current field λ(t)v lies in
U+. Hence Lemma 22 (ii) gives Cze(λ

(t)
v ) 6= 0. The one-step identity (17) gives

ZGt
(zE(Gt);λ

(t)) = Cze(λ
(t)
v )ZGt+1(zE(Gt+1);λ

(t+1)),

where the only changed field is
λ
(t+1)
u = λ

(t)
u Φze(λ

(t)
v ).

This proves the partition-function identity (19) at time t+ 1 and updates the field as in (18).
It remains to check that the updated field λ(t+1)

u stays in U. By the induction hypothesis, λ(t)u can be
written as λ(t)u = λu

∏k
i=1Φzi(ai), where λu ∈ I, each ai ∈ U+, and each zi ∈ Uδ2(θ). The new update

appends one more factor with ak+1 = λ
(t)
v ∈ U+ and zk+1 = ze ∈ Uδ2(θ). Lemma 22 (iii) implies

λ
(t+1)
u = λu

k+1∏
i=1

Φzi(ai) ∈ U, because λu ∈ I.

All other current fields are unchanged, so the induction is complete.
At the end of the process, let G ′ = GT = (V ′,E ′) and let λ ′ = λ(T), where T is the total number of

leaf deletions. Using Lemma 22 (i), the induction gives λ ′v ∈ U ⊂ Sδ1(I) for every v ∈ V ′. Moreover, by
the stopping rule, every degree-one vertex of G ′ has external field in U− ⊂ Sδ1(I−). It also gives

ZG(z;λ) =
∏

e∈E\E ′

Cze(ae)ZG ′(zE ′ ;λ ′),

where eachCze(ae) is nonzero by the above analysis. HenceZG ′(zE ′ ;λ ′) 6= 0 if and only ifZG(z;λ) 6= 0.
This proves the lemma. □

4.2. Stability of the bad-leaf-reduced core. We now explain the strategy for proving Lemma 21. In the
proof, we use the Holant representation of the weighted subgraph model as in Section 3.1. LetG = (V,E)
be a graph. Consider the bipartite graphHG = (V1]V2,EH) defined in Definition 14, where V1 = V and
V2 = E. For each edge e = {u, v} ∈ E, we add two half-edges eu = {u, e} and ev = {v, e} to HG; we call
eu and ev the half-edges of e. To simulate the WSG model, the signature function fv for v ∈ V1 is defined
as

fv = [1 + λv, 1 + λv(−ρ), . . . , 1 + λv(−1)dv ],(20)

where dv = degG(v) is the degree of v in G. The signature function ge for e ∈ V2 is defined as

ge = [1, 0, 0, ze],(21)

where ze is the variable of the edge e. Let F = {fv}v∈V1 and G = {ge}e∈V2 . Then, it holds that

ZG(z;λ) = Holant(HG;F | G)(22)
17
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FiguRe 3. One-step contraction from Hi to Hi+1, by Definition 24 and Lemma 27.

We use the a contraction procedure to show the stability of the partition function for the WSG model.
The contraction procedure is as follows:

First, we split every edge into two half-edges, so that each vertex v contributes a local polynomial
defined over a star graph. Specifically, for each vertex v ∈ V , let Sv be the star graph rooted at v with one
leaf for each edge incident to v. We define H0 as the disjoint union

H0 =
⋃
v∈V

Sv.(23)

More formally, the initial bipartite graph H0 is defined as follows.

Definition 23 (initial bipartite graph). Let G = (V,E) be a graph. The left part of the initial bipartite
graphH0 is the vertex set V0 = V , and the right part is the set of half-edges E0 = {eu, ev | e = {u, v} ∈ E}.
For each edge e ∈ E in graph G, we add two edges eu = {u, eu} and ev = {v, ev} to H0.

By the definition, the left part ofH0 is the vertex set V , and the right part contains 2|E| vertices. We then
recover the original edge model by contracting the half edges. Fix an ordering e1, . . . , em of the edges ofG.
Given the graph Hi−1, the next graph Hi is defined by applying the Asano contraction [Asa70], defined
as follows.

Definition 24 (Asano contraction). Let e = ei = {u, v} be the next edge to be contracted. The contraction
operation is defined as follows: find two edges {u, eu} and {v, ev} in the bipartite graph Hi−1, and then
contract the two vertices eu and ev to be one vertex e. The resulting graph is Hi.

Using the above contraction operation, we construct a sequence of bipartite graphs

H0,H1, . . . ,Hm, form = |E|,

where H0 is the disjoint union of the vertex stars and Hm = HG is the edge-incidence graph. Note that
each bipartite graph Hi in this sequence can be written as Hi = (V

(i)
1 ] V(i)

2 ,E(i)H ), where V(i)
1 = V and

V
(i)
2 = {ej | j ⩽ i} ∪ {eu, ev | e = ej = {u, v} ∧ j > i}.
Given H0,H1, . . . ,Hm, we can define a sequence of polynomials ZH0 ,ZH1 , . . . ,ZHm

. However, due
to technical reasons, we define a modified version instead as follows.
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Definition 25 (polynomial sequence). Let Hi be a bipartite graph in the sequence. For each v ∈ V in the
left part, let fv in (20) be the signature function of v. For each w ∈ V(i)

2 in the right part, define

g̃w =

{
[qw, 1], if w is an uncontracted half-edge vertex,
[qw, 0, 0, 1], if w is a contracted edge vertex.

Then, the modified partition function Z̃Hi
is defined as follows:

Z̃Hi
(q;λ) = Holant(Hi; F(i) | G̃(i)),(24)

where F(i) = {fv}v∈V
(i)
1

and G̃(i) = {g̃w}
w∈V

(i)
2
.

In the definition above, uncontracted half-edge vertices use the reciprocal unary signature [qw, 1],
while contracted edge vertices use the reciprocal binary equality signature [qw, 0, 0, 1]. Intuitively, this
modification is the change of variables qw = 1/zw applied to the signatures [1, zw] and [1, 0, 0, zw],
respectively. This is valid because the variables zw we consider are bounded away from 0. Note that
Z̃Hm

(q; λ) =
(∏

e∈E qe
)
Z
wsg
G (1/q, λ) as defined in (22). The proof of Lemma 21 has two ingredients:

the stability of the initial local star polynomials, and the preservation of stability under each contraction
operation. As a result, the final Z̃Hm

remains stable, as we desired.
Define the local polynomial of vertex v with degree dv and external field λv. Here the variables

z1, . . . , zdv
represent half-edge variables:

(25)

Pv,dv
(z1, . . . , zdv

) :=
∑

S⊆[dv]

(1 + λv(−ρ)
|S|)

∏
i∈S

zi

=

dv∏
i=1

(1 + zi) + λv

dv∏
i=1

(1 − ρzi)

Instead of studying Pv,dv
(z1, . . . , zdv

), we consider a modified local polynomial by setting qi = 1
zi
. Define

the modified local polynomial:

(26) P̃v,dv
(q1, . . . ,qdv

) :=

(
dv∏
i=1

qi

)
Pv,dv

(1/q1, . . . , 1/qdv
) =

∑
S⊆[dv]

(1 + λv(−ρ)
|S|)

∏
i/∈S

qi.

The modified partition function of H0 is as given by Definition 25:

Z̃H0(q;λ) =
∏
v∈V

P̃v,dv

(
(qv,e)e∋v

)
=

∑
S⊆E0

∏
e/∈S

qe
∏
v∈V

(1 + λv(−ρ)
degS(v)).

