DETERMINISTIC APPROXIMATION FOR THE VOLUME OF THE
TRUNCATED FRACTIONAL MATCHING POLYTOPE
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ABSTRACT. We give a deterministic polynomial-time approximation scheme (FPTAS) for the vol-
ume of the truncated fractional matching polytope for graphs of maximum degree A, where the
truncation is by restricting each variable to the interval [0, %L and § < % for some constant C > 0.
We also generalise our result to the fractional matching polytope for hypergraphs of maximum de-
gree A and maximum hyperedge size k, truncated by [0, %] as well, where § < CA™ ¥k for
some constant C > 0. The latter result generalises both the first result for graphs (when k = 2),
and a result by Bencs and Regts (2024) for the truncated independence polytope (when A = 2).

Our approach is based on the cluster expansion technique.

1. INTRODUCTION

The evaluation of volume is a classic computing task. The pioneer work of Dyer, Frieze, and
Kannan [DFK91] showed that given a membership oracle, the volume of a convex body can be
approximated to arbitrary accuracy in randomised polynomial time. On the other hand, in the
same model, deterministic approximation takes at least exponential time [Ele86, BF87]. This
marked an early milestone that distinguished the computational power of deterministic algorithms
from that of randomized algorithms.

Nonetheless, computing volumes might still be interesting for other models and/or more re-
stricted cases, where the lower bound of [Ele86, BF87] does not apply, and interesting deterministic
volume algorithms may still exist. In particular, there appears to be no run-time lower bound
for deterministically approximating the volume of a polytope given by facets. In this case, as the
membership oracle is trivial to implement, the randomised algorithm of Dyer, Frieze, and Kannan
[DFK91] achieves an e-approximation in time polynomial in the input size and % The deterministic
counterpart of such an algorithm is called fully polynomial-time approximation scheme (FPTAS).
Unfortunately, the best deterministic algorithmic technique for polytope volumes appears to fall
short of achieving FPTAS. They either require exponential time [Law91, Baur93]1 or yield exponen-
tial approximation [Bar09, BR21]. In the hope of getting an FPTAS, we may focus on even more
restricted cases, such as the independence polytope or matching polytope for graphs.

Along this direction, Gamarnik and Smedira [GS23] considered the relaxed independence poly-
tope. Given a graph G = (V,E), it is defined as {x € [0,1]V | V{u,v} € E, xu + %y < 1}. Clearly,
if we further restrict every x, to the interval [0,1/2], this polytope degenerates to a cube of side
length 1/2 and its volume is simply 27/V/. Gamarnik and Smedira [GS23] showed that we can

push beyond this trivial case, namely, if we truncate the relaxed independence polytope by the in-

terval [0, % (1 + OA(Ql) ﬂ for graphs of maximum degree A, a quasi-polynomial-time approximation

SCHOOL OF INFORMATICS, UNIVERSITY OF EDINBURGH, INFORMATICS FORUM, 10 CRICHTON STREET, EDIN-
BURGH, EH8 9AB, UK.

E-mail address: hguo@inf .ed.ac.uk, nvishvajeet@gmail.com.

This project has received funding from the European Research Council (ERC) under the European Union’s Horizon
2020 research and innovation programme (grant agreement No. 947778).

IThe algorithms of [Law91, Bar93] are in fact exact algorithms and the dominating term in their run-time is linear
in the number of vertices of the polytope.

1



scheme exists. Their technique is based on the correlation decay approach [Wei06, BG06]. Subse-

(1)

quently, Benec and Regts [BR24] improved the interval to [O,% (1 =+ OT)} and the run-time to

polynomial-time, based on the zeros of polynomial approach [Barl6, PR17]. The bound on this
interval appears to be where the limit of the current methods is.

In this paper, we explore what other polytopes may admit efficient deterministic volume ap-
proximation. In particular, we consider the natural dual of the independence polytope, namely
the matching polytope, or more precisely, its standard relaxation, the fractional matching poly-
tope. Note that although it is the dual of the relaxed independence polytope, its volume might be
drastically different.

Definition 1 (Fractional matching polytope). Given a graph G = (V,E), the fractional matching
polytope is defined as follows

Pg = {x e [0,1]F | er < 1 for every v EV},

e~v

where e ~ v if the edge e is adjacent to v.