Here qv,e denotes the half-edge variable at the copy of edge e incident to v. As we discussed before, we
first study the stability of Z̃H0(q;λ). Since it is a product of local polynomials, it suffices to establish
stability of P̃v,dv

(qv,1, . . . ,qv,dv
) for each vertex v.

We first motivate some definitions that will be essential for our proof. Assume for the moment that
qv,i 6= ρ for all 1 ⩽ i ⩽ dv. Then the local polynomial can be written as

P̃v,dv
(qv,1, . . . ,qv,dv

) =

dv∏
i=1

(qv,i + 1) + λv
dv∏
i=1

(qv,i − ρ)(27)

(as we assume qv,i 6= ρ for all i) =

dv∏
i=1

(qv,i − ρ)

(
dv∏
i=1

(
1 + qv,i
qv,i − ρ

)
+ λv

)
.(28)

19



The ratio 1+qv,i
qv,i−ρ

motivates the following Möbius change of variables:

(29) u = ψ(q) := −
1 + q

q− ρ
.

Under this assumption, if P̃v,dv
(qv,1, . . . ,qv,dv

) = 0, then
∏dv

i=1 uv,i = (−1)dv+1λv, where uv,i =
ψ(qv,i). Thus, to prove stability (zero-freeness) of the modified local polynomial, it suffices to rule out
this product identity when the variables lie in the desired domain. We will choose a bad region for the
u-variables so that the identity can hold only when some uv,i lies inside this region. More precisely, the
bad region is the open disk

Dϵ = D(c⋆, r⋆ − ϵ),
where ϵ > 0 will be chosen later. The constants c⋆ and r⋆ are from [GLL20]:

(30) c⋆ :=
γ log(

√
γ/β)

√
γβ− 1 arctan

√
γβ− 1 − log(

√
γ/β)

, r⋆ :=

√(
c⋆ +

1
β

)2
+
βγ− 1
β2 .

Pulling this disk back under the map ψ, we define the corresponding bad region for the q-variables by
(31) Γϵ := {q ∈ C : ψ(q) ∈ D(c⋆, r⋆ − ϵ)}.
The following lemma gives the desired stability of each local polynomial.

Lemma 26. There exist constants δ1, ϵ > 0, depending only on γ,β, λ, such that the following holds.
Let G = (V,E) and λ ∈ CV satisfy Condition 19 with constant δ1. For any v ∈ V , the polynomial
P̃v,dv

(q1, . . . ,qdv
) 6= 0 whenever qi ∈ C \ Γϵ for all i ∈ [dv].

The proof of Lemma 26 is deferred to Section 4.4. Although the definition of Γϵ was motivated by the
case qv,i 6= ρ for all i, the lemma itself also covers the general case in which some qv,i may equal ρ. Since
Z̃H0(q;λ) is a product of local polynomials, Lemma 26 implies the stability of Z̃H0(q;λ).

We next turn to the contraction step. For each polynomial ZHi
in the sequence, similarly, we define the

modified partition function Z̃Hi
by replacing each variable z with q = 1/z. Suppose that at step i+ 1 the

edge is ei+1 = {u, v}. The graph Hi still has two half-edge variables qu,ei+1 and qv,ei+1 corresponding
to the two copies of ei+1. The graph Hi+1 is obtained by replacing these two half-edge variables with
a single edge variable qei+1 . Equivalently, if q ′ denotes all variables not involved in this step, then we
define two auxiliary polynomials P and Q as follows:

P(qu,ei+1 ,qv,ei+1) := Z̃Hi
(q ′,qu,ei+1 ,qv,ei+1 ;λ);

Q(qei+1) := Z̃Hi+1(q
′,qei+1 ;λ),

where Q is the contracted version of P. The next lemma gives a algebraic description of this one-edge
contraction and shows that it preserves the required stability region.

Lemma 27. Fix q ′ and λ, and define coefficients A,B,C,D depending on q ′ and λ such that

P(qve
,que

) = Z̃Hi
(q ′,qve

,que
;λ) = A+ Bqve

+ Cque
+Dqve

que
.

For every 0 < ϵ < r⋆/2, if P(qve
,que

) 6= 0 for qve
,que

∈ C \ Γϵ, then there exists δ3 > 0, depending only
on β,γ, ϵ, such that

Q(qe) = Z̃Hi+1(q
′,qe;λ) = A+Dqe

is zero-free for qe ∈ Uδ3(1/θ).

We explain why Q(qe) can be written as A +Dqe in Lemma 27. In the graph Hi, before contracting
the edge e = {u, v}, the two half-edge variables qve

and que
are independent. Hence, after fixing all other

variables q ′ and λ, the polynomial has the form
P(qve

,que
) = A+ Bqve

+ Cque
+Dqve

que
.

20



The four coefficients correspond to the four possible states of the two half-edges in reciprocal coordinates:
Dqve

que
is the contribution where neither half-edge is selected, Bqve

and Cque
are the two mixed con-

tributions, and A is the contribution where both half-edges are selected. The combinatorial contraction in
Definition 24 merges the two half-edge vertices into one vertex e, whose equality signature allows only
the two consistent states: both half-edges are not selected or both are selected. Therefore the two mixed
contributions, represented algebraically by Bqve

and Cque
, disappear after contraction. The contracted

signature [qe, 0, 0, 1] assigns weight qe to the state where neither half-edge is selected and weight 1 to
the state where both half-edges are selected. Thus the contracted polynomial is

Q(qe) = A+Dqe.
The proof of the stability of Q(qe) in Lemma 27 is deferred to Section 4.5. It relies essentially on an
argument first given by Ruelle [Rue71].

Given Lemma 26 and Lemma 27, we are now ready to prove Lemma 21.

Proof of Lemma 21. Let ϵ be the constant from Lemma 26. By shrinking ϵ if necessary, we may assume
that 0 < ϵ < r⋆/2; this only shrinks the stability domain C \ Γϵ. By Lemma 26, the modified partition
function of the initial graph H0

Z̃H0(q;λ) =
∏
v∈V

P̃v,dv

(
(qv,e)e∋v

)
.

is stable for each half-edge variable qv,e ∈ C \ Γϵ for v ∈ V , e ∈ Ev. Now we order the edges of G as
e1, e2, . . . , em. Starting from Z̃H0 , apply Asano contraction successively from Hi to Hi+1. Lemma 27,
applied with this ϵ, shows that each contraction preserves stability for the newly created reciprocal edge
variable qe in the disk Uδ3(1/θ), where δ3 = δ3(β,γ, ϵ). Since ϵ depends only on β,γ, λ, so does δ3.
Therefore, after all contractions, the resulting polynomial Z̃Hm

(q;λ) is stable whenever qe ∈ Uδ3(1/θ)
for every e ∈ E. Finally, by the construction of the q-variables, the fully contracted polynomial satisfies

Z̃Hm
(q;λ) =

(∏
e∈E

qe

)
Z
wsg
G (1/q,λ).

The factor
∏

e∈E qe is nonzero in a small neighborhood of 1/θ since θ 6= 0. Hence Z̃Hm
(q;λ) 6= 0

implies Zwsg
G (z,λ) 6= 0 for ze = 1/qe. Shrinking the neighborhood if necessary, this gives stability of

Z
wsg
G (z,λ) whenever ze ∈ Uδ(θ) for every e ∈ E for some δ > 0 depending only on β,γ, λ. This proves

the theorem. □

4.3. Proof of the closure lemma. This section is devoted to the proof of Lemma 22. Recall that by our
analysis in Section 4.1, we have that

Cz(a) = (1 + a) + z(1 − ρa), Φz(a) =
(1 + a) − ρz(1 − ρa)

(1 + a) + z(1 − ρa)
.

and the partition function after contracting one leaf edge e = {u, v} with leaf vertex v satisfies:
ZG(z;λ) = Cze(λv)ZG\{v,e}(z;λ ′),

where λ ′u = λuΦze(λv) and λ ′w = λw for other nodes w 6= u.
Fix a constant δ1 > 0 in Lemma 22. First, we prove Lemma 22 (i). To this end, we will define the region

U+ and U− satisfying the conditions in the Lemma. Let I+ = [0, λ] and I− = [−ρλ, 0], where 0 < λ < λ⋆.
We use a potential function from [GL18]:

h+(x) = max
{
t, x log ζ

x

}
, 0 ⩽ x ⩽ λ.

The specific choice of ζ, t can be found in [GL18]. In particular, the following holds.
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FiguRe 4. An illustration of the region Uη used in the closure lemma.

Lemma 28 (Equation (10) of [GL18]4). There exist constants ζ ∈ (λ, λ⋆) and t > 0, depending only on
β,γ, λ, such that the following holds for a constant κ ∈ (0, 1):

(32) (βγ− 1)h+(x)
(1 + βx)(γ+ x)

⩽ κ log γ+ x

1 + βx
∀ 0 ⩽ x ⩽ λ.

Next we define the region U in the Lemma. For η > 0, define the positive tube and the negative tube by

U+
η :=

⋃
x∈[0,λ]

D(x,ηh+(x)) and U−
η :=

⋃
x∈[0,ρλ]

D(−x,ηh+(x)),(33)

whereD(x, r) is the open disk centered at xwith radius r. See Figure 4 for an illustration. We useU+ = U+
η

and U− = U−
η for some small enough constant η = η(β,γ, λ, δ1) > 0. The value of the constant η will be

determined later in the proof.
By choosing η small enough with respect to δ1, the region Uη = U+

η ∪ U−
η satisfies

I+ ⊂ U+
η , I− ⊂ U−

η , Uη ⊂ Sδ1(I).

This verifies the first item of the Lemma.
Next, we prove Lemma 22 (ii). This is guaranteed by continuity of Cz(x) with respect to z and x. When

choosing z = θ, we have that for any 0 ⩽ x ⩽ λ,
Cθ(x) = (1 + x) + θ(1 − ρx) > C,

for some constant C > 0. This is because 1 − ρθ = β+γ−2
βγ−1 > 0. (Recall that γ > β > 1, ρ = β−1

γ−1 ,
and θ =

(γ−1)2

βγ−1 .) Then compactness gives, after shrinking η if necessary and taking a sufficiently small
constant δ0 > 0, that

Cz(a) 6= 0 for every a ∈ U+
η , z ∈ Uδ0(θ).

This verifies the second item of the Lemma.
Finally, we prove Lemma 22 (iii). We introduce an auxiliary Lemma to prove this item.

Lemma 29. For all sufficiently small η > 0, it holds that for any c ∈ I, k ⩾ 1, and ai ∈ U+
η with 1 ⩽ i ⩽ k,

dist
(
c

k∏
i=1

Φθ(ai),∂Uη

)
⩾ Ωβ,γ,λ(η),

where ∂Uη is the boundary of Uη.

We first prove Lemma 22 (iii) via Lemma 29 and then prove Lemma 29. Again, the property (iii) is
guaranteed by continuity ofΦz(a). For notational convenience, we define a functionM(a) := Φθ(a). We

4The results in [GL18] actually work for λ up to the threshold λc > λ⋆.
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now simplify this expression. Recall that ρ = β−1
γ−1 and θ =

(γ−1)2

βγ−1 . Then, the numerator and denominator
ofM(a) are given by:

(1 + a) − ρθ(1 − ρa) = (1 − ρθ) + (1 + ρ2θ)a =
β+ γ− 2
βγ− 1

(1 + βa),

(1 + a) + θ(1 − ρa) = (1 + θ) + (1 − ρθ)a =
β+ γ− 2
βγ− 1

(γ+ a).

The common factor (β+ γ− 2)/(βγ− 1) is nonzero under our assumption γ > β > 1. Hence

M(a) =
1 + βa

γ+ a
.

We remark thatM(a) has the same form as the factor on one edge e contributed by the tree recursion
in [GL18]. In particular, on the real interval a ∈ [−1, 1/ρ], the denominator is nonzero since γ + a ⩾
γ− 1 > 0. We have the following properties ofM(a):

M(−1) = −ρ ⩾ −1, M(0) = 1
γ
> 0, M(1/ρ) = 1,

and M ′(a) =
βγ− 1
(γ+ a)2 > 0 for a ∈ (−1, 1/ρ).

By the fact that λ < λ⋆ < 1/ρ, there is a constant q < 1 such that
0 < M(x) ⩽ q < 1 for every x ∈ [0, λ].

By the definition of Φz(a), we have that Φz(a) is analytic for a ∈ U+
η and for z near θ. Thus Φz(a) is

uniformly close toM(a):
Φz(a) =M(a) + rz, |rz| ⩽ C|z− θ| for a constant C > 0.

Moreover, for sufficiently small η and δ, there exists q1 < 1 such that
|Φz(a)| ⩽ q1 and |M(a)| ⩽ q1 (a ∈ U+

η , z ∈ Uδ(θ)).

For each i, write
Φzi(ai) =M(ai) + rzi , |rzi | ⩽ Cδ.

Then the difference of the two products can be expanded as
k∏

i=1
Φzi(ai) −

k∏
i=1

M(ai) =

k∑
i=1

∏
j<i

Φzj(aj)

 rzi
∏

j>i

M(aj)

 .

Therefore, uniformly in k,∣∣∣∣∣
k∏

i=1
Φzi(ai) −

k∏
i=1

M(ai)

∣∣∣∣∣ ⩽ Cδ
k∑

i=1
qk−1

1 ⩽ Cδkqk−1
1 ⩽ C ′δ,

Since supk kq
k−1
1 <∞ and h+ is lower bounded by constant, by Lemma 29, choosing δ� η makes this

perturbation smaller than the strict margin obtained above. Thus the conclusions for zi = θ persist for all
zi ∈ Uδ(θ). Taking U+ = U+

η , U− = U−
η , and δ2 = δ proves Lemma 22 (iii).

The remaining part of this section is devoted to the proof of Lemma 29. We write each ai in U+
η as

ai = xi + ξi ∈ U+
η , xi ∈ [0, λ], |ξi| < ηh+(xi).(34)

SinceM is analytic in a complex neighborhood of [0, λ], Taylor expansion gives, uniformly in i and xi,

M(ai) =M(xi) +M
′(xi)ξi + ri, where |ri| = Oβ,γ,λ(|ξi|

2).
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Since 0 < M(xi) < 1 on [0, λ], expanding the product gives
k∏

i=1
M(ai) =

k∏
i=1

M(xi) +

k∑
i=1

(M ′(xi)ξi)
∏
j ̸=i

M(xj) + Ek,(35)

where Ek is the error term. We need the following lemma to bound the first-order term.

Lemma 30. There exists κ ∈ (0, 1) such that, for every k ⩾ 1, every c ∈ [0, λ], and every xi ∈ [0, λ],

(36) c

k∑
i=1

M ′(xi)h+(xi)
∏
j ̸=i

M(xj) ⩽ κh+

(
c

k∏
i=1

M(xi)

)
.