For the fractional matching polytope, the trivial truncation is with the interval [O, %] Similar
to [GS23, BR24|, we also truncate Pg by an interval that is slightly longer, multiplicatively, than
the trivial truncation.

Definition 2 (Truncated fractional matching polytope). For & > 0 and a graph G = (V,E) of
maximum degree A, the truncated fractional matching polytope is defined as follows

1+5
PG,5:—{ [O +] Ier\lforevervaV}.

Denote the interval [O, %] by Ms. Then Pg s = MsE N Pg. Additionally, for any v € V, the
constraint ) ., Xe < 1 is denoted by C,. We are interested in computing the volume of Pg s,
i.e. the quantity

(1) Vol(Pg s) J IT1c.dy,
Mt

5 veVv

where p is the Lebesgue measure and the indicator function 1¢, : M;sE — {0,1} outputs 1 if and
only if the constraint C,, is satisfied, i.e. when ) . xe < 1.

Our main result regarding Vol(Pg s) is the following. Interestingly, similar to [BR24], the relative
margin for the truncation interval we get is also %.
Theorem 3. For graphs of maximum degree A > 2 and & < % for some constant C > 0, there is
a fully polynomial-time approzimation scheme (FPTAS) for Vol(Pg s).

The proof of Theorem 3 relies on the algorithmic cluster expansion approach [HPR20, JKP20].
This is very closely related to the zeros of polynomial approach Bencs and Regts [BR24] took. The
first step is to rewrite Vol(Pg s) as the partition function of a polymer model on the graph G.
Roughly speaking, each polymer corresponds to a set of connected vertices where the constraints
on these vertices are violated. For the algorithmic approach of the polymer model to work, we need
to show that the total weights of these violations decay rapidly, or more technically, the so-called
Kotecky-Preiss criterion [KP86] holds. Intuitively, when we truncate with the trivial interval [0, %] ,
none of the violation may happen. With a longer truncation interval, violations can happen, but the
small relative margin we allow implies that violations can only happen with small probability. Our
method involves some careful estimates of these violation probabilities. We also note that it appears
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difficult to apply the correlation decay method here, and a direct application of the argument of
Bencs and Regts [BR24] would yield a smaller margin & = % for some constant C > 0.

As mentioned earlier, the volumes of the relaxed independence polytope and the fractional match-
ing polytope do not appear to be related, and thus Theorem 3 is not directly comparable to the
main result of [BR24]. To put both results under a unified framework, we also consider hypergraph
matchings. Let H = (V, E) be a hypergraph. Consider the following polytope:

(2) Py = {xe [0,1]E|er<1for evervaV},

esv
where e 5 v if the hyperedge e contains v. This is a relaxation of the hypergraph matching polytope
and a natural generalisation of the fractional matching polytope for graphs in Definition 1. We
denote it by the fractional hypergraph matching polytope.

We consider hypergraphs of maximum degree A > 2 and maximum hyperedge size k > 2. In this
case, the polytope Py is indeed defined by a set of linear constraints where each variable appear
at most k times, and each constraint has at most A variables. When k = 2, this degenerates to
the fractional matching polytope, and when A = 2, this degenerates to the relaxed independence
polytope. Similar to Definition 2, we truncate it by a cube of side length %. Recall that M

denotes the interval [0, %]. Define the truncated polytope P s = MsE N Py. Our result
regarding Vol(Py 5) is the following.

Theorem 4. For hypergraphs of mazximum degree A > 2 and mazximum hyperedge size k = 2, and

§ < —g=s— for some constant C > 0, there is an FPTAS for Vol(Ph 5).
ATk

The bound & = O ((A%ffgk> 1) recovers Theorem 3. Namely, when k = 2, 8 = O (%)
Moreover, when A =2, 6 =0 (%) and the interval length is % = % +0 (%), which recovers the
result of [BR24].

The proof of Theorem 4 also relies on the algorithmic cluster expansion approach. It combines
our technique for proving Theorem 3 and a generalisation of the technique in [BR24]. In particular,
we introduce a different polymer model in this case, which requires a new generalisation of the
classic broken circuit theory [Whi32, Tut54] to hypergraphs.