Proof. Since 0 < M(xi) < 1 and 0 ⩽ c ⩽ λ, we have c
∏k

i=1M(xi) ∈ [0, λ], which is in the domain of
h+. If c = 0, then (36) is trivial. Hence assume c > 0. Let

F = c

k∏
i=1

M(xi).

We remark that F is exactly the tree recursion function appeared in [GL18]. ByM(x) ∈ (0, 1) for x ∈ [0, λ],
it holds that 0 < F ⩽ c ⩽ λ and

M ′(x)

M(x)
=

βγ− 1
(1 + βx)(γ+ x)

.

By Lemma 28,
M ′(xi)

M(xi)
h+(xi) ⩽ κ log 1

M(xi)
.

Therefore

c
∑
i

M ′(xi)h+(xi)
∏
j ̸=i

M(xj) = F
∑
i

M ′(xi)

M(xi)
h+(xi) ⩽ κF

∑
i

log 1
M(xi)

= κF log c
F

.

Since h+(y) ⩾ y log(ζ/y) and 0 < F ⩽ c ⩽ λ < ζ, we have

F log c
F
⩽ h+(F). □

We next bound the error term in the following lemma.

Lemma 31. There exists a constant C1 such that, for any integer k ⩾ 1, any c ∈ [0, λ], it holds that

c|Ek| ⩽ C1η
2h+

(
c

k∏
i=1

M(xi)

)
,

where Ek is the error term defined in (35).

Proof. To justify this bound, write
M(ai) = mi + ℓi + ri, mi =M(xi), ℓi =M

′(xi)ξi,
with |ri| ⩽ C|ξi|2 for some constant C > 0. Since h+ is bounded from above on [0, λ], we have |ℓi| ⩽ Cη
and |ri| ⩽ Cη2 by letting constant C be sufficiently large. Also, 0 < mi ⩽ q < 1 uniformly on [0, λ] for
some q < 1. Choose η small enough so that q + Cη < q1 < 1 for some q1 < 1. We view the product∏k

i=1(mi+ℓi+ri) as a polynomial in ℓi and ri with coefficients depending onmi. Expanding the product
and subtracting the constant term and the terms linear in ℓi’s, the remaining terms are of two types. All
the terms with one ri have total absolute value at most

Cη2kqk−1
1 ⩽ C ′η2, because q1 < 1.
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Similarly, all the terms with at least two factors from the collection {ℓi, ri} have total absolute value at most∑k
r=2

(
k
r

)
(Cη)rqk−r. Indeed, for r ⩾ 2,

(
k
r

)
=

k(k−1)
r(r−1)

(
k−2
r−2
)
⩽ k2(k−2

r−2
)
. Therefore, using q+ Cη < q1,

k∑
r=2

(
k

r

)
(Cη)rqk−r ⩽ C2η2k2

k∑
r=2

(
k− 2
r− 2

)
(Cη)r−2qk−r

= C2η2k2(q+ Cη)k−2 ⩽ C2η2k2qk−2
1 ⩽ C ′′η2,

where the last inequality follows from q1 < 1. Hence |Ek| ⩽ C0η
2 uniformly in k. Since c ⩽ λ and h+ is

lower bounded by a positive constant on [0, λ], this uniform bound implies Lemma 31. □

Finally, we use Lemma 30 and Lemma 31 to prove Lemma 29. First suppose c ∈ I+. Define

F0 = c

k∏
i=1

M(xi) ∈ I+,

where each ai = xi + ξi is as in (34). Using Lemma 30 and |ξi| ⩽ ηh+(xi), we get∣∣∣∣∣∣c
k∑

i=1
M ′(xi)ξi

∏
j ̸=i

M(xj)

∣∣∣∣∣∣ ⩽ η c
k∑

i=1
M ′(xi)h+(xi)

∏
j≠i

M(xj) ⩽ κηh+(F0).

Together with Lemma 31, this gives

(37)

∣∣∣∣∣c
k∏

i=1
M(ai) − F0

∣∣∣∣∣ ⩽ (κ+ C1η)ηh+(F0).

Note that κ < 1. Choosing η small enough so that κ+ C1η < 1, we obtain

c

k∏
i=1

M(ai) ∈ D(F0,ηh+(F0)).

Since F0 ∈ [0, λ], this disk is contained in the union definition U+
η of (33). Hence c

∏k
i=1M(ai) ∈ U+

η .
In addition, by (37), we have dist(c

∏k
i=1M(ai),∂U+

η ) ⩾ Ω(η) uniformly for ai ∈ U+
η , since h+(F0) is

uniformly lower bounded by constant t. Similarly, for a negative field −c ∈ I− with c ∈ [0, ρλ] ⊂ [0, λ],
the same estimate gives ∣∣∣∣∣−c

k∏
i=1

M(ai) − (−F0)

∣∣∣∣∣ ⩽ (κ+ C1η)ηh+(F0),

where now F0 = c
∏

iM(xi) ∈ [0, ρλ]. Thus −c
∏k

i=1M(ai) ∈ U−
η . Similarly, by the above inequality,

we have dist(−c
∏k

i=1M(ai),∂U−
η ) ⩾ Ω(η). This finishes the proof of Lemma 29.

4.4. Local stability. We prove Lemma 26 in this subsection. The following two geometric facts about the
disk will be used in our analysis; their proofs are deferred to Section 6.3. We define the closure of a open
region U as cl (U), which is the smallest closed set containing U.

Claim 32. When γ > β > 1, it holds that c⋆ > 0 and r⋆ − c⋆ > 1. Therefore, D(c⋆, r⋆) contains [−1, c⋆].

Claim 33. It holds that 1
ρ
/∈ cl (D(c⋆, r⋆)).

By Claim 33 andD(c⋆, r⋆) being an open set,ψ(0) = 1/ρ /∈ D(c⋆, r⋆−ϵ) for any ϵ > 0. Hence 0 /∈ Γϵ.
Let Kϵ := C \D(c⋆, r⋆ − ϵ), and then we have the following technical Lemma. Define the kth-power of
a set S ⊆ C as Sk := {

∏k
i=1 si : si ∈ S}.
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Lemma 34. Fix 0 < λ < λ⋆, and let I = [−ρλ, λ]. There exist ϵ > 0 and δ ′ > 0, depending only on β,γ, λ,
such that for every integer d ⩾ 2, it holds that

(−1)d+1Kd
ϵ ∩ Sδ ′(I) = ∅.

Note that Lemma 34 does not hold for d = 1 and that is why we contract bad leaves first.
We first use Lemma 34 to prove Lemma 26 and then we prove Lemma 34.

Proof of Lemma 26. Let ϵ0 and δ0 be the two constants ϵ and δ ′ from Lemma 34. We will show Lemma 26
for some constants (ϵ, δ1) such that 0 < ϵ < ϵ0 and 0 < δ1 < δ0. We remark that since Lemma 34 holds
for ϵ0 and δ0, it also holds for smaller constants ϵ and δ1.

Assume first that qi 6= ρ for every i. Then, by the definition ui = ψ(qi), we have

P̃v,dv
(q1, . . . ,qdv

) =

dv∏
i=1

(qi − ρ)

(
(−1)dv

dv∏
i=1

ui + λv

)
.

Thus a zero can occur only if (−1)dv+1 ∏dv

i=1 ui = λv. Since qi /∈ Γϵ, we have ui ∈ Kϵ for every i.
For dv ⩾ 2, this contradicts Lemma 34 because λv ∈ Sδ1(I). For dv = 1, by Condition 19, we have
λv ∈ Sδ1((−ρλ, 0)), and if zero can occur, we must have u1 ∈ Sδ1((−ρλ, 0)). We show this cannot
happen for sufficiently small ϵ and δ1. Note that the following two facts hold simultaneously.

• u1 /∈ D(c⋆, r⋆ − ϵ) because q1 /∈ Γϵ.
• By Claim 32, [−1, c⋆] is contained inD(c⋆, r⋆), where c⋆, r⋆ > 0 are constants. Recall that λ < λ⋆.
By Lemma 11, −ρλ > −ρλ⋆ > −1. Hence, both −ρλ and 0 are inner points of D(c⋆, r⋆). For
sufficiently small constants ϵ and δ1, it holds that Sδ1((−ρλ, 0)) ⊂ D(c⋆, r⋆ − ϵ).

Combining these two facts, we deduce that u1 ∈ Sδ1((−ρλ, 0)) is impossible.
It remains to handle the case where qi = ρ for some i. Then the second product in the RHS of (27)

vanishes. (Recall that (27) still holds for this case.) The first product can vanish only if qj = −1 for some j.
But qj = −1 gives ψ(qj) = 0. Note that by Claim 32, 0 ∈ D(c⋆, r⋆ − ϵ) for sufficiently small constant ϵ,
and hence qj ∈ Γϵ, contradicting the assumption qj /∈ Γϵ in Lemma 26. Therefore no zero occurs in this
case either. □

Next we prove Lemma 34. We need the following lemma from [GLL20]. Recall that Kϵ = C\D(c⋆, r⋆−
ϵ). Let K := C \D(c⋆, r⋆) ⊂ Kϵ.

Lemma 35 ([GLL20, Lemma 8]). For any d ⩾ 2 and any 0 < λ < λ⋆, (−1)d+1Kd ∩ [0, λ] = ∅.

It is straightforward to extend Lemma 35 to the following corollary.

Corollary 36. For any d ⩾ 2 and any 0 < λ < λ⋆, (−1)d+1Kd ∩ I = ∅ for I = [−ρλ, λ].

Proof. By Lemma 35, we only need to show that (−1)d+1Kd ∩ [−ρλ, 0] = ∅. For a ∈ [−ρλ, 0], we have
|a| ⩽ ρλ < 1 due to Lemma 11. By Claim 32, we have r⋆−c⋆ > 1. Therefore, every u ∈ K satisfies |u| > 1.
Every product in Kd has modulus greater than 1, which cannot equal any point of (−1)d+1[−ρλ, 0]. □

Now we can prove Lemma 34. Comparing to Corollary 36, the difference is that we need to consider
Kϵ, which is slightly larger than K, and we want to avoid a strip around the interval I. This strengthening
is necessary for Lemma 27 later.

Proof of Lemma 34. By Claim 32, r⋆ − c⋆ > 1. Set constants

M := max{λ, ρλ}, m0 :=
r⋆ − c⋆ + 1

2
> 1, d0 := max{2, dlogm0(M+ 1)e}.

Choose ϵ0 > 0 small enough that r⋆ − c⋆ − ϵ0 > m0 > 1. Then, for every 0 < ϵ ⩽ ϵ0 and every
u ∈ Kϵ, |u| ⩾ |u−c⋆|−c⋆ ⩾ r⋆−c⋆−ϵ ⩾ m0. In particular, if u1, . . . ,ud ∈ Kϵ, then |u1 · · ·ud| ⩾ md

0 .
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If d > d0, thenmd
0 > M+ 1. Since S1(I) ⊆ {a ∈ C : |a| < M+ 1}, we have (−1)d+1Kd

ϵ ∩ S1(I) = ∅ for
δ0 = 1, any d > d0, and any 0 < ϵ ⩽ ϵ0.

It remains to handle degrees d between 2 and d0. Let

R := max{r⋆ − c⋆,M+ 1}, Lϵ := Kϵ ∩ cl (D(0,R)) .

For 0 < δ ⩽ 1, avoiding Sδ(I) for products from Lϵ is enough. Indeed, if u1, . . . ,ud ∈ Kϵ and some
ui /∈ Lϵ, then |ui| > R, while |uj| ⩾ m0 > 1 for j 6= i. Hence |

∏d
j=1 uj| > Rmd−1

0 ⩾ M + 1. Thus
(−1)d+1 ∏

j uj /∈ Sδ(I), because every point of Sδ(I) has modulus less thanM+ 1. Consequently,

(38) (−1)d+1Ldϵ ∩ Sδ(I) = ∅ =⇒ (−1)d+1Kd
ϵ ∩ Sδ(I) = ∅.

We now prove the left-hand side of (38) for each fixed 2 ⩽ d ⩽ d0 and some δd depending on d. Note
that the set Lϵ is compact. We need some standard notations. For a point a ∈ C and a nonempty set
S ⊆ C, write dist(a,S) := infz∈S |a− z|. For nonempty compact sets A,B ⊆ C, the Hausdorff distance is
defined by

distH(A,B) := max
{

sup
a∈A

dist(a,B), sup
b∈B

dist(b,A)
}

.

The compact sets Lϵ converge, as ϵ → 0, in Hausdorff distance to L0 := K ∩ cl (D(0,R)) . Since multipli-
cation is uniformly continuous on the fixed compact set cl (D(0,R))d, the product sets Ldϵ = {

∏d
i=1 ui :

ui ∈ Lϵ} also converge in Hausdorff distance to Ld0 . Moreover, L0 ⊆ K, so Corollary 36 gives (−1)d+1Ld0 ∩
I = ∅. Both sets are compact, and thus their distance is positive. Write

ηd := dist
(
I, (−1)d+1Ld0

)
> 0,

where ηd > 0 is a positive constant depending on β,γ, λ,d. Since Ldϵ converges in Hausdorff distance to
Ld0 , there exists ϵd > 0 such that the following holds:

distH
(
(−1)d+1Ldϵ , (−1)d+1Ld0

)
< ηd/3 whenever 0 < ϵ ⩽ ϵd.

Taking δd := ηd/3, we get

(−1)d+1Ldϵ ∩ Sδd
(I) = ∅ for all 0 < ϵ ⩽ ϵd.

Finally choose constants ϵ and δ ′ as follows: ϵ := min{ϵ0, ϵ2, . . . , ϵd0} and δ ′ := min{δ0, δ2, . . . , δd0}.
The large-degree argument covers all d > d0, while the finite-degree argument and (38) cover all 2 ⩽ d ⩽
d0. Therefore (−1)d+1Kd

ϵ ∩ Sδ ′(I) = ∅ for every d ⩾ 2, as required. □

4.5. Contraction preserves stability. Next we prove Lemma 27. We first state several auxiliary lemmas
needed for the proof. Consider the single-variable polynomial P(x) = A + 2Bx + Cx2 with parameters
A,B,C ∈ C. Its corresponding polar form in two variables x1, x2 is defined as

P̂(x1, x2) = A+ B(x1 + x2) + Cx1x2.

Let Γ be an open connected region in C. We say that Γ is a circular region if it is a disk, or the comple-
ment of a disk in C. The classical Grace–Szegő–Walsh coincidence theorem has the following immediate
consequence.