An immediate open problem is if Theorem 4 holds with 6 = O (ﬁ), which is discussed in more
detail in Section 4. A much more challenging question is if we can obtain deterministic volume
approximation for these polytopes without truncation, or with truncation by the interval [0, 1—38] for
some small 6. For the closely related problems of approximating the number of independent sets or
matchings, deterministic algorithms [Wei06, PR17, BGK™07] match their randomised counterparts,
at least for bounded degree graphs. In contrast, volume approximation with no or little truncation
appears to be out of reach for current deterministic methods.

The rest of the paper is organised as follows. In Section 2, we consider the fractional matching
polytope and show Theorem 3. In Section 3, we turn our attention to the hypergraph case and
show Theorem 4. Finally, in Section 4, we discuss some potential future directions and the current
obstacles.

2. CLUSTER EXPANSION

In this section, we briefly review the polymer model and the algorithmic cluster expansion
approach, and apply it to Vol(Pg s) to show Theorem 3. Let P be a finite set, whose elements
we call polymers. We endow P with a symmetric and reflexive incompatibility relation + between
any two polymers, and also a weight function w(-)? that assigns a weight w(y) to the polymer vy.

2The weight function can be complex-valued, but in this paper we will focus on real-valued weight functions.
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Given two polymers y; and ys, we write y; ¥ yo if y; and ys are incompatible, and y; ~ y2
otherwise. For a set I' of polymers, we say it is compatible if for any two yi,v2 € T, y1 ~ Va.
Additionally, there is a size function for polymers, and we use |y| to denote the size of y.

Definition 5 (Polymer partition function). The partition function of the polymer model above is

=> [[ww,

r yer

where the sum is over compatible I' C P.

We will be interested in the cluster expansion which is an infinite series representation of log =(P).
Given a multiset I" of polymers from P, we define the incompatibility graph H(T") where we have a
vertex vy, for every polymer y € I and an edge between every pair of vertices corresponding to an
incompatible pair of polymers. A multiset I is called a cluster if the incompatibility graph H(T) is
connected. We also denote the set of all clusters from P as C.

Definition 6 (Cluster Expansion). The cluster expansion of = is

logZ(P,w) =) &) [[w)

rec yer

where @(I") is the Ursell function.

The exact form of the Ursell function will not be important to our need, and we refer the
interested reader to, for example, the survey by Jenssen [Jen24]. The cluster expansion is a good
approximation to the logarithm of the partition function under various conditions. One of the most
well-known conditions is the following.

Proposition 7 (Kotecky-Preiss Criterion [KP86]). Let g : P — [0,00) be a “decay function”
Suppose that for all y € P, we have,

(3) Z |w el I+a(v") < hl.
YAy

Then, the cluster expansion converges absolutely.

We note that the condition in Proposition 7 is not the most general, but this particular form
will be convenient to our use later.

We are going to recast (1) into a polymer partition function. Let G = (V,E) be a graph of
maximum degree A. For S C V, let K(S) be the set of connected components in the induced
subgraph GIS].

Denote by C,, the constraint Y , . xe > 1. Using the indicator function for the constraint C,
and the fact that 1c, =1 — I, we can expand (1) as

Vol(Pgs) = | [](1—1c))du
“MéEvev
= 2 0 ]]1edn
“Mstscv ves
e I T 0 T cen
IM;* SCV KeX(S vek
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We then continue by pushing the integral inside:

vOl(PG,s)zzj I GV [ REeRT

scvIMs™ xex(s) vek

[T oo, Tew).

KeX(S) veK

(@) SN B

SCV

where, for a subset S C V of vertices, E(S) denotes the set of edges adjacent to it. Note that we
swapped the integral with the product in (4). This is valid because the constraint regarding each
Si rely on disjoint set of edges. There is also an extra factor of JﬂMéE\E(S] 1du to account for the

El-|E
edges that are not adjacent to S. As fMéE\E(SJ 1du = (%)l . (S)‘, we have

1456 [E[-IE(S)I
villpes) = (150 S 11 J K] tedn

A

SCVKex(s) Y Ms"! vekK
[E|
1490
5 -(30) £ 1 »
SCV KeX(S
where
) I ) T N

veK

The redistribution of the (@) IES)] factor is valid because {E(K)}xex(s) is a partition of E(S).