Proposition 37 (Grace–Szegő–Walsh coincidence theorem [BB09, Theorem 11]). Let Γ be a circular region
and C > 0 in P̂(x1, x2). The polynomial P̂(x1, x2) is Γ × Γ -stable if and only if P(x) is Γ -stable.

The next ingredient is the classical Asano contraction lemma [Asa70, Rue71]. Here we use a simplified
version for quadratic polynomials.
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Lemma 38 (Asano contraction). Let Γ ⊂ C with 0 /∈ Γ . If the multivariate polynomial

P(x1, x2) = A+ Bx1 + Cx2 +Dx1x2

is stable for (x1, x2) ∈ (C \ Γ)× (C \ Γ), then

Q(x) := A+Dx

is stable for x ∈ C \
(
−Γ2), where Γ2 := {x · y : x,y ∈ Γ }.

Proof. Since 0 /∈ Γ , we have A = P(0, 0) 6= 0. Without loss of generality, we assume D 6= 0, since
otherwise the polynomial Q is a constant and thus always stable. By the assumption on P, we have
P̃(x) = A+ (B+ C)x+Dx2 is stable for x ∈ C \ Γ . Thus P̃(x) = 0 can occur only when x ∈ Γ . Suppose
the two roots of P̃(x) = 0 are ζ1, ζ2 ∈ Γ . By Vieta’s formula, we have ζ1ζ2 = A/D. On the other hand,
Q(x) = 0 can occur only for x = −A/D ∈ −Γ2. Therefore, Q(x) is stable for x ∈ C \

(
−Γ2). □

For our analysis, we need an auxiliary property of the disk D(c⋆, r⋆ − ϵ), as well as an inequality for
the parameters. The proofs of the following two results are deferred to Section 6.3.

Lemma 39. Let ζ1, ζ2 be the two roots of βx2 + 2x+ γ = 0. For any 0 < ϵ < r⋆/2, it holds that

cl (D(c⋆, r⋆ − ϵ)) ∩ {ζ1, ζ2} = ∅.

Claim 40. It holds that ρθ < 1.

Finally, we are ready to prove Lemma 27.

Proof of Lemma 27. Fix 0 < ϵ < r⋆/2. Applying Lemma 38 with the region Γϵ, it suffices to show that a
sufficiently small neighborhood of 1/θ is contained in C \ (−Γ2

ϵ).
By Claim 33 and the continuity of ψ at 0, we have 0 /∈ cl (Γϵ), where cl (·) denotes the closure of a set.

Hence there is a constant a0 > 0 such that Γϵ ∩D(0,a0) = ∅. Set

B0 := |1/θ|+ 1, R0 :=
B0
a0

, Γϵ,R := Γϵ ∩ cl (D(0,R0)) .

If q1,q2 ∈ Γϵ and −q1q2 ∈ U1(1/θ), then |q1q2| < B0, while |qi| ⩾ a0 for i = 1, 2. Thus |qi| < R0 for
i = 1, 2, and hence q1,q2 ∈ Γϵ,R. Therefore, to find a neighborhood of 1/θ avoiding −Γ2

ϵ, it suffices to
show that 1

θ
/∈ cl

(
−Γ2

ϵ,R

)
. Now, we are working with a bounded set Γϵ,R.

Suppose, for contradiction, that 1/θ ∈ cl
(
−Γ2

ϵ,R

)
. Since Γϵ,R is bounded, the continuity of multipli-

cation gives q1,q2 ∈ cl
(
Γϵ,R

)
⊆ cl (Γϵ) such that 1/θ = −q1q2. Since qi ∈ cl (Γϵ), we have qi 6= ρ,

and the Möbius variables ui := ψ(qi) lie in cl (D(c⋆, r⋆ − ϵ)). Moreover ui 6= −1, since ψ(q) = −1
has no finite solution. Solving ui = −(1 + qi)/(qi − ρ), we obtain for i = 1, 2 that qi = ρui−1

1+ui
. Using

1
θ
= −q1q2, we get the following equation:

1
θ
= −

(1 − ρu1)(1 − ρu2)

(1 + u1)(1 + u2)
.

Equivalently,
(1 + u1)(1 + u2) + θ(1 − ρu1)(1 − ρu2) = 0.

Expanding and using the definitions of θ = (γ− 1)2/(βγ− 1) and ρ = (β− 1)/(γ− 1), this becomes
(1 − ρθ)(βu1u2 + u1 + u2 + γ) = 0.

By Claim 40, 1 − ρθ 6= 0, and therefore βu1u2 + u1 + u2 + γ = 0. Since u1,u2 ∈ cl (D(c⋆, r⋆ − ϵ)) ⊂
D(c⋆, r⋆−ϵ/2), Proposition 37 applied to the circular regionD(c⋆, r⋆−ϵ/2) implies thatβx2+2x+γ = 0
for some x ∈ D(c⋆, r⋆ − ϵ/2). This contradicts Lemma 39, applied with ϵ/2.
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Thus 1/θ /∈ cl
(
−Γ2

ϵ,R

)
. Hence there exists 0 < δ3 ⩽ 1 such thatUδ3(1/θ) ⊆ C\cl

(
−Γ2

ϵ,R

)
. To finish

the proof, we still need to go back to Γϵ . Take any z ∈ Uδ3(1/θ). If z = −q1q2 for some q1,q2 ∈ Γϵ,
then z ∈ U1(1/θ), since δ3 ⩽ 1. By the choice of R0, this forces q1,q2 ∈ Γϵ,R, and hence z ∈ −Γ2

ϵ,R. This
contradicts the choice of δ3. Therefore, Uδ3(1/θ) ⊆ C \ (−Γ2

ϵ). The construction of δ3 depends only on
β,γ, ϵ. This proves the lemma. □

5. Simulated annealing Reductions

The sampling algorithm inTheorem 1 implies an FPRAS for Zspin
G (β,γ, λ) by annealing. We could apply

the adaptive procedure of [SVV09], but here a simple non-adaptive annealing for the external field λ in
the original spin system will do. We include a proof for completeness.

Fix constants β,γ, λ > 0 such that γ > β > 1 and λ < λ⋆. Let G = (V,E) and m = |E|. Assume
0 < ϵ ⩽ 1. Set

q = 1 −
1

5n
.

Choose ℓ = Oλ(n log(n/ϵ)) large enough so that, for the sequence

λℓ = λ, λi−1 = qλi for i = 1, . . . , ℓ,

we have λ0 ⩽ ϵ/(20n). For notational convenience, set λℓ+1 = λℓ/q. For 0 ⩽ i ⩽ ℓ+ 1, write

Zi = Z
spin
G (β,γ, λi), µi = µ

spin
G (β,γ, λi) (0 ⩽ i ⩽ ℓ).

The target partition function is Zℓ, and

Zℓ =
Zℓ

Zℓ−1
· Zℓ−1
Zℓ−2

· · · Z1
Z0
· Z0.

Lemma 41. For the above choice of ℓ,

γm ⩽ Z0 ⩽ eϵ/10γm.

Proof. The all-1 configuration contributes exactly γm, so Z0 ⩾ γm. For any configuration σ with k =
n0(σ) vertices in spin 0, the edge contribution is at most γm, because γ > β > 1. Therefore

Z0 ⩽ γm
n∑

k=0

(
n

k

)
λk0 = γm(1 + λ0)

n ⩽ eϵ/10γm,

where the last inequality follows from λ0 ⩽ ϵ/(20n). □

To estimate the telescoping product, consider the following estimator:

Wi(σ) =
w

spin
G (σ;β,γ, λi)

w
spin
G (σ;β,γ, λi−1)

=

(
λi

λi−1

)n0(σ)

where σ ∼ µi−1.

Let W1,W2, . . . ,Wℓ be independent random variables, with Wi sampled using µi−1, and define W =∏ℓ
i=1Wi. A simple calculation shows that

E[Wi] =
Zi

Zi−1
and E[W] =

Zℓ

Z0
.(39)

The following lemma bounds the variance ofWi andW.

Lemma 42. For every 1 ⩽ i ⩽ ℓ,

Var (Wi) ⩽ E[W2
i ] =

Zi+1
Zi−1

.
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As a consequence,

Var (W) ⩽ E[W2] ⩽ Oβ,γ,λ(1)
(
Zℓ

Z0

)2
.

Proof. Since the dependence on λ inwspin
G (σ;β,γ, λ) is exactly λn0(σ), and since λi−1λi+1 = λ2

i , we have

w
spin
G (σ;β,γ, λi)2

w
spin
G (σ;β,γ, λi−1)

= w
spin
G (σ;β,γ, λi+1).

Hence
E[W2

i ] =
1

Zi−1

∑
σ:V→{0,1}

w
spin
G (σ;β,γ, λi+1) =

Zi+1
Zi−1

.

Independence gives

E[W2] =

ℓ∏
i=1

Zi+1
Zi−1

=
Zℓ+1Zℓ

Z1Z0
.

For every adjacent pair λj = q−1λj−1,

1 ⩽ Zj

Zj−1
= Eµj−1

[(
λj

λj−1

)n0(σ)
]
⩽ q−n = O(1).

Thus Z0/Z1 ⩽ 1 and Zℓ+1/Zℓ = O(1), which implies

E[W2] ⩽ O(1)
(
Zℓ

Z0

)2
.

The variance bounds follow from Var (X) ⩽ E[X2]. □

Lemma 43. Assume that we can draw independent samples from µ0,µ1, . . . ,µℓ−1. There is an estimator Ẑℓ

such that, using N = Oβ,γ,λ(ϵ
−2) independent samples of the random variableW,

Pr
[
Ẑℓ ∈ (1± ϵ)Zℓ

]
⩾ 9

10
.

Proof. For each r = 1, . . . ,N, independently sample σ(r)i ∼ µi−1 for every i = 1, . . . , ℓ, and define

W
(r)
i =

(
λi

λi−1

)n0(σ
(r)
i )

, W(r) =

ℓ∏
i=1

W
(r)
i .

Let

W =
1
N

N∑
r=1

W(r) and Ẑℓ = γ
mW.

By (39), E[W(r)] = Zℓ/Z0. By Lemma 42,

Var
(
W(r)

)
⩽ Oβ,γ,λ(1)

(
Zℓ

Z0

)2
.

Since (W(r))r are independent,

Var
(
W
)
⩽ Oβ,γ,λ(1)

N

(
Zℓ

Z0

)2
.
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TakingN = Oβ,γ,λ(ϵ
−2) sufficiently large and applying Chebyshev’s inequality gives

Pr
[
W ∈

(
1± ϵ

3

) Zℓ

Z0

]
⩾ 9

10
.

On this event, Ẑℓ

Zℓ
= γm

Z0
· W
Zℓ/Z0

. By the estimate for Z0 in Lemma 41, e−ϵ/10 ⩽ γm

Z0
⩽ eϵ/10. Thus, for

0 < ϵ ⩽ 1, we have the following bound

Ẑℓ

Zℓ

∈
[
e−ϵ/10

(
1 −

ϵ

3

)
, eϵ/10

(
1 +

ϵ

3

)]
⊆ [1 − ϵ, 1 + ϵ].

This proves the claim. □

Proof of Theorem 2. We implement the estimator in Lemma 43 using the sampler from Theorem 1. Since
all annealing fields satisfy λi ⩽ λ < λ⋆ for all i = 0, . . . , ℓ− 1, the constant in the sampling bound can be
chosen uniformly as C = C(β,γ, λ).

Let N = Oβ,γ,λ(ϵ
−2) be the number of independent copies of W used by the estimator. Each copy

of W requires one sample from each of µ0,µ1, . . . ,µℓ−1, so the total number of samples needed is Nℓ.
For each required sample, run the sampler of Theorem 1 with total variation error at most 1/(100Nℓ). Its
running time is

O
(
∆Cn log(100Nℓn)

)
.

By the union bound and the standard coupling interpretation of total variation distances, all approximate
samples can be coupled with exact independent samples with probability at least 99/100. Conditional on
the success of the coupling, Lemma 43 gives a (1±ϵ) approximation toZℓ = Z

spin
G (β,γ, λ)with probability

at least 9/10. Hence the overall success probability is at least 9/10 − 1/100 > 2/3.
The number of annealing stages is ℓ = Oβ,γ,λ(n log(n/ϵ)), and each stage requiresN = Oβ,γ,λ(ϵ

−2)
samples. Also log(100Nℓn) = Oβ,γ,λ(log(n/ϵ)). Therefore the overall running time is

O

(
∆C · n

2

ϵ2 · log2 n

ϵ

)
,

after adjusting the constant C = C(β,γ, λ). This proves the claimed FPRAS. □

6. Missing pRoofs

In this section we collate deferred proofs.

6.1. Validity of theGibbs distribution. Thepositivity result inTheorem 4 is a consequence of Lemma 11.

Proof of Lemma 11. By ρ < 1, we only need to prove ρλ⋆ < 1. Set parameters

t =
√
βγ, h =

√
γ/β, α = arctan

√
βγ− 1.

Then t = secα for 1 < h < t, where h > 1 follows from γ > β, and h < t follows from β = t/h > 1.
Moreover, by definition of λ⋆, we have

λ⋆ =

(
γ

β

)π/(2α)

= hπ/α,

and
1
ρ
=
γ− 1
β− 1

=
th− 1
t/h− 1

.

Thus it is enough to prove hπ/α < th−1
t/h−1 . Let y = logh, so 0 < y < log t, and define

F(y) = log tey − 1
te−y − 1

−
π

α
y.
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Then F(0) = 0. We prove F ′(y) > 0 for 0 < y < log t. Then it holds that F(y) > 0. In particular, for
y = logh, we have log th−1

t/h−1 >
π
α

logh. So 1
ρ
= th−1

t/h−1 > h
π/α = λ⋆. Indeed,

F ′(y) =
tey

tey − 1
+

te−y

te−y − 1
−
π

α
.

To prove F ′(y) > 0, we let

S(y) =
tey

tey − 1
+

te−y

te−y − 1
.

Since the function r 7→ r/(r− 1)2 is decreasing for r > 1, and since te−y ⩽ tey, we have

S ′(y) = −
tey

(tey − 1)2 +
te−y

(te−y − 1)2 ⩾ 0.

Therefore S(y) ⩾ S(0) = 2t
t−1 . Using t = secα, this gives S(y) ⩾ 2

1−cosα . Since 0 < α < π/2, the
concavity of cos on [0,π/2] implies

cosα > 1 −
2α
π

=⇒ 2
1 − cosα

>
π

α
.

Thus
F ′(y) = S(y) −

π

α
> 0.