To fit (5) into Definition 5, we call a subset S C V a polymer if the induced subgraph G[S] is
connected. Two polymers S; and Sy are compatible if distg(S1,S2) > 2, namely when they are not
adjacent. The size of a polymer is simply the number of vertices it contains. In addition, equipped
with the weight function in (6), we then have that

VO](PG75)

(7) =(G) =

The polymer model is useful thanks to the following theorem by Jenssen, Keevash, and Perkins
[JKP20] (building upon the works of [BHKKO08, PR17, HPR20]).

Proposition 8 ([JKP20, Theorem 8]). Fiz an integer A > 0 and let G be a class of graphs of
mazximum degree at most A. Suppose the following conditions hold for a given polymer model with
decay function g(-) as in Proposition 7:

(1) There exist constants c1,co > 0 such that given a connected subgraphy, determining whether
Y is a polymer, and then computing w(y) and g(y) can be done in time O(]y|Stec2Y]).

(2) there exists p > 0 such that for every G € G and every polymery € P(G), g(y) = plyl.

(8) The Kotecky-Preiss criterion as in Proposition 7 holds for g(-).

Then there exists an FPTAS for Z(G) for every G € G.

2.1. Verifying the Kotecky-Preiss criterion. The most important condition in Proposition 8

is the Kotecky-Preiss criterion as in Proposition 7. Let g(y) := ply| for some sufficiently small

constant p. For any S C V, let N (S) be the extended neighbourhood of S, namely, Nt (S) := SU?S.
5



Then we have,
w1790 = 5 et
YAy YAy
© < TS e
veN+(y)v'dv
Note that [NT(y)| < (A+ 1) }yl. Moreover, Borgs, Chayes, Kahn, and Lovéisz showed the following

lemma.

Lemma 9 ([BCKL13, Lemma 2.1]). For a graph G of mazimum degree A, the number of connected
subgraphs containing v of size £ is at most %(;ﬁ) < (eA)H 1.
Thus we need an upper bound of w(y) for any polymer vy of a fixed size (.

Lemma 10. For a polymer vy of size { and b < ﬁ,
wiy)l < (e8)".

Proof. Note that we can reinterpret (6) as

vey

where the probability is over the product distribution of {X¢}ecg(y) Where each x. is uniform over

[0, 152 |y|

DA ] Let I, be a maximal independent set of y. Then |I,| > ¢, and

) Pr[/\cv]@r AG|=TIr[T].

vey

Recall that C, is the constraint that Y ey Xe > 1L

If there is some u € I, such that degg(u) < A—1, then )} ., Xxe < %(1 +o)<lasd< ﬁ
In this case Pr [ Cu ] = 0 and the lemma follows.

Therefore we can assume that degg(v) = A for allv e I,. Let ye = M — Xe. Then

DY xe>1 de<(§]

e~v
. Denote by Ss the simplex{y | > ., ye <9, and Ve ~v, y. > 0}.

where each ye is uniform over [0, %]

Then, S5 € MsF™ as 8 < %. Thus,
Pr [Z Ye < d
e~v

Pr =Pr

- 1456

B Vol (SsﬁMéE(v)> B Vol (S5) EKA! es \ A
CVo (MeEM) ol (MeEM) (1500 ( > ’

where we used the fact that a standard simplex of dimension A has volume 1/A! and Al > (%)A.
Plugging it back to (9),

Now we can verify the Kotecky-Preiss criterion.
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Lemma 11. For graphs of maxzimum degree A > 2, § < and sufficiently small p, the Kotecky-

Preiss criterion (3) holds.

1
etA”

Proof. By (8), Lemma 9, and Lemma 10, for sufficiently small p,

Z ’w elY'IHa(v’) < (A+1)|Y|Z(€A)€_l (e5)€6(1+p)e
2 ad 1
A 1 1.5
(as 6 < -t5 and A > 2) < + (e?P5A)" — P Ca)
e>1 1
1.5 eP !
<<e-1_ep1>lv|<lv|- O

2.2. Proof of Theorem 3. With the KP criterion verified, we can prove Theorem 3 now.

Proof of Theorem 3. We apply Proposition 8. Let g(y) = ply| for a sufficiently small constant p,
which then satisfies Item (2). The Item (3) follows from Lemma 11. For Item (1), determining if
v is a polymer is trivial, and computing g(vy) is trivial too.

For computing w(y), recall (6). It is easy to see that (H‘S ) ECY)I (—1)Yhw(vy) is in fact the volume
of a polytope with variables {x.} for each e € E(y) and constraints C,, for each v € y and x, > 0 for
each e € E(y). This polytope has at most (‘E( )IHVI) (lE( )HM) O((e(A + 1))!) vertices, as

[E(v)I Iyl
|E(v)| < Alyl. Using the polytope volume algorithm by Lawrence [Law91] or by Barvinok [Bar93],
we can thus compute w(y) in O(e€!) time for some constant C that depends on A. O

3. HYPERGRAPH MATCHING POLYTOPE

Now we turn our attention to the hypergraph case and show Theorem 4. Let H = (V,E) be a
hypergraph. We will assume throughout this section that, for some constants A,k > 2, vertices of
H have maximum degree A, and hyperedges of H have maximum size k. Recall that the fractional
hypergraph matching polytope is defined in (2), and the truncated version Py s is defined by
intersecting Py with M5E.

Our 6 will satisfy that & < ﬁ, in which case, if the degree of some v is at most A — 1, the
corresponding constraint is always satisfied. Thus, we may assume that degy(v) = A for all v € V.

Let Flat(H) be the flattened graph of H, namely its vertex set is still V, and for u,v € V, u and
v are adjacent if they appear in the same hyperedge e for some e € E. In other words, we replace
each hyperedge e by a clique on the vertex set of e. Similar to (4), we have

(10) Vol(Pr5) = Z J ldp H (—1 K'J H Iledu |,
s M, E(

E\E
SCVIMFEES) KeX(S) M oek

where X(S) denote the connected components of the induced subgraph Flat(H)[S]. Thus, we have
a similar polymer model partition function

(11) SUTEACLULE N oy | il

|E|
(%) SCVKeX(S
where
—|E(K)]
1+
(12) wH(K)=<A) (— 'KJ I reaw
M, veK



While (11) and (12) look identical to (5) and (6), the underlying graph is different and consequently
Lemma 10 no longer applies. We may view this as a polymer model over Flat(H), by treating
connected induced subgraphs of Flat(H) as polymers.

Directly applying the method of Lemma 10 would yield

4

wh(Y)l < (ed)*T.

This bound can only validates the Kotecky-Preiss criterion up to 6 = © (ﬁ)k_l. To get a better
bound, we need a different polymer model.

3.1. A different polymer model. Let Inc(H) be the incidence graph of H, where the vertex set
is VUE, and forve Vand e € E, v~ e in Inc(H) if v € e in H. Then, Inc(H) is a bipartite
graph, and Flat(H) is exactly Inc(H) projected on the V side. For each subset S C V of vertices, let
Omne(H)S be the neighbours of § in Inc(H). Note that Oy,.(+1)S = E(S), namely the set of hyperedges
that contain at least one vertex in S.

We rewrite (11) into a different polymer model. For a connected induced subgraph K of Flat(H),
we map it to a minimal connected subgraph (MCS) T as follows. Fix an arbitrary ordering of V.
We consider vertices of K in order one at a time, to potentially add them to T. Initialise T to be
the first vertex of K and remove it from K. Given the current T, we find the first vertex u in K that
is adjacent to the current T in Flat(H). Add u to T if E(vi) € E(T). In other words, we only add
v; if it introduces a new hyperedge to E(T). Whether u is added to T or not, we remove u from K.
We keep doing this until K is empty. Denote this mapping by ¢. We also extend the mapping to
any (not necessarily connected) subset S C V by defining ¢(S) = 0 if Flat(H)[S] is not connected.
We call a non-empty image T of @ an MCS, namely, T is an MCS if there is a connected K C V
such that @(K) = T. Equivalently, a connected T is an MCS if and only if ¢(T) =T.

Lemma 12. Let T be an MCS. Then,
(1) [E(T)| > [TI;
(2) T is connected in Flat(H).

Proof. Both claims are straightforward by an induction on the number of vertices of T. O

While an MCS is connected in Flat(H), it is not necessarily a tree. Indeed, an MCS is determined
by Inc(H) and not by Flat(H) alone.

Our new model have MCSes as polymers. As before two MCSes are incompatible if their distance
is at most 1. For this model, define a new weight function

W)= >  wulK).
K:p(K)=T
We rewrite (11) as
(13) ZH) =) [ w,
F TeX(F)

where the sum is over F C V whose every component is an MCS.