Since F(0) = 0, we obtain F(y) > 0 for every y > 0. Equivalently, ρλ⋆ < 1. □

6.2. Proof of the marginal lower bound.

Proof of Lemma 7. Fix an edge e = {u, v} ∈ E. To prove the marginal lower bound, it suffices to consider
the worst pinning τ ∈ {0, 1}E\{e} for all edges except e. Suppose du edges incident to u are pinned to 1
and dv edges incident to v are pinned to 1. Then, the conditional distribution µτe satisfies

µτe(1) =
θ(1 + λ(−ρ)du+1)(1 + λ(−ρ)dv+1)

θ(1 + λ(−ρ)du+1)(1 + λ(−ρ)dv+1) + (1 + λ(−ρ)du)(1 + λ(−ρ)dv)

=
1

1 +
(1+λ(−ρ)du)(1+λ(−ρ)dv)

θ(1+λ(−ρ)du+1)(1+λ(−ρ)dv+1)

⩾ 1
1 +

(1+λ)2

θ(1−λρ)2

= Ωθ,λ,ρ(1).

The last inequality holds because λρ < 1 by Lemma 11 and ρ < 1 so that (1+ λ(−ρ)du)(1+ λ(−ρ)dv) ⩽
(1 + λ)2 and θ(1 + λ(−ρ)du+1)(1 + λ(−ρ)dv+1) ⩾ θ(1 − λρ)2. Similarly,

µτe(0) =
(1 + λ(−ρ)du)(1 + λ(−ρ)dv)

θ(1 + λ(−ρ)du+1)(1 + λ(−ρ)dv+1) + (1 + λ(−ρ)du)(1 + λ(−ρ)dv)

=
1

1 +
θ(1+λ(−ρ)du+1)(1+λ(−ρ)dv+1)

(1+λ(−ρ)du)(1+λ(−ρ)dv)

⩾ 1
1 +

θ(1+λ)2

(1−λρ)2

= Ωθ,λ,ρ(1).

By taking the minimum of the two values, we obtain the marginal lower bound b = Ωθ,λ,ρ(1). □

6.3. Other missing proofs in Section 4.

Proof of Claim 32. First we prove c⋆ > 0. To see this, by Equation (30), we write c⋆ = γ log(
√
γ/β)/Φ

with Φ =
√
γβ− 1 arctan

√
γβ− 1 − log(

√
γ/β). We proveΦ > 0. We let

s =
√
γβ− 1 =⇒ 1 + s2 = γβ

We consider
h(t) = t arctan t− 1

2
log(1 + t2) for t > 0.
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h ′(t) = arctan t+ t

1 + t2
−

t

1 + t2
= arctan t > 0 for t > 0.

We note that h(0) = 0, so h(s) > 0 for s > 0. Therefore, s arctan s > 1
2 log(1 + s2) = 1

2 log(γβ) for
s > 0. By β > 1, it holds that γβ > γ

β
. Therefore,

1
2

log(γβ) > 1
2

log
(
γ

β

)
= log

(√
γ

β

)
.

Therefore,Φ =
√
γβ− 1 arctan

√
γβ− 1 − log(

√
γ/β) > 0, which implies c⋆ > 0.

Next we prove r⋆ − c⋆ > 1. By Equation (30),

(r⋆)2 = (c⋆)2 +
2c⋆

β
+
γ

β
.

Since c⋆ > 0, proving r⋆ − c⋆ > 1 is equivalent to prove (r⋆)2 > (c⋆ + 1)2, which is equivalent to show
2c⋆

β
+
γ

β
> 2c⋆ + 1.

Rearranging gives

c⋆ <
γ− β

2(β− 1)
.

For notational simplicity, we substitute c⋆ = γL/(sα − L) with parameters L = log
√

γ
β
, s =

√
γβ− 1,

α = arctan s, we reduce this to show
(40) (γ− β)sα > (2βγ− β− γ)L.
To verify (40), we write q = γ/β > 1 and define

Hβ(q) = (q− 1)s arctan s− (2β− 1)q− 1
2

logq, s =
√
β2q− 1.

Then (40) is equivalent to Hβ(q) > 0. At β = 1,

H1(q) = (q− 1)
(
s arctan s− 1

2
log(1 + s2)

)
, s =

√
q− 1,

By former computation, we already prove H1(q) = h(q) > 0. For β > 1, we prove Hβ(q) increases as β
increases. We prove ∂Hβ(q)/∂β > 0. By

s =
√
β2q− 1 =⇒ ∂s

∂β
=
qβ

s
.

Then it holds that
∂Hβ(q)

∂β
= (q− 1)

(
qβ

s
arctan s+ 1

β

)
− q logq.

Using arctan s > s√
1+s2 , we have

qβ

s
arctan s > qβ√

1 + s2
=

qβ
√
qβ

=
√
q.

Then it holds that
∂Hβ(q)

∂β
> (q− 1)

√
q− q logq

= (t2 − 1)t− 2t2 log t, where t = √q

= t2
(
t−

1
t
− 2 log t

)
.
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Let f(t) = t2(t − 1
t
− 2 log t). By direct computation, we have f(1) = 0 and f ′(t) > 0 for t > 1.

Therefore, f(t) > 0 for t > 1. Therefore, ∂Hβ(q)/∂β > 0. Therefore, Hβ(q) > H1(q) > 0. So we have
c⋆ < γ−β

2(β−1) , which is equavalent to r⋆ − c⋆ > 1. □

Proof of Claim 33. We prove that 1/ρ /∈ cl(D(c⋆, r⋆)). Since 1/ρ and c⋆ are real, it is enough to show(
1
ρ
− c⋆

)2
> (r⋆)2.

Recall that
ρ =

β− 1
γ− 1

, 1
ρ
=
γ− 1
β− 1

,

and

(r⋆)2 =

(
c⋆ +

1
β

)2
+
βγ− 1
β2 .

Hence (
1
ρ
− c⋆

)2
− (r⋆)2 =

(
1
ρ

)2
−
γ

β
− 2c⋆

(
1
ρ
+

1
β

)
.

A direct simplification gives (
1
ρ

)2
−
γ

β
=

(γ− β)(βγ− 1)
β(β− 1)2 ,

and
1
ρ
+

1
β

=
βγ− 1
β(β− 1)

.

Therefore (
1
ρ
− c⋆

)2
− (r⋆)2 =

βγ− 1
β(β− 1)

(
γ− β

β− 1
− 2c⋆

)
.

Thus it suffices to prove

2c⋆ < γ− β

β− 1
.

which is already justified in the proof of Claim 32. □

Proof of Lemma 39. The two roots of βx2 + 2x+ γ = 0 are ζ± = −1±i
√
βγ−1

β
. By the definition of r⋆, we

have

(r⋆)2 =

(
c⋆ +

1
β

)2
+
βγ− 1
β2 = |ζ± − c⋆|2.

Therefore both roots lie on the boundary of the disk D(c⋆, r⋆). Since ϵ > 0, we have
|ζ± − c⋆| = r⋆ > r⋆ − ϵ.

Thus neither root belongs to the closed disk cl (D(c⋆, r⋆ − ϵ)). Equivalently, cl (D(c⋆, r⋆ − ϵ))∩{ζ1, ζ2} =
∅. □
Proof of Claim 40. Recall that

ρ =
β− 1
γ− 1

, θ =
(γ− 1)2

βγ− 1
.

Therefore
ρθ =

β− 1
γ− 1

· (γ− 1)2

βγ− 1
=

(β− 1)(γ− 1)
βγ− 1

.

Since β > 1 and γ > 1, we have
βγ− 1 − (β− 1)(γ− 1) = β+ γ− 2 > 0.
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Hence
(β− 1)(γ− 1) < βγ− 1,

and consequently ρθ < 1. □
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