For an MCS T, a vertex v € V\ T is said to be broken if @(TU{v}) = T. Let B(T) be the set
of broken vertices with respect to T. This notion is a hypergraph generalisation of the well-known
broken circuit theory for graphs [Whi32, Tut54].

Lemma 13. For KCV, o(K) =T if and only if T C K C (TUB(T)).

Proof. If @(K) = T, the inclusion T C K follows directly from the definition of ¢. For the other

inclusion, we induce on the size of K. If K =T, the claim holds trivially. For the inductive step, let

v € K\ T be the first vertex that is not added to T during ¢. Then, clearly @ (K\{v}) =T, and thus
8



by the induction hypothesis K\ {v} C (TUB(T)). We claim that v € B(T) as well. This is because
the mapping @ (T U{v}) would behave the same as @(K) until v is considered (and then dropped),
as before v all vertices considered in @(K) are added to T. As v is dropped next, the rest of the
process @ (T U{v}) just processes vertices of T and add them. It implies that (T U{v}) =T, and
thus v € B(T). This finishes the inductive step and shows that K C (T UB(T)).

For the other direction, suppose T C K C (TUB(T)). We also do an induction on |K|. The base
case of K =T is trivial. For the inductive step, consider the first v € K\ T that is processed during
©(K). Note that up to v all processed vertices are in T, and the process is identical to the process
of @(T U{v}) up to this point. Thus, v would be discarded then. The rest of @(K) is identical to
©(K\{v}), and by the induction hypothesis, @(K\{v}) =T. Thus, @(K) =T. O

Notice that if @(K) =T, E(K) = E(T). We then have a better expression for u(T) as follows,

—[E(T)
pra2)  wm- Y wa- Y (B2 'KJM ] 1cdn
: : =T 5" vEK
—[E(T)]
Z (—1 IKJ HILC du

(by Lemma 13) = <
K:TCKCTUB(T) T oek

)
:<1ZZ~)>E(T)I(_1)|T Z J Hﬂc H —ledu
)

ACB(T) ) Vet VEA
145 —IE(T)]
:(A (—1)!T! H]l 11 (1—]1C—v> dup
vGT veB(T)
—IE(T)I
145
(14) = <A > (— |TJ H :[lC H lc,du.
M VGT veB(T

Next we give an upper bound for [u(T)|.

Lemma 14. Let T be a MCS of size £. For & < %,

(Tl < (88)" (£) 7.

Proof. By (14),
Thus,

where the probability is over the product distribution of x¢’s for e € E(T), and each x, is uniform

over [0 Hé]. Notice that C, means Y evXe > 1, which is equivalent to ) ., Ye < & where

Ye = % — Xe. As ye > 0, this implies that ye < 0 for all e ~v. Since T U E(T) is connected in

Inc(H), if [ [,e1 Iy =1, then for all e € E(T), ye <.

Moreover, for a maximal independent set I of T (in Flat(H)), we have that |I1| > %,
maximum degree of Flat(H) is A(k — 1). Note that for v € I, the constraints C,, are independent

9
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from each other. Then we have

r[/\Cv ANCSA A ye<s

veT velr ecE(T)\E(IT)
:HPr[a] H Prlye < 0]
velr ecE(T)\E(IT)

—[E(T)] AN 117
1+5 SIEMI-IE(D] (3
A Al)

where we use the fact that the volume of a standard simplex of dimension A is A, (Recall that we
can assume that all vertices have degree A, as vertices of smaller degrees correspond to a constraint

that trivially holds.) As It is an independent set, |E(IT)| = A|l|. Together with A! > (%)A and
11| > %1) we have
Il

e (5

As T is a MCS, by Lemma 12, [E(T)| = [dpye()T| = [TI = €. Then, as 5A < 1,

[ne]:

veT

[4
e\ k—1
(Ml < (88) (£)7 O
Given Lemma 14, the verification of the Kotecky-Preiss criterion (3) is very similar to previous

arguments.

Lemma 15. For hypergmphs of mazimum degree A > 2 and maximum hyperedge size k > 2,
d < ( N =y (k — 1)) , and sufficiently small p, the Kotecky-Preiss criterion (3) holds for MCSes
and u(-).

Proof. By Lemma 12, every MCS is a connected subgraph in Flat(H). Thus, by Lemma 9, the

number of MCSes of size £ is at most (eA(k —1))¢. For A > 2, k > 2, and sufficiently small
constant p,

4
ol T/l+g(T) _ _ et C(ENET J(1+p)t
S w(T < (A=) +DIT Y (eAk—1)"" (a8 (%) e
TIAT 0>1
Ak—1)+ 941l 4oe p2k3 t 15 N
S St L = = (k — < == P
AT =T |T|Z( Er P ATS (k 1)) <MY (e
01 1
1.5 el !
< = . O
(%2 ) m<m

3.2. Proof of Theorem 4. With the KP criterion verified, we can prove Theorem 4 now.

Proof of Theorem 4. We apply Proposition 8 on Flat(H). For a polymer (MCS) T, let g(T) = p|T|
for a sufficiently small constant T, which then satisfies Item (2). Item (3) follows from Lemma 15.
For Item (1), computing g(T) is trivial. To determine if T is a polymer is trivial, we just check if
@(T) =T. This takes time linear in |T]|.

For computing u(T), we use the expression (14). The integral in (14) is the volume of a polytope
defined by the constraints C, for v € T, C, for v € B(T), and xe > 0 for e € E(T). To find the
defining constraints of this polytope, we need to compute B(T). Note that by definition, v € B(T)
only if TU{v} is connected, which implies that B(T) C Opy¢(+)T. Then we just need to go through
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every v € Opjap(n) T and check if @(TU{v}) =T. As \aFm(H)T} < A(k — 1) [T], this takes at most
O(|IT]*) time.

There are |T| + [B(T)| + |E(T)| constraints and |E(T)| variables. Note that |B(T)| < ‘aplat(H)T‘ <
A(k—1)[T|. Recall that [E(T)| < A|T| and by Lemma 12, |E(T)| > |T|. Thus, the number of vertices
of this polytope is at most

<|T| + |B(T)| + |E(T)|) < <e(|T| + |B(T)| + |E(T)|))|E(T)
[E(T)I h [E(T)]

< (eAk 4 e)AIT!

Using the polytope volume algorithm by Lawrence [Law91] or by Barvinok [Bar93], we can compute
u(T) in O(e€¥!) time for some constant C that depends on A and k. This verifies Item (1) of
Proposition 8 and finishes the proof. O

4. CONCLUDING REMARKS

Our work leaves open the question of whether, under the setting of Theorem 4, an FPTAS exists
for & = ﬁ for some constant C > 0. The most straightforward potential approach to this bound

is to strengthen the bound in Lemma 14 to (C6)|T|. However, this strengthening does not appear
to hold, at least for some parameters k and A, when 6 = ALk. To see this, consider T ={vq,..., v}
of size k. Let the hyperedges e; = --- = ea_1 = T. Moreover, for each i € [k], introduce f; such
that vi € f; but v; ¢ f; for any j # i. Namely, each f; contains only v; from T (and possibly
other vertices from outside of T). Note that T is an MCS and let B(T) = (). Then, [T| = k and
[E(T)|=A —1+ k. We have

I=du=
[

veT i=1"

r

M=~

k
E(T) ]lcvi H ]lej ZXf; du
M; j=1

,..
I

r

I
.MW

,..
Il

—

(&

k
Tea | | 1 d
M. E(M thl yetgéfyfi - yfj gyfi H
5 j=1

6 _yfi)A_ly]fi_l

k!6A71+k

r~6(

dy i

Il
'MW

,_.
I
—

(A—=14K)

where we substitute ye = % —Xe for alle e {e1,...,ea_1,f1,...,T}. Then,

w(m) (L3 TATIHR) ygpA-Tik
wii=1a A—1+K)!

146 —(A—-1+k) §A-1+k
2 -
A (A—1+Kk)A1

B B A6 A—1
= (148747 <A—1+k> (A8)*.
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Plug in 6 = ﬁ and let k > A such that ﬁ > ﬁ (for example k = A?). Then,

u(T)| C\*'
s = Clze) A

K
>ck=cl"l

for some constant Cp > 0 and any constant C; > 0 when A — co. Thus, to achieve an FPTAS for

5= A%,
[Bar93)
[Bar09)
[Bar16]
[BCKL13]
[BF87]
[BGO6]

[BGK*07]

some new ideas are required.
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